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ABSTRACT

Let G be agraph with p vertices and q edges and let A:{0,1,2,~--,E]}. A vertex labeling f:V(G)— A issaidto

be a vertex equitable labeling of G if it induces an edge labeling f* given by f"(uv)= f(u)+ f(v) such that
|vf (a)-v, (b)|§1 and f'(E)={1,23---,q} ,where v, (a) isthenumber of verticesvwith f(v)=a for acA

A graph G is said to be a vertex equitable graph if it admits vertex equitable labeling. In this paper, we establish the
vertex equitable labeling of a T-tree, TO K, where T is a Ty-tree with even number of vertices, bistar B(n,n+1),

the caterpillar S(x,%,,+,x,) andcrown C,®K,,P’.
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1. Introduction

All graphs considered here are simple, finite, connected
and undirected. We follow the basic notations and termi-
nologies of graph theory as in [1]. The symbols V(G)
and E(G) denote the vertex set and the edge set of a
graph G. Let G(p,q) be a graph with p= |V(G)|
vertices and ¢ =|E(G)| edges. A labeling f of a graph
G isamapping that assigns elements of a graph to the set
of numbers (usually to positive or non-negative integers).
If the domain of the mapping is the set of vertices (the set
of edges) then we call the labeling vertex labeling (edge
labeling). The labels of the vertices induce labels of the
edges. There are severa types of labeling. A detailed
survey of graph labeling can be found in [2]. A vertex
labeling f is said to be difference labeling if it induces the
label |f (x)—f(y)| for each edge xy which is called as
weight of the edge xy.

A difference labeling f of a graph G is said to be
k-equitable if for each weight induced by f on the edges
of G appears exactly k times. If a graph G has a k-equi-
table labeling then G is said to be k-equitable. Equitable
labeling of graphs was introduced by Bloom and Ruiz in
[3]. A brief summary of definitions which are useful for
the present study is given below.

Definition 1.1 [4] Let T be a tree and ug and v, be
two adjacent vertices in T. Let u and v be two pendant
vertices of T such that the length of the path ug-u is equal
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to the length of the path v,-v. If the edge u,v, is de-
leted from T and u and v are joined by an edge uv, then
such a transformation of T is called an elementary par-
allel transformation (or an ept, for short) and the edge
U,Vv, iscalled transformable edge.

If by a sequence of ept’s, T can be reduced to a path,
then T is called a T, tree (transformed tree) and such se-
guence is regarded as a composition of mappings (ept’s)
denoted by P, is caled a pardlel transformation of T.
The path, theimage of T under P is denoted as P(T).

A T, tree and a sequence of two ept’s reducing it to a
path areillustrated in Figure 1.

Definition 1.2 The corona G, ©G, of the graphs G,
and G; is obtained by taking one copy of G; (with p ver-
tices) and p copies of G, and then joining the i"™ vertex
of G, to every vertex of the i™ copy of G.

Definition 1.3 Caterpillar is a tree with the property
that the removal of its pendant vertices leaves a path.

Definition 1.4 The square graph G? of a graph G has
the vertex set V(G*)=V/(G) with u,v adjacentin G’
whenever d(u,v)<2 inG.

[x] denotes the smallest integer greater than or equal
to x.

The concept of mean labeling was introduced by S.
Somasundaram and R. Ponrgj in [5] and further studied
in [6-8]. A. Lourdusamy and M. Seenivasan introduced a
vertex equitable labeling in [9]. In a vertex equitable la-
beling we use the labels 0,1,2,---,[ q/2] for the vertices,
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Figure 1. A T-treeand a sequence of two ept’sreducing it to a path.

the number of times the different vertex labels appear
cannot differ by more than one. The induced edge labels
are defined as the sum of the incident vertex labels. They
proved that the graphs like path, bistar B(n,n), combs
P, OK,, bipartitecomplete K, friendship

graph C\) for t>2, quadrilateral snake,

Ky +mKy, Ky UKL

if and only if 1<k <3, ladder graph L, = P, xK,, arbi-
trary super division of a path and cycle C, with n=0
or 3(mod 4) are vertex equitable. Also they proved that
the graph K, if n>4, Eulerian graph with n edges
where n=1 or 2(mod 4), the wheel W,, the complete
graph K, if n>3 and triangular cactus with g edges
where q=0 or 6 or 9 (mod 12) are not vertex equitable.
Moreover they proved that if G is a graph with p vertices
and q edges, qisevenand p<[q/2]+2 then Gisnot
vertex equitable.

Definition 1.5 [9] Suppose G is a graph with p verti-
ces and ¢ edges. Let A={0,1,2---[q/2]}. A vertex la-
beling f :V — A induces an edge labeling ™ defined
by f"(uv)=f(u)+f(v) for all edgesuv. For ae A,
let v, (a) be the number of vertices v with f(v)=a
A graph G is vertex equitable if there exists a vertex la-
beling f such that for all aand b in A,

|vf (a)-v, (b)| <1

and theinduced edge labelsare 1,2,3,---,q.

P. Jeyanthi and A. Maheswari proved in [10,11] that
tadpoles, C,, ® C,, armed crowns, [P,; C?] and,
<Pm6Klyn>, the graphs obtained by duplicating an arbi-
trary vertex and an arbitrary edge of a cycle C,, tota
graph of Py, splitting graph of P,and fusion of two edges
of acycle C, are vertex equitable graphs. In this paper,
we establish the vertex equitable labeling of a Tp-tree,
TOK, whereT isa T,-tree with even number of verti-
ces, the bisar B(nn+1), the caterpillar
S(%. %+, %,) andthecrown C, ©K,,P?.
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2. Main Results

Theorem 2.1 Let G,(p,2n) and G,(p,,q,) be any
two vertex equitable graphs with equitable labeling f and
g respectively. Let u and v be the vertices of G; and G,
respectively such that f (u)=n and g(v)=0. Then the
graph (G,), *(GZ)g obtained from G, and G, by iden-
tifying the vertices u and v is a vertex equitable graph.

Proof. Cleally (G,), *(G,), has 2n+gq, edges and
p,+ p,—1 vertices. Let

V(G)={uu 1<i<p -1,
V(G,)={vV :1<i< p,-1}.

Define h:v((Gl)f*(Gz)g)*{0’1’2""’[%;%“

)=f(y) for 1<i<p -1, h(v)=f(u) and
=g(u)+n for 1<i<p,-1. Clearly,
v (a) if 0<a<n

% (3) Vvy(a) if n+l< as[q—zz—‘Jrn.
Therefore, |v,(a)-V,(b) <1 and the labels of the

edges of the copy of G, are 1,2,---,2n and the labels of

the edges of the copy of G, are

2n+1,2n+2, -, 2n+0,. Hence, (G,),*(G,), is a

vertex equitable graph.

Theorem 2.2 Let G,(p,,2n+1) and G,(p,,d,) be
any two vertex equitable graphs with equitable labeling f
and g respectively. Let u and v be the vertices of G; and
G, respectively such that f(u)=n+1 and g(v)=0.
Then the graph G obtained by joining u and v by an edge
is vertex equitable.

Proof. Clearly G has 2n+2+q, edges and p, + p,
vertices. Let

V(G)={uu:1<i<p -1,V(G,)={vy :1<i< p,-1}.

Define h:V(G)_>{0,1,2,...,Fr‘+§+%—‘}
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by h(w)=f(w), if weV(G), h(w)=g(w)+n+1
if weV(G,). Thelabels of the edges of the copy of G,
are 1,2,---,2n+1 and the labels of the edges of the
copy of Gy are 2n+3,2n+4,---,2n+2+q, and

h" (uv) =h(u)+h(v)=2n+2.

Hence, G isavertex equitable graph.

Theorem 2.3 Every T,-tree is a vertex equitable
graph.

Proof. Let T be a T,-tree with n vertices. By the defini-
tion of atransformed tree there exists a paralel transfor-
mation P of T such that for the path P(T) we have 1)
V(P(T))=V(T).2) E(P(T))=(E(T)-E,)UE, where
Ey istheset of edges deleted from T and E, isthe set
of edges newly added through the sequence
P=(R,R,,-,R) of the epts P used to arrive the path
P(T). Clearly, E, and E, have the same number of
edges.

Now denote the vertices of P(T) successively as
Vi, Vy,o,V, starting from one pendant vertex of P(T)
right up to the other.

For 1<i<n, definethelabelingfas

-1 if i isodd
2

L ifiiseven
2

Then f is avertex equitable labeling of the path P(T)

Let vv; beanyedgeof Twith 1<i<j<n and R
be the ept that deletes this edge and add the edge v.,,v, ,
where t is the distance of v, from v,, and aso the
distance of v; from v, ,. Let P be a parallel transfor-
mation of T that contains B, as one of the constituent
epts.

Since v,,v,_, is an edge of the path P(T), it fol-
lows that i+t+1=j—-t which implies j=i+2t+1
Therefore i and | areof opposite parity.

Theinduced |abel of theedge vv; isgiven by

£ (vv) = 7 (WViza)
= f(vi)+f(vi+2t+l)
l+|+2t if i iseven
_J2" 2
71 241 s odd
2 2
=i+t, 1<i<n

Now
f*(v

i+tvj—t) = f* (Vi+tvi+t+l)
= f (Vi+t)+ f (Vi+t+1)

=i+t, 1<i<n.

Copyright © 2012 SciRes.
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Therefore, we have f*(vv; )= f"(v,v; ) and hence
fisavertex equitable labeling of the T-tree T.

An example for the vertex equitable labeling of a T-
tree with 12 verticesis givenin Figure 2.

Theorem 2.4 Let T be a Ty-tee with even number of
vertices. Then the graph T OKn is a vertex equitable
graphfor all n>1.

Proof. Let T be a Ty-tree of even order m and the ver-
tex set V(T)={v,V,, Vs,V ). Let ul,u},--,ul be
the pendant vertices joined with v, (1< j<m) by an
edge. Then

V(T(DK_H):{VJ.,uij 1<i<nl< Sm}.

By the definition of a Ty-tree, there exists a parallel
transformation P of T such that for the path P(T) we
have 1)V(P(T))=V(T),2) E(P(T))=(E(T)-E,)uE,
where E, istheset of edgesdeleted fromTand E, is
the set of edges newly added through the sequence
P=(R,R,,--,R) of the epts P used to arrive the path
P(T). Clearly, E; and E, have the same number of
edges.

Now denote the vertices of P(T) successively as
Vi, V.,V starting from one pendant vertex of P(T)
right up to the other. The labeling f defined by

w if jisodd
f(v)= 12-
(n+9)j if jiseven,
2

2! 2 9 3
19 3 — —_ 9 5
1 — -9 3 ( ] 5
oe e 4 ®

Figure 2. Vertex equitable labeling of a T,-tree with 12 ver-
tices.
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(n+1)(i-1)

> if jisodd
i. = ) , 1<i<n
) (n+1)(j-2)

e

2

isavertex equitable labeling graph.

Let vv; beany edgeof Twith 1<i<j<m let R
be the ept that deletes this edge and adds the edge
V...V, , Where t is the distance of v, from v, and
aso the distance of v; from v, ,. Let P be a paralel
transformation of T that contains B, as one of the con-
stituent epts.

Since v,,,v, , isanedgeinthepath P(T), itfollows
that i+t+1= j—t which implies j=i+2t+1. There-
forei and j are of opposite parity.

Theinduced |abel of theedge vv; isgiven by

Py )= £ (WVoaa) = F (%) + F (Yo200)

if jiseven.

(n+1)i +(n+1)(i +2t+1-1) it i is even
(n+1)(i—1)+(n+1)(i+2t+1) it i is odd
2 2

=(n+1)(i+t), 1<i<n

f* (Vi+tvj—t) = f* (Vi+t i+t+1) = f (Vi+t)+ f (Vi+t+1)
=(n+1)(i+t), 1<i<n.

ET AL.

Therefore, we have f(vv;) = f (v

i+t

Vi, ) and thus f

isavertex equitable labelingof T OK,,.

An examplefor the vertex eguitable labeling of T © K¢,
where T isa Ty-tree with 12 verticesis shown in Figure 3.

Let B(n,n+1) beagraph obtained from K, by at-
taching n pendant edges at one vertex and n+1 pendant
edges at the other vertex.

Theorem 2.5 The bistar B(n,n+1) isa vertex equi-
table graph.

Proof. Let V(K,)={uyv} and u(l<i<n) and
v, (1< j<n+1) be the vertices adjacent to u and v re-
spectively. Now, B(n,n+1) has 2n+2 edges and
2n+3 vertices. Define

f:V(B(n,n+1)) —>{0,1,2,...'FHZ+ 21}

by f(u)=0, f(v)=n+1, f(u)=i if 1<i<n and
f(v,)=1] if 1<j<n+1 Thenfisavertex equitable
labeling of B(n,n+1).
Theorem 2.6 Let x <x, <%, <---<x  and
(% + Xy 4%, ) = (g + X o+ %, 1) =1
if niseven
%)= (X + X+ + %)
if nisodd

k =
(1 o3

Then S(x,%,, X, k+1) is a vertex equitable
graph.

18
12 1 20
10
21
12 9 18 55
1 ) 8 N
. 23
10 .\
6 19
) e\ ll RN
/ %
8 s 21 . 2
7 24 2y 22
6 L 4 o 31
3
25
5 5 36 | a5 4
4 1 29 28 26
27
3 o 30 33
30
2 29 % ’\\ 32
1 25
28 5 31

27

Figure 3. Vertex equitablelabeding of T OKf5 .
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Proof. By Theorem 2.5, S(x,x +1) is a vertex eg-
uitable graph. Let f, be the corresponding vertex equi-
table labeling of S(x, % +1). Let y, = x, —(% +1). Since
X <X, ¥, >0. Consider the graphs S(x,x +1) and
S(¥,, ¥, +1). Thenumber of edges of the graph
S(x,% +1) is 2% +2.

(SCox+1)), * (S %1 +D))

= S(%, %+ Y +1 Y +1) = S(%, %, ¥, +1).

Therefore, by Theorem 2.1, S(x,% +Y,+1y,+1) isa
vertex equitable graph. Let f, be the corresponding
vertex equitable labeling of S(x,X,,y; +1). Again the
number of edgesof S(x;,%,,y, +1) iseven.

Now takey, = X, —(y; +1) = X, — X, + % +1-1. Hence
y, >20. Also

(S(lexzy Y1+1))f2 *(S(yzi Y2 +1))
= S(%, %, Y+ Y, +1, Y, +1)

= S(X1 X0 X5, ¥, +1).

Therefore, by Theorem 2.1, S(x,%,,%,Y,+1) is a
vertex equitable graph and the number of edgesis even.
Proceeding like this, at the (n—2)" step we get
S(X X X500+ X1, Yoo +1) IS @ vertex equitable graph
where

f1

f

ET AL. 55

(2 e 5) = (5 b ) -1
if niseven
(XX et X ) = (X % 404 X,
if nisodd

yn—2 =

Let f,_, be the corresponding vertex equitable label-
ingof S(X,%, %, X, 4, Yno +1). Take
(X % 4%, ) = (4 + X oo+ %, ) =1
if niseven
(4 + XX, ) = + X+ + X )
if nisodd

yn—l =

Clearly vy, ,+VY,,+1=x,. Now,

(S0 % X0 Vo2 #2)), *(S(Yaas Vs +))
:S()(].’XZ’X3"”’Xn—11yn—2+1+yn—1'yn—l+1)
= (X, %o, Xgrt++, X, K+1).
Therefore, S(X, %, Xs,..., %, 1, X, K+1) is a vertex equi-
table graph.

An example for the vertex equitable labeling of
S(4,6,9,7+1) if nisoddisgivenin Figure4.

An example for the vertex equitable labeling of
S(5,7,9,10,2+1) if nisevenisgiveninFigure5.

f

8 9
1 2 3 4 7
. 6 ° 10 9
5
p 11 10
0 15
12 1
5 7 13 12
J 14 13
4
1 2 3

14
15

Figure 4. Vertex equitablelabelingof S(4, 6,9, 7 + 1).
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123

17 18
19

2 7

345 6

10 12
. 4 9 . 13
8

14 18
5 6 7 \ 16 17

. 0\"/. 15 .

o

8 9 16 19
10 15
11 14
12 13

Figure5. Vertex equitablelabeling of S(5, 7, 9, 10, 2 + 1).
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Theorem 2.7 The cronn C, OK, isa vertex equita- 6 .
ble graph. 7
Proof: Let u,u,,---u, bethe vertices of the cycle C, 6 5
and let v; be the vertex adjacent to u; for 1<i<n. Then 7 4
the vertex setV (C, © K, ) ={u,,v; :1<i < n} and the edge 8 '—8' e 3
set E(C,OK,)={ul,,, 4V, uu uV,,:1<i<n-1}. ) )
Define f:V(C, ©K,;)—>{0,1,2---,n} for the following O o J 2
cases: 1 3
Casel. n=0(mod 4). 1

Figure6. Vertex equitable labelingof C,OK;.

(i-1) fori:1,3,5,~--,g—l
. . n
—Ji - n fori =1,3,5,---,—
f(u)= fori=2,4,6,,- ' 35,1,
(u)=4i ori > 2
. . n
i forg+lﬁiﬁn, f(VI): (I_l) f0r|:2=4161"'75_1
n i forﬂ+3siSn
i fori=1,3,5,---,§—1
n n
f SR =04
f(v)=1(i-1) fori=2,4,6,---,2 (V(”/z)*l) 2 (V(”/Z)*Z) 2"
n
i for Di1<i<n. f (u("/2>+1) _§+2‘
2 Case4. n=3(mod 4)
Case2. n=1(mod 4). n
(i-1) fori :113'5’“{EJ
i fori:1,3,5,--~,P-l )
2 f(u)=1i fori:2,4,6,~~-,h1
f(u)={i-1 fori:2,4,6,---,FJ ]
2 i for b-l+1§i <n,

i for P—‘+1si <n,
2

i for | :1,3,5,-..,FJ
2

=

i—-1 fori :1,3,5,~--,{——l

N

f(v)={(i-1) fori= 2,4,6,-~~,[2—‘—1

f(v)=1i fori:2,4,6,~--,L—J i fO{EkKn_
2

i for[ﬂ—’+1sisn.
2

NS

In al the above cases, f is a vertex equitable labeling.
Hence C, OK, isavertex equitable graph.
Case3. n=2(mod 4). An example for the vertex equitable labeling of C; © K,
is shown in Figure 6.

2 . .
(i—1) fori 21,3’5,.."2 Theorem 2.8 The graph P/ is a vertex equitable
2 graph.
. _ n Proof. Let u,,u,,---,u, bethepath P. Clearly, P’
fu)=yi fori =2,4,6,~--,§—1 hasnverticesand 2n-3 edges. Define
i for My 2<i<n, f:v(P?) > o,1,2,---,{2”_31
2 2

Copyright © 2012 SciRes. OJDM
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by f(u)=i-1, 1<i<n Evidently, P’ is a vertex
equitable graph.
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