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ABSTRACT 

The work includes a mathematical model of the phenomenon seen by the witnesses on 13th October, 1917 in the Cova 
da Iria near Fatima, and similar phenomena recorded in recent years throughout the world, known as “the miracle of the 
Sun”, allowing for qualitative and quantitative analysis of the phenomenon. The work includes a mathematical model of 
a cloud of the vibrating charged ice crystals. The paper shows the dynamic optical effects associated with the passage of 
light through such a vibrating medium. It also presents the simplest solution to the model in the form of graphs, which 
have been compared with the graphs obtained from the analysis of the amateur observations of the phenomenon in 
question. 
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1. Introduction 

1.1. The Observations of “the Miracle of the 
Sun” in the Twentieth Century 

The first modern and well-documented observation of the 
phenomenon popularly known as “the miracle of the 
Sun” took place in the Cova da Iria, near Fatima in Por- 
tugal on 13th October, 1917 and, according to various 
sources, was attended by 30 to 100 thousand people. They 
later described the “strange behaviour” of the Sun: changes 
of colour and brightness, the effect of spinning and “ap-
proaching” them. The whole phenomenon lasted about 
10 minutes in a few cycles, and was also seen in the vil-
lages lying about a dozen miles from the Cova da Iria [1] 

Due to the religious context of the phenomenon, its 
uniqueness and glamour, and the inconsistency of the 
witnesses’ descriptions, this event still remains the sub- 
ject of many discussions and controversy. In subsequent 
years, similar phenomena were reported in various places 
in the world [2,3]. However, except for a few works: [3, 
4], very little attention was dedicated to them in the sci- 
entific literature, the reason of which was probably the 
religious context of the phenomena 

The most recent amateur observations made in Med- 
jugorje, Soraca, Parana and other places around the world, 
widely available on the Internet on YouTube [5-9], seem 
to be quite interesting in terms of the scientific aspect of  
the phenomenon. They will be discussed in Chapter 2. 

The analysis of these observations, in spite of their im- 
perfections and the amateur equipment used to record 
them, made it possible to compare the results of the phy- 
sical model obtained in Chapter 4 with experience. 

1.2. The Existing Attempts to Explain the 
Phenomenon 

The existing attempts to explain the phenomenon can be 
classified into two main trends: 

1) The attempts to explain the phenomenon as the col-
lective hallucination or long-term effect of looking at the 
Sun [2]; 

2) The attempts to explain the phenomenon as the at-
mospheric effects: refraction or reflection of light on ice 
crystals in clouds [4,10]. 

The first stream gives a wrong explanation because of 
the multiplicity of instances of the phenomenon and its 
registration by means of various types of video cameras. 
For the second approach, the authors encountered the 
fundamental difficulty that the previously described lu- 
minous phenomena in the atmosphere, such as halos, 
rainbows, side suns and the similar ones, were of the sta- 
tic character, which stood in obvious contradiction to the 
witnesses’ accounts [1]. 

1.3. The Purpose and the Scope of Work 

The aim of the work is to build a simple mathematical 
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model, explaining in the best possible way both the eye- 
witnesses’ accounts of the phenomenon in the Cova da 
Iria: [1] and the luminous effects presented on amateur 
video recordings [5-9]. 

The work includes the mathematical model (Chapter 3) 
along with the basic solution (Chapter 4) and their com- 
parison with the amateur observations of the phenome- 
non of “ the miracle of the Sun” (Chapter 5). 

2. The Empirical Analysis of the 
Phenomenon 

2.1. The Quality and the Quantity of the 
Observations  

The paper was based on the amateur observations widely 
available on the Internet and especially on YouTube. 14 
different observations of the analyzed phenomenon were 
found, out of which five of the best sufficient quality 
were selected to make qualitative and quantitative ana- 
lysis of the recorded phenomenon. They are the follow- 
ing phenomena of “the miracle of the Sun”: 

1) Soraca (Colombia), April 4, 2009 [5]; 
2) Medjugorje (Bosnia and Herzegovina), August 2, 

2009 [6]; 
3) Medjugorje (Bosnia and Herzegovina), September 

11, 2009 [7]; 
4) Medjugorje (Bosnia and Herzegovina), October 11, 

2010 [8]; 
5) Parana (Brazil) August 1, 2011 [9]. 
However, even these films contain certain imperfect- 

tions resulting from the randomness of the amateur re- 
cording equipment. In particular, the actual number of 
the recorded frames per second exerted the greatest im- 
pact on the quality of the empirical analysis of the videos 
(FPS). The FPS rate for the best recordings reached 30. 
Be-cause the phenomenon was of very dynamic nature 
with the frequencies of 2 - 5 Hz, a low coefficient of FPS 
made strobe effect and caused a significant distortion of 
the recorded phenomenon. 

All the films show more or less regular quick flashes 
of the Sun, the observed changes in its size. The con- 
siderable lightening and darkening of the Sun can be ob- 
served alternately. On some films, there are also the co- 
lour changes, but these observations are of such poor 
quality that it is impossible to analyze them quantita- 
tively or qualitatively. 

Below there is a description of the method used to 
analyze films and detailed results of the analysis. 

2.2. The Selected Graphs of Brightness of the 
Sun 

Some amateur videos with the recorded phenomenon 
were analyzed by dividing it into individual frames. Then 
the surface of the solar disc along with the glow was 

measured for each frame. The unambiguous and unques- 
tionable results were obtained by means of the graphical 
program, automatically choosing a number of pixels with 
the brightness greater than a certain threshold brightness. 
In this way, it was possible to measure the relative ob-
served brightness of the Sun recorded on each frame of 
the film. 

This method of measurement, despite its simplicity 
works well for qualitative analysis of the flashes and the 
darkening of the Sun. Unfortunately, it can neither accu- 
rately specify the apparent brightness of the Sun in ab- 
solute units nor accurately determine the apparent size of 
the solar disc.  

For the purposes of this study a total of 1600 frames of 
various films were measured. Below there is a selection 
of graphs obtained for the various observations. The ver- 
tical axis shows the relative brightness of the Sun and the 
horizontal axis-time in seconds. 

The fragments of observations No. 2 were shown In 
Figures 1 and 2. The normal brightness of the Sun, be-
fore the occurrence of the phenomenon was at the level 
of 1.0 (Figure 1), after a sequence of vibrations due to 
the changes of the position of the camera was 0.8 (Fig- 
ures 1 and 2). Figure 1 shows the full sequence of vi- 
brations—on the film normal sunshine period before and 
after the phenomenon is visible. In Figure 2 we can only 
see the middle section—the camera was not turned on 
since the beginning of the phenomenon. 

This observation has the best FPS rate equal to 30. 
This causes the least distortion of the image vibration. 
The experiment allows to read not only the period of the 
vibrations, but also their character. 

Note the characteristic elements of the charts, particu- 
larly visible in Figure 1. Some vibrations run not only 
between max and min values, but also with some inter- 
mediate phase (Figure 3): 

This type of vibration, we call it type B, appears in 
most observations and provides a very characteristic fea- 
ture of this phenomenon. 

Other videos available for the author have a lower FPS 
parameter, hence the distortion of the graphs is greater 
(Figure 4). For this graph the FPS ratio is 15 which com- 
bined with the very high frequency of 7.5 Hz results in 
the large distortion of the graph. It is clear that some of 
the maximum and minimum values do not find a repre- 
sentation in the graph, but most probably occur. 

2.3. The Selected Graphs of Brightness of the 
Sun 

After analyzing the available films the following general 
conclusions have been reached:  

- The phenomenon consists of cyclical darkening and 
lightening image of the Sun; 

- A phenomenon occurs at different heights of the Sun  
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Figure 1. The relative brightness of the sun for observations 
No. 2. The initial sequence of vibrations. 
 

 

Figure 2. The relative brightness of the sun for observations 
No. 2. The second sequence of vibrations. 
 

 

Figure 3. The fragment of the first sequence of vibrations 
for observations No. 2. Clearly visible oscillation type B 
(double peak with the intermediate phase), occurring al-
ternately with the basic type A (single peak, with no inter-
mediate phase). 
 
above the horizon, but mostly it was observed at sunset, 
so for low Sun elevations; 

- Proceeds in cycles of varying length from several 
seconds to several minutes; 

- The whole occurrence of the phenomenon usually 
consists of several cycles. The whole process takes from  

 

Figure 4. The relative brightness of the sun for observations 
No. 3. The selected sequence of vibrations. 
 
a few to a dozen or so minutes. 

- Inside the cycle the sun vibrations are usually very 
regular; 

- The period of oscillation is different for different ob-
servations and ranges from 0.1219 to 0.2665 s; 

- The relative amplitude of the vibration is different for 
different observations, but rather constant within a single 
film, wherein the degree of darkening of the Sun ranges 
from 20% to 80% of the normal brightness of the Sun, 
and the lightening ranges from 150% to 350%. 

- After the detailed analysis two types of the vibration 
can be distinguished: 

- Type A, in which the vibrations run exclusively be-
tween the maximum and minimum levels for a particular 
video, having a U-shaped character (middle part of the 
graph in Figure 3); 

- Type B, in which the vibrations run not only between 
the maximum and minimum values, but also at some 
intermediate level. Within the cycle then there are two 
peaks, one of which is greater, the period of vibration of 
type B is about 1.5 of a period of oscillation (Figure 3); 

- Both types of vibration can occur alternately, with 
the exception that type A is by far the predominant type, 
occurring much more frequently. 

3. Modelling 

3.1. Assumptions 

These results and observations of the witnesses were 
inspirations to create a model of the phenomenon known 
as “the miracle of the Sun”. For purposes of simplifying 
the model, let us assume the following assumptions: 

- A homogeneous cloud of identical, electrically 
charged ice crystals is given; 

- Crystal rotation is the result of their electrostatic in-
teractions; 

- The crystals rotate only by small angles relative to 
the horizontal position; 
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- We ignore the influence of air resistance on the ro-
tating crystals; 

- The difference between the rotation of two adjacent 
crystals is negligible; 

- For simplification the electric charge of a crystal is 
reduced to 3 charges located at the ends and in the mid-
dle of the ice crystal. 

3.2. The Equation of the Motion of the 
Rotary-Elastic Virtual Material 

After the adoption of the above assumptions, we present 
in Figure 5 system of forces acting on the ice crystal. 
The equation of the rotational movement of the i-th ice 
crystal shown in Figure 5 can be written as: 

   

   

1 1 cos
2 2

cos 0
2 2

R R
i i i

E
i i i

l l
F

l l
F F M



 

 

 1 1

cos

cos

i i i

L L
i i

I F 

 

 

 
    (1) 

where 

   

   

2

1

2

1

sin
2 2

sin
2 2

R
i

R
i

kq
F

l l
d

kq
F

l l
d







 




 

2

1

2

1

,

sin

sin

i i

i i

 

 





 
 



 
 
 

 

 

Figure 5. The distribution of forces acting on the i-th ic
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E
iM —external moment being applied to the ice crystal 

your local disorder, accounting for dynamic stimulate of 
vibrations, coming for example from the dynamic impact 
of wind. 

Due to the assumption of small angles of turnover of 
crystals we can assume that: 
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We now introduce a virtual material passing with the 
amount of crystals to infinity. Passing from discrete to a 
continuous system we use formulas of the finite differ-
ence method: 
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The Ice crystal has the shape 
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of a regular hexagon of 
de length l/2 and thickness h. The moment of inertia ice 

crystal’s by the axis of rotation will be: 

4

256

5 3
I l h               (9) 

where ρ is the density of ice. 
tal’s is:  The total charge of ice crys
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Substituting this equation int
tio

o (5) we obtain the equa-
n of motion of the column of crystals: 
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The resulting Equation (14) is the equation of m
vi

n with the following bound-

otion 
rtual rotary-elastic material, and also determines the 

rotation angle φ of crystal located at a height x in time t. 

3.3. Analytical Solution 

We solve the above equatio
ary-initial conditions: 

- We assume that at the initial moment all the crystals 
are arranged horizontally and do not rotate: 
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3.4. Model of Optics of Phenomena 
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can be written using the Fourier series (19) and (20). 

Now we consider the situation of sun’s rays p
vibrating medium described by Equation (14). We as- 
sume that a cloud of ice crystals is the height of L, the 
base of a cloud is at a height above the ground x0. 

The general condition for existence of phenom
at the plane of ice crystals on the observer-sun line was 

at least for a moment parallel to the direction of the sun’s 
rays (Figure 6): 
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) is satisfied, we 
ha

z—th
rver to the base of the cloud; 
x—the height of the phenomeno
In this case, when the Equation (27
ve focusing sun’s rays through the cloud of falling of 

crystals and the maximum apparent brightening of the sun. 
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Figure 6. Run extreme sun’s rays reflected from ice crystals

here: 
he angle of reflection of ray from of crystal ice; 

 
and the setting of the middle of crystal conditioning occur-
rence of the phenomenon. The angles and propotions of the 
drawing are not retained. 
 
w

- β is t
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un above the horizon; 

at we calculate for 
to

reflection rays for lower crystal 
an

    is the angle at which the observer

- α is the height of the s
- Δ is the angular width of the sun. 
The apparent size of the solar disc th
p and bottom crystal from the situation presented in the 

figure above (Figure 6): 
From the basic law of 
d principles of geometry due to the following equation: 
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Comparing (30) and (33) we can wr
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4. Sample Numerical Solutions 
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By substituting (43) to (22) we obtain the final solu-
tion of the Equation (14): 
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Let us denote the amplitude of vibration as: 
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Then we obtain the form of solutions: 
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tisfy the condition (27). Let us assume further: 
- The height of the sun above the horizon:  
- Angular size of the solar disc: 1   ; 
- The distance in plan projection

oud to observer z = 12000 m; 
- Height of a cloud base x0 = 5
- Participation of reflected rays 2  3.  
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e graph ab

ure of a solution depends on the parameters 
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then th ove compensates out and any distur- 
bances disappear, and the flashes are becoming narrower. 
Due to the very short lighteness, this solution is very 
sensitive to the accuracy of the sample over time. Sam- 
pling less frequently than those given above 0.0002 s 
causes cutting maxima and the significant distortion of 
the chart. 

The nat
opted by the task. Depending on the adopted parame-

ters of crystals, a cloud as a whole, the mutual position of 
the sun, the observer and the clouds, we can get a com-
pletely different solution. The below is a different solu-
tion. The following parameters have changed: 
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The solution was calculated numerically for: 
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5. Analysis and Conclusions 

d Theoretical 

Whe  theoretical graphs obtained for the model 

match the theoretical model, in particular: 

th time step 0.0005 s. 

ph shows the characteristic
pe B phenomena lightness corresponding to Figure 3 

In addition to the maximum and minimum level also ap-
pears at an intermediate level. These characteristic dou-
ble flashes occur when the amplitude of rotational vibra-
tion of crystals is greater than the height of the sun in the 
sky. The first peak occurs during trading ice crystal into 
right (see Figure 6) and satisfy the moment condition 
(27). Then there is the intermediate phase when the rota-
tion angle of crystal is greater than of height of the sun 
above the horizon. The second peak occurs during crystal 
return to the equilibrium position, when again by the 
moment condition (27) is satisfied. 

5.1. A Comparison Empirical an
Graphs  

n comparing
(Figures 7 and 8) with graphs derived from the observa- 
tion (Figures 1-3) we can see that they have a similar 
character. Achieving greater similarities between the charts 
those from a particular observation, and the theoretical 
model derived from of appropriate parameters need to 

Copyright © 2012 SciRes.                                                                                 JMP 



A. WIROWSKI 

Copyright © 2012 SciRes.                                                                                 JMP 

289

 

Figure 7. The theoretical solution of model for the sample 
parameters. 
 

 

ter

Figure 8. Chart of brightness of the sun for the changed 
parameters. 

ter determining the share of reflected ray
lation to all rays falling; 

nction; 

mines the type 
br nd others. This 
be

n the right way explaining the
e of the sun”, while allowing for t

e of phenomena it is possible for any of 
he

5.3. Further Research Plans 

antitative description of 

author also plans to do as far as possible first pro-
fe
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ight of the sun above the horizon, except that the sun is 

below the fulfilment of the condition (27) is easier, and 
thus the phenomenon is more likely. 
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the phenomenon of “miracle of the sun”. The intent of 
author is to continue the research presented by creating a 
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