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ABSTRACT

Two semi-empirical approaches for prediction of elastic modulus of biphasic composites have been proposed. Develop-
ed relations are for pore free matrix and pore free filler and found to depend on nonlinear contribution of volume frac-
tion of constituents as well as ratio of elastic properties of individual phases. These relations are applied for the calcula-
tion of effective elastic modulus mainly for Al,O5-NiAl, SiC-Al, Alumina-Zirconia, Al-Al,O3, W-glass and Flax-Resin
composite materials. Theoretical predictions using developed relations are compared with experimental data. It is found
that the predicted values of effective elastic modulus using modified relations are quite close to the experimental results.
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1. Introduction

Composite materials have been intensively developed
since the 1960 because these are leading classes of engi-
neering materials due to their outstanding properties i.e.
low weight in comparison with metals, high stiffness and
strength as well as their high chemical resistance. Low
cost fibers and resin materials have increased the use of
composites in infrastructural applications such as build-
ings and bridges. Carbon and composite nano-tubes have
exclusive structural, energetic and mechanical properties
i.e. exceptional stiffness and higher Young‘s modulus,
highly resistant etc. Thus it is desirable to calculate the
effective elastic properties from the knowledge of the
structure of the composite material. The effective elastic
properties are one of the most important properties that
determine the mechanical performance of a material. The
problem of determining the effective mechanical and
transport properties of a composite material with com-
plex microstructures is a challenging task to engineers
and scientists because of its fundamental and techno-
logical importance in almost every area of material sci-
ence. This problem continues to be the focus of intense
research, from design as well as theoretical point of view.
Composites are widely being used in civil engineering
and space vehicles/ sea vessels. Fiber reinforced compos-
ite material’s elastic properties have been widely used in
many structural applications varying from swimming po-
ol diving board to advanced aerospace components.

The basic information required for the evaluation of
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the effective moduli is the volume fractions, and elastic
moduli, of each phase. Many previous theories for de-
termination of elastic properties demonstrated that the
mechanical and elastic properties depend on the adhesion
between the phases, the geometrical setup of their con-
stituent and the technological process employed for ob-
taining them. The theoretical approaches discussed in the
literature for estimating the effective elastic modulus are
based on the effective medium theories, which provide
approximate approximations by homogenizing the com-
plex medium. Many empirical parameters have been in-
troduced into the models to account for the influence of
the structure variations on the results. The simplest theo-
retical approaches to predict the elastic modulus of two
phase material are the classical averaging schemes [1,2].
A common approximation for the effective moduli is the
self-consistent method (SCM) of Hill [3] and Budiansky
[4] which involves solving the equations of elasticity for
a spherical particle of phase 1 surrounded by a medium
of unknown effective moduli. Thus there have been sev-
eral different approaches to study and approximate the
elastic properties of composites. Yagi and Che [5] stud-
ied the effect of the shape and distribution of anisotropic
ellipsoidal inhomogeneity on the overall elastic moduli
of a composite material using the concept of local region
from the view point of micromechanics. Molina et al. [6]
employed an orthogonal tight binding model in their
work. Lu [7] did most extensive theoretical study using
an empirical pair potential model to estimate the Young’s
modulus, Poisson’s ratio and other elastic constants of
both single wall and multi wall nano tube and nano tube
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ropes. Lijma et al. [8] studied bending of nano tubes ex-
perimentally using simulation techniques. Treacy et al. [9]
experimentally determined the Young‘s modulus of car-
bon multi wall nano tubes using thermal vibration analy-
sis of cantilevered tubes by recording the force needed to
bend anchored nanotubes. Chopra and Zetly [10] have
also used thermal vibrational analysis for Young mo-
dulus of multiwall Boron Nitride nano tubes. Garshasbin-
ia and Jame [11] studied the mechanical properties in
laminated composite plates using genetic algorithm by an
optimized search procedure. Genetic algorithm provides
the additional technique of evaluating material properties
from the measured natural frequencies. The theoretical
approaches found in the literature for predicting the ef-
fective elastic properties by homogenizing the complex
medium [12], an empirical parameter have been intro-
duced for accounting the effect of structural variation on
the results [13,14].

Zhang et al. [15] proposed the random location of ob-
stacles in constructing an artificial random microstruc-
ture. Some researchers have given upper and lower bou-
nds, and derived theoretical relations and verified by ex-
perimental data [16,17]. Synder et al. [13] gave a method
to generate randomly distributed circular inclusions, digi-
tal microtonographic information and statistical correla-
tion functions have been adopted in reconstruction of the
structures more accurately [17-19].Wang et al. [20] de-
veloped a simpler method the random generation growth
method (RGG), inspired by the spirit of cluster growing
theory [21]. Robarts and Garboczi [22] used finite ele-
ment method to study the influence of porosity and pore
shape on the elastic properties of models, porous ceram-
ics and found Young’s modulus and provided simple
formula to predict elastic properties. Segurado and Llo-
rca [23] developed a numerical approximation to the
elastic properties of sphere reinforced composites. The
elastic constants of the ensemble of spheres embedded in
a continuous and isotropic elastic matrix were computed
through the finite element analysis of the three-dimen-
sional periodic unit cells, whose size was chosen as a
compromise between the minimum size required to ob-
tain accurate results in the statistical sense and the maxi-
mum one imposed by the computational cost.

Three types of materials were studied: rigid spheres;
spherical voids in an elastic matrix and a typical compos-
ite made up of glass spheres in an epoxy resin. The
moduli obtained for different unit cells showed very little
scatter. Sahraoui and Mariez [24] studied the linear elas-
tic properties of anisotropic open-cell foams to examine
the elasticity of these kinds of porous materials through
their microstructure. Warren and Kraynik [25] presented
a theoretical model for the introduction of the linear elas-
tic properties of open-cell foams. They considered three-
dimensional open-cell foams in a tetrahedral unit cell and
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derived a model for effective elastic constants, under the
assumption that all possible orientations of the unit cell
are equally probable in a representative volume element.
The elastic constants are sensitive to the composition
change. Ceramics have different bonding characteristics
from those of metal. When ceramic is added or mixed
into metal or vice-versa then heterogeneous interface is
developed. That is why the elastic properties of the two
phase materials generally deviate from the prediction
calculated by using the rule of mixtures. These composite
materials are very useful since their individual properties
(i.e. of ceramics and metals) are different but effective
properties of the composite demonstrate many significant
applications in industry. Composites combine the proper-
ties of two or more components; toughness of Al,Os is
improved by the addition of NiAl [26]. Thermal stability
is improved by adding Al into SiC [27]. We need the
elastic properties of two phase systems for designing new
composites and application based materials.

In this paper elastic moduli are calculated for several
composites using two exclusively different semi empiri-
cal approaches having dependence on volume fraction
and elastic modulus of constituent phases and compared
with experimental values. Experimental data given in
Tables 3 on the elastic properties of several composite
materials are taken from the literature. The experimental
data cover Al,O3-NiAl [26,28] only limited part of the
composition range for a certain composite. Here in our
considered examples Al,O3-NiAl covers whole range of
the compositions [29].

2. Theoretical Formulation

Voigt [1] proposed the effective elastic modulus of the
composite as

E=Ev,+Eyv, 9]

with v, +v, =1. This mixing rule is for the iso-strain
state. This model assumes the constituents of a composite
to be in parallel arrangement subjected to the same strain.
For the condition of isostress, Reuss [2] proposed a for-
mula for the effective elastic modulus as

_ El EZ
Ev, +EV,

O]

where

E;: Elastic modulus of Filler;
E,: Elastic modulus of Matrix;
vq: Volume fraction of Filler;
V,: Volume fraction of Matrix.

But Hill [30] explained that for real materials, none of
the iso-stress or iso-strain assumption is realistic. The trac-
tions at interface are not at equilibrium under the Voigt
condition and the interface cannot be considered under
the Reuss condition. Though the equality in Equation (1)
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is true only when the Poisson’s Ratio of the two phases is
the same.

Considering the dependence of elastic modulus on the
ratio of elastic modulus of individual phases, the formula
for the effective elastic modulus of composite material,
composed of two phases (matrix and filler), is proposed as

Ee = EJE," ©))
where
E,=Ev,+EyV, (4)

P EV,+Ey

Equation (3) is solved for n in terms of Es, E, and Eg.
The solution is

In {Vl E, + (1;’1) E,, }
N E 2 ©)
In {l+vl (1—v1)[?+||§2—2ﬂ
Here
v, +V, =1 (7

Here we see from Equation (6) that n is a function of vy,
E; and E;respectively, so relation between n, v;, E; and
E, is obtained using curve fitting technique as:

n=Ax*+Bx*+Cx? +Dx+E (8)
where

x=Vv?In & 9)
El

and A, B, C, D and E are constants, having different val-
ues for different composite materials. Values of these con-
stants for respective samples (composite materials) are
given in Table 1. Thus we can calculate the effective
Elastic modulus for a composite material from Equation
(3), using the values of Es and E,and the value of n for par-
ticular composite material calculated from Equation (8).

We calculated the values of n for many samples using
Equation (8) to obtain theoretical value of effective elas-
tic modulus and compared with the experimental results
for respective samples. Comparison is shown in graphs
(Figure 1 to Figure 6).

We also propose another semi-empirical relation to ca-
Iculate effective elastic modulus having linear dependen-
ce on elastic modulus E; and E; respectively. Proposed
formula is given as:

E, =E, +K [V—lJ E, (10)
\Y

2
Here

v, +Vv, =1 (11)

Copyright © 2012 SciRes.

A.UPADHYAY ET AL.

Table 1. Values of constants A, B and C for different com-
posite samples.

Sample A B C D E
Al,O5-NiAl 12576  -6536 1102  -61.02 0.852
SiC-Al 31.14 133.4 211.6 147.4 38.58
Alumina-Zirconia 21672  -7177 780.8 -33.88 1.173
Al-Al,O3 73471 14139 10177 -32473 3.875
W-glass 10120 -14242 7333 -1644 136.4
Flax-Resin 0 0 —-4.585 9.72 -1.604
380 A E(exp) =—E(Eq.3) =—E(Eql0)
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Figure 1. Elastic Modulus of Al,Os-NiAl composite as a
function of NiAl content.
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Figure 2. Elastic Modulus of SiC-Al composite as a function
of SiC content.
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Figure 3. Elastic Modulus of Al,03-ZrO, composite as a
function of ZrO, content.
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Figure 4. Elastic Modulus of Al-Al,O; composite as a func-
tion of Al,O;content.
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Figure 5. Elastic Modulus of W-glass composite as a func-
tion of Glass content.
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Figure 6. Elastic Modulus of Flax-Resin composite as a
function of Flax content.

and

E;: Elastic modulus of Filler;

E,: Elastic modulus of Matrix;

v¢: Volume fraction of Filler;

v, Volume fraction of Matrix and constant term K is
written in term of volume fraction of filler phase as

K =Lx*+Mx+N (12)

Copyright © 2012 SciRes.

where

x=Vv?In & (13)
El

L, M and N in Equation (12) are constants, having dif-
ferent values for different composite materials. Values of
these constants for respective samples (composite mate-
rials) are given in Table 2. We have calculated the value
of K for respective samples using values of constants L,
M and N given in Table 2. Using these values of K in
Equation.10, we can obtain the value of effective elastic
modulus for various composite materials at different fil-
ler concentrations. Apart from the data of Al,Oz-NiAl
system, the available data for other ceramic-metal com-
posites, SiC-Al, glass-W and Alumina-Zirconia, Al-Al,O3
Flax-Resin, are also compared in the present study to ve-
rify our model predictions.

3. Results and Discussion

Particulate composite like Al,O5-NiAl, SiC-Al were pre-
pared by using the conventional powder processing tech-
nique which show little dependence on orientation and
the elastic constants are determined either by static
methods such as the measurements of longitudinal de-
formation or by dynamic method, such as the method
applying by ultrasonic waves. The static methods usually
determine only elastic modulus due to the difficulties
involved in the measurement of the transverse strain [31].

The Voigt-Reuss model treats a laminated system.
Each phase in the system is separated by another layer
but actually composites are treated as composed of con-
tinuous matrix and isolated phase. For example in SiC-Al
composite the SiC particles are not sintered together in
the SiC-Al composite. In another example in Al,Oz-NiAl
both phases are continuous [29]. These two phases form
an interpenetrating microstructure which is quite differ-
ent from SiC-Al. Interface of the Al,O5-NiAl composite
is relatively weak and the Al,O5-NiAl system is sintered
at its solid state [28]. As any load is applied on the com-
posite in the presence of weakly bonded isolated particles,
the load is mainly sustained by the matrix alone. The
strains along and perpendicular to the loading direction
thus close to those of matrix alone. The existence of the

Table 2. Values of constants L, M and N for different com-
posite samples.

Sample L M N
AlLO;-NiAl -36.99 18.79 -2.521
SiC-Al 1.912 1.57 0.486
Alumina-Zirconia 8.753 3.884 -1.08
Al-Al,O3 -0.747 0.06 0.298
W-glass 1.582 6.969 -3.796
Flax-Resin -14.58 36.24 -23.73
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Table 3. Predicted Elastic Modulus in comparison with experimental values.

a) Al,O;-NiAl E;(NiAl) = 186 GPa, E,(Al,O3) = 400 GPa [26,29]
S. No. Vi E«(Equation (3)) GPa E.x(Equation.(10)) GPa E(exp) GPa %Deviation (Equation (3))

%Deviation (Equation

(10))
1 01 356.97 35731 357 0.007 0.087
2 02 319.86 322.89 320 0.042 0.904
3 03 302.42 296.44 302 0139 1839
4 0.4 29426 277.46 205 0.249 —5.944
5 05 283.24 265.01 245 ~15.609 8.188
6 0.6 264.01 257.44 250 5,607 2.977
7 0.7 240.22 250.42 240 0,094 4,345
8 0.8 219.46 231.47 220 0.243 5.216
b) SiC-Al Ex(SIC) = 450 GPa, Ex(Al) = 70 GPa [32,33]
S.No. v  Ex(Equation (3)) GPa E.(Equation (10))GPa  E(exp)GPa  %Deviation (Equation (3)) %De"'a"(‘;g)()Eq”a“"”
1 01 88.72 89.79 89.7 1.085 0.110
2 0.15 98.44 98.30 99.36 0.919 1057
3 0.2 108.63 106.07 1035 4957 2.487
4 0.25 116.70 113.27 116,61 0080 2856
5 03 123.12 120.15 11937 3144 0.657
6 0.35 130,07 127,01 128.34 135 1036
7. 0.4 140,56 134.25 135.93 3408 1234

¢) Al,Osz-Zirconia E;(Zirconia) = 210 GPa, E,(Al,03) = 400 GPa [34]

S :
S.No.  vi  Eu(Equation (3)) GPa E.f(Equation (10)) GPa E(exp) GPa  %Deviation (Equation (3)) 0DeViation (Equation

(10))
1 0.069 384.99 384.11 385 0.0003 -0.229
2 0.105 375.99 375.65 376 0.0002 -0.090
3 0.142 366.99 366.86 365 -0.547 0.510
4 0.18 358.31 357.73 353 -1.505 1.342
5 0.219 350.00 348.30 350 -0.0003 —0.485
6 0.304 333.00 327.62 333 -0.001 -1.614
7 0.726 251.04 254.48 251 -0.017 1.388

d) Al-Al,0; E(Al,05)=390 GPa, E5(Al) = 69 GPa [35]

%Deviation (Equation

S. No. Vi Eer(Equation (3)) GPa  E.x(Equation (10)) GPa E(exp) GPa %Deviation (Equation (3)) (10))
1 0.73 222.20 216.64 216.4 —2.680 0.113
2 0.8 251.52 242.04 241 -4.360 0.435
3 0.88 283.01 282.62 282.8 -0.070 -0.063
4 0.93 342.48 330.28 3244 -5.570 1.813
5 0.95 372.62 368.15 366.4 -1.690 0.478

e) W-Glass E;(Glass) = 81 GPa, E,(W) = 355 GPa [32,36]

%Deviation (Equation

S. No. Vi E.r (Equation (3)) GPa E.s (Equation (10)) GPa E(exp) GPa %Deviation (Equation (3))

N (10)
1 0.5 194.80 194.31 195.25 0.226 -0.477
2 0.6 156.32 160.81 156.2 -0.079 2.952
3 0.7 135.42 127.23 134.9 -0.390 -5.680
4 0.8 89.30 94.41 88.75 -0.625 6.388
5 0.9 67.86 66.49 67.45 -0.615 -1.411

f) Flax-Resin E;(Flax) = 4500 GPa, E,(Resin) = 28000 GPa [37]

%Deviation (Equation

S. No. V1 Ee (Equation (3)) GPa  Ecx (Equation (8)) GPa E(exp) GPa %Deviation (Equation (3)) (10))
1 0.4 12918.11 12922.6 12917 —-0.008 —0.043
2 0.5 15451.71 15462.53 15451 —-0.004 -0.074
3 0.6 17709.05 17733.59 17709 -0.0003 -0.138

Copyright © 2012 SciRes. MME
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second phase affects little to the strain of the matrix.
When an interpenetrating microstructure is formed by the
two phases one phase is closely constrained by the other
one though they do not bond strongly together. The elas-
tic behavior of matrix is thus affected by the presence of
interpenetrating second phase. Alumina particles were
well dispersed and well bonded to the matrix. Here we
ignored the effect of porosity Thus these formulas can
estimate the elastic modulus for non-porous materials
only. Our proposed formula suits well for pore free
matrix and pore free filler. With the knowledge of the
correlation between the elastic moduli and porosity for a
particular ceramic product we can determine elastic
modulus of matrix with pore too. Since several investiga-
tions in literature show that Young’s modulus decreases
as porosity increases. By introducing porosity and poros-
ity correction factor which takes account of geometrical
variables such as pore size, shape and location. Only
those composite materials which have considerable am-
ount of porosity may show deviation between experimen-
tal data and predictions that is too due to presence of thir-
d phase air.

The values of effective elastic modulus obtained by
the proposed approaches (Equations (3) and (10)) are
compared with experimental values of Elastic modulus
for different composites (Al,Oz-NiAl, SiC-Al, Alumina-
Zir-conia, Al-Al,O3;, W-glass and Flax-Resin). The basic
properties of each phase in these composites are also
shown in Table 2. The model predictions proposed in the
present study cover most of the experimental data. The
experimental data of the composites are close to the pre-
dictions made by our proposed formula. One may note
that the Elastic modulus shows strong dependence on
E,/E, , less dependence on v, /v, .This comparison for
all composites is shown in Table 3 and in Figures 1-6.

Our proposed predictions seem good on comparison
but still some error is there due to the presence of air
pores. Since we have neglected the pore effect and con-
sidered the pore free matrix. References are given in the
respect- tive tables for the source of experimental data.

Results obtained from our proposed formula show
good matching with the experimental values. Still a small
difference is seen with the measured data. It may be due
to relative arbitrariness of data selection. Thus our rela-
tions provide a satisfactory prediction in terms of the vo-
lume fraction variations.

4. Conclusion

The comparison between experimental data and proposed
models predictions is made in the present study. It shows
some dependence on the micro structural characteristics
of ceramic metal composites. The interconnectivity of
each phase in a composite and the bonding characteris-

Copyright © 2012 SciRes.

tics of interface may also affect the elastic modulus of
composite. The elastic properties of the composite mate-
rials depend strongly on elastic properties of individual
phases, and their concentration in a composite. This de-
pendence is studied using two quite different semi-em-
pirical approaches. In the first approach modified form of
series and parallel combination is proposed to calculate
effective elastic modulus, while as in second approach,
we consider linear dependence of effective elastic modu-
lus on elastic properties of the constituents and their re-
spective volume fractions respectively. Seven composites
(AlLOs-NiAl, SiC-Al, Alumina-Zirconia, Al-Al,O3 W-
glass and Flax-Resin) are used for comparison to validate
the modified relations. The calculated values of elastic
modulus using both the theoretical predictions are in go-
od agreement with the experimental values for all com-
posite materials. The suggested theoretical results offer
good approximation for elastic modulus.
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