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ABSTRACT 

In this note, we compare two strategic general equilibrium concepts: the Stackelberg-Walras equilibrium and the Cour-
not-Walras equilibrium. We thus consider a market exchange economy embodying atoms and a continuum of traders. It 
is shown that, when the preferences of the small traders are represented by Cobb-Douglas utility functions, the Stackel-
berg-Walras and the Cournot-Walras equilibria can coincide only if 1) the endowments and preferences of atoms are 
identical and 2) the elasticity of the followers’ best response functions is equal to zero in equilibrium. 
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1. Introduction 

The Cournot-Walras equilibrium (CWE) models opened 
by Gabszewicz and Vial [1], and developed in exchange 
economies by Codognato and Gabszewicz [2,3], Gab-
szewicz and Michel [4] and Busetto, Codognato and 
Ghosal [5,6] feature the consequences of strategic inter-
actions in general equilibrium. The strategic traders ma-
nipulate the equilibrium relative prices by restricting their 
supplies on the markets. Some contributions aim at com-
paring the CWE with other strategic equilibria. Codog-
nato [7] studies the equivalence between the CWE and 
the Cournot equilibrium, while Codognato [8] compares 
two Cournot-Nash equilibrium models. In this note, we 
compare the CWE and the Stackelberg-Walras equilib-
rium (SWE) defined in Julien and Tricou [9]. From the 
benchmark of Cournot-Walras exchange economies, the 
SWE concept inserts Stackelberg competition into inter-
related markets. We determine the conditions under 
which the CWE and the SWE are equivalent. 

We thus consider a mixed market exchange economy 
as developed in Shitovitz [10] and Codognato [7]. There- 
fore, strategic interactions prevail here in one sector only. 
We characterize and define the SWE in this framework. 
It is shown that, when the preferences of the small traders 
are represented by Cobb-Douglas utility functions, the 
SWE and the CWE can coincide only if 1) the atoms 
have the same endowments and preferences and 2) the 
elasticity of the best response functions is zero. So, in 
mixed markets exchange economies, the SWE and the 

CWE coincide when two kinds of conditions are satisfied: 
one stems from the fundamentals, another is based on 
consistent expectations formed by the atomic part of the 
economy. 

The paper is organized as follows. Section 2 provides 
a characterization and a definition of the SWE in a 
mixed-markets exchange economy. Section 3 is devoted 
to the statement and the proof of the proposition. In Sec-
tion 4, an example is given. In Section 5, we conclude. 

2. The Stackelberg-Walras Equilibrium 

The space of commodites is  . There is a finite set  
of divisible commodities, indexed by . Let 

 
= 1,2, ,h  

 , ,T   be a measure space of agents, where T de-
notes the set of traders,   a  -field of Lebesgue 
measurable subsets of T (the class of coalitions), and   
a Lebesgue measure on . Large traders are repre-
sented by atoms and small traders by an atomless sector. 
An atom of the measure space 



 , , T   is a coalition A 
with   > 0A , such that, for each coalition , 
one has either 

B A
  = 0B  or  The set 0  

embodies atoms, while 1 0  is the atomless sector. 
The set of atoms embodies two subsets: the subset of 
leaders  and the subset of followers , so T  

. 

A B
T

 = 0.

2
0T

\
= \T T

T

0 =1
0T

1 2
0 0T T
An assignment (of commodity bundles to traders) is an 

integrable function  tx  from T to  . All integrals 
are with respect to t. Any trader  has a measurable, 
continuous, strictly increasing and strictly quasi-concave 


Tt
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utility function , which represents his preferences 
among the commodity bundles x. The distribution of 
initial endowments satisfies: 

 tU x

 
  = 0



  ω

 

  
    

1 0

2 1

= , 0, , 0 ,

, , , , ,

t t t T

t t t t 









ω

ω T

.

    (1) 

with         d 0
T

t t 

A feasible allocation is an assignment 

     d = d
T T

t t t t x x

p

 ω . 

The price vector is . Since no a trader is subject 
to money illusion, we let , with 



pp

 = > 0, = 1, , ,h h
p h p    p p  = 1h . 

Any trader t, 0 , behaves stragically, while any 
trader t, 1 , behaves competitively. The strategic 
behavior consists in contracting the quantity of commod-
ity 1 brought to the market to manipulate the price sys-
tem. We denote by s the pure strategy of trader 0

t T
t T

t T . A 
strategy profile for 0t  is a real valued integrable 
function 

T
 s t  defined on 0T  such that, for all 0Tt , 

  ts t  S . The strategy set of t may be written 

      1= 0tS s t s t t   , 

0t T
t T

: it involves all the possible quantities that trader t, 

0 , may bring to the markets. The characterization 
and the definition of a CWE for this economy is given in 
Codognato [7]. We now characterize the SWE. 

The SWE concept can be modeled as a sequential 
structure in three steps: it is based on a two-stage game 
which relies on a competitive moment. Before, the stra-
tegic interactions, the general equilibrium price vector 
deduced from the competitive behaviors is computed for 
any strategy profile. Then, traders make quantity deci-
sions within a Stackelberg game. 

Given a price vector , trader 1  solves: pp t T

    
   

1

=1 =2

Max , ,

s.t. = .

t

h h h hh h

U x t x t

p x t p t 


 


       (2) 

The unique solution to this program is  , x t p . Given 
 and a strategy profile pp   ts t S , the program of 

any trader  may be written: 0t T

      
   

1

1=2

Max , ,

s.t. = .

t

h hh

U t s t x t

p x t p s t

 







        (3) 

The vector           1 2, = , , ,x t t s t x t x  p t



 for 
 denotes the unique solution to this program. Let 
 be the function on T with values in 

0t T
.,x p 


 ,

 defined 
by   =., x t p pp  .,x px p . For all ,  is an as-

signment. Given a strategy profile s , the equilibrium 
price system is the solution to: 

        

        
1 0

1

1 2
1

1 2

, , ; d =

, , ; d = d , = 2, ,

T T

h hT T

t t s t t

t t t t h

 

   

x p s s ω

x p s s ω ω

d 

  .
 

(4) 

We assume that  ,p s ω  exists and is unique. We 
here follow the argument developed by Codognato and 
Gabszewicz [3] for the CWE concept. So, we denote by 

 \ s s
t

 the strategy profile which coincides with s for 
all 0T  except for =t  , 0T  , with  s S  . 
We denote by 1s  (resp. 2s ) the pure strategies of any 
leader (follower), whom respective strategy selections 
are integrable functions  1s t  and  2s t . Given a 
vector of strategy profiles ,  1 2s,=s s   ,x p s ω.,  is 
an allocation. 

In the second step, the followers determine their best 
response functions. The strategic plan  2s t  of any 
follower  solves: 2

0t T

 
      

2

2 2
1 0Arg max , , , ; , .

t

t
s t S

U t s t x t T


  ωt p s (5) 

The solution to this program yields the best response 
function   2 1 2 2, , \t s s s t  of follower . Let 2

0t T
  2 2\2 1., , s ts s

1
0T

 be the real valued integrable function 
on  with values in   defined by 

     2 2 2., , \ = , \2 1 2 2 1,s t t ss s s s t  

for all . When considering all followers, one gets: 2
0t T

       2 2
0 0

2 2 1 2 2d = , \ d
t T t T

, .s t t t s t t 
    s s

 

(6) 

The system of equations given by (9) determines a 
consistency among the best response functions, each of 
which depending on  and 1s 2 2ss t . The solution to 
this system is denoted by .  2 1s s

In the third step, trader t solves the program: 

 
        

1

1 1 2
1

1
0

Arg max , , , ,

.

t
s t St

U t s t x

t T








 p s s s1,t
(7) 

The solution to this program yields the best response 
function denoted by   t1 1 1, \t s s  of leader 1

0t T . 
Let   1 1 1., \ s ts

1
0T

 be the real valued integrable func-
tion on  with values in  defined by 

     1 1 1 1 1., \ = , 1 \s t t ss s t  

for all 1
0t T . When considering all leaders, one has: 

       1 1
0 0

1 1 1 1d = \ d
t T t T

 , .s t t s t t 
   s t

ere

  (8) 

In the symmetric equilibrium (8) yields the strategy 
1profile . One deduces  and th by the vector of s  2s ,
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 equilibrium relative prices  1 2, ;  p s s ω  and the equilib-
rium allocations  tx for al

A SWE is a ge quilibr
l t T . 

ium which em

lberg

neral e

   
    
      

=1

1

2 1

= , > 0, = 1, , , 0,1 .

= ,0, ,0 ,  = 1, ,

= 0, , , , .

h
t h hh

i i

U x t h t

a a i n

t t t t T

 



 






ω

ω





 

 



 bodies a non 
co

-Walras equilib-
riu

operative equilibrium of a game where the players are 
the atoms, the strategies are their supply decisions and 
the payoffs are their utility levels. 

DEFINITION (SWE). A Stacke

We first determine the SWE. 
The competitive step is determined before the strategic 

steps. Given a price vector , trader p  0,1t  solves: m is given by a vector of strategy profiles  1 2, , s s  a 
price system  1 2, ;  p s s ω  and an allocation  
    1=t t x x  such that: 

;ω , for all 

     =1
Max  s.t. = ,h

hh
x t t px pω


t  

 , , x
1, ,  p s

 d =
T T

t t 

t

1) 

2) 

3) 


2

It leads to 
   = ,t tx x s t T , 

  dt t  , 
     1

1

, = , ,
h hh h

t t
t

p p

 
 

 
  
  






pω pω

x p , 
  x ω

 0,1t . Given pp , the program of any trader i may 
be written:        1 2, , ;  s s ω 1 2, ;U tx p s s ω  ,t tU t x p ,

1,Tt  

4)    1 2, ,  s s ω

1 2, , x p s s

1 2, , ;  s s ω

1 1, \ ss

;tU tx p

5) 

 ,

  

    2 ; ,s t ω

  

   2 1 1, \ s t s s

      
   

1

1=2

Max , ,

s.t. = , = 1, , .

i
i i i

h h i ih

a s a x a

p x a p s a i n

 








  

 2 2
0\ ,t tU t s t S t T    

When    .i
tU  . , it leads to 

   tU tx p

   ;tU t tx p ω  

       1
1

=2

, = ,...,i i i

hh

p
a a s a s a

p






 
 
 
 






x p i

n

, 

= 1, ,i  . Given a strategy profile 

    1 =1
= , ,

i

n

n ai
s a s a Ss , 

 1 1
0,ts t S t T    

and from Walras’ law, the price system  p s  is the 
solution to: 3. Equivalence betw

PR ION: ces of traders in 

m  h, 
Th

een the SWE and the 

 the preferen

odities indexed by

 is a

     

     

   

11
=1 0

1

1 1
=10

2

1

0

= d

d =

                        d , = 2, , .

n

ii
hh

nh
h ii

hhh

h

h hh

t
s a t

p

p
t t s a

p

t
t h

p







 











 
 





 

pω

pω

 

CWE 

OPOSIT  Suppose

er   com

be

the atomless continuum are represented by Cobb-Doug-
las utility functions. The Stackelberg-Walras and the 
Cournot-Walras equilibria coincide only if 1) the atoms 
have the same endowments and preferences and 2) the 
elasticity of the best-response functions is equal to zero 
in equilibrium. 

Proof. Consid
It leads to the equilibrium relative prices: 

=1, , .h    
, with mere are n atoms indexed by i, = 1, ,i n  

leaders and n m  followers. There ontinuum 
of traders, ea ing indexed by t, 

lso a c
ch 0,1t . We make 

the following assumptions: 

  = , withiU a x

   
 

1

011 1

=1

d
= ,

lhh
n

l l hh ii

t tp
l

p s a

 
 

 
 
 


 

 = 2, , .  

In the first strategic step, follower i, = 1, ,i m n  , 
determines his best response function, which is the solu-
tion to: 

2 and
                    

i C  0,
                        = 1, ,

i
i n
 


 

i

            
a i

     
 

 
 1 2

=1 =1

  arg max   , , , ,i ii
i i i n n

i ii i

s a s a
s a a s a

s a s a


 
   
 
  

  

where    dl l t t  , l
11

0


  



1 hh

hh


 




= 2, ,  . 
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is: The first-order condition 

   

   1

=1

2

=1

= 0,

= 1, , .

l

m
i i

i ii
l

l
ii

s a s a

i m n




    


 



 




 

The preceding equation yields the best-respo se 
 of follower i, , where  and 
ent respectively lead

i

1

i

nx s a

     x

n
 1 2,i

i s s
2

is  repres
gie
symmetric 

= 1, ,i m n 
the vector of 

   =i

1s
ers’ strate-

s and the vector of all followers strategies but i. In the 
case, one gets s a s a , which re uires 

   1=i ia a   and =i i
q

1
   for all i and all i , 

with i i  , so    1=is a  s , = 1, ,i m n  . 
The second strategic st determining the 

egy of ader i, = 1, ,i m . T e 
progr ,

ep consists in 
equilibrium strat any le h

am of any leader i, 
te

= 1 ,i m , may then be writ-
n: 

 

     
   1 1

=1 = 1

arg max

      

i
is a  

 
      , , i

i i m n

ii i m

s a
a s a

s a





  
    s

 . 

At the symmetric SWE, one has    =i is a s a , 
which requires  1 1=ia 

rst-order conditions 
 and m

so the fi
= 

may be written: 

i i , = 1, ,i  , 

     
    

   1

2
11

1

( )

ii m n m

1

1

= 0,

i
i

l
l l

i

s a

x x





  





  

(C1

where           

ms a n m





        

s

s







) 

 
 

 
 

1

1

ii

i

s a

s a










s

s
, 

= 1, ,i m , represen f 
function of any fo

ts the elasticity o the best response 
llower i, , correctly 

 any i, 1) yield the 
= 1, ,i m n 

. Equations (Cperceived by
equilibrium

= 1, ,i m
 strategy  is a  of any leader i, = 1, ,i m , 

from which  is a , = 1,i m   ix ,  
= 1, ,i m  are dedu
Let us now proceed to the characterization . 

There is only str  a ms play  a si
ove game betwee

,n , p  and 
ced. 

of the CWE
 one ategic step: the to s mul-

taneous m n themselves. Any trader i, 
= 1, , n  solves: 

 

i

     
 

 
 1 2

=1 =1

arg max i
is a  

           , , , .i i
i i n n

ii i

s a s a
a s a

s a s a


   
 
  


 

In the symmetric equilibrium, the first-order condition 
for i, , leads to the equilibrium strategy 

i





= 1, ,i m

 ˆ is a  of trader i, which is the solution to: 

 2 1
1

1 1
= 0, = 1, , .

ˆ

i i

ll
i l

n
i n

x s a xn 

 

If fo

 
      

   (C2) 

r any i, = 1, ,i m n  ,  

          1 1 ˆ= ,..., ,..., =i i i m ms ia s a s a s a s    a , 

, then = 1,,i n  1 1=ia  ,  and , 

 coincide. Q
 zero elastic-

 equilibrium, any leader rationally expects that a 
his strategy will elicit no reaction fro

llowers. The elasticity thus coincides with th
of the best response functions (here zero): conjec-

 and are thu nsistent. It is as if the 
ade no expectations regarding the reactions of 

llowers to a change in their decisions. Conse-
h ke the decisions of ivals a

when
e, believing in the same way 

=i  = 0i
= 1, ,m . One concludes that the SWE and CWE allo-

cations ED. 
en the best response functions have a

i

Wh
ity in
change in 
fo
slope 
tu
leaders m
the fo
quently, t
given 

thei

m the 
e true 

res are fulfilled s co

e traders ta  their r s 
 optimizing, and thus behave as if they played 

a simultaneous move gam
r rivals behave following a Cournotian reaction func-

tion. This condition on consistent conjectures is neces-
sary but not sufficient. It may also hold when both equi-
libria do not coincide. In addition, the shape of the reac-
tion functions and their slopes at equilibrium depend 
notably on the market demand function. The Cobb- 
Douglas specification leads to an isoelastic aggregate 
market demand function. Thus, the market demand 
which addresses to the atoms has a constant unitary price 
elasticity. So, when all atoms have the same endowments 
and preferences, their market shares are equal, which 
implies that their (Cournotian) equilibrium strategies are 
identical. If strategic traders did not have the same en-
dowments and preferences, their equilibrium strategies 
would differ and could not correspond to the Cournotian 
ones (the same result can hold in industrial organization 
when firms have not the same marginal costs). Therefore, 
we extend a result obtained in partial equilibrium by 
Julien [11] to cover exchange economies. 

4. An Example 

Consider the case for which = 2 . The price system is 
 1= ,1pp . The economy embodies two atoms 1a  (the 

leader) and 2a  (the follower), each of measure  
   = 1ia , = 1,2i , and an atomless continuum of 

traders represented by the unit interval  0,1  with the 
Lebesgue measure   = 0t ,  0,1t . The following 
assumptions are made: 

    
             (9) 

  =tω    0,1 , 0,1 .

i

t
 

= 1,0 , = 1,2a iω
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      
 

     
 

1 2 1 2

1
1 2 1 2

, = ( ),

0,1 , = 1, 2

= ,

0,1 .

ai i i i i

t

U x a x a x a x a

i

U x t x t x t 













 (10) 

The strategy set of i is

 
 

,

, 0,1

x t

t







 given by 

    = : 0
ia iS s a s a   , 1

. Let us determine the competitive step. Given 
t solves: 

i

= 1,2i

1= ,pp  1 , 

   1
1 2Max x t x t   s.t.    1 1 2 = 1p x t x t ,  0,1t . 

It leads to    
1

1
, = , ,   0,1

2
t t

p

  
 

 
x p .  

Given  and  1= ,1pp  
ii as a S , , one gets = 1,2i

   2 1=i ix a p s a , = 1,2i . 
Thus       1,a p s a , 

    1 2,
= 1x
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a a

. Given a 
strateg

1 2
s a s a S S  , and from 

Walras
solution

’
 to
 law, the relative price     1 1 2,p s a s a  is the 

 

 d =t    1

1 20
1

s a s a
p


 . 

rium price system is then: The equilib

   1 2

= ,1
a



 
p       

ic step may be written: 

.
s a s

 
  

      (11) 

The first strateg

     
   

2
2 2arg max 1 .s a s a

1 2

s a

s a s a






This leads to the best response funct n of the fol-
lower: 

   (12) 

io

     2 1 1 .=s a s a s a


 


         (13) 

One has 
 
 

2

1ds a

d
0

s a
  when  1 4

s a



 , and 

 
 

2
2

2
1

d
< 0

d( )

s a

s a
. 

The program of the leader may then be written: 

      1 1arg  max 1 .1s a s a s a       (14) 

The SWE strategies are: 

   1 2= = .s a s a
4




              (15) 

The equilibrium price and allocations are given by: 

                (16)  = 2 ,1 .p  

 

   1
, = , , 0,1 .t t

  
x p

    

4
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4 2
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CWE. Given 

x p

We finally determine the 

   1 2

= ,1   1 ,
s a s a

 
  

p  and  
1 22 a as a s a S S  , 

the program of any trader  ia  may be written: 

        
 

1 2

arg  max 1 , = 1,2.is a
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It leads to the equilibrium strategies: 

(18) 

   1 2 4
ˆ ˆ= = .s a s a




           (19) 

The equilibrium price system and allocations are then: 

 ˆ 1= 2 ,p                 (2  0)

 

   

4
ˆˆ , = , ,  = 1, 2a i
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e. We also check 

that from (13)

) 

Then the SWE and the CWE coincid

 

1

21
= 1 = 0 . 

2 4

 
 


 

   
 

5. Conclusion 

In mixed markets exchange economies the CWE and the 
SWE can coincide: one condition stems from the funda-
mentals (endowments and preferences), whil
concerns consistent expectations formed by t
part of the economy. 
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