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Abstract

This paper deals with the study of the special lattices of rough algebras. We discussed the basic properties
such as the rough distributive lattice; the rough modular lattice and the rough semi-modular lattice etc., some
results of lattice are generalized in this paper. The modular lattice of rough algebraic structure can provide
academic base and proofs to analyze the coverage question and the reduction question in information system.
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1. Introduction

It is generally known that the order and the partial order
set theory were widely applied in the discrete mathemat-
ics and fuzzy mathematics. In algebraic theories about
the notion of lattice as both profound and sweeping.

The rough set was introduced by Pawlak in 1982 [1].
The lattice to characterize rough set is an important task
[2-6]. Actually, we can use a lattice model to represent
different information flow policies and play an important
role in Boolean algebra. Obviously, the coverage prob-
lem and the reductions problem are two problems of the
cores in information system of lattice relation, which
boosts the development of lattice theory. We give several
special lattices of rough algebras that we discuss in this arti-
cle; for instance, we prove that a lattice is necessary and
sufficient condition of the rough semi-modular lattice.

We will now describe a lattice definition and then we
introduce rough approximation spaces. The main con-
tents are as the following:

Definition 1.1. [7] Let L is a set. Define the meet
(A) andjoin (v) operations by

XAy =glb(x,y),
x vy =lub(x, y).
The following properties hold for all elements

X,y,zeL.
1) commutative laws:

XAYy=yAxandXvy=yvX
2) associative laws:
(XAy)AzZ=xA(yAz)and
Xvy)vz=xv(yva).
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3) absorption laws:
XA(Xvy)=xandxv(XAy)=x
4) idempotent laws:
XAX=xandXv X=X

A lattice is an algebra structure (L,v,A) that has two
binary composition A and v, it satisfies the above-
mentioned condition 1), 2), 3) and 4).

Definition 1.2. [7] Let L is a lattice, if for any
X,y,zeL.

DXxA(yv)=(XXAy)v(Xaz),or
2Xv(YyAZ)=(xXvy)a(xvz).

Therefore, L is called a distributive lattice.

Definition 1.3. [7] A distributive lattice is called a
modular lattice.

Theorem 1.1. [7] Let L is modular lattice, then L is
called a semi-modular lattice.

Definition 1.4. [8] Assume that U is a finite and non-
empty set with the universe, R cU xU denote a binary
relation on U . Let (U,R) is an approximation spaces.

Define R={(R,R)|RcU}| is a rough approximation
spaces. R and R are referred to as the lower and up-
per approximation operators respectively.

Theorem 1.2. [8] Let (U,R) be an approximation
spaces. Then algebra (R,v,A) is a complete distribu-
tive lattice.

2. Main Results

Definition 2.1. Let (U,R) be an approximation spaces.
Forall x,yeR. If R(x)=R(y), then the rough xandy
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are called lower rough equal. The notation x=y de-
notes that x and y are lower rough equal. If R(x) = R(Y),
then the rough x and y are called upper rough equal. The
notation x =y denotes that x and y are upper rough
equal. If x=y and x=y, then the rough x and y are
called rough equal. The notation x=~y denotes that x
and y are rough equal.

Definition 2.2. Let vx,AXx, €R, and S be a unary
operation. We use the notation

VX ~VvXVvS(vX),
teT Xt teT =t (teT Xt)

A X = /\XtvS(té\TYt).

teT teT =

The definition represents that the rough union and
rough intersection (where T isan index set).

Definition 2.3. Let algebra (R,v,A) be a rough lat-
tice, if forany x,y,z e R, satisfying

X<Yy=>XV(ZAY)=(XVZ)AY,
Therefore, R isarough modular lattice.
Theorem 2.1. The rough distributive lattice (R,v,A)
is rough modular lattice.

Proof. Suppose that R is a rough distributive lattice,
if forany x,y,zeR, x=<y,then

xv(zay)=(xv(yaz))vS(Xv(YyATZ))
~((xvy)A(xv2)vS((XvY)A(XVvI))
~(XVYAXVZVS(XVYAXVZ)
~(XVYAXVZI)VS(XVYAXVI)
~(XvYy)A(xv2)
~(XVZ)AY.
Hence the (R,v,A) isrough modular lattice.
Theorem 2.2. The rough modular lattice (R,v,A) is

rough distributive lattice, if and only if for any
X, ¥,z e R, the following formulas hold:

XAY)V(YAZ)V(ZAX)
~(XVY)A(YVvZ)A(zZvX).
Proof. Necessity:
If forany X,y,zeR, then
XAY)V(YAZ)V(ZAX)
= ((xAy)vy)a((xvy)vz))v(zAX)
(distributive laws)
~(YyA(XVZ)IA(YV2))V(ZAX)
(absorption laws and distributive laws)
~(YyvZ)A(YVvX)IA(XVvZIVIIA(XVZIVX)
AlYvZvZ)A(YyvzvX)

(distributive laws)
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~(YVIOAXVY)A(@EZVX)IA(XVYVZ)
(idempotent laws and commutative laws)
~(XVY)A(YVZ)A(ZVX).
Sufficiency:
If forany x,y,zeR, then
XA(YVZ)=XA(XVI)A(YVI)
AXAXVY)A(XVI)A(YVI)
2XA((XVY)AYVZ)A(ZVX)
XA ((XAY)V(YAZ)V(ZAX))
(XA Y)V(YAZ)V(ZAX))) AX

Because xAYy=<x, and since the rough modular laws.
We see that

((xAy)v((yArz)v(zv X)) Ax
= (XA V((yrZ) v (ZAX) AX).

Because z Ax <X, and since the rough modular laws.
It follows that

(XAYV(EZAX)V(YAZAX)=(XVY)V(XAZ).
We conclude that
XA(YvZ)=(XvY)v(XAZ).
Show that (R,v,A) is the rough distributive lattice.
Theorem 2.3. A necessary and sufficient condition that

rough lattice R is a rough modular lattice, for any
X,yeR, x<yandzeR, wehave

XVZIxmYVZ,XAZ=YAZ then x=y.
Proof. Necessity:
X=XV (XAZ)
~Xv(yAz)
~Xv(ZAY)
~(XVI)AY
~(yvz)ay=y.
Sufficiency:
Let x=<y.Toshow that z, we thus have
XV(ZAY)=(XVZ)AY.
We shall prove that the two laws:
D(xv(@ay)az=((XvI)Ay)Aaz,
2) (xv(@Eay))vzx((XvZ)Ay)ve.
To prove 1). In fact,
((XvDAYIAZ=(XVI)AZ)AY=ZAY,
(xv(zay)Aaz
<(yv(@ay)Aaz=yanz=zay, and
YAZRZAY=(YAZ)IAZ=(XV(ZAY))AZ,
thus
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(XvD)AYAZ=ZAY.
For part 2),
(xv(zay)vzexv((zay)vZ)=Xv.
and
(xvD)Ay)vz=<(XvZ)vz=Xxvi.
Since x =<y, weconcludethat xAy~Xx, then
XVZx(XAY)VZ<((XVZ)AY)Vz,
thus
(xv))Aay)vz=xvz,

which proves 2).

Definition 2.4. The R is called a rough semi-modu-
lar lattice denotes that X is coverage of XAy, and y
is also coverage of XAy, then Xvy is coverage of
X and it is also coverage of vy . -

Theorem 2.4. If R is a rough modular lattice, then
R is a rough semi-modular lattice.

Proof. Let X be coverage of XAy and let y is

also coverage of XAy, ifforevery f eR,and

X< f<xvy,

which proves that f ~ X, whence Xvy is coverage of
X . In fact, B

we have

but fAay#y, ifnot, X<f and y< f. This leads
to the contradiction Xvy =< f. We see that y is cov-
erage of XAy, sothat -

XAy~ f NY,

thus
frfA(yvX)=(fvy)vX~(Xay)vX~X

Similarly, Xvy iscoverageof y.
Theorem 2.5. Assume that rough semi-modular lattice
R, R,,-:+,R,. Then the Cartesian product
R=~R, xR, x---xR, isarough semi-modular lattice.
Proof. Let X ~(X,X,, -, X,) and
y= (Yo ¥a) R, RER xR, x---xR,, and let X,
y are coverage of XAy =(z,2,,+,2,), if there exists
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i, then X is coverage of z, and let k #i, we have
z, =X, . If there exists j, then Yi is coverage of z;, and

let k#j,wehave z, =y, .If i#j,then
Xvy=(t,t,-t), where t =%, t;=y,, t ~z
(k#1, 7). B

Here, Xvy is coverage of X, itis also coverage of
y. If i~j,then Xvy=(u,u,,-,U,), where
U =% VY, U =z (k#i).

Because R, be a rough semi-modular lattice, hence
u; is coverage of X, and it is also coverage of ;.
Therefore, Xvy is not only coverage of X, but also
coverage of y.

Corollary 2.1. Let (U,R) be an approximation
spaces. Suppose that X is a nonempty set, X cU,
and R be a set of equivalent relation, then R is a
rough semi-modular lattice based on the inclusion rela-
tion.
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