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some nonhomogeneous Dirichlet problems generated by the Leray-Lions op-
erator of divergence form, with right-hand side measure. Among the interest

of this article is the given of a very important approach to ensure the exis-
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(ORORN o s

1. Introduction

Consider the nonhomogeneous and nonlinear Dirichlet boundary value prob-

lem:

®) {—div(a(x,u,Vu)):y in Q

u=0 on 0Q,

where Q isabounded open domain of IR (N >2)and
Au = —div(a(x, u,Vu)) is a Leray-Lions operator defined from the weighted So-
bolev spaces with variable exponent W,""*) (Q,v) into its dual w P (Q,v*)

1
and ——+———=1. The datum x is a measure that ad-

p(x) p'(x)

mits an Z'-dual composition.

with v* =P
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Throughout the paper, we suppose that the exponent p() is an element of
C, (Ez) = {log-Hélder continuous function p(-): Q— R such that
1<p <p(x)<p, <N} (where for all heC,(Q), we denote h, and h by
h, =sup,.,h(x) and h_ =inf_,h(x)) and that v is a weight function de-
fined on Q (ie, v is a measurable function which is strictly positive a.e. in
Q) satisfying:

ve L, (Q), (1.1)
-1
VPt el (Q), (1.2)
= L' (Q) for some s(x) e( N ,oojﬂ( 1 ,ooj. (1.3)
p(x) p(x)-1

The problem (73) is studied where the following assumptions are satisfied:

(H,) ais a Carathéodory function satisfying:
L L
la(x,r.&)| < pv™ [b(x)+|r|p<*“ - (7(r)|g|)”<*“} (1.4)

[a(x.r.&)-a(xrn)](é-n)20 VEne RY (1.5)
a(xr,&)é=av|e™, (1.6)

where b(-) is a positive function in L") (@), 7(r) isa continuous function
and ¢, are strictly positive constants.
(H,) The second member y is supposed of the form:
u=f—divF, (1.7)

()
where f e L’ () and Fe (Lp (Q,V ))
A typical example of the problem (P) is the following involving the so-called
p (X) -Laplacian operator with weight:

S div(v(x)|Vu|p(x)72 Vu).

(

The operator A, o becomes p-Laplacian when p(X) =p (a constant) and
v(x)=1. The p(x)-Laplacian operator with weight possesses more compli-
cated nonlinearities than the classical p-Laplacian, for example, it is inhomoge-
neous with some degeneracy or singularity. For the applied background of
p(X) -Laplacian, we refer to (see [1]). The study of differential equations with
variable exponents has been a very active field in recent years, we find applica-
tions in electro-rheological fluids (see [1] and [2]) and in image processing (see
(3]).

Under our assumptions (in particular (1.5), the problem (P) does not admit,
in general, a weak solution since the term a(x,u,Vu) may not belong to
(L}oC (Q))N . To overcome this difficulty we use in this paper the framework of
L'-version of Minty’s lemma (similar to the one used in [4]). And due to the as-
sumption (1.6) it may be a degenerated or singular problem. Note also that,

since the datum is a measure, then the notion of a weak solution cannot be used,
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hence it is replaced by another approach of solution calling T-V—p(X) -solution
(see definition 3.1 below).

Dirichlet problem of type (73) was considered in ([5] [6]), where in the first
work the case of p(X)=p (a constant) and v(x)=1 is treated, while the
second work concerns the degenerated case with p(X) = p (a constant). Hence
our present paper can be seen as a generalization of the two works ([5] [6]). We
also point out that the existence of solutions for elliptic equations with variable
exponents can be found in [7] [8] and [9] and.

This paper is divided into three sections, organized as follows: In Section 2, we
introduce and prove some properties of the weighted Sobolev spaces with varia-
ble exponent and in Section 3, we prove the existence of T -V—p(X) -solutions of
our problem (P). Among the research objectives of this article is to introduce it
for applications in physics and also will be a platform for the problem systems of
Dirichlet and others.

2. Weighted Sobolev Spaces with Variable Exponent

Let peC,(Q) and v beaweighted functionin Q.
We define the weighted Lebesgue space with variable exponents L") (Qv)
as the set of all measurable functions U:Q — IR for which the convex weight-

modular

P o(x) (u)= IQ V(X)|u|p(X) dx

p(x)
v dx <1
7]

is finite. The expression

"u"p(x),v =inf {y >0:[ v(x)

defines a norm in L") (©,v), called the Luxemburg norm.
Proposition 2.1. The space (Lp(x) (Qv), ||.||p(x) , ) is a Banach space.
Proof. By considering the operator M LY (Q,v) = LY (Q) defined

by

M, (f)

P

for all f e L™ (Q,v), it’s easy to show that M , is an isomorphism and

hence we can deduce.

Remark 2.1. When v(X)=1, the weighted Lebesgue spaces with variable
exponent P (Q,v) coincides with the Lebesgue space with variable exponent
Lp(X)(Q)‘

The weight-modular p, ., coincides with the modular p,., defined on
Lp(x)(Q) by pp(x)(u):: IQ|u|p(x) dx (for more details see [10] [11] [12] and
[13]).

Lemma 2.1. For all function u e L") (Q,v), the following assertions are sa-
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tisfied:
D 5o (U)>1(=L<1) < |ul

I Jullyy, > 2o then Ul <A, (W) <[yl

oo > 1 (=1,<1), respectively.

P+
p(x)v °

3) If "U" <1, then ||U EEX),V < v, p(x) (U) < "u”;x),v :

p(x),v

1
Proof. It suffices to remark that p, ., (U)=p, [v p(x)uj and

1
v POyl = ||u||p(x) ,» and using the analogous result in [13].

Proposition 2.2. Let QO be a bounded open domain of R" and v be a
weight function on Q satifying the integrability condtions (1.1) and (1.2).
Then L*™(Q,v)5 Ly, (Q).

Proof.

Let K'be an included compact on Q. By vertue of Holder inequality we have,

L 1
IK|u|dx = jK|u|vp(x)vp(X)dx

-1

1
<2 |u|vm Y PO

P (k)

< 2||u||p(x)’v ij PO gx 41

1 2
< 2"u"p(><),v .‘-K 4 p(X)_ldX +1j ’

Hence, the conditions (1.1) and (1.2) allow to conclude.
We define the weighted Sobolev space with variable exponents denoted
wLPe) (Qv),by

AL (Q,v) = {u LY (Q) :g—u LY (Q,V),i =1,--,N },
X
equipped with the norm
N Jlou
"u"l, p(x).v = "u"p(x) +§ oX.
= Tip(x),v
which is equivalent to the Luxemburg norm
ou [P
u () N | ox.
[[|u]l|= inf /‘>0:,[Q ‘— +v (X)X |dx<1f.
H i=1| H

Proposition 2.3. Let v be a weight function on Q satisfying the conditions

(1.1) and (1.2). Then the space (Wl' P (Q,V) , ||'"1,p(x),v) is a Banach space.
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Proof. Let (u,) be a Cauchy sequence in (Wl'p(x) (Q’V)’”'”l,p(x),v)' Then

ou
(u,). is a Cauchy sequence in P (Q) and (6—”] is also a Cauchy sequence
X,

in " (Q,v) forall i=1---,N. By vertue of proposition 2.1, we can deduce
that there exist ue L”*(Q) and v, e L"¥(Q,v) such that:

u, —>u in L (Q)

and

®(Q,v) foralli=1,--,N.

Moreover, by using proposition 2.2, we have Lp(x)(Q,v)
Thus, forall @ € D(Q) one has,

. . op Op
T, .o)=lim (T, ,¢)=-lim_ (T, ,—)=—(T,, Tous
< ) ¢> < ﬁ ‘/7> < ’ aXi> < aXi> < ;, (p>

(@)= D'(Q).

Ioc

Hence T =T, ,Zie Vv, =6_u
A 6X
Consequently,
ueW""™(Q,v)
and

u, >u in W (Q,v).

Remark 2.2. Since v satisties the conditions (1.1) and (1.2), if s easy to prove
that Cy (Q) is included in W***) (Q,v); then we can define the following

space
W p(x) (@)= C(;.O—(Q)H-Hl,p(x),v ,
which is also a Banach space under the norm ||||1p o
Proposition 2.4. (Characterization of the dual space).
Let p(.)eC,(Q) and v be a weight function on Q satisfying the condi-

tions (1.1) and (1.2). Then for all G eg Ol’p(x)(Q,v) , there e)%‘ists a unique
system of functions (go,gl, . ,gN)e P (Q)X(Lp,(x) QP )) such that,

)=, f( dx+zj x)dx, Vi eWy "™ (q,v).

Proof. The proof of this proposition is similar to that used in [12] (theo-
rem3.16).
Now, let us introduce the function p, defined by

P(x)s(x)

P, (¥)= s(x)+1

We have
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p, (x)< p(x) ae.in Q

and

*(x) = Nps(x)z Np(x)sx) i X)s(x)< N(s(x)+
P (0= 0, 00 T N0+ D)-p(gs() | PISCO<N(s0+3),

P, (x) is arbitrary, otherwise.

Proposition 2.5. Let p,seC, ((_2) and v be a weight function on Q which
satisfies the conditions (1.1), (1.2) and (1.3). Then W*P™ (Qv) WP (Q).
Proof. According to the Holder inequality and the condition (1.3), one has

Ps(x) —ps(x)
Jov(x)

ps(x) dX=IQ|V(X) ps( )v P9 |, POY gy

IA

£ (S + 1)7 p(x)
{ D, j 0 s(x)+1

S J (L g (v o)
<o s )t(fm“” o)
C{[ M0 v (o))

aou .
If we take v =—, we then obtain

X;
) (x) .
ps(x p n
I M gx<c j ol (x)dx
21 0x; 210X
where
ps(x) ps(x)
[ﬁ] if 6_u(x) y PO >1,
ps _ 6Xi p(x)
}/ _ Ps(x)
e " ps(x)  Ps(x)
(ﬁj it [ M0 v <t
ps 6XI p(x)
pS(X)

Consequently, we can write
72

<c|l,
ps(x)
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and

73 =

Thus

73
ou nr2
OX;

ou

<C
ps(x)

, 1=1,2,---,N. (2.1)

i p(x).v

Note that C=¢(},,7,,7;) denotes some positive constant which may be
changing step by step.

Since p,(X)< p(X) p.p.in Q, then, there exists a positive constant C such
that

"u"LPs(X)(Q) <C ||u| PO (@) -

Thus, we conclude that
wPe) (Qv) WP (Q).

Corollary 2.1. Let p,seC, (ﬁ) and v be a weight on Q which satisfies
the conditions (1.1), (1.2) and (1.3). Then Wl’p(x)(Q,v) Go LT (Q), for
1<r(x)< ps(x).

Corollary 2.2. Let peC,(Q) and v be a weight function on Q which
satisfies the conditions (1.1), (1.2) and (1.3). Then

||u||L,,(x)(Q) <C|vu , Vuely (Q).

P (i)

Proof. Let ue(y(Q). Since 1< p(x)< p;(x), we deduce by vertue of the
embedding W*™™(Q) o L") (Q) that,

ol = G Ju

Thus, in view of the proposition 2.5, we obtain

JJul 1 < Co|[Vullin ) < Cs VUl oo

which allows to conclude that

Jul

(LpS[X)(Q))N )

sy t "VU|

P (a LPs (0 awv)’

C|vul

LP(X)(Q) < LD(X)(Q;V) .

3. Existence Result

Consider the nonhomogeneous nonlinear Dirichlet boundary problem:
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(» {—div(a(x,u,Vu))z—divF in Q
u=0 on oQ.

Definition 3.1. A function u is called a T-v-p(X) -solution of problem (P) if

ueW,*™(Q,v),
[La(xu,vu)VT (u-p)dx=[_fT, (u-p)dx+[ FVT, (u-p)dx, Yo eW, ™ (Qv)NL"(Q).

Theorem 3.1. Let suppose that the assumptions (1.1)-(1.7) are satisfied. Then
the problem (P) has at least one T-v-p ( X) -solution.

Remark 3.1. Note that in the particular case where P () =p (constant),
;/(r) =1 and v =1, the same result is proved in [14] by using the approach of

pseudo-monotonicity.

3.1. Approximate Problem

Let (f, )n be a sequence of functions in L”(Q) which converges strongly to £
in L'(Q) such that I,
imate problem of (73)

@ <|f],- (@ For n>1, we consider the approx-

u

n

WP (Q,v)
" o
- |v(a(x,Tn (un),Vun))— f —divF inQ

This section is devoted to establishing the existing solution for the approximate
problem (7).
Theorem 3.2. The operator A, defined by,
A We P (@) W (0,07
ur> Au=—div(a(xT, (u),Vu))

Is bounded, coercive, hemicontinuous and pseudo-monotone.
Proof of Theorem 3.2
e The operator A is bounded. Indeed forall u,v ewol'p(x) (©,v), one has

-1

(AU, = Uﬂa(x,Tk (u),Vu)Vvdx‘ ([ a(xT, (U):VU)VWVVVWdX

57
S—+—'
P P

<2[[ l[a(xT, (u),vu)y?™

-1

a(xT, (u),Vu)vW

1

vy P

LP'(X)(Q) LP(X)(Q)

1
P'(x) ra
dx ||Vv|

Lp(x)(Q,v)

1

1

1 p'(x) p.
<2 JQ b(x)+|Tk (u)|p(x)71+vp'(x) (y(Tk (u))|Vu|)p(X)lJ dx |||

P ()

1

<, (L (007 +m @ (T ()9el) ™ Jox | Il
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L
o

s[c1+cz [ v GO (T () vul) " o] Jnvm;,pm(g,v)-

Since y(.) is continuous and [T, (u)|<k ae. in Q, then y(T, (u))[Vu| is

bounded in W, " (2,1 ; hence the operator A, is bounded.

o The operator A is hemicontinuous. Indeed, let ¢ be a reality that tends to
t, . We have

a(x,Tk (u+tv),VT, (u +tv)) N a(x,Tk (U+tv), VT, (u +t0v)), a.e.in Q.
Since (a(X,Tk (U+tv), VT, (u +tv)))t is bounded in (Lp' (Q))N , we deduce that
A (u+tv) converges to A (U+tv) weakly in Wfl’p’(x)(Q,v*) as ¢ tends to
t, .

e The operator A is coercive. Indeed, for all ueW, " (Q,v), we have
p(x) °
(Aku' u> > IQV(X)|VU| dx ||U|LN01,p(x)(m) > "u"tH

2 > 1,p(x) )
”u"Wg"’(x)(Q,v) "u"wgvp(x)(g,v) "u”wgvp“)(g,v) W0

where
p. if ||U|LN01'p(x)(Q,v) <1,
B prif ||U|I\N01'p(x)(§2,v) >1,

Obviously, we have ||U||\7\;§flp(x)(gvv) tends to infinity, when ||u|lW01,p(x)(Q’v) —> 00,

hence we conclude.
e It remains to show that A is pseudo-monotone: Let (u j)_ be a sequence
J
in Wol’p(x) (Q,v) such that

u; —u inW,"™ (Qv) and Iimsup(A(uj,uj —u>so. (3.1)
j

Firstly, we prove that Au; converges to AU weakly in Wfl’p’(x)(Q,v*).
Indeed, since (ui),- is a bounded sequence in Wol,p(x)(Q,v), then by the
growth condition, (A<uj )]_ is bounded in W P (Q,v*), therefore there ex-

ists a function h, =(h,) such that,

Au; —h dans WY (Q,v7),

) (3.2)
3, (x,Tk (uj),Vuj)A h, in Lp(x)(Q,v*), fori=1,---,N.
Hence, we can write
Iimsup<Akuj,uj>s (h.u). (3.3)
j
On the one hand, by (1.5), we have
N ov  Ou.
;Iﬂ(ai (x,Tk (u; ),Vv)—ai (x,Tk (u; ),Vuj))(a—Xi—a—Xi‘jdx >0,
Y, ewol"’(” (Qv).
Then
DOI: 10.4236/jamp.2021.911175 2725 Journal of Applied Mathematics and Physics
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S (T () vu) 3 o
> g:jgai (x,Tk (u;), vy, )%dx—gfﬂ a, (x,Tk (u; ),Vv)%dx (3.4)

Since u; —u strongly in L") (Q) andae.in Q,then

a (X,Tk (u; ),Vv) —a,(xT, (u),Vv) strongly in L"®(Q,v") for i =1,---,N. (3.5)

Therefore,
N av N 6V
;jg a; (X,Tk (uj ),Vv)a—Xidx - .E‘J‘Q a, (x,Tk (u),Vv)a—Xidx (3.6)

and

ijgai(x,Tk(uj) ) ’dx—>Zj Vv)g—dx. (3.7)

i=1 i

By vertue of (3.2), we have

N N
Zj'ﬂai(x,Tk (uj),Vuj)%dva“J‘Qhw%dx. (3.8)

i=1 i i=1 i

Now, combining (3.4)-(3.6) and (3.7), we obtain

Ilmz_[ ( (u j),Vuj)Z—L)i:dx

j—o0

_ZI hkI dx+ZI Vv)a—dx

_ZIQai(X,Tk(u),VV)—a dx.
i=1 X
Due to (3.3), we deduce that

ZI hk| dx>zj hkI dx+2j VV)—dx
N ov
_ZJ.Q al vV)a—dX
This implies that,
N ov Ou, )
iZ:l:IQ(ai (X’Tk (uj )'Vv)_ hy )[a—Xi—a—X:JdX >0, Vv ewo“’< ) (Q,v). (3.9)

On the other hand, choose v=u+tw in (3.9) (with te ]—1,1[ ). It’s easy to see
that

j( (T, (u), (u+tw)) )VWdX:O, VWeWol’p(x)(Q,V),Vte]—l,l[.

Hence Au=h ew "% (Q,v*) , and we deduce that Au; weakly converges
to AU in WP (Q,v*).

Secondly, we prove that <Akuj,uj> — (Au,u). Indeed, in view of (3.2) and
(3.3), we have
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Iimsup<A<uj ,uj>s (Au,u)=(h,u).
It remains to show that,

liminf <Akuj,uj > > (Au,u)=(h,u).
For that, we have

ou

(A) =3[ (1T, (u,) v, ) e

i-1 OX

Since ZiN_lj'Q(ai(x,Tk(uj),Vuj)—ai(x,Tk(uj),Vu))[a—Xj—S—;dezo , we

i=1 . OX

+ij' a (xT (u;).vu )a_“dx
i AR ! OX;

Therefore,
it (i) 2 i 38 (7, o) v 52 o
i= i i

. . N a

+I|m|nfi2:1:jgai(x,Tk (Uj),VUj)a—:dX-

Hence, liminf (Au;,u;)=>" [ h gx—udx > (Au,u). This achieved the proof.

3.2. Proof of Theorem 3.1

The proof is divided into 4 steps.
Step 1: We will show that (u, )n is a Cauchy sequence in measure. Using
T.(u,) asatestfunctionin (7,) leads to,
[, a(x T (u)), Vu, ) VT (uy ydx = [ £, (u, )dx+ [ F-VT, (u, )dx.

From (1.6) and (1.7), we deduce for all k >1 that,

()
N aT (u,)]
a;."ﬂ axl

v(x)dx

1

oT,
T )l it ax
OX

N =
<k|f]. +§jQ|Fi|v(x)p<x)

T (u,)

OX:

-1 1
N R -3 4 =
<K+ 3 R ([0 S (ot (4] o
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Now, by Young’s inequality, we obtain

N u p(x)
aizd:jﬂ T, (1) v(x)dx

oX;

N “(x -p'(x) C(a) N |aT (u ) o
<k|f], F ™ x kU x .
<kl +§Iﬂ| v 00w p’(x)dx+§ﬂ ox, (X)zp( ) * BI0

' (x)

S (%) P () . N 10T, (uy) P a

Sk||f||L1+iZ:1:jQ|Fi|p v(x) e C(a,p )dx+§IQgT ( )de
Then, one has
p(x)
Kl—i]aNJ. —6Tk(u”) v(x)dx
2p i e oX

SLLAN

for k >1, which implies that
N T p(x)
;jﬂag—)((i”“) v(x)dx<Ck forall k >1. (3.11)
Let k>0 large enough and B, be a ball of Q. Using (3.11) and applying
Holder’s inequality and Poincaré’s inequality, we obtain
k meas {|u,| > k} NBy)
T, (u, )|dx < ||Tk (u,) i S C||Tk (u,)

, (by vertue of Corollary 2.2) (3.12)

- I{\un\>k}ﬂBR 1P (@)

<C|vT, (u,) "

N | 8T, (un) p(x)

v(X)dXJ (by vertue of Lemma 2.1)

1

<Ckr,
where
pif [VT, (u,) oo 51
K= .
p. if [VT,(u,) o > b
which implies that,
meas({Ju,| >k} NBg ) < Cl , Vk>1. (3.13)
1-=
k K

So, we have, forall 6 >0,
meas({|un —~U,|> 8} NBy)
<meas({|u,| > k} N By )+ meas({ju,| >k} NBy) (3.14)

+meas({[T, (u,)~T, (u, )| > 5})-
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Since (T, (u, ))n is bounded in W;"" (2,1, there exists a subsequence, still
denoted by T,(u,) and a measurable function v, eW, "™ (Q,v) such that
T, (u,) converges to v, weakly in W,"*™ (Q,v), strongly in L°*(Q) and
almost everywhere in Q. Hence (Tk (u, ))n is a Cauchy sequence in measure
in Q.

Let &>0.Then by (3.13), there exists k(&)>0 such that,

meas({|un —um|>5}ﬂBR)<g, vn,mxn,(k(g),5,R).

This proves that (u, )n is a Cauchy sequence in measure in B, thus converges

almost everywhere to some measurable function u. Hence

Te (uy) — T, (u) weakly in W;-*™ (Q,v),

(3.15)
strongly in W ") (Q), anda.e.in Q.
Step 2: We shall prove that
I a(x,u,,Vo)VT, (u, —¢)dx
< jQ T (u,—o dx+-|'Q FVT, (u, —@)dx (3.16)

Yo eW "M (Qv)NL" (Q).

Let ¢ eW,"™ (Qv)NL"(Q) and let n be large enough (n>k +|l¢|, ). Using
the admissible test function T, (U, —¢) in (%) leadsto

[ a(ou,, vu ) V(T (U, —@))dx = [ f.T, (u, —p)dx+[ FVT, (u, —p)dx (3.17)

Le.,

[ a(xu VU, )VT, (U, —@)dx+[_a(x.u,, Vo) VT, (u, —¢)dx

(3.18)
— [, a(xu,, Vo) VT, (u, —p)dx = [_f,T, (u, —¢)dx+[ FVT, (u, —p)dx,
which implies that
) (a(x Uy, VU, )—a(x,u,, V) VT, (u, —p)dx
I (3.19)

+I u,, Vo) VT, (u, ¢)dX=IQ fnTk(un—(p)dx+fQFVTk (u, —@)dx.

Thanks to assumption (1.5) and the definition of truncation function, we have
[ (a(xu,,vu,)—a(x,u,, V) VT, (u, —@)dx > 0. (3.20)
Combining (3.19) and (3.20), we obtain (3.16).
Step 3: We claim that
an(x,u,Vw)VTk (u—g)dx

(3.21)
<[ M (u-p)dx+[ FVT (u-p)dx VpeW, ™™ (Qv)NL"(Q).

Let M =k+]|g], . Since T, (u,) convergesto T, (u) weaklyin W; "™ (Q,v),
then

T (U, —@) =T, (U—@) weaklyin W "™ (Qv). (3.22)

Thanks to assumption (1.4), we have
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p'(x)
NPT (T, (un))|V¢|)p(X)1] 329

<C [b(x)py(x) +|TM (u,) P Ly

X) 78" [Vl } :

where 7/0:sup{|y(s)|:|s|§k+||(p||w} and C is a positive constant. Since
Ty (u,) converges to T, (u) weakly in Wol'p(x)(Q,v), strongly in "% (Q)
and a.e.in Q, thus
w0 o w0 g
|a(x,TM (un),V(p)| v —>|a(x,TM (u),V¢)| vP¥ aein Q

and

C [b(x)p'(x) +|TM (u,) Ly

x)75" |V¢|p(x)}
€[ b(0)" 4Ty (W) v (1) Vo™ |

Combining (3.21), (3.22) and using Vitali’s theorem, we obtain
[ a(xu,, Vo) VT, (u, —p)dx > | a(xu,V)VT, (u-gp)dx. (3.24)

Now, we show that
IQ f.T (U, —)dx — IQ fT, (u—g)dx. (3.25)
In the first time, we have f T, (u, —¢) > fT, (U-¢) aein Q,
(U, —(p)|$ k|f,| and k|f|—>k|f| in L'(Q). In the second time, by us-
ing Vitali’s theorem we obtaNin (3.25).
Since F e (Lpl(x) (Q,lf'= )) , one has
| FVT (u,—@)dx— | FVT, (u—gp)dx. (3.26)

Thanks to (3.24), (3.25) and (3.26), we obtain (3.21).

Step 4: In this step, we introduce the following generalization of Minty’s lem-
ma in weighted Sobolev space with variable exponents W* () (Q,v) (which is
proved in [15]).

Lemma 3.1. ([15]) Let u be a measurable function such that
T, (U) eW, P (Q,v) for every k>0. Then the following statements are

equiva]ent
1) J' (x,u,Vo)VT, (u- godx<j' T, (u— (pdx+J FVT, (u-g)dx,
2) I X,U, VU)VT, (u—g)dx = J' T (u-9 dx+j FVT, (u—gp)dx,

forevery ¢ eW,"*™ (Q,v)NL"(Q) and forevery k >0.
Finally, the result (3.21) and the lemma 3.1 lead to the completion of the proof
of theorem 3.1.

4. Conclusion

In this article, we have demonstrated the existence of a solution of a problem
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with a second measure member and in the space of Sobolev with variable expo-
nent using Minty’s lemma. It is a very important technique in which we use the
notions of hemicontinuous and pseudo-monotonic instead of broad or strict

monotony.
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