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Abstract

A water rocket is a rocket system that obtains thrust by injecting water with
compressed air of up to about 8 atmospheres. It is usually manufactured us-
ing a pressure-resistant PET bottle. The mechanical elements and principles
contained in the water rocket have much in common with the actual small
rocket system, and are suitable as educational and research teaching materials
in the field of mechanics. Especially in the field of disaster prevention and
mitigation, the use of water rockets is being researched and developed as a
rescue tool in the event of a flood or earthquake as a disaster countermeasure.
However, since the water rocket is a flying object based on the mechanical
principle, it is important to ensure the accuracy and stability of the flight
path. In this paper, a mechanical simulator is developed with a numerical
calculation program based on the mechanical consideration of water rocket
flight performance. In addition, the correlation between the flight distance
obtained in the simulation and the estimated flight distance is analyzed by
applying a multivariate analysis method and verifying the validity of the flight
distance calculated from the result. Based on the verification results, we will
apply a statistical optimization method to approach the optimization of flight
stability performance conditions for water rockets.

Keywords

Flying Principle, Multivariate Analysis, T Method, Robust Parameter Design,
Flight Stability, Energetic SN Ratio

1. Introduction

A water rocket is a rocket system that obtains thrust by injecting water with
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compressed air of up to about 8 atmospheres. Normally, pressure-resistant PET
bottles are used as the material, they are small and easy to manufacture (Figure
1). Unlike model rockets that use gunpowder, there is no danger of fire, and as
an example of practical research in the industrial world, there is a method for
wire drawing in mountainous areas by the “water rocket wire drawing method”
[1]. In addition, the mechanical elements and principles contained in the water
rocket have much in common with the actual rocket system, making it an ap-
propriate system for educational and research teaching materials in the field of
mechanics.

However, since the water rocket is a flying object based on the mechanical
principle, it is important to ensure the accuracy and stability of the flight path.
When manufacturing and launching in a short time, such as at an event, a water
rocket with a simple configuration is manufactured, so it is necessary to consider
an airframe configuration that will fly stably no matter who makes it. For that
purpose, it is important to perform numerical analysis of the flight trajectory
and quantitative analysis of flight stability by the mechanical simulation to eva-
luate the flight characteristics in advance. However, at present, basic aerody-
namic data is indispensable when analyzing the flight trajectory. There are many
empirical factors in the technical guidelines for aerodynamic design and struc-
tural design which are important for achieving stable flight. In addition, many
experiments are required under various parameter conditions such as the amount
of water to be put in the bottle and the pressure of compressed air in order to
obtain the flight distance. In reality, most of the optimum values are the data
obtained by repeating the launch, and the scientific basis for this has not been
clarified [2]. In previous studies, examples of optimization research on the flight
distance of water rockets have been reported [3] [4]. However, no verification cas-
es have been reported regarding the estimation of flight distance and the optimiza-

tion of flight stability performance conditions using a mechanical simulator.

Nose corn

Fuel tank

Injection port

Figure 1. Main structural model of water rocket. A water rocket consists of a fuel tank, a
nose cone, and an injection section (including fins, injection nozzles, and blades).
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Therefore, in this research, we will develop the original simulator that me-
chanically considers the flight performance of water rockets. The correlation
between the flight distance obtained by the simulation and the estimated flight
distance is analyzed using a multivariate analysis method (T Method) to verify
the validity of the flight distance.

Based on the verification results, important parameters that affect the flight
performance of the water rocket are extracted by a statistical optimization me-
thod (Robust Parameter Design), and the optimum flight conditions for obtain-
ing the flight stability of the water rocket are clarified [5].

2. Mechanical Consideration of Water Rocket
2.1. Equation of Motion

The equation of motion that determines the motion of water rocket thrust flight

is expressed as follows.

Z—Z:F—k(v)z—mgsin(e) (1)
do dm
el cos(6), E__'B )
ax _ i

dt-vcos(6'), " vsin(6) (3)

where:
n1: Mass of rocket (including mass of water); & Orbital angle of the rocket;
F Thrust force; v Speed of the rocket; R Air resistance force;

- Water discharge per unit time; g: Gravitational acceleration.

2.2. Force Acting on the Water Rocket and Flight Trajectory

Various forces act when a water rocket flies (Figure 2). Even if the rocket is
launched upward at a certain angle, the orbit gradually becomes downward. This
phenomenon is called “Gravity turn”. The direction of the gravity turn is deter-
mined by the resultant force of the rocket’s thrust, air resistance, and the three
main forces of gravity acting on the rocket, so the orbit gradually changes
downward. In reality, in addition to the three resultant forces in the flight mo-
tion of the rocket, complex forces such as lift due to the progress of the rocket,

wind force, and rotation motion of the rocket generated by the blades act.

2.3. Thrust by Water Injection

Unlike rockets that use general fuel, the thrust of water rockets is due to the ejec-
tion of water and the thrust of air that occurs after the water runs out. This
thrust is generated by the acceleration of water due to the pressure difference
when the pressure 7, in the bottle is greater than the atmospheric pressure 2,
(Figure 3).

First, consider the thrust obtained by the ejection of water. When water (den-

sity: p) is ejected from the mouth of cross-sectional area A to the rocket at a
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> X

Figure 2. Thrust model. F: Thrust, F,: Air resistance, F;: Gravity, F,: Component force in
direction of gravity thrust, £;: Gravity thrust and vertical component force, F;: Difference
between thrust and reverse force, F,: All combined forces.

Figure 3. Thrust model. F Thrust, P,: Bottle internal pressure, P,; Atmospheric pressure,
Ay Tank cross-sectional area, u,: Flow velocity, A: Injection port cross-sectional area, i
Injection flow velocity.

speed u, the mass dm of the water ejected in a minute time dtis given by the fol-
lowing equation.

dm = pAu-dt (4)

The impulse F-dt received by the rocket is calculated by ejecting the mass
dm backward from the rocket at a speed 1,

F-dt=dm-u (5)

By substituting Equation (4) into this and rearranging it, the equation for the
thrust Fof the rocket can be obtained.
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F = pAu? (6)

Assuming that the cross-sectional area in the tank is A4, the flow velocity is u,
and that at the injection port is A4, u, the following equation holds from Bernoul-
1i’s equation and the continuity equation, which are the basic equations of fluid

mechanics.

1 1
Epu2+Pa=Epug+pgh+Po (7)

u-A=u,-A (8)

where, P, is the atmospheric pressure, and 7, is the pressure inside the tank, gis
the gravitational acceleration and 4 is the height from the injection port to the

water surface in the tank. From Equations (7) and (8), the following equation

u= ! /Z(PO I:)"")+29h 9)
AY P
()
A

By substituting uz in Equation (9) into the thrust F equation, the thrust due to

can be obtained.

water injection becomes the following equation.

2A
F=—2""(PR-P,+pgh) (10)

0

The pressure P, in the tank decreases rapidly with the injection of water, but

this change can be considered as an adiabatic change.

2.4. Thrust by Air Injection

Compressed air still remains in the tank at the end of the water injection. By
ejecting the remaining compressed air, the rocket gains thrust and is further ac-
celerated. Here, let us consider the case where the pressure and density of air are
Py and p,, respectively, and the air flows out of the tank at the pressure 2,. If the
pressure and density of gas at the injection port are P, and p,, respectively, the

outflow velocity u; can be obtained from the equation for compressible fluid.

-1

u, = 2r R 1_[E] g (11)
1
7=1 py R

where, y is the specific heat ratio of air, and if y =1.4 is substituted and ar-

ranged, the outflow velocity u; can be given by the following equation.

2
7
U = 7-i 1—(ﬂ} (12)
Po R

0

where, the pressure P, at the injection port is not always equal to the external
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pressure 2, When the flow velocity u, of the injected gas does not exceed the
speed of sound, the injection port pressure P, can be considered to be almost
equal to the external pressure P,. However, as the pressure difference between
the inside and outside becomes large and the sound velocity cannot be exceeded
even if the flow velocity increases, the injection port pressure 7, does not fall to
the external pressure P,
v
2
BR=|—1| -PR, =0.528P >P, (13)
y+1
Such a state is called choking (blockage of flow). The thrust F, which is the
reaction of momentum given to the blast air is p Au? as in the case of water
injection, and the following equation is obtained by using the adiabatic expan-
sion equation.
2
2 R ’
F, = pAu; =7AR, FO -1 (14)

1

when the air injection port pressure is higher than atmospheric pressure, thrust
F, (called pressure thrust) due to the pressure difference is added to this as
shown in the following equation.

FP:A(Pl_Pa) (15)

In summary, the total thrust F of the water rocket is obtained by the following

equation.

7
F=F,+F, =7AR, (%J ~11+A(R-P) (16)

1

where the following conditional expression can be substituted for P,.
0.528x P, > P, - P, =0.528x P, (17)

0.528xP, <P, > P, =P, (18)

3. Development of Mechanical Simulator

Solve the equations of motion and the relations of thrust in the previous section
by Euler method, and develop a simulator using the EXCEL macro function
numerical calculation program (Table 1). The simulator is applied as a tool for
extracting the optimum flight conditions for obtaining the maximum flight dis-
tance and flight stability of the water rocket (Figure 4) [6] [7].

Input the initial parameter values from the program start mode and calculate
the horizontal reach of the water rocket until the vertical coordinate (y axis) be-

comes 0 on the numerical calculation program (Figure 5).

4. Correlation Verification of Estimated Flight Distance by
Multivariate Analysis

In this study, we apply a multivariate analysis method to the correlation between
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Table 1. Basic formula. Solve the equations of motion and the relations of thrust in the previous section by Euler method, and
develop a simulator using the EXCEL macro function numerical calculation program.

Value Unit Symbol Description
3.14 - pai n=3.14: Pi
1.01E+05 N/m? P, P,=1.013 x 10° Atmospheric pressure [N/m?]
1000 kg/m’ » D, Density of water [kg/m’]
Various 1.29 kg/m’ e D,;: Air density at 15°C 1 atm [kg/m?]
constants 14 y y = 1.4: Specific heat ratio of air
287.03 J/kg-K R =1287.03: Air gas constant [J/kg-K]
0.34 - C=0.34: Drag coefficient of air resistance
0.528 - Kok Kore = (2/y+ 1)Y7!: Critical pressure coefficient
6.30E-03 m? S S§=1 x (4.5 x 107%)% Rocket body sectional area [m’]
0.165 kg M, M, = 0.165: Rocket mass [kg]
z)/farr(i)ectli(: 0.18 m L L: Guide rail length [m]
6.36E-05 m? a a=m x (4.5 x 107*)%: Cross section of injection port [m?]
1.50E-03 m? P, Py, = 1.5 x 107*: Volume of fuel tank [m?]
5.07E+05 N/m? P Tank air pressure at launch [N/m?]
283.2 K emp Tank air temperature at launch [K]
col:ciitiitiiii)n 6.23E+00 kg/m’ e start Tank air density at launch [kg/m’]
7.85E-01 rad KA, Launch angle [rad] (2rt x 6/360°)
0.5 kg M, o Tank water mass at launch [kg] (at 10°C)
Start
|
Initial setting Result display
Numerical calculation End
(Euler method)

Figure 4. Simulator operation flowchart. The simulator is applied as a tool for extracting
the optimum flight conditions for obtaining the maximum flight distance and flight sta-

bility of the water rocket.

DOI: 10.4236/jamp.2021.911172

2675

Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.911172

E.Toma, Y. Ito

Dynamics Simulation System ‘ TOMA-E
‘ b
’ | - OUTPUT DISPLAY \ ‘
o »
A xRS HORIZONTAL DIS. 47 I OPTIMAL DIS.| MAX. HEIGH" MAX.SPEED‘
VERTICAL DIS. |2 7.5 | | 00 | 7.8 | 483 |
DURATION | \_ [m] [m] [km/h] )
NPUT T RUN MODE sy &
_ PARAMETER EXP.MODE LY
e e -
WATER TEMP. Sor o] #80mm| ®80mm] 90mm [ Nos ‘ ¢ 80mm j ‘ 55deg | ‘ Tatmg - | ‘ 700ml j START RESET Q
LAUNANG | 35deg | 45deg | 55deg /-
AR PRES.| 3atmg | 5atmg | 7atmg
BOTTLE DIA ‘ WAT.VOL.[ 300ml | 500ml | 700ml
80mm
Lul LAUNCH CON.DISP.
LAUNCH.ANG. ‘ EXP.No. | BOTT.DIA[ LAUN.ANG.[ AIR PRES.| WAT.VOL.
I 55deg No.l | $80mm| 35deg | 3atmg | 300ml
AIR PRES No.2 | ¢80mm| 45deg | 5atmg | 500ml
e —— No.3 | #80mm| 55deg | 7atmg | 700ml
I Jatmg I No.4 | $80mm| 35deg | 5atmg | 700ml
No.5 | ¢80mm| 45deg | 7atmg | 300ml
M‘ No.6 | #80mm| 55deg | 3atmg | 500ml
| 700ml No.7 | #90mm| 35deg | 7atmg [ 500ml
No.8 | ®90mm| 45deg | 3atmg | 700ml
e ‘ No.9 | #90mm| 55deg | Satmg [ 300ml
I:I OUTPUT 10°C 90°C | MAX.SPEED | DURATION|
MESERVER)
RESERVE |
RESERVE
N——/  opmmsATION|
BOTT.DIA | LAUN.ANG. | AIR PRES.| WAT.VOL. | LAUNCH DIA.| ESTIMATE | OPTIMAL
’ FLIGHT STABILITY ‘
» »

Figure 5. Simulator operation screen. Input the initial parameter values from the program start mode and calculate the horizontal

reach of the water rocket until the vertical coordinate (yaxis) becomes 0 on the numerical calculation program.

the flight distance obtained in the simulation and the estimated flight distance,
and verify the validity of the flight distance calculated from the analysis results
[8]. For the estimation of the flight distance, the “T method” which is a quality
engineering method that can estimate the output value in time series from mul-
tivariate data is adopted [9] [10]. The T method is one of the multivariate analy-
sis methods and is a mathematical method that estimates one objective variable
(output value) from multiple item variables (continuous variables) in the same
way as multiple regression analysis. Comprehensive estimation is possible from

the relationship between each item and the output value [11] [12].

4.1. Computation Formula for the T Method

The T Method defines the Unit Space where the output value is in the medium
position and homogeneous (densely populated). The computation procedure of
the T Method is explained below [13] [14].

4.1.1. Definition of the Unit Space and Computation of the Average of
Relevant Items and Outputs

Let’s suppose that 7 number of data have been obtained for the Unit Space (Table

2). All the items of the data must be in the same dimension as image density or
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Table 2. Data for the unit space and averages values of the items and outputs. All the
items of the data must be in same dimension as image density or must be no dimension
data.

Item/variable
Data No. 1 2 k Output value
1 X, X, X )4
2 X, Xy, X "
n X, X, X )A
Average Z Xj Xy y=M,

must be no dimension data. From the n number of samples in the Unit Space,
we find average values Z x_zz and average output value y =M, for all

items. Accordingly, the average values work out as follows:

1 .
Xj:H(X1j+X2j+'“+an) (i=12,k) (19)

_ 1
y=Mo=H(y1+yz+-~-+yn) (20)

Table 2 also shows these average values. One of the average values obtained

from the 7 members of the Unit Space is the center of the Unit Space.

4.1.2. Definition of Signal Data

All data items marked J left unselected for the Unit Space are treated as Signal
data (Table 3). “Signal data” refers to all data used for finding the proportional
coefficient fand SN ratio 7, which will be discussed in Section 4.1.4.

4.1.3. Normalization of Signal Data

Signal data is normalized using the average values of items and the output values
of samples in the Unit Space (Table 4). Normalization is performed by sub-
tracting the average value Z of item j in the Unit Space from value X of
item j of the /-th Signal data.

Xy =X =% (i=1,2+,1; =12, k) (21)

] 1)

Likewise, normalization is performed by subtracting average value A4, of the
output from the Unit Space from output value Yy, of the /th Signal data.

4.1.4. Computation of Proportional Coefficient # and SN Ratio n
(in Duplicate Ratio) for All Items

We will next compute proportional coefficient S and SN ratio 5 for all items.
How the computation is performed is explained with item 1 as an example:

The SN ratio is expressed by the ratio of the signal amount S and the noise N,
and is calculated by the signal (active component of the input energy)/noise
(harmful component that did not work effectively as an output).

Proportional coefficient;
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Table 3. Signal data. “Signal data” refers to all data used for finding the proportional
coefficient fand SN ratio 7.

Item/variable
Data No. 1 2 k Output value
1 Xi; X2 Xik A
2 X1 X X Y
1 Xz Xi Xie v

Table 4. Normalized Signal data. Signal data is normalized using the average values of
items and the output values of samples in the unit space.

Item/variable
Data No. 1 2 k Output value
1 X, X, Xy M,
1 X 11 XIZ X Ik M I

_ M1x11+M2X21+"'+M|X|1

A . (23)
SN ratio;
1
—F<Sm _VE1) hen S Vv
=1 v, (when S, >V.,) (24)
0 (when S, <V,,)
where:
Effective divider;
r=M2+M?+--+M} (25)
Total variation;
Sy = XA+ X5 ++ X5 (f=I) (26)
Variation of Proportional term;
2
(M Xy + M, X, -4+ M, X))
S o= ; ( f= 1) 27)
Error variation;
Se1 =S-S5, (f :I—l) (28)
Error variance;
S
Vv, =—2% 29
el | _1 ( )
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From item 2 up to item %, we will likewise find proportional coefficient S and

SN ratio 7. This operation yields the results that are shown in Table 5.

4.1.5. Computation, Signal by Signal, of Integrated Estimate Value M of
Output

An item-by-item estimated value is found for each piece of Signal data using the
proportional coefficient B and SN ratio 7, item by item. The estimated value of

the output of item 1 for the /-th Signal Data is:

X.
M, =—% (30)

B
An estimation is likewise made of item 2 through item I for the /th Signal da-
ta. And finally, integration of the result is performed by weighting it with
1,1, 1, » which is the estimated measure of precision of each item. Thus, the

integrated estimate value of the output M, of the /-th Signal data becomes:

Xiz Xi

Xil
m % +17, X R 7

VR p b (i=1,2,--,1) (31)

I /PR

Table 6 shows the real values (measured values) of the Signal data
M;,M,,---,M, and the integrated estimate values |\7I1, I\7I2,---, I\7II .

4.1.6. Computation of Integrated Estimate SN Ratio
The Integrated Estimate SN Ratio is computed using the following equation
based on Table 6 [15].

Integrated Estimate SN Ratio;

1(Sﬁ -V )

r

n =10log,, v (db) (32)

Table 5. Proportional coefficient fand SN ratio 7, item by item.

Item/variable
B0 1 2 k
Proportional j B b5 . B
SN ratio m m, e

Table 6. Measured values and integrated estimate values of signal data.

Data No. Measured value Integrated estimate value
1 M, M,
2 M, M,
1 M, M
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where:

Linear equation;

L =M,M, +M,M, +---+ MM, (33)
Effective divider;
r=M?+MZ+--+M/ (34)
Total variation;
S, =MZ+MZ+-+M? (f=1) (35)
Variation of proportional term;
LZ
8, =— (1=1) (36)
Error variation;
S, =8-S, (f=1-1) (37)
Error variance;
S
VvV, =—2¢ 38
el | —l ( )

4.2. Correlation Verification of Estimated Flight Distance

In this section, we verify the validity of the flight distance calculated from the
correlation between the flight distance obtained on the simulation and the esti-
mated flight distance by applying the T method. Table 7 shows the basic data of
the item variables for the flight distance obtained in the simulation. With the
objective variable as the flight distance, the item variables are bottle capacity (No.
1), guide rail length (No. 2), launch angle (No. 3), water volume ratio (No. 4),
and air pressure (No. 5), Air resistance (No. 6), and 6 items in total.

Table 8 and Figure 6 show the calculation results of the flight distance
(measured value) obtained on the simulation and the estimated flight distance
(estimated value) by the T method, and their correlation distribution. Table 9
shows the calculation results of various coefficients that evaluate the correlation
between the measured value and the estimated value. From the calculation re-
sults of the correlation coefficient (=0.96) and the coefficient of determination
(=0.93), a high correlation can be confirmed in the measured/estimated value of
the flight distance. In the T method, it is possible to make a comprehensive es-
timate from the relationship between each item and the output value, and ana-
lyze the contribution to the estimated value for each item [16].

Table 10 shows the calculation process of the integrated estimate SN ratio in
the calculation of the estimated flight distance. Table 11 shows the diagnostic
results of the contribution to the estimated value for each item extracted when
calculating the flight distance obtained in the simulation. The contribution of
each item is the result of evaluation by the integrated estimate SN ratio [17] [18].

The contribution of the item is evaluated by how bad (low) is the integrated
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Table 7. Basic data of item variables for flight distance obtained on simulation.

Item variables

BOTTLE cap. RAIL leng. LAUNCH ang. WATER vol. Air press. Air resist.

EXP. No. @®) (m) (dgree) (%) (atm.) )
1 0.5 0.18 35 30 3 0.2
2 0.5 0.18 35 30 3 0.5
3 0.5 0.18 35 30 4 0.2
11 0.5 0.18 35 30 8 0.2
12 0.5 0.18 35 30 8 0.5
13 0.5 0.28 45 50 3 0.2

24 0.5 0.28 45 50 8 0.5
25 0.5 0.38 55 70 3 0.2
85 L5 0.28 35 70 3 0.2
108 1.5 0.38 45 30 8 0.5

Table 8. Flying distance obtained on simulation (measured value) and flying distance by
T method (estimated value).

EXP. No. measured value (m) estimated value (m)
1 14.0 20.4
2 13.2 14.8
3 23.2 29.4
11 70.6 65.5
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Continued
12 57.4 59.9
13 8.3 5.3
24 429 44.8
25 0.7 0.9
85 1.3 1.5
108 73.7 83.0
Table 9. Calculation results of correlation coefficient of measured value/estimated value.
Item No. 1 2 3 4 5 6 Flying
Item Name BOTTLE cap. RAILleng. LAUNCH ang. WATER vol.  Air press. ~ Air resist. ~distance
Average value 1.00 0.28 45.00 50.00 5.50 0.35 35.16
Standard deviation 0.41 0.08 8.20 16.41 1.72 0.15 27.39
Regression coefficient 20.25 8.88 0.10 -0.85 9.03 -8.63 0.00
Correlation coefficient - - - - - -
Coefficient of determination - - - - - - 0.93
Table 10. Calculation process of the integrated estimate SN ratio.
Item No. 1 2 3 4 5 6
Item Name BOTTLE cap. RAILleng. LAUNCHang. WATERvol.  Air press. Air resist.
Variation of proportional term S, 2.16 0.00 40.39 8807.89 111.98 0.04
Error variation S, 16.22 0.73 8767.61 20600.11 197.94 2.37
Error variance V, 0.16 0.01 85.96 201.96 1.94 0.02
Proportional coefficient 5.19E-03 1.68E-04 2.24E-02 -3.31E-01 3.73E-02 -7.47E-04
SN ratio 1.57E-04 —8.55E-06 —-6.60E-06 5.31E-04 7.06E—04 1.15E-05
Integrated estimate SN ratio 6.9 (db)
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Figure 6. Correlation distribution diagram of measured/estimated values.

Table 11. Contribution of items in calculation of estimated flight distance.

Item No. 1 2 3 4 5 6
BOTTLE LUNCH WATER . . .
Item Name RAIL leng. Air press. Air resist.
cap. ang. vol.
Level 1 -30.71 -31.39 -31.43 -28.14 —-27.56 -31.19
Level 2 —-32.02 —-31.34 -31.30 —-34.58 -35.16 -31.54
Contribution (db)  1.32 -0.05 -0.13 6.44 7.60 0.35

estimate SN ratio, so a two-level orthogonal array is used from the statistical
empirical rule. By using an orthogonal array, reliability can be improved by
comparing which items are important for estimation accuracy and how impor-
tant they are by the integrated estimate SN ratio [19] [20].

Figure 7 and Figure 8 show the percentage of contribution and the fac-
tor-effect diagram of valid items and ineffective items calculated from the SN ra-
tio difference in the calculation of the estimated flight distance. From the analy-
sis results in Table 11, Figure 7 and Figure 8, the items that have a strong in-
fluence on the estimated flight distance are the bottle capacity (No. 1), the water
volume ratio (No. 4), and the air pressure (No. 5). Since a water rocket generally
manufactured uses a pressure resistant PET bottle, it is necessary to consider the
pressure resistance strength. Therefore, as shown in Table 11, the flight condi-
tions for obtaining the flight distance of the water rocket by numerical calcula-

tion simulation can be estimated.

5. Analysis of Flight Stability by “Robust Parameter Design”

By adopting the “dynamic simulation system” for the flight characteristics of the
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Figure 7. Contribution to the estimated flight distance. Vertical axis; SN ratio difference,
horizontal axis; item.

-26.92

-27.92

-28.92
-29.92

~~

-31.92

SN ratio [db]

-32.92

-33.92

-34.92 3
-35.92

Trate2i-| S 2 st i2n sl 2 3 1 712 2 o Ladba2ed

BOTTLE RAIL leng. LAUNCH WATER Air press.Air resist.
cap (m) ang. vol (atm) )
Items (L) (dgree) (%) ;
1 2 3 4 5 ‘ 6 Y

Figure 8. Factor effect diagram of items. Vertical axis; SN ratio, horizontal axis; item level.

water rocket developed in Chapter 3, this chapter approaches the optimization
of robust flight stability performance conditions by robust parameter design
(Hereafter referred to as RPD) which is the central method of robust design. For
the evaluation characteristics of flight stability performance, dynamic characte-
ristic evaluation (Energetic SN ratio; see Section 5.4) is adopted. RPD is a design
method based on statistical theory that investigates the relationship between de-
sign parameters and the quality of an object and minimizes its influence [21]. It

can be said that this is an extremely effective methodology for evaluating the
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flight stability performance of water rockets that have various parameters such
as bottle capacity and water volume ratio.
In this study, we extract factors that affect the flight performance of water

rockets and verify the optimization of parameter levels to obtain flight stability.

5.1. Conceptual Diagram of RPD

RPD is a method of reducing variations in characteristics and functions by de-
signing control factors so that they are robust against noise factors such as usage
environment conditions. It is a general but proven development philosophy fo-
cused on improving the reliability of a process or product. Improving reliability
requires that RPD principles be an early and integral part of the development
cycle. The objective is to make the end-product immune to factors that could
adversely affect reliability. As shown in Figure 9, a general RPD methodology
requires that four factors be considered in the design process: Signal factors, Re-
sponse factors, Noise factors, and Control factors. The basic idea of RPD is to
attenuate the effects of noise factors by finding effective control and noise factor
interactions in the design. This is an economical and effective method to reduce
variability simply by changing the level of control factors [22] [23]. Robustness is
a concept used in a wide range of fields such as information engineering such as
computer programs, statistics, economics, and biology, in addition to design and
manufacturing. Robustness means ensuring “robust stability” in the performance
of systems and products and improving reliability. In the RPD experiment, the
noise factor intentionally causes variation in the combination of system parame-
ters selected as the control factor, and the robustness is improved by optimizing

the level of the strong control factor that can counter the variation.

5.2. Objective Function and Quality Characteristics

In RPD, it is important to understand the objective function of the system. The
objective function is the role that the system should do, and the quality characte-
ristics are divided into the following four types. By picking up the objective
function, the design information can be utilized in other similar systems, and the
versatility of the technology is expanded.

1) Preferably small characteristic (nonnegative and smaller the better).

Noise

v

A

Control

Figure 9. Conceptual diagram of RPD.
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2) Preferably large characteristic (nonnegative and larger the better).

3) Preferably target characteristic (with target value).

4) Dynamic characteristic (Correlation between input and output, output sta-
bility).

In this study, the flight stability of the water rocket is the objective function.
We apply the “Dynamic characteristics (energetic SN ratio)” with the quality
characteristics for extracting the optimum parameter conditions to obtain it as
the flight distance [24]. The following data analysis tools are used for quality
characteristic evaluation.

* JUSE. StatWorks/V5 Quality Engineering (Nikka Giken co., Ltd. in Japan).

5.3. Functionality Evaluation

The ideal function of many system technologies is that the output changes li-
nearly with the change of the input. The total output characteristic value (total
work) of the system must be proportional to the energy or work. Especially when
a water rocket flies, it requires input energy to generate thrust, and there is
energy such as air resistance that disturbs its function.

Therefore, in this study, we focus on the fact that the ideal function that
represents the input-output relationship has a linear relationship with energy
conversion, and define the ideal function state as shown in Figure 10. The pur-
pose of functionality evaluation is to efficiently extract parameters that bring the
function of the water rocket closer to the ideal state and reduce variations and
fluctuations. The difference from the ideal state can be considered as some kind
of energy loss. That is, the function of the water rocket is consumed in addition
to the intended output, and the flight stability is affected as a result. In RPD, it is
important to define the function, especially the functionality based on energy

conversion, and evaluate its stability efficiently [25].

OUTPUT (Y)

7 "N\
A [ )

Flight stability (linear)
Y =M (Fluctuation value)

o N

Energy loss

Characteristic value
(Flying distance)

, INPUT (M)

Energy parameters

Figure 10. Ideal function state. Vertical axis; flight distance, horizontal axis; energy pa-
rameters.
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5.4. Formula of Energetic SN Ratio

The SN ratio (Signal-to-Noise ratio) which has been used in RPD and represents
a measure of variation, may change depending on the size (range) of the input
signal and the number of data. There is a problem that engineers must keep this
in mind when acquiring and analyzing data. The idea of the SN ratio in RPD is
to evaluate the variation and non-linearity from the ideal functional state (y =
pM) as the poor functional stability. The “Energetic SN ratio” adopted in this
study is a new SN ratio announced in June 2008 by a research member of the
Kansai Quality Engineering Society which is a certified regional study group of
the Quality Engineering Society in japan [26].

All technologies involve energy conversion and transmission, and energy
perspective is important in technological development and evaluation of their
technical levels. Energetic SN ratio is a technical quality evaluation measurement
based on how various energies are used. Technical quality means that more
energy input to the system can be stably used for a stable output indefinitely. In
the ideal functional state when the water rocket flies, energy is decomposed into
effective components () and harmful components (S,), and the energetic SN
ratio is calculated by the ratio of these. In the calculation of the energetic SN ra-
tio, it can be expressed in decibel value as 10 times the common logarithm like
the conventional type SN ratio.

The basic calculation formula of the energetic SN ratio 7, is shown below. As
shown in Table 12, it is assumed that the output y; at the noise factor level
i(i=12,---,n) and the signal factor level j(j=1,2,---,k) isobtained.

1) Total variation component: S

This is the sum of the squares of nk pieces of data y; and shows the variation
from y=0.

n k
Sy = ZZ yi? (39)

2) Average slope size: By,
For some dynamic characteristics of the input signal, the slope of the noise
factor NV, level B,; is obtained by considering the effective component as the av-

erage slope.

k
=17 jYij i
Pa="ov 7 = (40)
Z j=1 M i
Table 12. Correspondence table for SN ratio calculation.
Input signal M

M, M, M, M,

N Y Viz Vi3 Yik

Noise factor N : S - P =

]Vn ynl )’nz yn3 ynk
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where:

r. Effective divider, L,; Linear format

Kk

r=y M? (41)
j=1
Kk

Ly =2 My, (42)
j=1

The sum of squares of the signal, which is the denominator of § in Equation
(40), is called the effective divisor r, and the sum of products of the numerator
signal and output is called the linear form L, From the slope f; for each noise

factor level, the average slope Sy, is given by the following equation.

ﬂNo = Z—i;ﬂm (43)

3) Average slope fluctuation (active ingredient): Sy
The variation of the average slope is expressed as the sum of squares of the
size 'y =M.
k 2 k 2
S, =nY(BuM;) =B (M) =nrpg, (44)
j=1 j=1
4) Harmful component: S
The harmful component represents the variation of the difference between
each data and the proportional equation of the average slope, and is obtained by

subtracting the effective component from the total variation component.

K

n 2
Sy =Z (yij_ﬂNOMj) =ST_Sﬁ (45)
i=1 j=1
5) Energetic SN ratio: 7,
Sﬁ Sﬂ
ne =10log,,| ——— |=10log,,| = (db) (46)
S —Sﬂ Sy

5.5. Analysis of Flight Stability by Dynamic Characteristic
Evaluation

In this section, we will verify by “dynamic characteristic evaluation (Energetic
SN ratio)” with the purpose of extracting the optimum flight conditions for the
flight stability of the water rocket. The dynamic characteristic is a characteristic
that examines the output by changing the input. It is possible to evaluate the
condition that minimizes the two-dimensional variation between input and
output among various combinations of factors. It is desirable that the input and
output signals are in a proportional relationship even under various usage con-
ditions and environments. It is characterized by a more robustness improvement

effect in terms of reproducibility, advancement, and versatility [25].

5.5.1. Determination of Level Table and Various Factors
Table 13 shows the level table of the control factors in this experiment. The
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Table 13. Control factors.

No. Factors Level 1 Level 2 Level 3
BOTTLE cap. 0.5L 1.0L 15L
! BOTTLE dia. (68 mm) (80 mm) (90 mm)
2 RAIL leng. 0.18 m 0.28 m 0.38 m
3 LAUNCH ang. 35° 45° 55°
4 WATER vol. 30% 50% 70%

control factor sets four parameters: “BOTTLE capacity”, “guide RAIL length”,
“LUNCH angle”, and “WATER volume ratio”. Table 14 shows the noise factors
extracted in this experiment, and the air resistance of the rocket body is set to no
wind and head wind. Table 15 shows the experimental design and data table of
this experiment, and sets the signal factors (initial air pressure; 3atm, 5atm, 7atm)

as inputs.

5.5.2. Calculation of SN Ratio and Slope 8
In RPD, the SN ratio of dynamic characteristics is used for functionality evalua-
tion, and it is ideal that stable output can be obtained even if there are various
errors that affect functional characteristics. To evaluate the functionality, change
the input signal and check the linearity of the output [27]. Figure 11 shows an
input/output relationship graph of initial air pressure (horizontal axis: atm.) and
flight distance (vertical axis: m) by simulation for each experiment number.
From the graph, it can be seen that the relationship between the input/output in-
itial air pressure and the flight distance is a characteristic factor in the evaluation
of the presence or absence of linearity related to flight stability. In this experi-
ment, “Energetic SN ratio based on zero point proportionality” is adopted.

Table 16 shows the values of the SN ratio and the slope B from the output da-
ta. Here, the slope S is an index of the degree of variation with respect to the
magnitude of the slope of the output average, and is represented by an antiloga-

rithm.

5.5.3. Analysis of Factor Effect and Variance

Figure 12 shows the factor-effect diagram of the SN ratio and slope S of the
control factors. The factor-effect table (Table 17) shows the effect or combina-
tions of factors on characteristic values, and the diagram showing it is the fac-
tor-effect diagram [28].

The meaning of this diagram is that factors that have a large effect on the SN
ratio and do not affect the output slope B are extracted, and it can be judged that
the level is highly significant for the flight stability performance of the water
rocket. In Figure 12, the optimum levels are the factors “BOTTLE capacity: 1.0
L”, “LAUNCH angle: 557, “guide RAIL length: 0.38 m”, and “WATER volume
ratio: 30%” in the circled parts.

As for the bottle capacity, it can be estimated that a small diameter with less
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Table 14. Noise factors.

No. Factors N1 N2
1 Alr resist. No wind Head wind
Table 15. L9 orthogonal table and experimental data.
M1:3 atm M2:5 atm M3:7 atm
EXP.No. BOTTLE cap. RAIL leng. LAUNCH ang. WATERvol. N1 N2 N1 N2 N1 N2
1 05L 0.18 m 35° 30% 13.96  13.18 2425 2246 5331 4525
2 05L 0.28 m 45° 50% 8.31 8.15 2823 2564  50.18 425
3 05L 0.38 m 55° 70% 0.69 0.66 3.85 3.83 6.93 6.86
4 1.0L 0.18 m 45° 70% 1.35 1.25 9.8 9.42 2921  27.08
5 1.0L 0.28m 55° 30% 2207 1999 4477 3689  67.75 5127
6 1.0L 0.38 m 35° 50% 1196 1133 4547 391 7128  56.85
7 1.5L 0.18m 55° 50% 1157 1096 5816  46.87  89.45 6451
8 151 0.28m 35° 70% 1.26 1.15 7.6 756 2506  23.55
9 1.5L 0.38 m 45° 30% 3346 294 6316  49.13 10897 7452
Table 16. SN ratio and slope .
EXP.No. BOTTLE cap. RAILleng. LAUNCH ang. WATER vol. SN ratio Slope S
1 0.5L 0.18 m 35° 30% 13.57 6.05
2 05L 0.28 m 45° 50% 13.11 5.83
3 0.5L 0.38 m 55° 70% 11.05 0.84
4 1.0L 0.18 m 45° 70% 7.25 3.00
5 1.0L 0.28 m 55° 30% 17.44 8.24
6 1.0L 0.38 m 35° 50% 13.27 8.37
7 15L 0.18 m 55° 50% 11.51 10.06
8 15L 0.28 m 35° 70% 6.89 2.55
9 15L 0.38 m 45° 30% 14.52 12.26
MAX 17.44 12.26
MIN 6.89 0.84
Table 17. Factor effect table.
SN ratio Totala.v.g 12.07 Slope B Totala.v.g 6.36
Factor effect Factor effect
No. Factors Dispersion  Level 1 Level 2 Level 3  Dispersion  Level 1 Level 2 Level 3
1 BOTTLE cap. 2.70 0.5L 1.0L 15L 12.38 0.5L 1.0L 15L
0.51 0.59 -1.10 -2.12 0.18 1.93
2 RAIL leng. 391 0.18 m 0.28 m 0.38 m 1.96 0.18 m 0.28 m 0.38 m
-1.29 0.41 0.88 0.02 -0.82 0.80
3 LAUNCH ang. 3.72 0 0 0 1.41 0 0 0
-0.83 —-0.44 1.27 -0.70 0.67 0.02
4 WATER vol. 35.17 30% 50% 70% 40.62 30% 50% 70%
3.11 0.56 -3.67 2.49 1.73 -4.23
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Figure 11. Relationship between initial pressure and flight distance.
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Table 18. Variance table.

air resistance is more advantageous as a condition for obtaining flight stability.
In addition, the obtained characteristic values vary from the average value to
each level. This variation scale is evaluated using the analysis of variance table
(Table 18). From this table, it can be inferred that the bottle capacity and water
volume ratio of factors with a large dispersion ratio are factors that have a high
degree of influence on flight stability performance [29]. Table 19 shows the op-
timal combination of control factor levels for obtaining flight stability in the ex-

perimental range with respect to the flight performance of the water rocket.

5.5.4. Reliability Evaluation of L9 Orthogonal Array Experiment

As shown in Table 19, the estimated value of the optimum condition is higher
than that of the benchmark condition (BM condition), and the gain is secured.
Based on the results, we confirm whether the L9 orthogonal array experimental
results are reliable (additive).

The evaluation method is to obtain the maximum and minimum values of the
SN ratio obtained from the L9 orthogonal table from statistical empirical rules,
and the difference from the SN ratio of the BM condition estimated from the
value of 10% of the difference, if it is within the range of 10%, it can be judged to
be reliable [30]. Table 20 shows the reliability evaluation results. By evaluating
the variation in the proportional relationship between the flight distance and the
air pressure, it is a desirable condition for the stability of the flight trajectory,

and it can be judged that the L9 orthogonal array experiment is reliable.

5.5.5. Reproducibility Evaluation by Confirmation Experiment

The purpose of the confirmation experiment is to confirm whether the output is
stable even if the time, place, environment, etc. change compared to the ortho-
gonal array experiment. Table 21 shows the evaluation results of the confirma-

tion experiment data. In the confirmation experiment, the estimated value of the

SN ratio Slope S
Factors 0 Freedom Dispersion Factors 0 Freedom Dispersion
BOTTLE cap. 5.41 2 2.70 BOTTLE cap. 24.75 2 12.38
RAIL leng. 7.83 2 3.91 RAIL leng. 3.92 2 1.96
LAUNCH ang. 7.44 2 3.72 LAUNCH ang. 2.82 2 1.41
WATER vol. 70.34 2 35.17 WATER vol. 81.25 2 40.62
Total 91.01 8 11.38 Total 112.73 8 14.09
Table 19. Optimization results.
Estimated value Gain

No Condition BOTTLE cap. RAIL leng. LAUNCH ang. WATER vol. SNratio  Slope 8  SNratio  Slope

1 Optimal 1.0L 0.38m 55° 30% 1791 9.85 4.34 3.80
2 BM 0.5L 0.18m 35° 30% 13.57 6.05
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Table 20. Reliability check of L9 experiment.

L9 Orthogonal exp. By inverse estimation

0 Reliability check
MAX. 17.44 Obtained from exp. 13.57
SN ratio of BM

MIN. 6.89 Estimated val. of BM 13.07
Diff. 10.55 -

10% of diff. 1.06 > 0.50

Judgment Reliable

Table 21. Confirmation experiment data.
Ml:3atm  M2:5atm  M3:7 atm Slope S
Condition N1 N2 NI N1 N2 r St N1 N2 By Ss Sy S5/Sx n

BM 140 132 243
Optimal 21.6 19.8 443

533 452 83.0 635091 6.47 564 6.05 608570 265.21 22.95 13.61
67.7 51.5 83.0 11,388.88 9.16 7.26 821 11,184.81 204.07 54.81 17.39

Table 22. Reproducibility of confirmation experiment.

SN ratio [db]

Condition Estimated Confirmated Reproducibility
BM 13.57 13.61 100%
Optimal 17.91 17.39 97%
Gain 434 3.78 87%
Gain Repro. (%) 70%< 87% <130%
Gain difference 0.56 <+3 db
Judgment Reproducible
Flight stability (%) 39%

SN ratio of the selected optimum condition and the BM condition is obtained,
and the same two types of experiments as the orthogonal array experiment are
performed again to obtain the SN ratio. Next, the difference between the two es-
timates and the gain difference in the confirmation experiment are compared to
see if the experiment is reproducible.

Table 22 shows the evaluation results of reproducibility in the confirmation
experiment. In RPD, if the gain reproducibility (%) is within the range of 70% to
130%, or if the gain difference (db) is within +3 db, it can be judged that there is
reproducibility [30]. In this experimental result, the gain reproducibility is 87%
and the gain difference is 0.56 db, so it can be judged that there is “reproducibil-
ity”. Furthermore, the improvement rate of flight stability with respect to the BM
condition is about 40% (39%), indicating that the extracted optimum conditions
are properly selected and the water rocket is much closer to the ideal functional

state.
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Figure 13. Comparison of flight stability and linearity.

Figure 13 is a graph comparing the linear relationship between the input and
output of the optimum condition and the BM condition in the confirmation ex-
periment. It shows the change in output (flying distance) with respect to input
(initial air pressure), and it can be seen that the optimum condition has a more

stable linear proportional relationship than the BM condition.

6. Conclusions

In this study, we developed a simulator with a numerical calculation program
based on a mechanical consideration of the flight performance of a water rocket
and calculated the changes over time in the injection speed of internal pressure,
water, and compressed air. We considered how the flight distance changes when
the flight conditions are changed, and estimated the flight conditions to obtain
the flight distance by solving the equation of motion. Next, the flight conditions
that can be set in the simulation of the water rocket flight trajectory were ex-
tracted. We considered how the flight distance changes when the flight condi-
tions are changed, and estimated the flight conditions to obtain the flight dis-
tance by solving the equation of motion [31] [32]. As a result, it was found that
the flight conditions for obtaining the flight distance are the initial air pressure is
about 5 atm. to 7 atm., the water volume ratio is about 30% to 40% of the bottle
capacity (1.0 L, 1.5 L), and the aircraft weight is 100 g to 130 g, the launch angle
is about 45° to 55°.

In Chapter 5, based on the analysis results, we verified the optimum flight
conditions for obtaining the flight distance and stability obtained in the simula-
tion of a water rocket by applying RPD. Comparing the analysis results of flight
characteristics by simulation and the evaluation results of optimum conditions
by RPD, we obtained results with considerable correlation (Table 23). However,
since various flight conditions can be set for water rockets, these conditions are
not independent of each other but are closely related to each other. Therefore, it
was clarified that it is necessary to set the flight conditions to achieve the best
balance. Furthermore, from the results of analysis of variance in the evaluation

of flight conditions by RPD, it was also verified that it is necessary to add another
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Table 23. Summary of optimization analysis results.

Simulation analysis results RPD analysis results
items Flight conditions
Bottle capacity 1.0L, 15L 10L
Launch angle 45° - 55° 55°
Water volume 30% - 70% 30%
Air pressure 5atm - 7 atm 5atm -7 atm

parameter level for optimization to obtain maximum flight distance and flight
stability. For example, parameters not covered in this study include the size and
shape of the tail, its mounting position, and the length of the fuselage. If these
are changed, in addition to the weight of the aircraft, the lift, drag, center of
gravity, and aerodynamic center position will change, which can be presumed to
affect flight stability [33].

As a future research subject, we plan to add parameter conditions related to
flight and proceed with a more detailed analysis of the error between the analysis
result by simulation and the demonstration experiment result. Furthermore, the
effect of the behavior of water in the bottle of water rocket propellant on flight
stability will be analyzed. In addition, we plan to acquire hydrodynamic empiri-
cal experiment data related to flight performance through wind tunnel experi-
ments, etc., and further, explore research on optimization of flight characteristics
[34] [35].
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