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Abstract

The core of Shape of numbers is formal calculation, which has three forms.
This paper proves the equivalence of these forms and extends the formula to
the general case. Some properties of the coefficients are summarized and
some new conclusions are drawn. The coefficient matrix is studied and the
corresponding results are obtained. Using the formal method, the calculation

formula of Z::()l ?:(Ki + Dl.q") is obtained. The key is to use the Gaus-

sian coefficient, which shows its new scope of application. Using the deriva-

Na [ n+M
tion in this paper, the calculation formula of znzo q " is obtained.

By introducing a new number: A;W = 22/[:0(1 - q)Mfk q~s, (M,k)k, this paper
obtains the formula of Zl_ol ¢"n"" , at the same time, find the other three

: M
expressions of 4" .
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1. Introduction

Peng, J. has introduced Shape of numbers and three forms of calculation in [1]

(2] 3] [4] [5]:

K,,D, e Commutative Ring .
Mseries: Serie, ={K,,K,+D,,K,+2D,,-- K, +(N-1)D,}, ie[1,M].
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Use PS=[K,:D, K, :D,] torepresent thems.

[K,:1,---,K,, :1] is abbreviatedas [K,,--,K,].
Anitem=(1,,1,,---,1,,), I, comes from Serie. A product = lei .
Use PT =[T,=1T,,---,T,,] toindicate the item’s range:

I,=K, +aD,

[

{TM —T. =1, means a, = a,,,, continuity

T.,—T =2, meansa, <a,,,,discontinuity.

PSand PTare defined as Shape of numbers, they indicate some items.

SUM (N,PS,PT)= Y. product.

all items

PB(PT) = count of discontinuity in P7; PM(PT) = count of factors in PT.
By default, the following uses:

PS=[K,:D,,---,K, :D, ]|, PT=[T,-.T,].

H(g) is short for H(PS, PT, q), SUM(N) is short for SUM(N, PS, PT).
The Form: ([, +K,)(I, +K, ) (T, +K, )= [ Xy » X, =T or K,.

Don’t swap the factors. Each [].X, corresponds to one expression in
SUM...).

X (T)=countof {X,,---, X, }e{T},---.T,,}»
Xy, =countof {X,,---, X, }e{K,,K,}.
1.1) ¢=Xx(T), PM =PM(PT),
SUM (N) =

orm N+T,, —PM (I, -Xy¢,)Ds X, =T,
#—)Z:KHJ‘])( Nfl—q }Bl_{ k-1

om N+T, —PM +q (T, -X(,)D; X, =T,
#Z:Z)HZ (q)( Aé\/—l j’Bi :{K K-l

N+T, —q K, +(T,-X,,)D; X, =T,
Form PM H M i i T-1 i Y i
: }Zq:o 3(6]) 1 ’Bi: . _
N-1-g K, +X, D;X, =K,

H(q) = H(PS’ PT’q) = Zall of the [ X; with X(T):qHM B

=11 "
In particular:

1.2) SUM(N,[1,2,---,M],[1,3,+,2M —1]) = S, (N + M, N, unsigned Stirling
number.

1.3) SUM (N,[LL-1],[1,3,+,2M ~1]) = S, (N + M,N), Stirling number of
the second kind.

1.4) SUM (N,[LL-1][1,2,-, M])=1" 42" 4.4 N
2. Equivalence of Three Forms

The following change 77s domainto Z and 7, -7, is not restricted.
PS1=[PS,K,,, :D,. |, PT1=[PT,T,. ], use H(PSl,q)=H(PS1,PTlq).

2.0) Recurrence relation
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@ H, (PSL‘I):Hl(q_l)(TM+1_[M 1)]) e Q)(KM 14Dy, 1)
HZ(PSl,q)=H2(q—1)<TM+1—[M (‘1 ):')DMI

+H, (Q)(KM+1 +[_TM+1 +M—q]DM+l)
H;y (PSl,q) = H, (q_l)(_KM+1 +|:TM+1 _(q_l)]DMH)
+H, (Q)(KM+1 +qDM+1)

2) @ H(g)=X H, (x)(Zj B Zi-°H3(x)(l\Aj:;j
@ H,(9)=Y" (-1)"H, (x)(xJ,Ha (9)=201(-1)""H, (X)[Z:;j

®

q
[Proof]
Suppose 1, <q>=ziqu2<x>[xj=zKoH2<x>[x], Y=y M1,
q q
A:H,(PSl,q)

=(TM+1 _M_l+q)DM+1H1(q_1)+(KM+1 +qDM+l)H1 (Q)

SCRTILID S Gl (| TSRV A

q q q

SUTIT SRS Ll VTN VA ol

q
B:Y " H, (PSl,x)[;j
=ZXM_EI{H2 (x=1)(y+x) Dy, [Zj*Hz(x)(KM“ +(_y_l_x)DM“)(;j}
_ Zf_o{h@ ()(y+x+1)Dy [’CH}HZ (Ko +(—y—1—x)DM+l)(:]}

q

. M - -
same way H] (q) _ ZZZO H3 (X)[ xj Inversion @

In particular:
22)® H,(0)=H,(0)= -
@ H,(M)=H,(M)=3" H,(x) =[] TD,;
® 10)-() "
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Calculation with 2.1):

2'3) ZQ/I:OHI (C]) = Zf:[:oHZ (q)zq = ZQ/I:OH3 (q)zMiq :

Use 2.1) — Form, = Form, = Form, .

200 T, -5, ()[‘”qj s )
® x| L -Zhm| " 2
S H (q)q(“;j > H(q9)g (f_?j

s {H3 (q)q(A ; A_fq— qj + MH, (q)(A;_Af_—qu}

[Proof]
Suppose it’s holds when A, Let y =T,

M+1
. A
AYMn, (PSl,q)(B_q]

= ZMH{()H‘q)DMHH ( 1)+(KM+1 +4D,, )H1 (CI)}( A )

B-q

2.5)

-M-1.

:ZZO{(ywH)DM”H (Q)( ! JJF(KM“WDM”)H'(Q)( ’ j}

B-1-¢q B—q
M A M A
:(y+1)DM+qu:()H1(q) B—l—q +KM+IZq:()H1(q) B—q
A+1
+DM+IZfOHl(q)q[B—qJ
+ A+gq
B:Z;W_OIHZ(PSI,q)[ 5 ]

=2 A+ @) Dyt (g=1)+(Kyyy +(-y=1-4) Dy H, (q)}[A;q]

A+q

()0 3 (q)[B—l}rKMHZZOHZ (Q)[A;qj
S ST

20 ,A-B
4

e X0 PR B AT i
shol sl

Example 2.1
M=1:

4 4
Form, =T, D, 3 1+K1 3 ;
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A+1 A
Form, =T, D, B +(K1_TID1) B’

A A+1
Form, =(-K,+T,D,) 21 +K, 5 |

M=2:

A A
Form, = T,T,D,D, 5o +[K.(7"2—1)D2+T|D1(K2+D2)] B_1

KK(A]
+ KK, 5
B

A+2
Form, = 7,T,D,D, 2 +[ (K, -T,D,)(T, 1) D,

A+1 A
+1,D, (Kz _TzDzﬂ[ B j+(K1 _TlDl)(Kz -T,D, +Dz)(3];

A
Form, =(-K, +T,D,)(-K, + I,D, - D, )[B B 2} +[ K, (-K, +T,D,)

A+1 A+2
+(-K,+T,D,)(K,+D,)] P L T

3. Generalization of Calculation Formula
Ni

If f(n)=>4 [ J, m, is not changed with 1, then define
mi

vpf(n)=ZA,.[N"_p

m;—p
Vf(n)=f(n)—f(n—1), this is a little different from the difference

VOf ()= £ (n). VA (N) =20/ (n)

(n+1J (n+1J (nj [ n j

Eg: V =V = # .

n—1 2 1 n—2

In [1], 1.1) is proved by
. va (n+ K B N+K B N+K
) Z"On( M J_(M+l)(M+2j+(M K)(MHJ

SUM (N, PSV[PT, T, +1]) = 3\ (K, + 1% Dy, )xVSUM (n+1)

n=0

J,PEZ

N-1
n=0

SUM (N,PSL[PT,T,, +2])= > (K, +nx D,y )xVSUM (n+1)

PS1=[PS.K,,., :D,,,,|.PT1=[PT.T,,, =T, +2-p]|.

N-1
n=0

Define: SUM (N,PS1,PT1)=Y" " (K, +nxD,. )xV’SUM (n+1)
SUM (N s PSI,PTI) can be calculated using the same method of 1.1).

The Form: (Tl-i-K,)(Tz-i-Kz)---(TM+KM):zHZ1XM, X, =T, or K,.
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3.1) ¢g=x(T), PM =PM(PT),
SUM (N)=
__Form; o [N+T PM] z{(]—;_XK—I)Di;Xi =T
' X.

Form2

Form; (N"‘TM J _Ki+(]—;_XT—1 D[,Xl :T
q )"
(

[Proof]
SUM (V) S 1 ()[
SV (Kyyu +1x D,y )X VISUM (n+1

= Zivz_ol(KMH +nXDM+l) ZZOH (C])

y N+T, -M
!
2 l(q)(TM —M+l+qj

TN — N

n+l1+T,, - M- pj ™
T,-M+1+q-p
N+1+T,-M-p
TM—M+3+q—pJ
N+1+TM—M—p]

=3 (T, =M +2+9-p)D,., xH, (q)(

M
+Zqzo(KM+1 4Dy ) ¥ H, (q)(TM -M+2+q-p

N+T,, —(M +1)j

= zzio(TMH _[M_q])DM+1 xH, (‘])[ N—l—(q+1)
+Z;W:0(KM+1 +qDM+1)XHl (‘I)[

N+T,.,, —(M+1)
N-1-¢q
N+T,.,, —(M+1)

M+1
=2 HI(PSI,PTl,q)[ Nel_g

j —2 _ three forms

q.e.d.

w

.2) PS1=[DxA:D,PS]|, PT1=[A4,PT]
H,(PSl,q)=DxAx[ H,(q)+H,(q-1)];
H,(PS1,0)=0,H,(PS1l,q)=DxAxH,(q-1);
(PSIM+1) 0,H,(PSl,q)= DxAxH,(q);

(D513 Dev D <DL {17, ) -0 [ |17

N+T,
SUM(N,PT,PT)= T( j
T, +1

SUM (N,[L,,-,L,,PS].[L l,---,LP,PT]):H;LISUM(N).
These are conclusions of [1] and can be extended to the new PT.
3.3) PS1=[L1---,1,PS], PT1=[L1,---,1L,PT],

SUM (N,PS1,PT1)=SUM (N).

P = Count of 1 added

@ @ @@@@
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A+P + 4
5 expands Z;”OHl(q)[ + ]to " H, (PS1, q)[ qj.

B-q
Now PT’s domain is extended to N and T, —7; is not restricted.

Y|
If 7, <0, SUM(N)sz_OHI(q)(Bj, B <0, the formula has no meaning

when regardless of the actual meaning, Form, = Form, = Form, still estab-
lished.

PTs domain can be extended to C.

4. Properties of Coefficients
Define

F]\ffv+M ' _Zl<1 <[+1<N+M 1H1 171 (N+M N)

Ey= >  1"2%...N"=§,(N+M,N)

N+l ++ Ay =M
EFO(PT,K)= Y 1M2%.(g+1)™
ﬂ|+ﬂz+~-+ﬂq+]:p

(T, + 4K )(T, + 4K + 1K )-+(T, + AK + LK ++-+ 4K ), 4, 20

T..,—T =1:means continuity

i+l i

T

i+l

PTinsection1: T, =1, ] T
=2, means discontinuity.

[1] call them Basic Shapes and define:
PB(PT) = count of discontinuity, MIN (PT) = H,ZT'D' )

1 1

Expand the definition:
PS =[K,:D,K, :D,,--],ltem ={K, + 4 D,,K, + A,D, -}

A,

.+ : Means continuity

A
Specify 4 =0,
pecily 4 {,1+1_/1

T+1°

means discontinuity
PB (item of PS) = count of discontinuity in an item, value €[0,M —1].
MIN (item of PS)=[]" (K, +AD,)

MIN,(PS)= . MIN (item of PS), MIN, is short for MIN, ([1,---,M]).

PB( )=¢
By definition >
H,(¢)=(-1)""H, ([—Ki +1.D,-(i-1)D, |, PT)
41) @
: :(—l)qH{PS,[ﬁ—Ti +(i—1)D;
Di
® H,(q)=(-1)""H,([-K,+T,D,~(i-1)D,],PT);

® i (a)=(1y | rs Koo

l

42) PS=[L1-],PT=[T, =T, +(i-1)(K+1)]

DOI: 10.4236/0alib.1107969
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@ H(q ) Ej! o(PT, K)

@ H,( E‘”' o[ =(r-1)+(i-1)K |,K +1);

® Eg;}qQ(PT K) E4 o([K+T,.],K)+TE;(;11qo([K+T],K),
[Proof]

H(q)=2[[(X eD[[(X e K) =3 [[(x e K)=E},
HX = lﬂl {Hj:_: X/llu}AlA {Hf:_lAXl]+A71+iA+x}B}LB

[T5 % =TT (5 A +x-1][K +1]-4)

=Hj:_1](TX+’71K) At =(L+AK) (T ++ 4, K)

e )Hf:_lAXll+A71+/IA+x :(TA +/11K+"')"'(T371 +) -

K K
@ PS1=[K, :D,,---,K,, : D, |,PT1 :{—2+1,-~,D—M+M—1}

2 M

4.3 K K

: @ PS1=[D,:D,,---,D), : D, |,PT1=| 241,24+ M -1| >
D2 DM

® PS1=[K,:D,,--,K,, : D, |,PT1=[-1,---,—1]

K
K, x H,(PSl,q)= MIN, (PS),H, (PS,{E‘,PTI}(]J = MIN, +MIN,,

1
K, xH,(PS1,q)=(-1)""" MIN, (PS)
K, x H,(PS1,q)=(-1)" MIN, (PS)

Example 4.1: H,(q),H,(q).H;(q) are equal to:

)
(A:j E}! o(PT,-1)

@ PS=[L1,--],PT =[L1,-]

)
@ PS=[12,--,M],PT=[1,2,---,M]= Hz(Aj)=M!,H2(q<M)=o
H,(0)=M!,H,(¢>0)=0
® Ps=[LL-], PT=[L2,,M],

M S /M\(N+
< > = Eulerian number : N¥ = ZM01< >( q]
q “\qg/\ M

q\E, =q'S, (M +1,q+1)

def

— s (<1)" qLE],, = (-1)"" 18, (M .q)

)58 (q)»zii()(f}w!

DOI: 10.4236/0alib.1107969
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A H ()= H,(9)g > 2" (-1)" " gxq!S,(M,q)=2" -1
@ PS=[11,+],PT=[2,3,--,M]
(g+1)EL  =(g+1)!S,(M.q+1)
()" (g ES L = (=) (g +1)1S, (Mg +1)

<M ﬁ_q> = <A:> =EL", O([LL-+].1)

El, O(PT.1)
® PS=[LL-],PT=[1,3,,2M ~1]=4(-1)""" MIN,,
Ey 0([0.1,2,+],2)
EL, O(PT.1)
® PS=[LL-],PT=[352M-1]=1(-1)""" MIN,
EL L 0([2.3.4,].2)
@ pPs=[12,--,M],
MIN, +MIN,_,
PT =[1,3,+,2M —1] =15 1x(-1)" " E,_, o([3.5.-].1)
— S 1xEN 1 0([2,3,4,+],2)

PS =[2,3,--,M],
MIN,
PT =[3,5,,2M -1] =1 —= (-1)" " £ o([3.5.].1)
—SENo([2.3.4,+].2)

® @, ©,® @ are in pairs, they can verify 3.2).

5. Continuity and Discontinuity

MIN, appears in SUM (N,[L1,-],[3,5,-+-]) and SUM(N,[2,3,--],[3.5.-+]).
It’s easy to write out their items directly by continuity and discontinuity.

[1] has proved: ZZBI(—I)MAW MIN, =1. Extand it:

225 K xH, (0) =K, Y0 H, (q)—2 =Y (1) MIN, (PS) —

5.1) Y (=) MIN, (PS)= KT, D

i=2"71
Example 5.1:
Basic Shape, M= 3:

1x3x5—(1><3><4+lx2><4)+1x2><3:1.
Basic Shape, M= 4:

1x3x5x7—=(1x3x5+1x3x4+1x2x4)x6
+(1x2x3+1x3x4+1x2x4)x5-1x2x3x4=1.

DOI: 10.4236/0alib.1107969 9 Open Access Library Journal
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PS =[5,10:10,2:3,3:10]:

5><20><8><33—(5><10><5+5><20><5+5><20><8)><23

+(5><10><2+5><10><5+5><20><5)><13—5><10><2><3

=1500=5x10x3x10
PS=[1,1,~-],PT=[2,~-,M]—>Zf111(—1)M"’q!S2 (M,q)=1.

2(M-1)

52) © MIN,, , = (2m -1)1

@ 2xMIN,, ,+MIN,, , =0MOD (M +2)", M >3, Misodd
[Proof]
PS=[2,3,---,M],PT =[3,5,---,2M —1]

H (M =2)=MIN, ,=>""(T]X eT)x2i
Hy(M=2)=-Y""(TTX eT)xi =—%H1 (M -2)

—20 5 H,(M-2)=—=(M-1)H,(M -1)+H, (M -2)> D

2(M+2)

2xMIN,, ,+MIN,, , = x(2M -1l —> @

Example 5.2:
2><(1><3x5)+(1><2><4+1><3><4)=5050MOD 25

2><(1><3><5><7><9)+(1><3><5><7+1><3><5><6+1><3><4><6+1><2><4><6)><8
=4410=0 MOD 49

when P7T is Basic Shape, items in SUM can be classified by continuity and dis-
continuity.

Eg: use A for continuity, B for discontinuity

[1,2,3] = AA,[1,2,4] = AB, [1,3,4] = BA, [1,3,5] =BB.

Products of F,)*™~" canbe divided into 2" categories.

It’s easy to write them intuitively. Eg: 1x2x4, 2x3x5, 1x2x5, .-,
L+l=1, L+1<I, e[1,2,4].

Each category has a simple formula —2-9

SUM (N - PB(PT),PT,PT)= MlN(PT)(NJrM]

T, +1
i n N
This is the promotion of Z:iol [ M] - (M + 1]

Traverse FA;\HM—I — SUM(N,[Z,S,],[3,5,]) _ y;]MINq[ N+M J'

M+1+gq

Similarly: for Basic P7, arbitrarily PS can use the classification.

Example 5.3:

DOI: 10.4236/0alib.1107969 10 Open Access Library Journal
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SUM (N,[1,1,1],[1.3.5])
= SUM (N,[1,1,1],[1,2,3])+ SUM (N -1,[1,1,2],[1,2,4])
+SUM (N -1,[1,2,2],[1,3,4]) + SUM (N - 2,[1,2,3],[1,3,5])

SUM (N,[1,1,1],[1,3,4])
= SUM (N,[1,1,1],[1,2,3])+ SUM (N -1,[1,2,2],[1,3,4])

The pairs of PSxand PTx compare with PSand [1,2,---,M],
PB(PSx)=PB(PTx), and the discontinuity at the same position. They are
called having the same shape.

5.3) For Basic PT, PS1=[11,---,PS], PT1=[L1,---,PT], count of 1 added =
PB(PT)

H,(PS1,PTl,q) =Y, H, (PSx,PTx,B).

A+B=q,PB(PSx)=PB(PTx)=A,same shape

Pis Prime, P> 2, [1] has proved:
54) MIN,=0MOD P, ¢>0, q+M =P—1
DOM=P,g>0
5.5) MIN,=0MOD P, ;@M =P-1,4>0
@M<P-l,g+M>P-1
[Proof]
For ®: g+M =P—1— proved by 5.4)
g+M = P: P =Max factor of MIN, — holds

q+M > P:MIN, = (Items has P)+ (Items has no P)
(Items has no P)=)"[ [ (factors > P+1)x {ZH(factors < P—l)}
{ZH(factors <P- 1)} is a MIN that match the conditions of 5.4)

q.e.d.
LN=1MOD P

56) P=M+2,D EN= FMNT = MOD P
) +2,@ @ £y 0.N £1MOD P

[Proof]

Example 4.1-6) E}{}/ _ ZM—I(_l)M—l—q M]Nq [N-l]-VM +‘Ij 55)-03

q=0

N+M N+P-2) (P+N-2
= MIN, =(P-2)! = MOD P— D
N-1 N-1 N-1

® _ N+M
Example 4.1-®) FM+N—1 M-1 M.
v 24m0 MIN, [N —l_qj

N+P-2

EMINO[ JMODP—)@

q-e.d.
57) P=M+N,® F/*"'= @ Ej=0MODP, 0<M <P-1
[Proof]
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_ P
FMNt sz: , MIN, ( j

M+1+gq

2M<P—>( ]EOMODP,OS(]SM—I

M +1+¢q
2M > P,M +q2>P-1—25MIN, =0 MOD P — D

2M>P,M+q<P—1—>[ JEOMODP

M +1+¢q

N+M=P—5F" =(P-1)Fy +F; ;Ey =NE,,_ +E;" >

(1) S (P,N)=(P-1)S,(P-LN)+S,(P-1,N-1)
(2) S,(P,N)=NS,(P-1,N)+S,(P-1,N-1)
58) © S,(P-1,9)=1MOD P,1<q<P-1
@ q¢!S,(P-1,¢)=(-1)"" MOD P,1<q<P-1
[Proof]
For @: ¢g=1, S, (P-1,4)=1,holds.
If gholds, S,(P,q+1)=0MOD P
S, (P,q+1)=(P-1)S,(P-1,q+1)+S,(P-1q)
=-5,(P-1,g+1)+1=0MOD P - @

For@: ¢g=1, ¢!S,(P-1,4)=1,holds.
If gholds, S,(P,q+1)=0MOD P, ¢!S,(P,q+1)=0MOD P

q.e.d.

q'S, (P.g+1)=(g+1)!S,(P-1,g+1)+q!S,(P-1,4)=0 MOD P — 2

q.e.d.
Chartof 5.6), Fy/*""'=S (N+M,N), E;; =S,(N+M,N)
k 0 1| zl 3| 4| 5| sl 7| al 9
M
[ 1
1 [} 1
2 0 1 1
3 2 3 1
4 0 11 5] 1
5 24 35 10 1
6 0 274 a5 15 1
7 0 720 1624 175 21 1
8 o] 5040 13068 6769 322 28 1]
9 0| 40320| 109584| 118124 22449 546 36| 1
1 o 9
3
28 1|
462 | 1|

59) > 'n"?=0MOD P*,P>3
[Proof]

[1] has obtained this, but its proof is incorrect.
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pr-2 +prlnp72 _ N\ :SUM(P,[ls‘“sl]’[ls""P_z])

n=l1 n=l1

SRR B el TR EACEN (f

P-1

Eafensie-saf Jio-emse-reof,” )

P-1

®) + —q+ P
8@ N2 [(—l)q ! +(—1)P 1 IJ( j , this step of [1] is wrong
q

= .

o= a0, (P_l’q)(ij

1S, (P-1 P-1 p
:pZ:_lquZ(qz ’q)(q_J 5.8)-Q

(g-1)'5, (P—l,q)(:JeNQW[s::] N

Z—nzz&{P—le

q.e.d.

6. Coefficient Matrix

g=

N+T, - M N+T, -M
SUM(N,PS.PT) =" H M =SY M
vrsrr) =S "y B s

N starts from xto x+ M, taking H,(g) as variables, then get a linear equations.
Let P=x+T,-M,Q=x-1, each row from left to right, Qis from small to

)

P+M P+M
0+ M 0 |

large

—m s 4, (PO M) =

—m s 4, (P,Q,M) =

—m s 4, (P,O,M) =
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They are (M +1)x(M +1) matrices

GG (o
6.1) @ |4, (P.oM)| =L QN0 A0V )y (pp-0,m)

NS
e ———TITE (LR

[Proof]

P+M
O+M

P+M+1 5 P+M+2 Y, P+2M
_lo O+M O+M O+M

P+M+1 P+M+2 P+2M

Row,,,, =Row,,,, —Row,,

P+M -1
ROWM = ROWM —];{OWA471 m
+ _

P+M 5 P+M +1 o P+2M -1
_lo O+M -1 O+M -1 O+M -1

P+M P+M+1 P+2M -1

(P+2] (P+3j [P+M+lj
2 M
P+1: 0 0+1 0+1 0+1

Row, := Row, —Row,
0+1 P+2 P+3 P+M+1

Repeat the above process and change it into upper triangle.
P\(P+1\(P+2)(P+3 P+M
SN ()
P\(P+1\(P+2)(P+3 P+M
S )

P+2\(P+3\(P+4 P+M+1
O+1)\0+1){ 0+1 0+1

p+2 p+3 p+4 p+M+1

1 2 3 M
ovr) o) (ov)
(p+4)(p+3) (p+5)(p+4) (p+M+2)(p+M +1)
2! 3x2 M (M -1)

when the original matrix is transformed into an upper triangular matrix,
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Row,,, :=Row,,, —Row, ——, repeat the operation K times.

6.2) |4 (P.0.M)|=[4 (P.0.M)| =4 (P.0. M)
[Proof]

P
Row;,;:=Row,,; ~Row; and
A, — =R SO BEIREL s change (row, col, ) to (Q

o

vy

transpose

=4 (P,P-0Q,M)

("

A col;:=col; +col;,; and repeat—
1

= 4,

P+Mj
0

change (row, col, ) to (

q.e.d.
Use ||A|| for ||A1,2,3||-
6.3) |4(P.0.M)|=1,

[P+M—qj
P+M . 1+M
j, A(P,Q>O,M)||:H§_;W

||A(P’1’M)|| :(1+M

1+ M

[Proof]

() -

PP+1P+2 P+M (P+M
1 2 3 M +1 1+M

T, =M, Ne[l,M+1], then

Matrix of SUM (N)= A(1+T,, —M,0,M ), Matrix of
VSUM (N)= A(T,, —M,0,M)

Use Cramer’s law, let y(n)=SUM (N) or VSUM(N)

H,(q) =HAl (P,O,M)M)[y(l),w,y(M+1)JTH

N Y

4, (P,0,M)= : : = : S
P+M

o1
)

(-3 |
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when col,,, replace with [ y(l),--']T , calculate from col,,,, only

{y(l),---,y(q—i—l)} work.
From algebraic cofactor, y{k) corresponds to 1< ><||ATmp ||><1M’q count of
rows of 4, =(M+1)—(K-1)—(M-q)-1=g-K+1

P+K -1
(rowk,coqu):(Ktl_q),(qﬂ)—(q—kﬂ)—l =k-1

Tmp

(row,,col, ) of 4y, =(row,,,,col,_ )= [P-:Kj

P+gq
|ATm], =||A1(P+k,1,q—k)||=[q+l_kj—>
ey (Tl som )
64) T,>M, H,(q)= . qM
) D R T/ VY
DI A A (k)

VSUM (N,[L,-+,1),[2,-+.M]) = N* — 4,(1,0,M -1)

+ +1+ 1
(g+1)18, (M.g+1)= 0 (1) [ 7 jkM

q+1-k

—>q!S,(M,q)= Y1 (-1)"" [q kakM

x4
x=q-k—q!S,(M,q)= z:o(_l) (xj(q—x)M,
this is a known formula.

M +1

()

SUM (N,[2,3,+-,M],[3,5,--,2M —1])

SUM(N,[L...,M],[I,...’M]):[M+N]

k+ M+q
—>MIN,, = Z:O(—l) q( ik jSl (k+M,k)
Similarly,
[ (P+M 1T ]
0
- C
P+2M P+M P+2M ]
I\ M o )] [\ M ]

(k) corresponds to 17" x "ATmp " x1"" | count of rows of 4,

mp
P+M+K-1-¢qg
(rowk,colq+1)= P
—l=q

=q—k+1
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P+M+1]

(row,,col, ) of A, =(row,,,,col, )= ( |

P+M+1—(q—k)=P+M +1-g+k

|4

Tmp

~batresrioge ka7

qg+1-k

N ) 2+ Ty SUM (k)
k=1 g+1-k
6.5) T, >M, H,(q)=

1+7,
g+l 1 q+1+k M VSUM k
kzl( ) q+1_k ( )

VSUM (N, [L-+,1],[2,+,M]) = N — 4,(1,0,M ~1) >

(=g M e
q = qg+1-k

N (M+1 M
— T [ i)
This is a known formula too.
(0 M|
0 0
M
0 -
()

TOW o, e, TOW ) will work.
1M+1*K

—0 5 4, (L,0,M) =

In the algebraic cofactor, (row i1

Rowy corresponds to 17 x ||ATmp " X count of rows of
=(M+1)—g—(M+1-k)-1=k-g-1

(rowk,colqﬂ):[kq 1],k—(k—q—l):qﬂ

A

Tmp

1
(row,,coly) of 4, = (rowq+l,colq+2)=[‘];’ )

k-1
|4 =4 (g4 Lk g =2)| = | 4, (q+1,1,k—q—2)||:[ , ]

It can be concluded by induction:

—* 5 (k) will change to z(k) = Zle(—l)lﬂ y(x)(K]

k-1
q

() =2 et

VSUM (N, [L-+1],[2,+,M]) = N* — Z(k) = k!S, (M k) -

k-1
q-1

5, (00.0)= 22, (0"

]I{!S2 (M,k) , this matches 2.1)-@
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7. Yoo [ (K +Dg")

N N
We need an expression similar to (Mj , which is Gaussian coefficient {M}
q

I ) [t i A
{ l: g" -1)(¢"" -1 () -1) )

IR
oS
o x| -]

Nlnn+K _KN+K.N,1nn_MN
CRal o s o e R M R

[Proof]
When n= 0, @ is obviously true. Suppose it holds when N - 1,

sl VA"
B et [ ARt S ) Y Ut A ol CAet)
(¢"" =)@ =1)(a"" =) (a=1) = (g =1)(a" 1) (g )

3 N+M+1
| M+

N-1 p n+K x=n+K-M M-K N-I+K-M x+M M-K N+K
_— =
Zn:O q |: M :| q ZX:O q M q M+1

q.e.d.

N . N
,q#1, =1, Abbreviated as
0 . M

=

N
Nl g -1 |N
anoq =q =|:1:|

q-1

Sd (K +Dg") =30 1(q (¢"-1)D, +(K,+D))q" )

> a" (K +Dg") (K, +Dyg")

=> " (DDyg”" + (KD, + K, D))" + K,K,q" )

= Z:’ZOI(D]DﬂZ" (¢" -1)+(K,D, + K, D, + D,D, ) g™ +K]K2q”)
=Y [ DDy (¢" = 1)(g"" =1)+ (KD, + K, D, + DD,

+aD,D,)q" (q" ~1)+(K,K, + K, D, + K, D, + D,D, ) q" |
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N
=DD,¢* (¢ —1)(q—1){ 5 }r(KlD2 +K,D, + DD,
N N
+qD1D2)q(q—l)L}HKIK2 +K,D, +K,D, +D1D2){ | }
2 2 N
=q(q-1)D,xq (q —I)D2 { 3}+q(q—l){([€l +D,)D,

N N
+D1(K2+qD2)}{2}L(K1+Dl)(K2+D2)[1}
T, is arbitrary, use the Form HZI(K,.+7}), X, =countof {X,,---,X,}eT
- N
) STl (K -00) -2 60ns) |
G(M’g)zzl‘[x,. withX(T):gH:\/:llf(Xf)

¢ (¢ -1)D; X eT

f(X,):{

K +¢"'D;XeK

[Proof]
When M= 1, 2,it’s true. Let G(q)=G(M,q)

- N
Suppose F(N)=Zf,volq"Hﬁ(Kz+Diq")=zf°G(g){ }_)

g+1

q"HZ(Ki +Dl.q")=F(n+1 F n
M n+1
_zé’:" { g+l g+l }

zrewie |,

> d'TIL (K +D4")
Kyu2ood' T (K +Da" )+ Dy X o a" T (K. +Da")q"

= Ky X G g){gji J+DM+12240G(g)Zf_J q" {(qgﬂ _1){;1}@}

g=0

i1 (gt N
+ZZ:OG(g)q5 l(qé 1_1)DM+1 |:g+2:|

N
#)ZM, G(g)(KMH +quM+l)|:g+1:|

M+1 N
= Zgzo G(M +1,g)L’+J
q.e.d.
In the same way, use the Form = (7, +K,)---(T,, + K, ):
N-1yM n M
7.3) Zn:OHi:l(Ki+Diq ):Zg:IG( ){ }'NH; —1i
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G(M.g)= ZHX,- with X(T):gHZlf(Xi)

LXel,X;,=0

Xra (X7 .

q g™ -1)D;Xel, X, ,>0
f(Xi): ( )

K;XeK, X, =0
K,+q¢"'D;XeK,X, >0

7.4) ‘Zj =y (T (o —1))[;\_] } { ;‘j _‘ﬂ

-1

[Proof]
N-lyM n N-1 M qMN -1 M N
ZFOH,-:1<0+9 )=Z,,:0q :mzzgzlG(Mag) g

In G(M.g), H(XeT)zHillq"(qi—l), X, must be T,, count of
(XeK)=M-g, M—1 positions can be placed.

N inv(w

In 1916 MacMahon [6] observed that {K}=ZWEQ(N,K)(]W( ), Q(N,K) de-

notes all permutations of the multiset {ONﬁK ,lK} , that is, all words w=w,,---,w,

with n - kzeroes and k ones, and inv(-) denotes the inversion statistic defined by

inv(wl,---,wn)=|{(i,j):1£i<an,wi >w/.}|.
M—l}

Soin G(M,g), ZH(XEK)Z{M_g

7.5)® (K+D)" =K +Dz’::‘01kg (K+D)"*
(K+q)" =K" +q224:'01k3 (K+1)"7*

@
+ q(q _1)Za+b+c:M—2,a,b,C20kG (K + l)b (K + q)c

[Proof]
ST (K + Dy ) = K™ +G<M’1)m .
ST (K0 )= T (K )
oM +G(M,1)M+G(M,z)m—[1<ﬂl +G(M,1)ED

=K" +G(M,1)(q2 _1)+G(M,2)—(KM +G(M.1))> @

q.e.d.

7.2) can be understood as use the Form = (7, + K, )---(7,, +K,, )

PT =[1,2,-,M]
Ti=Xga ( ,Ti-Xka . -
q q —-1)D; X, =T,
f(Xl-)={ ( )

K, +q""'D;X, =K,

But it can not be simply extended to something like 3.1).
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v[N-1
N-1 ny q" —l 1 0 1
M=03%"" "( j - , holds
q-1 g-1  ¢q-1
1
M= (] o ()
_ZNln Z q+ +Zanq
_NZNI n_(ZnZOq +Zn:0q +.“+Zi1v:_02qn)
2 N-1
N —1_[q—1+q —1+m+q —lj
q-1 q-1 qg-1 q-1
g" —1 (1+q+q2+---+qN’1)—N
q-1 - qg-1

N N
N_g"- qN[lj qN(Oj !
S EEAUE Sl gt - + holds

a1 (¢=1) a1 (¢-1) (g-1)

N, (HtM
Suppose it holds at A/ — 1; When Mand N=1, Z q =

=0 M
v[N+M-1-g

’ gq( M-g j ()"

A= Zg:()(_l) (q _1)g+1 + (C] _1)M+1

q (1) q +(—1)M+.
(q_l)l (q_l)M+1 (q_l)M+1

(q_l)M+1 A= q{(q—l)M _(q_l)M—l + ‘+(_1)M—1} +(_1)M+1

7.5)-@.K=-1  _ (

Suppose it holds at Mand N
ZN Lt M _zN L (n+M -1 N n+M -1
T |y )T A M M-1
N-1 n+M N n n+M_1
= +
R vy
qNH(NJrM—l—g
(=1)°

Sy (- M-¢g L g(-1)""

(q_l)g+l (q_l)M+1

q—l)M+1 — A=1;1tholds when Mand N=1.
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v N+M—-1-g
1y [ M-1-g ] ("
(¢-1)" (¢-1)"

qN+1((N+1)+M—1—g
)g

" j+(_DMH
(q_l)g+1 (q_l)M+1

It holds when M and N+ 1.

Example 8.1

_ +M-K
82) Y. g’ [n j =¢"Y,

M
N21+K
[Proof]
N-1 , n+M-K N-1 o, n+M-K Ve N-1-K n+M
Zn:Oq { M j:anq ( M J:q ano q ( M ]

N-K+M-1-g
M—g (_1)M+1
(q_l)g+1 + (q_l)M+l

q-e.d.

i)
iyt oe OVt s
(-1 (¢-1)
N+M-2-g
( )g[

Lo (neM -1 M-g J (-1)""g

. n
Sz ()T

(N—2—g]
_ -1 M+1 M4
(Mg G A

M (q_l)gﬂ (q_l)MH

_ n—1
—>Zf_01q”[ ]:wzgf_o
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9. ZNlnM

Define A" =" (1-¢)"" ¢*S,(M.k)k!, g # 0,1, M >0
A4 =1,2,6,26,150,1082,9366,--- http://oeis.org/A000629

A =1,3,12,66,480,4368,47712,--- http://oeis.org/A123227

A} =1,4,20,132,1140,12324,160020,--- http://oeis.org/A201355

A)=1,4) =
M=VSUM(n’[L...’1][2’...’ ]) _ Fom ZKO ( )(;j

ve(N-1)" =3 ks, (M,k)[N_l_g].

K-g
N M+l A
N-l n M M-¢g 3 M —( 1) 4
9.1) 2,,q'n WZg L(g=1)7 (=) VE(N-T)T (¢-)""
[Proof]
T gt =4 L s
n=0 q_l q_l’

N-1 5, 1 N-1 , n N 1 g 1 g q
Zn:O q Zn:O q (lj Zg:O( ) ( 1)g+l ( 1)2

_@"WN-D) 4t g
(a1 (¢=)" (¢-1)
-l o

S =Sl s ) )

g
=Y KIS, (MLK){ gV Y (1) k-g ) ()4

g=0 (q_l)g+l (q—l)kﬂ
> K!S, (M,K)qk(il__l—i;lﬂ
:é%#?Zf&BJMKMWwﬂMWAMMMZ%%ﬁé?

N-1-g

T e g( k-g j_ q" ()
ZK:OK'SZ(M’K)q Zgzo( 1) (q_l)g+] _(q_l)M+1

LS s, (M,k>z’;-o<—1>g(N‘l‘gj@—nMg

(¢-1) K-g
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() =K1S, (MnM){(NA/;l](q—l)M —GV/[__ZJ(CI—UM‘I oot (-1)" (N_;_MJ}

LK1, (M,M_l){@:llj(q_nf” _Uj:i](q_n“ +--}+--.
+K!S, (M,O){(No_lj(q—l)’u}

Vertical calculation = (¢ —1)" V* (N =1)" —(¢~1)

M-1

VI(N=1)" -

9.2) A" =¢>" (q-1)""S, (M. k)kL,M >0
[Proof]
n" =VSUM (n,[1,---,1][1,---, M)
orm, - n+K-1
e 30 s )"

- K-1
IRTIEED Yo FCI RS CITS) Ly

N+K-2-
P

=ZZ:0(_1)M7KK!S2 (MaK) qNZ;O - K-g j_}_(_l)lﬂlq

(q_l)gﬂ (q_l)KH
N(N+K—2— g]
ZM (_I)M’KK'S (M K)ZK (—l)g 1 K_g Same wayas 9.1)
K=0 te2 ’ g=0 g+l
(¢-1)

N

q —
R G e

. o oK (_1)K+lq (_1)M+1 A;M
Compare with 9.1) — > . (-1)" " K!S,(M,K) — = —
(a=1)"  (a-1)

q.e.d.

n :VSUM(n’[l"'"1][1>""M])ﬂ>2ﬁok!Sz(M+l,k+l)(n1;1J—>
9.3) 4 :zﬁo(l_q)mk q" 'S, (M +1,k+1)k!, M >0

9.4) VE(N-1)" =3 F (=) [A:]NKSZ(M—KJrl,ngl)g!
[Proof]

5,000 = LT (£ e-0)”

Jj=g-k ;:L £ (1 i 8 M 1 ¢ (1 g-J g_l M -1
g! j:O( ) j J (g—l)! j:l( ) i1 J
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A& (N— I)M By definition Zfzo(_l)./ (gJ(N_j _ I)M
J
M

=2 (g.jZfo[ . JN’f (+1)" ™ (=1)"

J
=25 (0" (ﬁz szk [Zf_o(—l)j {f J( i+ 1)M-KJ
IR I NEI T

(M
=3 (-t g(k j]\/’fs2 (M-K+lLg+1)g!

q.e.d.
9.5) D 4" =3" (¢-1)"" S, (M+Lk+1)k!
Nt M q" Mo \M-g Mg M _1)% N¢ (_I)MH q
@ gt = X (e e
[Proof]
N-1 n M N (_1)M+l AM
f N)= =0 = 1 M+1 Ut + Mj
(M) =Za =
__ 4 Mg =1)"E (<1 vE (N =1)Y +(_1)M+1A‘y
o () () (T

Sl ) S ) s, -k g

_ _ (M
DIRCEL) YUCl il G M TR SRR e

=(¢-1)" {(—1)M [A(;IJNOSz (M +1,1)0!+(-1)"" [Aijlsz (M,1)0!+-- }
+(g-1)"" {(—1)“4 [Agjz\ﬂsz (M +1,2)11+(-1)"" (Aﬂxvlsz (M,2)1! +}
+-t(g-1) {(—1)M (AgJNOSZ (M +1,M +1)M!}

Arrange by M

M g e
=Zf:0(q—1)'g Ng(gj(—l)M Y (g-1)" S, (M~ g+ Lk +1)k!

take g=0, {..0=(=1)" 2" (¢-1)"" S, (M +Lk+1)k!
£(0)=0->D
D35 (g-1)" " S, (Mg +Lk+1)kl= 4" 5@

q.e.d.
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Example 9.1
S 7" ((g-1)N-q)+q
n=| 2
’ (¢-1)
Y ia=2" -1

Y i=2Y(N-2)+2
2 =2 (N 4N +6)-6
> 2 =2" (NP - 6N +18N - 26)+26
Yo, 2t =2"(N* =8N +36N" ~104N +150)-150

>, 21 = 2" (N° =10N* + 60N —260N" + 750N ~1082) +1082

voy 3V =1
ZizO 3= 2

v, 3V (2N-3)+3
D Y=

v, 3V(ANT—2x3x2N +12)-12 (2
D, 3= 3 ,2><3><2:(3—1)A3(1]

3V (8N3 —4x3x3N? +2><12><3N—66)+66
16 ’

3 -
2 1 3
4><3><3=(3—1) A4, (2]

3N(16N4—8><3><4N3+4><12><6N2—2><66><4N+480)—480

N-1 4.
Zi:03l4: 32
2N714 N_l
i=0 - 3
N-1 4V (3N -4)+4
25:04 = 9
o 4N(9N2—3><4><2N+20)—20
ZN 1411.2 _
i=0 27
o 4N(27N3—9><4><3N2+3><20><3N—132)+132
N-1 ,; .3
i, 4=

81

It is hard to imagine that the four expressions of A;” are equal, but they can

stand verification.
4 =3 (1-9)"" ¢* 8, (M. k) k!
=3 (1-q)" ™ g5, (M L+ 1)KL M >0
=3V (a=1)" S, (M 4Lk +1)k!
=X (¢-1)"" S, (M,k)k!,M >0
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9.6) M>0,4 =2Y" S, (M k)k!=" S, (M+Lk+1)k!

=3 (S (M k) R12E =30 (1), (M Lk +1) k12K

k=0

—20 5 PS = (L1, PT =[1,2,,M]Y." (H,(q) =Y.' /H,(q)2" >

g=0""11

S kIS, (M +Lk+1)=3" (<1} k1S, (M, k)2 - match 9.6).

k=0
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