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Abstract

The Fourier series (FS) applies to a periodic non-sinusoidal function satisfy-
ing the Dirichlet conditions, whereas the being-processed function f (t) in

practical applications is usually an aperiodic non-sinusoidal signal. When

f (t) is aperiodic, its calculated FS is not correct, which is still a challenging

problem. To overcome the problem, we derive a direct calculation algorithm,
a constant iteration algorithm, and an optimal iteration algorithm. The direct
calculation algorithm correctly calculates its Fourier coefficients (FCs) when
f(t) is periodic and satisfies the Dirichlet conditions. Both the constant
iteration algorithm and the optimal iteration algorithm provide an idea of
determining the states of f (t). From the idea, we obtain an algorithm for
determining the states of f (t) based on the optimal iteration algorithm. In
the algorithm, the variable iteration step is introduced; thus, we present an
algorithm for determining the states of f (t) based on the variable iteration
step. The presented algorithm accurately determines the states of f(t). On

the basis of these algorithms, we build a biproportional construction theory.
The theory consists of a first and a second proportional construction theory.

The former correctly calculates the FCs of f(t) at the present sampling

time, and the latter creates a precondition for correctly calculating the FCs of
f(t) at the next sampling time. From the biproportional construction theory,

we propose a biproportional construction algorithm. The proposed bipropor-

tional construction algorithm correctly calculates its FCs whether f(t) is

periodic or aperiodic, and thus its FS.
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Aperiodic Non-Sinusoidal Signal

1. Introduction

The Fourier series (FS) was proposed by Jean Baptiste Joseph Fourier (1768-
1830, a French mathematician and physicist) to solve the heat equation in a met-
al plate in 1807. The FS since then has been continually developed and perfected
by many mathematicians, such as Dirichlet, Dini, Gibbs, Kolmogorov [1], Car-
leson [2], and Iserles [3]. The FS is a branch of Fourier analysis nowadays. The
ES has been applied to almost all disciplines, including physics [4] [5], architec-
tonics [6] [7], electronics [8] [9], electrical engineering [10] [11] [12], and signal
processing [13] [14] [15].

The FS applies to a periodic non-sinusoidal function satisfying the Dirichlet
conditions: The function must have a finite number of maxima, minima, and
discontinuities in one period, and be absolutely integrable over a period. How-
ever, the being-processed function f (t) in practical applications is usually an
aperiodic non-sinusoidal signal defined as follows. f (t) is aperiodic for
te (ts, t,+mT ) ,and is T-periodic and satisfies the Dirichlet conditions for
te[0, t,]Juft,+mT, +oo], where t, >0, tis time, and m is a sufficiently small
positive integer like 1 or 2. For instance, ¢ (t) is illustrated in Figure 1, where
g (t) is aperiodic for te(0.17, 0.21), and is periodic and satisfies the Dirichlet
conditions for te[O, O.l7]u[0.21, 0.34].

According to the FS, the FS of the being-processed function f(t) can be

expressed as

0

f(t)~ a5+ [ a cos(kaet)+b; sin(ket)], (1)

k=1

)
2
:-j f (t)cos(kat)dt==[" £ (t)cos(ket)dt, k=1, 2, 3, -
T g1
and
:—j f (t)sin(keot)d :—j‘l )sin(ket)dt, k=1 2, 3, - (3)
-
(N4Yl
20 F H H H H H H H F
0
=20F o, S E s
0.04 0.08 0.12 0.16 020 024 028 0.32
t(s)
Figure 1. An aperiodic non-sinusoidal signal g(t).
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In Equations (1)-(3), a,, a,,and b, are all called the Fourier coefficients (FCs)
of f(t); Tisthe periodof f(t),and ®=2n/T;and t >0.

From the FS, a precondition for Equation (1) is that f (t) is a periodic non-
sinusoidal function satisfying the Dirichlet conditions.

When f(t) is periodic and satisfies the Dirichlet conditions, the precondi-
tion for Equation (1) is satisfied, and thus it is correct that f (t) is expressed as
Equation (1). Hence, a, and b, are correctly calculated by Equations (2) and
(3), respectively, and thus its FS is correctly calculated by Equation (1). Howev-
er, when f(t) is aperiodic, the precondition for Equation (1) is not satisfied,
and thus it is not correct that f (t) is expressed as Equation (1). Therefore, a;
and b, are not correctly calculated by Equations (2) and (3), respectively, and
thus its FS is not correctly calculated by Equation (1). At present, how to calcu-
late its FS correctly when f (t) is aperiodic is still a problem necessary to solve.

The FS of f(t) is correctly calculated if the FCs of f(t) are. Therefore,
numerous methods have been researched and reported as follows: many me-
thods and algorithms for calculating the FCs [15]-[22], some estimates of the
FCs [23] [24], a few methods for determining the FCs of the particular functions
[25] [26], various formulae for computing the FCs of the special functions [27]
[28] [29], and other methods. Each of these methods has its own applicability
and merits, whereas how to calculate its FS correctly when f (t) is aperiodic is
still a challenging problem.

In practical applications, myriad signals in various disciplines (like the nonli-
near load current in electrical engineering) can be considered as the being-pro-
cessed function defined above. The being-processed function is denoted by

f (t) unless a specific description is given in this article. Although its FS is cor-
rectly calculated when f (t) is periodic and satisfies the Dirichlet conditions,
its FS is not correctly calculated when f (t) is aperiodic. Nowadays, how to
calculate its FS correctly when f(t) is aperiodic is an important engineering
calculation problem difficult to solve, and also an interesting mathematical-
physical problem. The problem has to be solved because of numerous practical
applications. To solve the problem, we will achieve the following main contribu-
tions:

1) Four basic concepts will be correctly defined.

2) A direct calculation algorithm, a constant iteration algorithm, and an op-
timal iteration algorithm will be derived.

3) A biproportional construction theory will be built, and then a bipropor-
tional construction algorithm will be proposed from the theory.

4) An algorithm for determining the states of f (t) based on the variable ite-
ration step will be presented.

The proposed biproportional construction algorithm correctly calculates its
FCs whether f(t) is periodic or aperiodic, and thus its FS. Therefore, the
problem is solved. The rest of this article will be organized as follows. Section 2

will define four basic concepts and prove one theorem. In Sections 3-5, a direct
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calculation algorithm, a constant iteration algorithm, and an optimal iteration
algorithm will be derived, respectively. A biproportional construction theory, a
biproportional construction algorithm, and an algorithm for determining the
states of f(t) based on the variable iteration step will be proposed in Section
6. The proposed biproportional construction algorithm will be validated by the
simulation results and the experimental results. Finally, Section 7 will summar-

ize the main conclusions.

2. Definitions and Theorem

It is assumed that (3N —2) samples of f(t) and those of cos(kawt) are de-
fined as f(i)=f(t+iT/(N-1)) and cos, (i)=cos(ko(t, +iT/(N-1))), re-
spectively, for i=0, 1, ---, (3N —3) in any three consecutive periods
[t,, t,+3T], where t,>0.

Definition 2.1. If f(t)=f(t-T) for all ¢in the period [t, t,+T] then

f(t) changes periodically in the period. That is, f(t) is in stable states in
the period. Thus, a; :TE'[‘?*T f (t)cos(ket)dt :%J:rrT f ()cos(kat)dt in the
period.

Definition 2.2. If f(t)= f(t—-T) for any ¢ in the period [t, t,+T], then
f (t) changes nonperiodically in the period. Thatis, f(t) isin unstable states
in the period.

Definition 2.3. If f(t) is in stable states in the period [t, t,+T] and if
f(N)=f(1),then f(t) changes periodically at the sampling time
t=t,+NT/(N-1). Thatis, f(t) isin a stable state at the sampling time. Thus,
alV = %J':_T f (t)cos(ket)dt :TELZN f (t)cos(kat)dt, where al™" denotes
a, of f(t) atthesamplingtime.

Definition 2.4. If f(t) is in stable states in the period [t, t,+T] and if
f(N)= f(1), then f(t) changes nonperiodically at the sampling time
t=t,+NT/(N-1). Thatis, f(t) isin an unstable state at the sampling time.
Thus, a " =Mﬁ f (t)cos(kat)adt _2f(N)

T (1) *uT Tf (1)

Definitions 2.1-2.3 are correctly defined from the FS of f (t). Besides, f (t)
is in stable states in the period [t1 t, +T] and f(N)= f(1). Thus, we infer
that f(t) should change in the same proportion f(N)/f (1) for all zin the
period [t,+NT/(N-1), t, + NT/(N =1)+T |. For this reason, Definition 2.4 is

defined above.

t+T
Ll f (t)cos(ket)dt .

Theorem 2.1. If f(t) is a periodic non-sinusoidal function satisfying the
Dirichlet conditions, then JA:J [f (t)-a, COS(kcot)}2 dt attains its absolute min-
imumat a, =a, for k=0, 1,2, ---, where T'is the period of f (t) and
®=2n/T .

Proof. It is assumed that h(a, )= Lzl_T [f(t)-a, Cos(ka)'[)]2 dt . Then, it fol-
lows from h’(ak ) =0 and Equation (2) that
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1 Y 1 T ¥
aoz?thf(t)dt:_]‘ f(t)dt=a0,
a, :_l_3 :ll_Tf( )cos(kat)d :—f f (t)cos(kat)dt =a;, k=1 2, 3,

Moreover, h”(a;): 2T >0 and h”(a:):T >0 for k=0, 1,2, ---. There-
fore, h(a,) attains its absolute minimum at a, =a; for
k=0, 1,2, . Thus, Theorem 2.1 is proved.

3. Direct Calculation Algorithm
3.1. Direct Calculation Algorithm

It | d N9Y Z ST £ (i) 2™ cos. (i) T bt
is assumed that p(ak )— Z[f (i)-a "~ cos, (I)} . Then, it is obtained

i=0

from p'(al((Nfl))=0 that
Z[f( )cos, (i)] Z[cosk )], k=0,12, - (4)

At the sampling time t=t +T, al((N_l) is calculated by Equation (4), and
then a; cos(kwt)=al"™" cos, (N —1). Similarly, at the next sampling time,

a; cos(kat) =al") cos, (N). .... This algorithm is designated as a direct calcula-
tion algorithm for calculating a cos(kot) because a is directly calculated by
Equation (4).

Similarly, a direct calculation algorithm for calculating by sin(kat) can be
derived. The direct calculation algorithm for calculating a, cos(kot) and that
for calculating by sin(kot) are collectively designated as a direct calculation
algorithm for calculating the FS of f (t), or a direct calculation algorithm for

short.

3.2. Calculation Complexity Analysis

Although the FS of f(t) consists of infinite terms, it is only necessary to cal-
culate one or a few of the infinite terms in practical applications. Thus, taking
calculating the term &, COS(a)t) as an example, we conduct the calculation com-
plexity analysis, calculation accuracy analysis, simulation, and experiment.

From the direct calculation algorithm for calculating a; cos(at), it is appro-
priate to utilize a DSP (digital signal processing) to implement it. Its calculation
complexity is much reduced by using space in exchange for time. The block dia-
gram of the memory cells and calculation process of this algorithm is presented
in Figure 2. At the beginning, /V consecutive memory cells from 0 to (N -1),
having the same number of words, store f (i)cos, (i) for

i=0,1 ---, (N—1), respectively. A first product pointer points to Memory cell 0.
oty , = z [ f (i)cos, (i)],and tot, z [ f(i)cos, (i)]. The calculation process

of this algorithm is as follows. When the present samples f(p) and cos;(p)
arrive, f(p)cos,(p) is obtained by multiplying cos,(p) by f(p), toty by
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First product pointer

v

Memory cell 0, Memory cell 1, ..., and Memory cell (N—1)

Jo) PP SDcosip) € cosi(p)
2

toty > ai
foty aicosi(p)

Figure 2. The block diagram of the memory cells and calculation process of

the direct calculation algorithm for calculating a; cos(et).

N1
adding toty_, and f(p)cos,(p), a by dividing tot, by Z:[cosl(i)]2 , and
i

a, cos, (p) by multiplying cos,(p) by a. Finally, tot,, is obtained by sub-
tracting the product, stored in the memory cell being pointed to by the first
product pointer, from toty. Then, f(p)cos,(p) is stored in the memory cell,
and the pointer points to the next memory cell. If the pointer is pointing to
Memory cell N, then it points to Memory cell 0 immediately. Moreover,
N-1

z:[cosl(i)]2 is a constant because N is. Thus, its calculation complexity per
i-0

iteration is one addition operation, one subtraction operation, two multiplica-
tion operations, and one division operation. Therefore, it is very low and does

not change with N,

3.3. Calculation Accuracy Analysis

When f(t) changes periodically, the precondition for Equation (1) is satisfied.
Thus, the larger N, the higher the accuracy of the calculated aj, according to the
direct calculation algorithm for calculating a; cOS(t), the FSof f (t), and the
sampling theorem. For this reason, the calculated a, is correct within an allowa-
ble error because NNV can be large enough because of the very low calculation
complexity of this algorithm and the very high calculation speed of existing
DSPs.

When f(t) changes nonperiodically, the precondition for Equation (1) is
not satisfied. Thus, the calculated a, is not correct, and its accuracy depends on
the tracking performance of this algorithm. From the following simulation re-

sults and experimental results, the calculated & tracks a smoothly.

3.4. Simulation Results and Experimental Results

The experimental system block diagram is shown in Figure 3, where, the system
consists of a zero-crossing comparator, an UA206, and a computer.

The zero-crossing comparator is implemented by an operational amplifier
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cos(of [
—(0—)) Zero-crossing comparator &) UA206 =) Computer

Figure 3. The experimental system block diagram.

OPO07, its input is Cos(a)t), and its output is a square-wave signal acting as
f (t). The UA206 is an A/D data acquisition board, developed by a company in
Beijing; and it has sixteen 16-bit A/D converters. Its highest sampling frequency
is 500 kHz, and its analog input signals range up to +10 V. Moreover, a VB
source code framework demonstrating that signals are sampled and displayed is
provided by the company. Thus, from the framework and the direct calculation
algorithm for calculating a; cos(wt), the experimental program is easily de-
signed. When the experiments are done, the two analog signals f(t) and
cos(wt) are the inputs of the UA206 and are converted into two digital signals
by two of the A/D converters. Then, the two digital signals are sent to the com-
puter via its PCI port. When the experimental program is executed, f(t),
cos(at), the calculated a, and the computed a, cos(wt) are displayed on the
computer screen. Thus, it is convenient to observe and record the experimental
waveforms.
To validate the direct calculation algorithm for calculating & cos(wt), the
simulations and the experiments are carried out. The simulation results are de-

picted in Table 1 and Figure 4, and the experimental results in Figure 5. In
{—10, 5<t<15

Table 1, f(t)= +10, 15<t<25

and f(t+20)= f(t); and a and a are

calculated by Equations (4) and (2), respectively. Table 1 indicates that the cal-
culated a, is correct within an allowable error when f (t) changes periodically
and when N is large enough. In Figure 4, MATLAB 7.0 is applied, N =500,
and T =0.02s.In Figure 5, N =200 and T =0.02s. Figure 4 and Figure 5
indicate that the calculated a is a constant and thus correct, when f (t) changes
periodically. The calculated a, tracks a smoothly and thus is not correct, and
all response times are 0.02 s (one period), when f (t) changes nonperiodically.
Particularly, the calculated a has a considerably large error when f(t) step
changes. In addition, the further experiments indicate that this algorithm is sta-
ble and reliable, and its calculation results are very slightly affected by small

changes in the frequency of f (t).

3.5. Brief Summary

We have derived a direct calculation algorithm. This algorithm correctly calcu-
lates its FCs when f(t) changes periodically, but not when f(t) changes
nonperiodically. Particularly, this algorithm has a considerably large calculation
error when f(t) step changes. Thus, it is necessary to find a method for cor-

rectly calculating its FCs, when f (t) changes nonperiodically.
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Table 1. The datasheet of N, a1, and &, .

N 100 500 1000 5000
a 12.728206 12.732228 12.732354 12.732394
a; 12.732395 12.732395 12.732395 12.732395

1 | | | I |
JAVAVAVAVAVAY
1=V |
izizinl

oF L L
20 1 1

20 - I I / N I I —

L el T T T

f(®) cos(wr)
f(®) cos(wr)
[

,_I
,_I
‘_I

|

=N
o O
I

20

aicos(wt) a1
! [\*)
(=)
%
aicos(wt) ai
b o
[=N=Ne)
%

0 20 40 60 80 100 120 0 20 40 60 80 100 120
(a) Time (ms) ) Time (ms)

| Sf(®) cos(wr)
B8 Llon
— g

aicos(w?t) ai
b w
[Nl
%

0 20 40 60 80 100 120
© Time (ms)

Figure 4. (a)-(c) The simulation results of the direct calculation algorithm for calculat-

ing a; Cos(a)t) with a step increase, a linear increase, and an exponential decrease, re-

spectively,in f(t).

4. Constant Iteration Algorithm

4.1. Constant Iteration Algorithm

It is assumed that &' denoting al" ™", a' of f(t) at the sampling time

t =t +T, has been calculated iteratively; and that al((N) denoting aIEN)* , & of
f (t) at the next sampling time, will be calculated iteratively. On the basis of

al((Nfl), a,((N) will approach a,EN)* when f(t) changes periodically, and track

when f(t) changes nonperiodically. However, whether a,ENfl) 2 aﬁN)* cannot
be determined; thus, a tentative comparison is adopted to determine the iterative
calculation direction according to Theorem 2.1.

It is assumed that A, represents the iteration step. Then, it follows from Theo-
rem 2.1 that

2

[F()-a" Y eos ()] (5)

F
1]
L=

A= [ onJon 0]
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Figure 5. (a)-(c) The experimental results of the direct calculation algorithm for calcu-

lating a, Cos(a)t) with no change, a slow decrease, and a step decrease, respectively, in

£(t).

and

N 2
Ax = | (i)=[a"™ ~h, Joos, (i)} - %)
i1
From Equations (5)-(7), it is obtained that

A=Ay - A, = —4hkiZNl:[f (i)cos, (i)]+4hka§Nl>_Nzl[cosk (i)T

(8)
N
=—4h Y[ f (i)cos, (i) ]+4nal ICs =4h Ay,
=
Ao = Aq— Ao =20 A + hkzcss ; 9
and
Akzo = Akz - AkO = _th Akoo + thCSS. (10)

In Equations (8)-(10),
N
Cu :Zl;[cosk(i)]2 (11)

and
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A =—i[f (i)cos, (i)]+al" VCq. (12)

According to Equations (8), (11), and (12), Ao and Au, have the same sign; and

from the signs of A, Auo, and Ay, the absolute minimum is determined. Thus,
N

from Theorem 2.1, an algorithm for calculating a1(< ) is obtained and illustrated in

Figure 6.

At the sampling time t=t, +NT/(N-1), al™ is calculated by the algorithm
illustrated in Figure 6, and then a; cos(kawt)=a") cos, (N). Similarly, at the
next sampling time, a; cos(kat)=a"* cos, (N +1). .... This algorithm is des-
ignated as a constant iteration algorithm for calculating a; cos(kat) because it
has the constant iteration step /A

Similarly, a constant iteration algorithm for calculating by sin(kat) can be
derived. The constant iteration algorithm for calculating a, COS(ka)t) and that
for calculating by sin(kwt) are together designated as a constant iteration algo-

rithm for calculating the FS of f (t), or a constant iteration algorithm for short.

4.2. Calculation Complexity Analysis

From the constant iteration algorithm for calculating &, cos(wt), its calculation
complexity depends mainly on calculating Ao and Aiio, or Aigp and Ajz. The
calculation complexity of A is the same as that of A». Moreover, 2A;, —2A;,
i[cosl(i)]z , and I’IIZ%I[COS1 (i)]2 are constants because /; and N are. Thus,
i=1 i1
similarly, from the calculation complexity analysis of the direct calculation algo-
rithm for calculating a; cos(wt), the calculation complexity of Ay is one addi-
tion operation, one subtraction operation, and two multiplication operations.
That of Ay, is one addition operation and one multiplication operation. Thus,
its main calculation complexity per iteration is two addition operations, one
subtraction operation, and three multiplication operations. Therefore, it is very

low and does not change with M.

4.3. Calculation Accuracy Analysis

When f(t) changes periodically, the precondition for Equation (1) is satisfied.

Calculate Ay using Equation (12).

Yes
Calculate 4y, using Equation (10). Calculate 40 using Equation (9).
No @ Yes Yes @ No
a® = a0 _p | | a® = a0 | | g™ = a®-+p,

Figure 6. The constant iteration algorithm for calculation a"’.
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Thus, the larger N and the smaller 4, the higher the accuracy of the calculated
a;, according to the constant iteration algorithm for calculating a; cos(at), the
FSof f(t), and the sampling theorem. For this reason, the calculated a, is cor-
rect within an allowable error because 4, can be small enough and N large
enough because of the very low calculation complexity of this algorithm and the
very high calculation speed of existing DSPs.

When f(t) changes nonperiodically, the precondition for Equation (1) is
not satisfied. Thus, the calculated a, is not correct, and its accuracy depends on
the tracking performance of this algorithm. From the following simulation re-

sults, the calculated a, tracks @, smoothly.

4.4. Simulation Results

To validate the constant iteration algorithm for calculating a, COS(a)t) , the si-
mulations are done, and the simulation results are presented in Figure 7. In
Figure 7, N =500, T =0.02s, and h =0.025. Figure 7 indicates that the
calculated 4 is a constant and thus correct, when f (t) changes periodically.
The calculated a tracks a smoothly and thus is not correct, and all response
times are about 0.02 s (one period), when f (t) changes nonperiodically. Be-
sides, Ay gravely affects the calculation performance of this algorithm, and should
be selected appropriately.

s 1 T T T T T s 1 T T T T T
S -1 M M S -l M M
20 | 20 | |
S 3F LYY sxpr UL
<

B e

§ 20 s 20 ~
<O <O
NN NN
g 0 Zz 0fF
220 ) 1 M MY 220 ) 1 ) MV

0 20 40 60 80 100 120 0 20 40 60 80 100 120
(a) Time (ms) (b) Time (ms)

s 1 | | | | |
RIAVAVAVAVAVAY
8 -1 LY v
20 | | |
sr L L
<

20— [
s 20F ol

aicos(wt)
h
Sod o
%

(=]
[
(=]

60
(o)

80 100 120

Time (ms)

Figure 7. (a)-(c) The simulation results of the constant iteration algorithm for calculating
a; cos(wt) with a step increase, a linear increase, and an exponential decrease, respec-

tively, in f (t) .
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4.5. Brief Summary

We have derived a constant iteration algorithm. This algorithm has the constant
iteration step seriously affecting its calculation performance. Therefore, the con-
stant iteration step should be neither too large nor too small, and be selected ap-
propriately. This algorithm does not perform as well as the direct calculation al-
gorithm does; however, it provides an idea of determining the states of f (t).

The idea may have significant applications in further research.

5. Optimal Iteration Algorithm
5.1. Optimal Iteration Algorithm

The iteration step of the constant iteration algorithm for calculating
a, COS(ka)t) is the constant /A, and thus cannot accurately reflect the actual
conditions. Under the actual conditions, the iteration step should be large when
ai((Nfl) —aﬁN)*‘ is small. Then, how do
we determine the optimal iteration step Ax-opd

In Figure 6, if A4, <0, then af(“') = al((Nfl) +h, s and Ao can be regarded as
a function of Ay, according to Equation (9). If it is assumed that
q(h )= Ago =2hAg +hiCy, then q(h,) attains its absolute minimum at
he = Ao /Cy - Thus, the optimal iteration step is h, . =— A, /Cy -

Similarly, the optimal iteration step is h
tion (10).

Thus, from Figure 6, an algorithm for calculating af{N) is obtained and de-

‘a&“’l) —af(N)*‘ is large, and small when

= Ao /Cs, » according to Equa-

k -opt

picted in Figure 8.

At the sampling time t=t, +NT/(N-1), al" is calculated by the algorithm
depicted in Figure 8, and then a; cos(kat)=al" cos, (N). Similarly, at the
next sampling time, a; cos(kat)=a"* cos, (N +1). .... This algorithm is des-
ignated as an optimal iteration algorithm for calculating a; cos(kat) because it

has the optimal iteration step A.op-

Calculate Az using Equation (12).

Yes No

Calculate Ay using Equation (10). Calculate A0 using Equation (9).

@ Yes Yes ®

No No
a®™ = a®¥-".

. - A N . . N i
a" =a"" - % = > [/ (i)cos, (D] / X [cos, (D
g i=1 i=1

SS

Figure 8. The optimal iteration algorithm for calculating a"’.
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Similarly, an optimal iteration algorithm for calculating by sin(ket) can be
derived. The optimal iteration algorithm for calculating a; cos(kot) and that
for calculating by sin(kat) are collectively designated as an optimal iteration
algorithm for calculating the FS of f (t), or an optimal iteration algorithm for
short.

5.2. Brief Summary

We have derived an optimal iteration algorithm. This algorithm is essentially
consistent with the direct calculation algorithm. It has the optimal iteration step,
and thus performs better than the constant iteration algorithm does. Besides,
this algorithm, like the constant iteration algorithm, provides an idea of deter-
mining the states of f (t). The idea may be important in discovering an algo-

rithm for determining the states of f (t).

6. Biproportional Construction Algorithm

6.1. Biproportional Construction Theory

If f(t) is in stable states in the period [t,, t,+T], then a,ENfl) calculated by
Equation (4) equals aIENfl)* within an allowable error when N is large enough,
according to Definition 2.1.

If f(t) isina stable state at the sampling time t=t,+NT/(N -1):

f (N)= f (1), then it follows from Equation (4) that
N N
alV :;[f(i)cosk(i)} ;[cosk(i)]z. (13)

From Definition 2.3, aﬁN) =a£N)* within an allowable error when N is large
enough. On the contrary, if f(t) is in an unstable state at the sampling time
t=t,+NT/(N-1): f(N)=f(1), then al™ =al™" cannot be ensured within
an allowable error even though N is large enough. However, f,(t) is con-
structed from f (1), f(N),and f(t) in stable states in the period

[t t,+T]. The constructed f,(t) in the period satisfies

f,(t)/f(t)=f(N)/f(1)=2, f(1)=0. (14)
That is, f,(t) is proportional to f(t) in the period. If it is assumed that N
discrete values of f,(t) are definedas f,(i)=f,(t,+iT/(N-1)), then
fl(i):lf (I) from Equation (14), for i=0, 1, -, (N—l). Thus, it is ob-
tained from Equation (4) that

. ST h()eos, ()] X[ (i)eos, (i)]
aV =10 — =A% — =3, (15)
;[cosk (i)] ;[cosk (i)]

According to Equation (15) and Definition 2.4, aIEN)' = alﬂN)* within an allowa-
ble error when Nis large enough. This discovery is designated as a first propor-
tional construction theory discovered with the aims of calculating a") and

ensuring that af(N)' = al((N)* within an allowable error when Nis large enough.
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At the sampling time t=t +NT / (N —1), the precondition for the first pro-
portional construction theory correctly calculating aﬁN)’ is that f(t) is in
stable states in the period [t,, t, +T]. Here, the term “stable states” mean that

f(t) is in “stable states” in the period if al((Nfl) calculated by Equation (4)
equals aﬁNfl)* within an allowable error when Nis large enough.
When the next sample f (N +1) arrives, f(t) is in unstable states in the pe-

riod [t +T/(N-1), t, + NT/(N-1)]. Thus, the precondition for correctly cal-
culating a™™", a’ of f (t) at the sampling time t=t,+(N+1)T/(N-1),
does not exist. For this reason, although a™*? denoting a" ™"
lated similarly to a("", a("™" =a(*J" cannot be ensured within an allowa-

can be calcu-

ble error even though N is large enough. Nevertheless, f,(t) is constructed
from a"), a™',and f (t) in unstable states in the period

[t,+T/(N-1), t, + NT/(N —1)]. The constructed f,(t) in the period fulfils
L)/t (1)=a"/a!" =n (16)

That is, f,(t) is proportional to f(t) in the period. If it is assumed that N
discrete values of f,(t) aredefinedas f,(i)=f,(t,+iT/(N -1)), then
f,(i)=nf (i) from Equation (16), for i=1, 2,---,N. Thus, from Equations
(4), (13), and (16), and the first proportional construction theory, it is deduced
that

(N _ g[fZ(i)cosk ol B ”iNZl[f (i)cos, (i)]
i[COSk ()] i[cosk (i)

al =pa™ =alV =alV".  (17)
i=1 i=1

From Equation (17), f,(t) is in stable states in the period

[t,+T/(N-1), t, + NT/(N 1) |. Therefore, the period is considered as the pe-
riod in front of f(N+1), and thus a precondition for correctly calculating
al((NH)* is created. This discovery is designated as a second proportional con-
struction theory discovered with the goal of creating the precondition.

The first and the second proportional construction theory are together desig-
nated as a biproportional construction theory for calculating a,, which cor-
rectly calculates a; eventhough f(t) isin an unstable state.

Similarly, a biproportional construction theory for calculating b, can be ob-
tained, which correctly calculates by even though f (t) isin an unstable state.
The biproportional construction theory for calculating a; and that for calcu-
lating by are collectively designated as a biproportional construction theory for
calculating the FCs of f (t), or a biproportional construction theory for short.
The biproportional construction theory correctly calculates its FCs even though

f (t) isin an unstable state.

6.2. Biproportional Construction Algorithm

It is assumed that f, (i) correspondingto f (i) represent the data processed

by the biproportional construction theory for calculating a, for
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i=1, 2, ---, N ; and that the calculated aﬁNfl)' equals ai((Nfl)* within an allowa-
ble error at the sampling time t=t +T.

The direct calculation algorithm for calculating a, COS(k(Dt) is used to calcu-
late a; accurately when f(t) changes periodically, and the biproportional con-
struction theory for calculating a; when f(t) changes nonperiodically. There-
fore, an algorithm for calculating al((N)' is obtained and shown in Figure 9.

At the sampling time t=t +NT/(N-1),
rithm shown in Figure 9, and then a; cos(ket)=

aﬁN)’ is calculated by the algo-
a™ cos, (N). Similarly, at
a™™ cos, (N +1). ...
designated as a biproportional construction algorithm for calculating

the next sampling time, a; cos(kat)=a, This algorithm is
a, COS(ka)t) because it is based on the biproportional construction theory for
calculating a .

Similarly, a biproportional construction algorithm for calculating
be sin(kat) can be obtained. The biproportional construction algorithm for cal-
culating a; cos(kot) and that for calculating by sin(kawt) are together desig-
nated as a biproportional construction algorithm for calculating the FS of f (t),

or a biproportional construction algorithm for short.

6.3. Algorithm for Determining the States of f{¢t)

From the biproportional construction algorithm for calculating a, cos(kat), it

Determine the state of f(7) at 1= 1, +NT/(N-1).

v

Is f(¢) in a stable state at =, +NT/(N—-1)?

Yes No
_Js(V)
£,
, ak(N)' — la (N*l)'
[/ (i) cos, (i)] “
a™ = ;V i " Z[f(l) cos, (1]
a™ = ’ZIN—,
2 feos, (0F 3 feos, ()
.}‘(d = f‘(l)» e
J.(2)=1(2), =G>
CIk

JaM=n1,Q),
Ja(2)=114(2),

and f,(N)=f(N).

vory

and f,(N)=nf,(N).

Figure 9. The biproportional construction algorithm for calculating

al™',
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is required to determine the states of f (t) accurately. Thus, how to determine
the states of f (t) accurately is certainly a key problem that has to be solved.

In the optimal iteration algorithm for calculating a; cos(kat), at the sam-
pling time t=t, +NT/(N-1), f(t) may be in a stable state when

af(N) = aISNfl) , and must be in an unstable state when

N N
a&N) - Z_;[f (i)cos, (I)] Zl“[cosk (i)}2 . Thus, this algorithm provides an idea

of determining the states of f (t). From the idea, an algorithm for determining
the states of f (t) based on the optimal iteration algorithm is obtained; and the
algorithm for determining the state of f (t) at the sampling time

t=t +NT/(N-1) isillustrated in Figure 10.

The constant /i is the iteration step of the algorithm, and thus must seriously
affect its determination accuracy. For this reason, /A should be selected appro-
priately to determine the states of f(t) accurately, whereas it is very difficult
to do so. Therefore, it is necessary to find the variable iteration step that can help
in accurately determining the states of f (t) and that can change with f (t).

The computation formulae of a,ENfl) , af(N), A, An, and Aj are Equations
(4), (13), (5), (6) and (7), respectively. If f(t) is in a stable state at the sam-
pling time t=t +NT/(N-1),then A, <A, and A, <A,.From
Ao, <A, and A, <A,, it follows that

h, 22[a£N)—a£N’1)] (18)

and

h >2[a"? -aV |, (19)

respectively. If f (t) isin an unstable state at the sampling time

t=t,+NT/(N-1),then Ay>A, or A,>A,.From A,>A, and
A, = A, , it is obtained that

h <2[a™ —a" | (20)

Calculate A4 using Equation (12).

Yes W No

Calculate Ao using Equation (10). Calculate 4y using Equation (9).

f() is in a stable state at t =1, +NT/(N-1).

f(?) is in an unstable state at 1=, +NT/(N-1).

Figure 10. The algorithm for determining the state of f(t) at the sampling
time t=t +NT / (N —1) based on the optimal iteration algorithm.
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and

h <2[a" Y -a"], (21)

respectively.
From inequalities (18)-(21), h, = Z‘al((N) —al((Nfl) =2X, must be a critical val-
N) A (N-1)

ue to determine the states of f (t), where X = ‘ak —al ‘ .

In the algorithm for determining the states of f(t) based on the optimal
iteration algorithm, if it is assumed that h, >2x,, h, =2X,, or h, <2Xx,, then
a function of 2x, can be studied. To discover the function, the simulations are
conducted. The simulation results indicate that f (t) is in stable states at all
sampling times when h, > 2X,, and in stable states at some sampling times and
in unstable states at the others when h, =2x, . Fortunately, this algorithm ac-
curately determines the states of f (t) when h, <2x,.

It is assumed that h,, =24 x, =24, ‘af(N) —al((N’l)‘, where 0< 4 <1. Then,
substituting A, for A, in Equations (9) and (10) yields

2
A(lOv = ‘uk ‘alEN) - alEN_l) AkOO +(2/1k ‘aLEN) - alEN_l) ) Css (22)

and

)2 Ces. (23)

Ao +(2/11< ‘aliN) - alENil)

A<20v = _4/11< ‘aIEN) _aliNil)

respectively.

From the algorithm for determining the states of f (t) based on the optimal
iteration algorithm, an algorithm for determining the states of f (t) based on
the variable iteration step /.. is obtained. The algorithm for determining the
state of f(t) at the sampling time t=t, +NT/(N -1) is presented in Figure
11.

6.4. Calculation Complexity Analysis

According to the biproportional construction algorithm for calculating a; cos(wt),

Calculate Ay using Equation (12).

Yes W No

Calculate 4, using Equation (23). Calculate 4410, using Equation (22).

Yes Yes

f(#) is in a stable state at r=1,+NT/(N-1).

f(?) is in an unstable state at 1= +NT/(N-1).

Figure 11. The algorithm for determining the state of f (t) at the sampling time
t=t +NT / (N —1) based on the variable iteration step.
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its main calculation complexity per iteration depends on that the NV data are up-
dated. That is, f(1) =nf(1), f(2) =pf(2), -, and f(N) =nf(N).
Thus, it is N multiplication operations.

The calculation complexity of this algorithm is much higher than that of the
direct calculation algorithm or the constant iteration algorithm for calculating
a; cos(wt) . However, it is relatively low compared to the very high calculation
speed of existing DSPs. Therefore, this algorithm can be implemented because N

can be large enough.

6.5. Calculation Accuracy Analysis

From the biproportional construction algorithm for calculating a; cos(wt), the
direct calculation algorithm for calculating a; cos(wt) correctly calculates a;
when f(t) changes periodically. The biproportional construction theory for
calculating a correctly computes a; when f(t) changes nonperiodically.
Thus, this biproportional construction algorithm correctly calculates a whether

f (t) changes periodically or nonperiodically.

= 1 | | | | | = 1 | I | | |
ER mid S -1 M M
20 20 I |
sep Yy syl
S0 D20 )
1= ! | .
“n 1)
g = -  — | l
~ T T _ T
< 20} < 20| e
<O b ~10F b
S20E T I8N I~ I~ T 20 T I 1 I
=20 ) 1 M MY 220 1 1M V)
0 20 40 60 80 100 120 0 20 40 60 80 100 120
(a) Time (ms) (b) Time (ms)
2 1 T~ T~ T~ T~ 1
S -1 (A H |
20 | I B
sl L b——
\—20— | |
1 = | |
"
0

)
=3
|

ar'cos(wt) ar'
|
)
SO O O
?

0 20 40 60 80 100 120

(©) Time (ms)

Figure 12. (a)-(c) The simulation results of the biproportional construction algorithm for

calculating a; Cos(a)t) with a step increase, a linear increase, and an exponential decrease,

respectively, in  f (t).
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6.6. Simulation Results and Experimental Results

To validate the biproportional construction algorithm for calculating
a,; cos(wt), the simulations and the experiments are conducted. The simulation
results are depicted in Figure 12, and the experimental results in Figure 13. In
Figure 12, N =500, 4, =075, and T =0.02s. In Figure 13, N =200,
A4, =0.75,and T =0.02s. In Figure 12 and Figure 13, s represents the state of
f(t): s=0 signifies that f(t) is in a stable state, and s=1 that f(t) is
in an unstable state. Figure 12 and Figure 13 indicate that the calculated a/ is
a constant and thus correct, when f(t) changes periodically. All response

times are 0 s and thus the calculated a; is also correct, when f(t) changes

nonperiodically. In addition, this algorithm accurately determines the states of

f(t).

S UNAANNAANANNANT SUANANAANNANNAN
z INV VY \/ ERVAVAVAVAVAVEVAVAVAY/
02 02 B o O o O o
o So | LU
< = L
— Lt L L Ll LJ L o |+ L] Ld
Qzl\]\AAAAAAAA Q2 A
ANAANNANNNNT ANA N .
RV ARANAWAWARANAWAWAN! s o VA A AN A
SOV Yy VR VE YR VAVEYRVAVEVAY,
soVVVVV VY SEPSIVEY VALYV VA
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Figure 13. (a)-(c) The experimental results of the biproportional construction algorithm

for calculating a; cos(wt) with no change, a slow decrease, and a step decrease, respec-

tively, in f (t) .
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6.7. Brief Summary

We have built a biproportional construction theory, and then proposed a bipro-
portional construction algorithm from the theory. From this biproportional con-
struction algorithm, the direct calculation algorithm correctly calculates its FCs
when f (t) changes periodically, and the biproportional construction theory when
f (t) changes nonperiodically. Therefore, this biproportional construction al-
gorithm correctly calculates its FCs whether f (t) changes periodically or non-

periodically, and thus its FS.

7. Conclusions

The FS applies to a periodic non-sinusoidal function satisfying the Dirichlet con-
ditions, whereas the being-processed function f (t) in practical applications is
usually an aperiodic non-sinusoidal signal. When f (t) is aperiodic, its calcu-
lated FS is not correct, being still a challenging problem today.

To resolve the problem, we have correctly defined several basic concepts, such
as f(t) ina stable state, f(t) in an unstable state, the FCs of f(t) in a sta-
ble state, and the FCs of f(t) in an unstable state. In particular, the definition
of the FCs of f (t) in an unstable state is of great significance in correctly cal-
culating these FCs.

We have derived a direct calculation algorithm, a constant iteration algorithm,
and an optimal iteration algorithm. The direct calculation algorithm correctly
calculates its FCs when f (t) changes periodically. Both the constant iteration
algorithm and the optimal iteration algorithm provide an idea of determining
the states of f (t). From the idea, we have obtained an algorithm for determin-
ing the states of f(t) based on the optimal iteration algorithm. In the algo-
rithm, the variable iteration step is introduced, and thus we have presented an
algorithm for determining the states of f(t) based on the variable iteration
step. The presented algorithm accurately determines the states of f (t).

On the basis of the definitions and algorithms, we have built a biproportional
construction theory. The biproportional construction theory consists of a first
and a second proportional construction theory. The first proportional construc-
tion theory correctly calculates the FCs of f (t) at the present sampling time.
The second proportional construction theory creates a precondition for correctly
calculating the FCs of f (t) at the next sampling time. From the biproportional
construction theory, we have proposed a biproportional construction algorithm.
The proposed biproportional construction algorithm correctly calculates its FCs
whether f(t) is periodic or aperiodic, and thus its FS. Therefore, the problem
is solved.

The biproportional construction theory and the biproportional construction
algorithm extend the application range of the FS, and have considerable theoret-
ical and practical significance.

Acknowledgements

This work was supported by the Priority Academic Program Development of

DOI: 10.4236/eng.2021.1310036

522 Engineering


https://doi.org/10.4236/eng.2021.1310036

Z.C. Lietal

Jiangsu Higher Education Institutions (PAPD). The authors would like to thank
the editors and referees for their valuable advice for the improvement of this ar-

ticle.

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this ar-

ticle.

References

[1] Kendall, D.G., Batchelor, G.K., Bingham, N.H., Hayman, W.K,, Hyland, ].M.E., Lo-
rentz, G.G., Moffatt, H.K., Parry, W., Razborov, A.A., Robinson, C.A. and Whittle,
P. (1990) Andrei Nikolaevich Kolmogorov (1903-1987). Bulletin of the London
Mathematical Society, 22, 31-100. https://doi.org/10.1112/blms/22.1.31

[2] Carleson, L. (1966) On Convergence and Growth of Partial Sums of Fourier Series.
Acta Mathematica, 116, 135-157. https://doi.org/10.1007/BF02392815

[3] Iserles, A. and Norsett, S.P. (2008) From High Oscillation to Rapid Approximation
I: Modified Fourier Expansions. IMA Journal of Numerical Analysis, 28, 862-887.
https://doi.org/10.1093/imanum/drn006

[4] Mozumder, M. and Tarvainen, T. (2020) Time-Domain Diffuse Optical Tomogra-
phy Utilizing Truncated Fourier Series Approximation. Journal of the Optical So-
ciety of America A, 37, 182-191. https://doi.org/10.1364/JOSAA.37.000182

[5] Khazaeli, R., Nazari, M.R. and Zadehgol, A. (2008) Introducing Unsteady and
Nonuniform Source Terms in Entropic Lattice Kinetic Models Using Fourier Series.
Physical Review E, 98, Article ID: 053303.
https://doi.org/10.1103/PhysRevE.98.053303

[6] Tsai, C.L., Chen, W.T. and Chang, C.S. (2016) Polynomial-Fourier Series Model for
Analyzing and Predicting Electricity Consumption in Buildings. Energy & Build-
ings, 127, 301-312. https://doi.org/10.1016/j.enbuild.2016.05.083

[71 Niu, F., O’Neill, Z. and O’Neill, C. (2018) Data-Driven Based Estimation of HVAC
Energy Consumption Using an Improved Fourier Series Decomposition in Build-
ings. Building Simulation, 11, 633-645. https://doi.org/10.1007/s12273-018-0431-2

[8] Lin, Y., Quindroit, C. and Jang, H. (2015) 3-D Fourier Series Based Digital Predis-
tortion Technique for Concurrent Dual-Band Envelope Tracking with Reduced

Envelope Bandwidth. JEEE Transactions on Microwave Theory and Techniques, 63,
2764-2775. https://doi.org/10.1109/TMTT.2015.2452271

[9] Gomez-Arista, 1., Davila-Pintle, J.A., Montalvo-Montalvo, N., Rubin-Alvarado,
A.A., Bravo-Garcia, Y.E. and Reynoso-Lara, E. (2020) Fourier Coefficients Applied
to Improve Backscattered Signals in a Short-Range LIDAR System. Electronics, 9,
390. https://doi.org/10.3390/electronics9030390
[10] Tavighi, A., Marti, J.R. and Galvan, V.A. (2018) Time-Window-Based Discrete-
Time Fourier Series for Electromagnetic Transients in Power Systems. /EEE Trans-
actions on PowerDe]ivery, 33, 2551-2561.
https://doi.org/10.1109/TPWRD.2018.2794887

[11] Hamed, H.D. and Reza, G. (2019) A New Approach to Design an Observer for Load
Current of UPS Based on Fourier Series Theory in Model Predictive Control Sys-

tem. International Journal of Electrical Power & Energy Systems, 104, 898-909.
https://doi.org/10.1016/].ijepes.2018.07.047

[12] Liu, G, Chi, C, Jin, Y., Ma, Y., Sun, L., Li, L. and Sun, Y. (2017) Analysis of Non-

DOI: 10.4236/eng.2021.1310036 523 Engineering


https://doi.org/10.4236/eng.2021.1310036
https://doi.org/10.1112/blms/22.1.31
https://doi.org/10.1007/BF02392815
https://doi.org/10.1093/imanum/drn006
https://doi.org/10.1364/JOSAA.37.000182
https://doi.org/10.1103/PhysRevE.98.053303
https://doi.org/10.1016/j.enbuild.2016.05.083
https://doi.org/10.1007/s12273-018-0431-2
https://doi.org/10.1109/TMTT.2015.2452271
https://doi.org/10.3390/electronics9030390
https://doi.org/10.1109/TPWRD.2018.2794887
https://doi.org/10.1016/j.ijepes.2018.07.047

Z.C. Lietal.

(13]

(14]

[15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

[25]

(26]

Sinusoidal Steady Electric Field of +500 kV Converter Transformer. Energy and Pow-
er Engineering, 9, 53-62. https://doi.org/10.4236/epe.2017.94B007

Bolhasani, M., Ghafi, E.K., Ghorashi, S.A. and Mehrshahi, E. (2019) Waveform Co-
variance Matrix Design Using Fourier Series Coefficients. /JET Signal Processing, 13,
562-567. https://doi.org/10.1049/iet-spr.2019.0024

Bahaz, M. and Benzid, R. (2018) Efficient Algorithm for Baseline Wander and Po-
werline Noise Removal from ECG Signals Based on Discrete Fourier Series. Austra-

lasian Physical & Engineering Sciences Medicine, 41, 143-160.
https://doi.org/10.1007/s13246-018-0623-1

Mastriani, M. (2018) Quantum-Classical Algorithm for an Instantaneous Spectral
Analysis of Signals: A Complement to Fourier Theory. Journal of Quantum Infor-
mation Science, 8, 52-77. https://doi.org/10.4236/jqis.2018.82005

Scheibler, R. and Hurley, P. (2012) Computing Exact Fourier Series Coefficients of
IC Rectilinear Polygons from Low-Resolution Fast Fourier Coefficients. Proceed-
ings of the International Society for Optical Engineering, 8326, Article ID: 83262V.
https://doi.org/10.1117/12.916360

Zadiraka, V.K., Kolomys, E.N. and Luts, L.V. (2013) Effective with Respect to Ac-
curacy Algorithms of Approximation of Some Classes Functions by Fourier Series.
Journal of Automation and Information Sciences, 45, 14-29.

https://doi.org/10.1615/JAutomatInfScien.v45.i7.30

Maddi, A., Guessoum, A. and Berkani, D. (2013) Applying a Technique of Identifi-
cation for Computing Fourier Series Coefficients. Proceedings of the World Con-
gress on Engineering, London, 3-5 July 2013, Vol II.

Gruber, C. and Abrykosov, O. (2016) On Computation and Use of Fourier Coeffi-
cients for Associated Legendre Functions. Journal of Geodesy, 90, 525-535.
https://doi.org/10.1007/s00190-016-0891-z

Nakagawa, K. and Fujimori, K. (2018) Design of the RF-DC Conversion Circuit by
GA Adopting Mutation Based on Fourier Coefficients on Unit Structures. 2018 Progress

in Electromagnetics Research Symposium, Toyama, 1-4 August 2018, 1900-1904.
https://doi.org/10.23919/PIERS.2018.8597950

Ruiz, A. (2018) Fourier Coefficients and Moments of Piecewise-Circular Curves.
Pattern Recognition Letters, 116, 238-245.
https://doi.org/10.1016/j.patrec.2018.10.033

Lytvyn, O.M., Lytvyn, O.G. and Lytvyn, O.0. (2019) Method of Calculating Fourier
Coefficients of Three Variable Functions Using Tomogram. 9tA International Con-
ference on Advanced Computer Information Technologies, Kharkiv, 5-7 June 2019,
125-128. https://doi.org/10.1109/ACITT.2019.8779938

Kumar, A. and Ramakrishnan, B. (2018) Estimates for Fourier Coefficients of Her-
mitian Cusp Forms of Degree Two. Acta Arithmetica, 183, 257-275.
https://doi.org/10.4064/2aa170301-26-10

Gibert, P., Panciatici, P., Losseau, R., Guironnet, A., Tromeur-Dervout, D. and Er-
hel, J. (2018) Speedup of EMT Simulations by Using an Integration Scheme Enriched
with a Predictive Fourier Coefficients Estimator. JEEE PES Innovative Smart Grid
Technologies Conference, Europe, 1 October 2018, 1-6.
https://doi.org/10.1109/ISGTEurope.2018.8571899

Jiang, D. and Liu, B. (2013) On Fourier Coefficients of Automorphic Forms of
GL(n). International Mathematics Research Notices, 2013, 4029-4071.
https://doi.org/10.1093/imrn/rns153

Alaca, A, Alaca, S. and Aygin, Z.S. (2015) Fourier Coefficients of a Class of Eta Qu-

DOI: 10.4236/eng.2021.1310036

524 Engineering


https://doi.org/10.4236/eng.2021.1310036
https://doi.org/10.4236/epe.2017.94B007
https://doi.org/10.1049/iet-spr.2019.0024
https://doi.org/10.1007/s13246-018-0623-1
https://doi.org/10.4236/jqis.2018.82005
https://doi.org/10.1117/12.916360
https://doi.org/10.1615/JAutomatInfScien.v45.i7.30
https://doi.org/10.1007/s00190-016-0891-z
https://doi.org/10.23919/PIERS.2018.8597950
https://doi.org/10.1016/j.patrec.2018.10.033
https://doi.org/10.1109/ACITT.2019.8779938
https://doi.org/10.4064/aa170301-26-10
https://doi.org/10.1109/ISGTEurope.2018.8571899
https://doi.org/10.1093/imrn/rns153

Z.C. Lietal

otients of Weight 2. International Journal of Number Theory, 11, 2381-2392.
https://doi.org/10.1142/S1793042115501109

[27] Tang, H. (2013) Estimates for the Fourier Coefficients of Symmetric Square L-Func-
tions. Archiv der Mathematik, 100, 123-130.
https://doi.org/10.1007/s00013-013-0481-8

[28] Dickson, M.]J. (2015) Fourier Coefficients of Degree Two Siegel-Eisenstein Series
with Trivial Character at Square Free Level. Ramanujan Journal, 37, 541-562.
https://doi.org/10.1007/s11139-014-9633-0

[29] Hundley, J. and Zhang, Q. (2016) Fourier Coefficients of Theta Functions at Cusps
other than Infinity. Acta Arithmetica, 175, 341-383.
https://doi.org/10.4064/228278-4-2016

DOI: 10.4236/eng.2021.1310036 525 Engineering


https://doi.org/10.4236/eng.2021.1310036
https://doi.org/10.1142/S1793042115501109
https://doi.org/10.1007/s00013-013-0481-8
https://doi.org/10.1007/s11139-014-9633-0
https://doi.org/10.4064/aa8278-4-2016

	A Biproportional Construction Algorithm for Correctly Calculating Fourier Series of Aperiodic Non-Sinusoidal Signal
	Abstract
	Keywords
	1. Introduction
	2. Definitions and Theorem
	3. Direct Calculation Algorithm
	3.1. Direct Calculation Algorithm
	3.2. Calculation Complexity Analysis
	3.3. Calculation Accuracy Analysis
	3.4. Simulation Results and Experimental Results
	3.5. Brief Summary

	4. Constant Iteration Algorithm
	4.1. Constant Iteration Algorithm
	4.2. Calculation Complexity Analysis
	4.3. Calculation Accuracy Analysis
	4.4. Simulation Results
	4.5. Brief Summary

	5. Optimal Iteration Algorithm
	5.1. Optimal Iteration Algorithm
	5.2. Brief Summary

	6. Biproportional Construction Algorithm
	6.1. Biproportional Construction Theory
	6.2. Biproportional Construction Algorithm
	6.3. Algorithm for Determining the States of f(t)
	6.4. Calculation Complexity Analysis
	6.5. Calculation Accuracy Analysis
	6.6. Simulation Results and Experimental Results
	6.7. Brief Summary

	7. Conclusions
	Acknowledgements
	Conflicts of Interest
	References

