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Abstract

The two-dimensional spreading under gravity of a thin fluid film with suction
(fluid leak-off) or blowing (fluid injection) at the base is considered. The thin
fluid film approximation is imposed. The height of the thin film satisfies a
nonlinear diffusion equation with a source/sink term. The Lie point symme-
tries of the nonlinear diffusion equation are derived and exist, which pro-
vided the fluid velocity at the base, V, satisfies a first order linear partial dif-
ferential equation. The general form has algebraic time dependence while a
special case has exponential time dependence. The solution in which Vv, is
proportional to the height of the thin film is studied. The width of the base
always increases with time even for suction while the height decreases with
time for sufficiently weak blowing. The streamlines of the fluid flow inside the
thin film are plotted by first solving a cubic equation. For sufficiently weak
blowing there is a dividing streamline, emanating from the stagnation point
on the centre line which separates the fluid flow into two regions, a lower re-
gion consisting of rising fluid and dominated by fluid injection at the base
and an upper region consisting of descending fluid and dominated by
spreading due to gravity. For sufficiently strong blowing the lower region ex-
pands to completely fill the whole thin film.
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1. Introduction

Thin fluid films occur in nature and they also play a significant role in many
technological processes such as in coating applications and in the spreading of
paints. There are important applications of thin fluid films to the lung [1] and
the eye [2]. Reviews of the research up to the year 2000 on the spreading of thin
fluid films and liquid drops have been given by Oron et al [3] and by Davis [4].

Thin fluid flows usually occur under the action of gravity [5], surface tension
gradients [4] or on a rotating substrate [6] [7]. The moving contact line at the
boundary of the thin fluid film has been studied by O’Brien and Schwartz [8]
and by Hocking [9]. Davis and Hocking [10] [11] have considered the spread-
ing of a liquid drop on a porous base. The spreading of an axisymmetric liquid
drop with fluid injection or suction at the base has been investigated by Mason
and Momoniat [12] who later extended their work to include surface tension
[13].

A study of the streamlines of the flow in a thin film can illustrate how the thin
fluid film spreads. Momoniat et a/ [14] investigated the effect of slot injection or
suction on the spreading of a thin film where the surface tension gradient and
gravity effects are included. They also investigated the behaviour of the stream-
lines and how they evolve with suction or blowing. They found that a breakup of
the streamlines occurs. Mason and Chung [15] considered the spreading of a
thin liquid drop with slip at the base but without fluid injection or suction at the
base. The streamlines made clear the properties of the flow. It was found that
vortices can occur at the base and close to the axis of the liquid drop.

The motivation for this research is to obtain an improvement on our under-
standing of the fluid flow inside a spreading thin fluid film with suction or
blowing at the base by analysing the streamlines of the flow.

In general a nonlinear diffusion equation for the height of the thin film occurs
in the mathematical formulation of thin fluid film flows. Exact analytical solu-
tions for these equations have been found in the form of similarity solutions [16]
[17]. The application of Lie group analysis of differential equations has been
successful in solving problems in thin fluid film theory [18] [19] [20] and this
method will be used here to reduce the nonlinear diffusion equation obtained to
an ordinary differential equation. The half-width of the base is obtained during
this reduction.

In this paper we investigate the effect of suction and blowing at the base on
the spreading under gravity of a two-dimensional thin fluid film. The general
form of the suction/blowing velocity at the base is determined from the condi-
tion that the partial differential equation and boundary conditions admit an in-
variant solution in a Lie symmetry analysis. We consider the case in which the
suction/blowing velocity at the base is proportional to the height of the thin fluid
film. The streamlines of the fluid flow inside the thin film are derived and ana-
lysed.

A nomenclature is provided in Table 1.
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Table 1. Nomenclature for significant variables and parameters.

Nomenclature
h(t,x) height of thin fluid film
w(t) half-width of thin fluid film
p(t,x 2) fluid pressure in thin fluid film
Re Reynolds number of thin fluid film flow
v, (t,x) fluid injection/leak-off velocity
V(1) total volume of thin fluid film per unit breadth
X Lie point symmetry
n x/w(t), scaled similarity variable
z z/h(t,0) , scaled similarity variable
f(n) invariant solution for h(t, x)
a(n) invariant solution for v, (t,x)
B constant of proportionality in equation g(n)=Af(7)
a z—" where ¢, and c, are constants in the Lie point symmetry
2
(1) h(t,0)/w(t) , thin fluid film ratio
w(t,x2) stream function

2. Mathematical Model

Consider the two-dimensional spreading under gravity of a thin film of viscous
incompressible fluid on a fixed horizontal plane. At the base there is either suc-
tion/leak-off of fluid from the thin film or blowing/injection of fluid into the
thin film. The model is illustrated in Figure 1. The derivation of the thin fluid
film equations is well documented in the literature [3] [8]. We follow the deriva-
tion of Acheson [21].

The thin film is infinite in the y-direction and symmetric in the (Y, Z) -plane.

The equation of the free surface is

z=h(t,x) (2.1)
where
h(t,—x) =h(t,x) (2.2)
and the width of the thin film is
—w(t) < x<w(t). (2.3)

The flow is two-dimensional in the (X,Z) -plane with velocity components

and pressure

v, =V, (t.x,z), v, =0, v,=v,(tx,z), p=p(tx2) (2.4)
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Figure 1. Two-dimensional thin fluid film showing coordinate system, body force and
boundary conditions.

where
v (t,=x,2)=-v, (t,x,2), V,(t,—x2)=V,(t x2),

(2.5)
p(t,—x,z)=p(t,x2).

The x and z components of the Navier-Stokes equation and the conservation

of mass equation are [21]

2 2
p(avxwx Nty avaz_@+ AT (2.6)
ot OX oz OX OX oz
oV ov ov op o%v, 0%
LV, —L 4V, =L |=———— pg+ St — | 2.7
p[at r ZazJ o 79 “[axz 822] 27
N Ny _ (2.8)
ox oz

where gis the acceleration due to gravity.

We introduce characteristic quantities and dimensionless variables and write
(2.6) to (2.8) in dimensionless form:

characteristic length in the x-direction L =w(0)=w,,

characteristic length in the zdirection H =h(0,0),

characteristic velocity in the x-direction U

characteristic velocity in the zdirection V =—U,

H
characteristic pressure and stress 2, -
characteristic half-width w(0)=w,.

The characteristic velocity 1 is determined from the conservation of mass
Equation (2.8) which is not approximated so that the two terms balance while U
and Pare yet to be specified. The Reynolds number is
UL
v

Re (2.9)

where v =u/p is the kinematic viscosity. Dimensionless variables are defined

by

X _ T N Y,
X:I! Z:ﬁy VX:U, VZ:V'

(2.10)

-t _p - h _ w

=—, p =—, h =—, W=—,
T P H W,
The x-component of the Navier-Stokes Equation (2.6), becomes
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2 — — — 2 — —
Re(ﬂj FV_X +V, &, +V, &, } __PH’ @{ij 62\/; + azvzx . (2.11)
L ot ox oz puLU ox \L) ox° oz

For the thin fluid film to spread in the x-direction the magnitude of the pres-
sure gradient in the x-direction should be sufficiently large to balance the visc-
ous term. Thus
uLU

P= TERE

(2.12)

The zcomponent of the Navier-Stokes Equation (2.7), in dimensionless form

is

(Hj“ N, _ v, _ oV,
Re| — —~ +V +V
L ot

M pgH (sz (szazvz 0%,
= | — — + ,
oz P L L) ox® oz

where (2.12) was used for Pin all terms except the body force term. For the thin

4
N

(2.13)

fluid film to spread the body force term must be sufficiently large to balance the
pressure gradient term in the zdirection. Thus we obtain the second condition

on P,

P = pgH. (2.14)

Equating (2.12) and (2.14) for Pgives for the characteristic velocity U,

3
u -

L (2.15)

The thin fluid approximation is [21]

2 2
Re[ﬂj <1, (EJ <1, (2.16)
L L

Equations (2.11) and (2.13) reduce to

2—
a—V; -® (2.17)
0Z° X
P _ -1, (2.18)
oz
and (2.8) expressed in dimensionless variables is
N Ny, (2.19)
oX 0z

Before stating the boundary conditions we derive two preliminary results.

From the Navier-Poisson law for an incompressible fluid [21]

avz T, = avz-f-avx (2.20)
o' M T ) '

where 7, and 7, are components of the Cauchy stress tensor. Expressed in

Tu =_p+2,tl

dimensionless variables,
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2 — 2 A
r=-pro( A % g HF (HYH, (221)
L) oz Loz \L) ox
H 2
and neglecting terms of order (Tj ,
H oV,
T, =-P, T, =-—X 2.22
Tw =P T (2.22)

Also, a fluid particle on the free surface of the thin film remains on the free

surface as the fluid evolves. Thus

2 (2-h(t.x)

=0 (2.23)

z=h(t,x)

where % is the convective time derivative. Hence
oh oh
v, (t,x,h)=—+v, (t,x,h)— 2.24
Z( ) ot ( ) OX ( )

and expressed in terms of dimensionless variables,

T,x, H)%. (2.25)
X

z

v (F,Y,H):‘;—EWX(

We now state the boundary conditions and then comment on them briefly.

7=0: V,(t,x,0)=0, (2.26)
7=0: V,(t,%,0)=V,(t,X), (2.27)
7=h: p(t.x,h)="7, (2.28)
e oy HOW o
Z=h Zx(t,x,h)—Taf(t,x,h)—O, (2.29)
_ = o _ o _—oh -
Z=h: §+vx(t,x,h)g(t,x):vz(t,x,h). (2.30)

Boundary condition (2.26) is the no slip condition for a viscous fluid at a solid
boundary. Boundary condition (2.27) balances the normal velocity induced in

the thin fluid film with the velocity of fluid injection or suction at the base where

v, (t,X)>0 for injection/blowing,
v, (t,X)=0 for non-porous base,
v, (t,X)<0 for suction.

The characteristic value for V, is the characteristic velocity in the zdirection,
V, and

v, (t,—x) =V, (t,x). (2.31)

The boundary condition (2.28) is the balance of the normal stress at the sur-
face of the thin film where p, is the atmospheric pressure and the boundary
condition (2.29) is that the tangential stress vanishes at the surface.

Consider now the partial differential equation for the surface ﬁ(t_, X) which
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is derived from (2.30). In order to obtain V, (t_, X, ﬁ) , we integrate the conserva-
m Z=0 to z=h and use

tion of mass Equation (2.19) with respect to Z fro

the boundary condition (2.27). This gives

v, (t,x,h)=7, (t_,Y)—J'; ST Xz (2.32)

But using the formula for differentiation under the integral sign [22],

O h(Tx)_ . _ _ REX)OV, — — . _ —_ —0oh

5‘[0 vx(t,x,z)d7=J'0 ay(t,x,z)dz+vx(t,x,h)§ (2.33)
and therefore (2.32) becomes

e v _—0h 0 REX) _ o\
t,X,h)= t, t,X,h)——— t,X,7)dz. 2.34
vz( X ) v, ( x)+vx( X )67 =)o v, (t,%,7)dz (2.34)

Substituting (2.34) into (2.30) we obtain

%Jr% "G (€.%,7)dz =, (T.%). (2.35)

It remains to obtain V, (t_, 7,7). Integrating (2.18) and imposing the boun-
dary condition (2.28) gives
p(t.X,2)=-7+h(T,X)+ 7, (2.36)
and Equation (2.17) becomes
0%, oh

p = (0%): (2.37)

Integrating (2.37) twice with respect to Z and imposing the no slip boun-

dary condition (2.26) and the no tangential stress boundary condition (2.29) we

obtain
- ooy Z0oh
vV (,X,Z)=—| Zh (1, X)—— | —. 2.38
(Cxn)=-[hie-T |2 239)
Finally substituting (2.38) into (2.35) and integrating we find that
oh _10fpsdh +V, (T,%). (2.39)
ot 30X X

Equation (2.39) is a nonlinear diffusion equation for H(t_f) with a
source/sink term V, (T,X). The velocity V, (f,X) is not specified but is deter-
mined from the condition that the problem admits an invariant solution.

Since the height of the thin fluid film vanishes at the moving contact lines,
X =+W(T), it follows that

h(T,+w(t))=0. (2.40)

The volume flux of fluid in the x-direction per unit breadth in the y-direction

is
Q(t,x)= Ioh(t'x)vx (t,x,z)dz. (2.41)

The characteristic volume flux is UH. Expressed in dimensionless variables
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and using (2.38),
Q%) =]V, (T.%.2) = 2R (T, %) 2 (E.%). (2.42)

Consider now the balance law for fluid volume. The total volume of the thin
fluid film per unit length in the y-direction is
V(T)=[") (T, x)dx (2.43)

-w(T)

where the characteristic volume is Hw, . Applying the formula for differentia-

tion under the integral sign [22]
aw -~ —\ AW
— (T, X)dx+h(T,wW(t))—=+h(t,-w(t . 2.44
= h(E W) =+h(T-w(D) = @49
Imposing the boundary conditions (2.40) and substituting the nonlinear dif-
fusion Equation (2.39), (2.44) becomes
av — W) o\
—=Q(T,w(T))-Q(t,—w(t ))+J:W(t) v, (T,%)dx. (2.45)
At the moving contact lines, X =+W(T'), we take as boundary condition that

the volume flux of fluid in the x-direction vanishes, that is

— o 1y Oh
t,tw(t h® t,xw(t t,xw(t))=0. 2.46
QA(C0(0)) =27 (C2w(0) 2 2w(r) 249
The balance law for fluid volume reduces to
dv_zj Y (T.x)dx. (2.47)

The problem is to solve the nonlinear diffusion Equation (2.39) for H(t_,f)
subject to the boundary conditions (2.40) and (2.46) and to the requirement that
(2.39) admits a Lie point symmetry which generates an invariant solution.

In the remainder of the paper the overhead bars are suppressed to keep the

notation simple, it being understood that dimensionless quantities are used.

3. Lie Point Symmetries and Group Invariant Solutions

When deriving the Lie point symmetries of the nonlinear diffusion Equation
(2.39) the variables t,x,h and all the partial derivatives of A with respect to ¢
and x are regarded as independent variables. A suffix is used to denote the par-

tial derivatives of h (t, X) . Equation (2.39) can be written in the form
F(t,x,h,h,h,h,)=0 (3.1)

where
F(t,x,hh.h hy )= n_thj_%hahxx_vn (t,x). (32)
The Lie point symmetry generators of (2.39) are of the form [23]

X =& (t,x,h)§+§2 (t,x,h)%wﬂt,x,h)%. (3.3)
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They are derived from the determining equation

XPIF[ =0 (3.4)
F=0
where the second prolongation X 2 of Xis defined by
X[Z]:X+g’l%+§za%x+§na%n+§u%+§n% (3.5)
where
& =D (n)-hD, (&), =12 (3.6)
¢ =D;(¢)-hDy(& ), i=1.2 (3.7)

with summation over the repeated index & from 1 to 2. The total derivative op-

erators with respect to tand xare

0 0
— hxt _—
ah " on

X

0 0
D=0, =—+h —+ +--, 3.8
U a h‘ah & (3.8)

DZ:Dx:£+hxi+htxi+hxxi+---. (3.9)
ox oh oh, oh

X

The determining Equation (3.4) is separated by powers and products of the

partial derivatives of A. It is found that

0 o 1 0
X =(cl+czt)a+(c3+c4x)&+§(2c4—cz)ha—h (3.10)

=0 X, +C, X, +C, X, +¢, X,

where
LI Y S
6; 8'[6 3266 (3.11)
Xg=—, X,=X—-=h—,
OX ox 3 oh

provided the velocity V, (t, X) satisfies the first order linear partial differential

equation

ov ov, 2
(c +c,t) at” +(c3+¢,x) 6)2 =§(c4 —2¢,)V,. (3.12)

The velocity V,(t,X) therefore cannot be arbitrary for the Lie point symme-
tries of Equation (2.39) to exist.
Now, h :CD(t,X) is a group invariant solution of the nonlinear diffusion

Equation (2.39) provided
X (h-o(t,%)) =0, (3.13)

h=a(t,x)

that is, provided (D(t, X) satisfies the first order linear partial differential equa-

tion
oo
(cl+czt)E+(c3+c4x)—:§(204—cz)tb. (3.14)

We first consider the general case in which ¢, #0, ¢,#0 and 2c,—c, #0
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and then consider the special case ¢, =0, ¢,#0 and ¢ #0.

3.1. General Case ¢, #0,c,#0,c, #2¢C,

The differential equations of the characteristic curves of (3.14) are

dt dx 3dd
= = (26,-c,) 0 (3.15)
cz[qﬂj 04((:3+xj ‘o
c, C,
Integrating of the first pair of terms in (3.15) gives
24X
C, _
oG = (3.16)

® = (3.17)

where @, isa constant. The general solution of (3.14) is

a,=F(a) (3.18)

where Fis an arbitrary function. Hence, since h=®, the form of the invariant

solution is
3(14_;}
Cl 3(cp 2
h(t,x)= ot F($) (3.19)
2
where
=24+
Ca (3.20)

Consider next the partial differential Equation (3.12) for Vv, (t, X) . We assume
in addition that ¢, # 2c,. The differential equations of the characteristic curves

of (3.12) are

dt dx 3dv,
= = 26 26,)7." (3.21)
cz[cl+tJ c4(c3+x] 4T
c, C,

Integration of the first pair of terms gives again (3.16) and integrating the first

and last pair of terms gives
(3.22)

Journal of Applied Mathematics and Physics
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where @, isa constant. The general solution of (3.12) is
8 =G(a) (3.23)

where Gis an arbitrary function. Hence the form of the invariant solution is
z{z,zj
cl 3¢y
v, (tx) = =+t G(¢), (3.24)
where & is given by (3.20).

Substituting (3.19) and (3.24) into the nonlinear diffusion Equation (2.39) re-
duces (2.39) to the ordinary differential equation

1d e dP 1,6 d epy, 3L G lp oo (3.25)
3d¢ dé | c, d& 35 ¢
Equation (3.25) depends only on the ratio G and does not depend on ¢,
and C,. 2

The half-width of the base, W(t) , is determined from the boundary condi-
tions in (2.40). Using (3.19) for h(t,X), (2.40) becomes

F(A(t))=0 and F(B(t))=0, (3.26)
where
%+wa) A%_wa)
Alt)=—"———, B(t)=—"———. (3.27)

C4/c2
Gy
CZ

Differentiating (3.26) with respect to ¢ gives
GEOA oy OF OB

== (3.28)
dA dt dB dt
and therefore since F (5 ) is not a constant function
A _o and B_o (3.29)
dt dt
Thus A(t)=A, and B(t)=B, where A, and B, are constantsand
Zw(t) 2-w()
4 _ 4 _
T A, —— =B, (3.30)
G, C
Adding we obtain
G
C C;
2—3{&“} ‘= A+B, (3.31)
¢, |G,
and differentiating (3.31) with respect to ¢, we find that
NN
C C;
—3[&+tj ) (3.32)
G\ G
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Thus ¢; =0 and from (3.31), B, =—A,. Equation (3.30) becomes

C4

C C:
w(t) = AO(—l+tj ‘ (3.33)
C,
and therefore since from (2.10), W(O) =1,
S G4
A = [C—Zj *and w(t)= (1+C—2tj : (3.34)
Cl Cl
The boundary condition (3.26) becomes
074
F i[C—ZJ =0 (3.35)
G

and from (3.20) with ¢; =0 and (3.33),

c, |2 X
=2t 2 (3.36)
c, ) w(t)
The total volume of the thin fluid film per unit length in the y~direction is
v (t)=2["h(t,x)dx (3.37)

By using (3.19) and (3.36) it can be expressed as

5% 1
3(c, 5

V(t)=V, (1+C—2tj (3.38)
G
where

el o \4/%2
V, =2{&js[°2 2 [ =) F(&)dé. (3.39)

c, 0

The balance law for fluid volume is given by (2.47) and using (3.24) for
v, (t,x) it becomes

3¢ 1
3lc, 5

In order to simplify the ordinary differential Equation (3.25) and the boun-

)

¢, /%2
jo[a] F(&)de= jo[a

C4/Co
] G(¢)de. (3.40)

dary conditions (3.35) we make the change of variables

E=Ay F(£)=BT(r). G(£)=Dy(n). (341)
where
G 1
c 3
A:(C—Zj , B:[C—“Azj, D-%p, (3.42)
Cl CZ C2
Equations (3.25) and (3.35) become
d df d c
—| f*—|+3—(nf)+|2-5|f+3g=0 3.43
dn( dn]+ dn(n )+[C4 ] w9 G4
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and

f(+1)=0. (3.44)

The other variables transform to

h(t,x) = [C_‘lf [1+ C_th(z:;] f(n), (3.45)

G ¢
c 3 c g[%zJ
v, (t,x):[éj [l+€2tj a(n), (3.46)
5L rmen-Lamen G47)
V, = 2[;—4]3 [0 (n)dn, (3.48)
where
n=— (3.49)

w(t)
There is one condition still to be imposed. Since the characteristic length in

the z-direction is the initial height of the thin film at the central line

h(0,0) =1. (3.50)
Hence from (3.45),
c, 1
24 _ . 3.51
¢ f(0) G2

C
The ratio =% occurs in the differential Equation (3.43) and balance law (3.47)
CZ
and is either given or determined from the balance law. Let
C_4
CZ

=qa, (3.52)

then
c, C¢C, 1
2 _ 274 _ . 3.53
¢, cc¢ af®(0) (3.53)

The problem expressed in terms of the transformed variable 77 and the pa-

rameter « is to solve the differential Equation (3.43),

d df d 1

—| 2 — [+3—(nf)+| =-5|f+3g=0 3.54
dn( 8f7j+ dn(n )+(a j i (354

subject to the boundary conditions (3.44) and (2.46),
f(-1)=0, f(1)=0, (3.55)

df df
f3(-1)—(-1)=0, f*(1)—(1)=0, 3.56
(D500 FO5 (356)
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and the balance law

1 1
5(5—;)!: f(n)dn :j:g(n)dn. (3.57)
The remaining quantities are given by
(ot Pt

h(t’x){HaP(o)J (o) (3.58)
vy (tX) = | 14— o () (3.59)

TR o) arty) '

t a
w(t)_(umj : (3.60)
\Y V,|1 t g(a%) 3.61
O-uloig) e
where
1 f

V,=2 O%dn (3.62)

and 77 is given by (3.49). The Lie point symmetry (3.10) which generates the
invariant solution is

- +=t| =+ x—+>| 2-=|h—. 3.63
« (f3(0) 1j8 0 1(2 1jha (3.63)
a Jot  ox 3 a) oh

3.2. Special Case ¢,=0,c,#0 and ¢, #0

When €, =0 the Lie point symmetry (3.10) reduces to
0 o 2 0
X =¢—+(¢+C,X)—+=Cc,h—.
“a ( “)ax 3% oh
Now h= (D(t, X) is a group invariant solution of (2.39) provided (3.13) is sa-
tisfied, that is, provided

(3.64)

oD op 2
—+(C¢ +C,X)—=—¢,D. 3.65
G GG gt (369
The differential equations of the characteristic curves of (3.65) are
dt dx 3do
= = D (3.66)
G c, [‘33 + xj ‘
Cy
The first pair of terms gives
% x
_C b, (3.67)
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while the pair consisting of the first and last terms give

()
— =, (3.68)
2¢,
exp| =4t
3¢
where b, and Db, are constants. The general solution of (3.65) is
b, =F(b) (3.69)
where Fis an arbitrary function. Hence since h=,
2¢c,
h(t,x)=exp| ==t |F (&), (3.70)
3¢
where
% i x
G
E= . (3.71)
G
exp t]
( G
When ¢, =0, equation (3.12) reduces to
ov, ov, 2
ClE+(C3 +<:4x)&=§c4vn (3.72)
which has the same form as (3.65). Hence
2¢c,
v, (t,x)=exp gzzt G(¢) (3.73)

where G(&) isan arbitrary function of &.
Substituting (3.70) and (3.73) into the partial differential Equation (2.39) re-
duces it to the ordinary differential equation
10 fpa0F )6 epy) S%p g (3.74)
3d\ d&) ¢ dS 3¢
The half-width of the base, W(t) , is again obtained from the boundary con-
ditions (2.40) which can be written as (3.26) with
S () S _w(t)
A(t) = =5 (3.75)

————, B(t)
o] "l

It can be verified as for the general case that A(t)=A, and B(t)=B, where
A, and B, are constants with B, =—A, and that c,;=0. Since W(0)=1 we

find that
w(t)= exp(c—“tj. (3.76)
G,
The similarity variable (3.71) becomes
f=— X = W’(‘t) (3.77)
exp (C“tj
G
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and the boundary conditions (3.26) are

F(1)=0, F(—1)=O. (3.78)
The total volume (3.37), expressed in terms of the invariant solution, is
5c¢
V(t)=V,exp| =2t |, 3.79
(t)=Ve p[s . J (3.79)
where
1
V, = zjo F(&)de. (3.80)

The balance law (2.47) becomes
5
E%ISF(g)dgz.[;G(gf)d; (3.81)

The remaining condition, h (0, 0) =1, yields
F(0)=1. (3.82)

In order to treat the special case €, =0 as the limit C, =0 of the general

case we transform the special case by making the change of variables (3.41)

1 .
A=1 B= (C—“T D= [C—“T . (3.83)
G G

Expressed in terms of the transformed variables the problem is to solve the

where now

differential equation

d df d
—| f*— [+3—(nf)-5f+3g=0 3.84
dn( danr dn(n )=51+30 (89
subject to the boundary conditions (3.55) and (3.56) and to the balance law
5 1
gfo f(n)dn = 9(n)dn (3.85)
and to the scaling condition
c, 1
24— . 3.86
¢ (0 (3.86)
The remaining quantities are
2t f 77)
h(t,x)= —_— |, 3.87
-2 57 o
1 2t
t,X)=———¢ — , 3.88
wit0) o] 2t o) o
t
t)=e — |, 3.89
5 t
V(t)=V —_— 3.90
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where

f
V, = 2]3%@, (3.91)
and

n=—-. (3.92)

The Lie point symmetry which generates the invariant solution is

X = f3(0)£+ xi+gh 0

—. (3.93)
ot ox 3 oh

Unlike the Lie point symmetry (3.63) which generates the general solution,
(3.93) is not a scaling symmetry.
The results (3.84) to (3.93) can be obtained from (3.54) to (3.63) by writing

[1+ #@Ja - exp{a In [1+ af+(0)ﬂ (3.94)

and using the expansion

|n(1+£):g+0(32) (3.95)

for |8|<l we obtain

(1+ af+(0)] - exp{ fst(o) + o(%ﬂ (3.96)

. t ) t
Ill_r:(“aT(O)J _exp[f3—®]. (3.97)

4. Normal Velocity at Base Proportional to the Thin Fluid
Film Height

and therefore

An assumption on V, (t, X) needs to be made to close the system of equations.

In this section we will investigate the solution for which V, (t, X) is proportional
to h(t,x).
4.1. Invariant Solution

We will first consider the general case C, #0 and then the special case ¢, =0.

When ¢, #0 suppose that

9(n)=p1(n), —w<f<ox, (4.1)
where S isa constant. Then from (3.58) and (3.59)
h(t,x
v, (t,x)= ph(t.x) . (4.2)
t
2 0) 1+ —
o o)
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Thus Vv, (t, X) is proportional to h(t, X) and it is greatest at the centre line
and vanishes at the moving contact lines, X = iW(t) .
The balance law (3.57) becomes

1 1 1
~|5-=—-3 f dn=0 4.3
3( » ﬂjfo (n)dn (4.3)
and therefore
1 5
=—, #*—, 4.4
@55 P73 (4.4)

The value g :§ and its relation to the special case C, =0 will be consi-
dered later.
The differential Equation (3.54) reduces to

d df d
| 3 |+3—(nf)=0. 4.5
dn[ dn] dn(n ) (*2)

The solution of (4.5) which satisfies the boundary conditions (3.55) and (3.56) is

1
f)=(5) oy 6)
5 . .
Hence using (3.58) to (3.62),
) V=S .
h(t,x):[l+§(5—3ﬂ)t}53ﬂ (L-m2), (4.7)
2 [..2 Bl
v, (tx)=2 ﬂ{1+—(5—3ﬂ)t} -y, (48)
9 9
1
W(t):[1+§(5—3ﬂ)t}5_3ﬁ, (4.9)
V(t):VO[1+§(5—3ﬁ)t}53ﬁ, (4.10)
o2
— 2\3 —
Vo =2[ (1-7 )sdq_gﬁ(—sj, (4.11)
T =
6
where F(n) is the Gamma function [22] and
n=—r = X —. (4.12)
w(t) 2 535
[1+9(5—3,8)t}
The Lie point symmetry (3.63) which generates the invariant solution be-
comes
9 0 0 0
X=|=+(5-38)t | —+x— -1)h— 4.13
(24_( 2 jat+xax+(ﬂ ) oh (#13)

Consider now the special case C, =0 and that (4.1) is satisfied. Then from
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(3.87) and (3.88),

v, (t,x) = ff(o) h(t,x) (4.14)

and therefore V, (t,X) is proportional to h(t,X). Equation (4.14) agrees with

(4.2) in the limit 1 — 0. From balance law (3.85),
a

(%—ﬂ)ﬂf(n)dnzo (4.15)

and therefore S :g. The differential Equation (3.84) reduces to (4.5) and the

solution which satisfies the boundary conditions (3.55) and (3.56) is (4.6). Hence
from (3.87) to (3.92) we obtain

h(t,x) = exp(%t](l—nz)é, (4.16)
v, (,X) :%exp[%tj(l—nz)é, (4.17)
w(t)= exp(%tj, (4.18)

V(t) =V, exp (%tj, (4.19)

where V, is given by (4.11) and
X X

UZWZexp(—;tj-

The Lie point symmetry which generates the invariant solution, (3.93), be-

(4.20)

comes

X =22+ Xi+zhi (421)
20t ox 3 oh

In the same way as (4.17) was derived it can be shown that

1
Iim{1+z(5—35)t}53ﬂ =exp(§tj (4.22)
/;_% 9 9
and it can be verified that (4.16) to (4.20) can be obtained from the general re-
sults (4.7) to (4.12) as B — g

4.2. Time Evolution of the Invariant Solution

We now investigate the evolution of the thin fluid film with time. The behaviour
of the fluid variables depends on the value of the constant S where —0o< <.

We first consider the second condition in the thin fluid film approximation
(2.16) and determine the range of values of £ for which it is satisfied. Return

to dimensional variables and define
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= g(t) (4.23)

where

g(f)=—==, £(0)=1. (4.24)

We assume that the thin fluid film approximation is satisfied initially so that
h(0,0)
w(0)

< 1. (4.25)

Hence the thin fluid film condition will be satisfied as the fluid evolves if either
£(t) remains constant (£(0)=1) or £(f) >0 as T >0 or as T ot
where 1, is some limiting time. If E(t_) —o as t > oras t >t then
the thin fluid film approximation will break down.

Return to dimensional variables. From (4.7) and (4.9) for g # i ,

”g} (4.26)

s
2 5 3
)
and from (4.16) and (4.18) for S =§,
2
e(t)= exp(—Etj. (4.27)

For —wo< f8 <3, £(t) >0 algebraically as t—>o0, for g 3, e(t)—>0
exponentially as t — oo while for 3 <p<2, 8('[) — 0 in the finite time

R
s3]

For f=2, £(t) remains constant at &£=1 while for 2<f<ow ,

(4.28)

g(t) — o in the finite time t, . The thin fluid film approximation is therefore
not satisfied for 2< <o and the solution is not valid. For —o < <0 there
is fluid leak-off or suction at the base and the fluid film remains thin as it evolves.
For 0< f# <o there is fluid injection or blowing at the base and as long as the
blowing is not too strong (0 < < 2) the thin fluid film condition is satisfied. In
the following we will consider only the range —o0o< <2.

Consider next the evolution with time of the half-width of the base, W(t) s

given by (4.9) for S+ —% and by (4.18) for S :g. Now

54

3
2 2 5), |53 5
—|1-—| f—=|t >0, *—
aw _ 9{ s(ﬂ 3” 773

it (4.29)
2 2 5
—exp| =t |>0, =—
9 p(g j p 3

and therefore (i—\iv>0 for —wo< f <oo. The base therefore always expands
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even for —wo < <0 which describes suction of fluid from the thin film. For

—0< f< g, W(t) > algebraically as t—o , W(t)—>o exponentially as

t—>ow for ﬂ:g and for g<ﬂ£2, W(t)—)oo in the finite time t, de-

fined by (4.28).

The total volume of the thin film per unit length in the y-direction, V (t), can
be analysed in the same way. The evolution of S(t) , W(t) and V (t) is
summarised in Table 2.

The remaining two quantities, h(t,X) and Vv, (t,X) have additional values
of B to analyse. Consider first h(t, X) which is given by (4.7) for g ;t% and
by (4.16) for ﬂzg. Forall —w< <2,

ANy 2wty x[1-—X |
aX(t,x)_ 3w(t) x[l WZ(I)J (4.30)
and

oh _

&(t,x)—u.oo as x — xw(t). (4.31)

Hence in the vicinity of the moving contact lines, X= iW(t), the thin fluid
film approximation is no longer satisfied. The inclusion of blowing or suction

does not eliminate the singularity at X= iW(t) . Also, for —0< <2,

Table 2. Time evolution of &(t), W(t) and V(t) for —oo< <. The finite time
t, is defined by (4.28). The thin fluid film approximation is not satisfied for 2< <.

de dw dv
&(t — w(t — V(t —
s 0 L (v " ® >
o< <0 £(t)—>0 0 w(t) > o0 -0 V(t)>0 <%
t—>o t—>ow t—>o0
50 e(t)—>0 0 w(t) > o0 0 v, 0
t—>ow t—>ow
t 0 t V(t
O</3<E #(t)> <0 w(t) > >0 (6) > >0
3 t—>oo t—>o0 t—>o0
e(t)—>0 w(t) > o0 V(t) >
5
ﬁ=§ t> o <0 to> o >0 to>o >0
Exponentially Exponentially Exponentially
e(t)—0 w(t) > V(t) > o
§<,8<2 ) <0 ® >0 ®) >0
3 t—t t—t tot,
w(t) > o0 V(t)—>oo
p=2 e(t)=1 0 >0 >0
t—>t t—>t
g(t) > w(t)—> V(t)—> o
2<f<mw ( ) >0 ( ) >0 ( ) >0
t—>t t—>t t—>t
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Z—T(t,o) = é(ﬁ—l)w(t)z(”’”. (4.32)

For pg<1, Z—T(t,O) <0 and therefore the height of the centre line of the

thin fluid film decreases with time even when there is blowing at the base,
0 < 8 <1. The rate of decrease in the height due to spreading is greater than the
rate of increase due to blowing. When S =1 the two rates of change balance
and when S >1 the rate of increase due to blowing is greater than the rate of
decrease due to spreading. For —oo< <1, h(t,0)—>0 algebraically as
t—>o.For =1, h(t,0) remaiSns constant, while for 1< < i , h(t,0) >
algebraicallyas t > .For B= 3 h(t,0) > exponentially and for

§< B <2, h(t,0)> o in the finite time t, given by (4.28). The time evolu-

tion of h (t, 0) is summarised in Table 3.

Finally V, (t,0) which describes suction and blowing at the base, is given by

(4.8) for ﬂ;t% and by (4.17) for ﬂzg.Nowfor ,B;tg,

5 L)
v 0y-a 2V f p-3\[1-2( 55} |7
at(t,o)_4(9j ﬂ(ﬂ 2){1 B(ﬁ 3H : (4.33)

For —o< <0, V, (t, 0) <0 which describes leak-off or suction at the base.

For this range of g, %(t,0)>0 and hence the magnitude of the suction

decreases as tincreases and V, (t, 0) — 0 algebraicallyas t —>o.When B=0
the base is impermeable. When >0, V, (t,O) >0 and there is fluid injection

or blowing of fluid into the thin film at the base. For 0< <g , 6;" (t,0)<0

Table 3. Time evolution of h(t,0) for —wo< g <2. The finite time t, is defined by
(4.28).

oh
h(t,0 —(t,0
s (t.0) 5 (60)
h(t,0)>0
—0< <1 (£0)~ @(t,o)<0
t—>o
h(t,0)=h(0,0) oh
=1 —(t,0)=0
4 0<t<o 81( )
h(t,0
1<p<> (£0) e Nt0)>0
3 t—>o ot
5 h(t,O)%oo oh
ﬂ_§ t—)oo. 5(t,0)>0
Exponentially
h(t,0) > ©
Scp<2 () N t0)>0
t—t, ot

DOI: 10.4236/jamp.2021.98133

2135 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2021.98133

N. Modhien et al.

so that the blowing becomes weaker as time increases and V, (t,0) >0 alge-
braically as t— . For ,B:g, A (t,O) is constant and the blowing is

n

aavt (t,0)>0 and the blowing becomes

s 3
constant in time. For E<'BS 2,

stronger as time increases. For %< p< g , V,(t,0) > o algebraically as

t —» o, for [3:%, Vn(t,O)—>oo exponentially as t —> o and for §<,B$2,

V,(t,0) > in the finite time t, defined by (4.28). The results for the time
evolution of V, (t,0) are summarised in Table 4.

In Figure 2 the evolution of h(t,0) with time for a range of values of S is

presented. Similar figures are obtained for the other fluid variables.

4.3. Stagnation Points on the Centre Line

In this section we investigate the z-component of the fluid velocity on the centre
line, V, (t,O, Z). Since from symmetry V, (t,O, Z) =0, points on the centre line
at which V,(t,0,2)=0 are stagnation points.

To obtain V, (t,X,Z) we integrate the continuity Equation (2.19) with respect

to zfrom 0 to zand impose the boundary condition (2.27) which gives

Table 4. Time evolution of V, (t,O) for —o0< #<2. The finite time t, is defined by
(4.28).

ov,
v, (1,0 (1,0
B (8.0) 5 (60)
v, (t,0)<0
—0<f<0 v, (t,0) >0 ‘zvt"(t,o)>o
t—>o
B=0 v, (1,0)=0 a""(t,o):o
ot
v,(t,0)>0
0<ﬂ<§ v, (t,0)>0 aV"(t 0)<0
2 . (1,0)—> at b
t—>o
v (t,0)>0
p=3 (£0) N (1,0)=0
2 v, (t,0) = constant ot
2 5 v,(t,0)>0 o
= Z 1(t,0)>0
BT v, (t,0) > at( )>
t—>o
v,(t,0)=0
5 v, (t,0) > ov
-2 n "(t,0)>0
p 3 t—>ow at( )
Exponentially
v,(t,0)=0
5 v,
—<p=2 v, (t,0 L(t,0)>0
3<ﬂ L (1,0) > o0 at( )>
t—>t
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5
ﬁ_3
3
p=3
s
£ B=12
p=1
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B0
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___ﬁ=_3
» B=-10
0.0 - . =
0 1 2 3 4 5

Figure 2. The maximum height of the thin fluid, h(t,0), plotted against ¢ for a range of
valuesof .

v, (tx,z) =V, (t,x)—%.[ozvX (t,x,z)dz. (4.34)

By using (2.38) for Vv, (t,X, Z) we obtain
1 _,6%h 1., 0%

v, (t,x,z)z—gz y(t,x)+zz y(hz(t,x))+vn (t,x) (4.35)
and therefore on the centre line X=0,
1_,0°h 1_,0?
v, (t,O,z)_——z3¥(t,x)X:0+Zzzy(h2(t,x))x:0+vn (t.0).  (4.36)

But from (4.7) and (4.9) for B ig and from (4.16) and (4.18) for S :g

x2 )
h(t,x) = h(t'o)(l_wz—(t)] (4.37)
where
h(t,0)=w(t)"™, h(0,0)=1 (4.38)
and on the centre line, 0<z<h(t,0). Thus
o°h __2Nh(1,0)
(LX) 3w (39
% (s __4h*(1,0)
= (r (1) o (4.40)

It remains to obtain V, (t,O). From (4.8) and (4.9) for g+ E and (4.17) and
5 3
(4.18) for S =3

v, (%) = g pw(t) ) (1-p2) (4.41)

and therefore using (4.38)
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2 h*(t,0)
t,0)=— . 4.42
v, (1,0) gﬂ W (1) (4.42)

Substituting (4.39), (4.40) and (4.42) into (4.36) gives

1 h4 (t’ O) *3 *2

VZ (t,O,Z)=§W2—(t)|:Z —32 +2ﬂ:| (443)
where
. z .

7 =——, 0<z <1 4.44
h(t,0) (4:44)

The points on the centre line X =0 atwhich V,(t,0,2)=0 satisfy the cubic

equation
7% 31" +25=0, —0<f<2. (4.45)
The roots of the cubic Equation (4.45) which satisfy 0<z <1 are stagnation

points of the flow.
We first transform (4.45) to standard form [24]

$°+3Hs+G =0 (4.46)
by making the transformation
z =s+1. (4.47)
The cubic Equation (4.45) becomes
s°—3s-2(1-8)=0. (4.48)
Comparison of (4.48) with (4.46) gives
H=-1 G=-2(1-5). (4.49)

The roots of (4.48) which satisfy —1<S<0 are stagnation points of the flow.
The discriminant A of the cubic Equation (4.48) is

A=G?*+4H® =48(p-2). (4.50)
The roots of (4.48) satisfy the following general properties [24].
—0< <0: A>0 1real root, 2 complex conjugate roots,
p=0: A=0 3 real roots, 2 coincident roots,
0<p<2: A<O 3 real and distinct roots,
p=2: A=0 3 real roots, 2 coincident roots,
2< f<o: A>0 1real root, 2 complex conjugate roots.

The thin fluid film approximation breaks down for 2< <.
The real zero for A>0 does not lie in the range —1<5<0. To show this let

P(s)=s*-3s-2(1- ). (4.51)

Consider first —oo < 8 <0. Then P(Z) =2f<0 and P(OO) =+, The real
zero therefore lies in the range 2<S <. Consider next 2< <o . Then
P(-1)=28>0 and P (—OO) = -0, The real zero therefore lies in range
—o0 < S < —1. We therefore consider the real roots of (4.48) in the range
0< <2 forwhich A<0.We use the trigonometric solution of the cubic eq-
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uation when A <0 because the Cardan method gives the solution in complex
form even although the roots are real [24].

We look for a solution of the form
s=pcosd, p>0. (4.52)
Substituting (4.52) into (4.48) gives

G

cos’ ¢9+3—|_2|c0549+—3 =0. (4.53)

P P

Comparing (4.53) with the trigonometric identity
cos® 6’—%0059—%00539 =0 (4.54)

we find that
L G
p=2(-H)2, cos30=——. (4.55)
2(-H):
The condition —1<c0s360 <1 is satisfied because
6
G2 +4H% =2 (cos?39-1) <0. (4.56)
16

Let ¢ be the smallest non-negative angle which satisfies

0053¢=—L3=1—ﬁ (4.57)

2(-H)
and 0<3¢<m,thatis, 0<¢< g The general solution for @ is

0=¢+2L3“, n=0,12. (4.58)

Hence the three real roots of (4.48) for 0< <2 are, from (4.52) and (4.55),

1

5, =2(-H)2 cos(¢+2nTnj, n=012 (4.59)

and since z° =s+1 and H =-1 the three real roots of the cubic Equation
(4.45) are

z, :1+200$(¢+2L3nj, n=0,12. (4.60)

4.3.1. Impermeable Base g=0
From (4.57), cos3p=1 and ¢=0 since 0<¢< g Thus

z,=3, 2, =0, z,=0, (4.61)
which may also be derived directly from (4.45) with B =0. The root Z, lies

outside the thin fluid film. That (0,0) is a stagnation point follows directly from
the boundary conditions.

4.3.2. Weak Blowing 0< <1

We will derive expansions for Z;,Z, and z, for small values of . Since
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¢=0 when S=0 we expect ¢ to be small and positive when S is small.

From (4.57)
cosS¢=1—g¢2+£¢4+O(¢6)=1—,8 (4.62)
2 8
and neglecting terms O(¢6) we obtain form (4.62) the quadratic equation for
¢2
s 4., 8
_Z — B3=0. 4.63
9 -39 +7p (4.63)
Hence
J2
¢ = ?ﬂz (1+0(p)). (4.64)
From (4.60) with n=0,
z, =1+2c0s ¢ (4.65)
and
cos¢=1—¢—2+O(¢4)=1—1ﬁ+0(ﬂ2)- (4.66)
2 9
Thus
* 2 2
z =3[1—E/3+O(/3 )j (4.67)

which, although decreasing in magnitude lies outside the thin fluid film.
From (4.60) with n=1,

z, :1+Zcos(¢+2—;j:1—cos¢—\/§sin¢. (4.68)
But

. 1, s\ N2 2 s

sing=g-—¢ +0(¢ ):?ﬁ +o(/3 J (4.69)

and substituting (4.66) and (4.69) into (4.68) we obtain
1
. 22 1 3
7, =- 3 /32+§,B+O B2 . (4.70)

The root 2z, is negative and lies outside the thin fluid film.
From (4.60) with n=2,

z :1+Zcos(¢+4—3nJ:l—cos¢+J§sin¢ (4.71)
and substituting (4.66) and (4.69) into (4.71) we obtain
1
L (2) 21 =
22: § ﬂZ +§ﬁ+0 ﬁz . (472)

The root Z, lies inside the thin fluid film and the point (0, z;) is a stagna-
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tion point on the centre line X=0.
In Table 5 the approximate solution (4.72) is compared with the exact solu-

tion (4.71) where ¢(0 <p< g] satisfies (4.57) for 0< B <1.

The expansions (4.67), (4.70) and (4.72) can also be derived using perturba-
tion methods [25]. The solution (4.67) is a regular perturbation expansion while

(4.70) and (4.72) are singular perturbation expansions.

4.3.3. Moderate Blowing =1
From (4.57) with =1, cos3p=0 and since 0<¢<
@ =% . Hence from (4.60)

7, =143, 7, =1-+3, 7, =1. (4.73)

g it follows that

The roots Z, and 2z, lie outside the thin fluid film. The root Z, =1 is the
limiting value of the root lying inside the thin film. For A >1, the root z, >1
and lies outside the thin film. The point (O,h(t,O)) is the limiting case of a
stagnation point on the centre line. The maximum height of the thin film re-

mains constant with time. This is consistent with the results of Table 3.

4.3.4. Strong Blowing =2
When pB=2, from (4.57), cos3¢=-1 and since 0<¢ Sg we have ¢ :g.
Thus from (4.60),

* *

,=2, 7,=-1 1z,=2, (4.74)

which can be derived directly from (4.45) with B =2. There are no roots inside
the thin fluid film for 1< g <2.
The stagnation point Z, on the centre line plays a significant part in the pat-

tern of the streamlines in the thin film which we now consider.

Table 5. The exact and approximate solution for the zero, z,/h(t,0), of V,(t,0,z) on

the centre line.

1 1
Y] 1+ 2005[¢ + ﬁ] (EJE ﬁ% Error % (EJE ’3% + 1[3 Error %
3 3 3 9

0 0 0 0 0 0
0.1 0.2707 0.2582 4.62 0.2693 0.52
0.2 0.3916 0.3651 6.77 0.3873 1.10
0.3 0.4888 0.4472 8.51 0.4805 1.7
0.4 0.5743 0.5164 10.08 0.5608 2.35
0.5 0.6527 0.5774 11.54 0.6329 3.03
0.6 0.7265 0.6325 12.94 0.6992 3.76
0.7 0.7972 0.6831 14.31 0.7609 4.55
0.8 0.8659 0.7303 15.66 0.8192 5.39
0.9 0.9332 0.7746 17.00 0.8746 6.28

1 1 0.8165 18.35 0.9276 7.24
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4.4. Streamlines

In order to study further the fluid flow in the thin film we investigate the stream-
lines of the flow. The tangent vector to a streamline is everywhere parallel to the
fluid velocity vector instantaneously. In two-dimensional incompressible flow
the streamlines can be obtained from the stream function l//(t, X, Z) which sa-
tisfies

v, (t,x,z):%—(/z/, v, (t,x,z):—z—yxl. (4.75)

Since the stream function is constant along a streamline the streamlines in the

X, Z lane at time ¢ can be obtained by plottin
( ) P Y P g
w(tx,z)=k(t) (4.76)

for a range of values of K(t).
By substituting (2.38) and (4.36) for Vv, (t,X,Z) and Vv, (t,X,Z) into (4.75)

we obtain

oy (1, oh
—=|=z°-1zh(t, —(t,X). 4.77
oz (22 : ( X)jax( X) ( )
61// 1 3azh 1 2 82 2
&ZEZ 67(1:,)()—22 a7<h (t,X))—Vn (t,X). (478)
It is readily verified that the compatibility condition
2 2
oy _Jvy (4.79)
OX0z 070X
is satisfied. Integrating (4.77) yields
t,x,z2)==—2"-=h— M (t, 4.80
w(t,x,2) 68xz 26xz+ (t,x) (4.80)
and by substituting (4.80) into (4.78) we find that
oM
—(t,X) =V, (t,X). 4.81
M (6x) =4, (1) (a1
Hence
M (t,x)= —joxvn (t,s)ds+D(t) (4.82)
where D(t)=|\/| (t,O).Thus
w(t,xz)=A(t,x)2° +B(t,x) 2 +C(t,x)+ D(t) (4.83)
where
1¢oh 1 oh
A(t,x)==—(t,x), B(t,x)=—=h(t,x)—,
(tx)=22(1x), B(1x)=-1h(tx) 2" s

C(t,x) =—.|'0Xvn (t,5)ds.

The streamlines in the ( X, Z) plane at time ¢ are given by (4.76). They are

obtained by solving numerically for zas a function of x the cubic equation

A(t,x)z> +B(t,x) 2 +C(t,x) = K(t) (4.85)
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at a given time #and a range of values of K (t) = k(t)— D(t). The cubic Equa-
tion (4.85) for the streamlines is quite general and does not depend on any rela-
tion between V, (t,X) and h(t,X).

Consider now the invariant solutions (4.7) to (4.9) and (4.16) to (4.18). For
both ﬂig and ﬂ:E

3’ 2
IETATE P
A(t,x) = gW(t) x[l " (t)} . (4.86)
21 2p-2) |4 x2 e
B(t,x)—SW(t) x[l —Wz(t)J , (4.87)
C(t x):—gﬁw(t)z(w—3)jx PR PN (4.88)
' 9 ol wA(t)

The range of the base is —W(t) <x< W(t) .

The streamlines derived from (4.85) depend on time. To determine the evolu-
tion of the streamline pattern with time it would have to be plotted for a range of
values of time. Instead we will plot the streamlines in the (77, Z*) plane where

* z *
=—— (-1<7<l), z =—— (0<z <1 4.89
n (-1<n<1) "(00) ( ) (4.89)
which we will see are independent of time and depend only on the parameter
p . Clearly the base and maximum height are independent of time. The results
for the evolution in time of W(t) and h(t, 0) derived in Section 4.2 can then
be used to determine how the streamline pattern evolves with time.

The cubic Equation (4.85) expressed in terms of 7 and z" is
A (t)z°+B" (t,)z? +C" (t,7) = K(t) (4.90)

where using (4.86) to (4.88) and also (4.38)
2

A (t,7)=h*(t,0)A(t,x) = —%w(t)“ﬂ‘sn(l—nz)fE : (4.91)
B (t,77) = h? (£,0) B(t,x) :%w(t)“ﬂ‘sn(l_qzy% , (4.92)
C'(tn)=C(t,x)= —éﬁw(t)““ [(1-¢?)2de. (4.93)

Equations (4.91) to (4.93) are satisfied for both S = S and = § The coef-
ficients A",B" and C" have the same time dependent factor w(t 7~° Hence

the cubic Equation (4.90) may be written as

n(1-n") 2 2% =3n(1-n*) 3 22 +2B[ (1-¢* P ds =K™  (4.94)

where
. 9K(t
k=KW (4.95)
w(t)
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The streamlines are obtained by giving K~ a range of values. Since (4.94)
does not depend on time explictly the streamline pattern in the (77, z*) plane
depends only on the parameter £ and is independent of time.

In Figure 3 the streamlines are plotted in the (77, Z*) plane for an imperme-
able base with 8 =0 and for fluid leak-off (suction) at the base with S =-0.5.
For B =0 the spreading is due only to gravity. The streamlines begin and end
on the free surface except the streamline 7 =0 which is the centre line. The
point (0,0) is a stagnation point because of the boundary conditions. For fluid
leak-off or suction the streamlines begin on the free surface and either end on
the free surface or on the base. For stronger suction described by more negative
values of S the streamlines are less curved and more streamlines end on the
base. The streamlines are always perpendicular to the base because there is no
slip at the base. There are no stagnation points in the flow.

In Figure 4 the streamlines are plotted in the (77, Z*) plane for values of S
in the range 0< <1 which describe fluid injection into the thin film at the

base. There is a stagnation point on the centre line at (O, Z;) where

1

z;=1+2cos(¢+ﬂj=(3J2 ﬂ;+lﬂ+0[ﬂgj, (4.96)

3 3 9

where ¢ is given by (4.57). Dividing streamlines emanate from the stagnation
point (O, Z;) in the positive and negative 77 -directions and divide the flow in-
to two regions. In the upper region the streamlines begin and end on the free
surface except the streamline along the centre line which ends at the stagnation
point. The flow is similar to that for f=0 and is dominated by spreading due
to gravity. In the lower region the flow is dominated by fluid injection at the
base. This is especially the case near the centre line and for small values of z°
butas z  increases spreading due to gravity causes the streamlines to bend to-
wards the free surface. The maximum thickness of the lower region is Z,. As
the strength of the blowing, /3, increases we see that the thickness of the lower

region increases. It forms a larger fraction of the thin film in agreement with the

(b)

Figure 3. Streamlines for (a) impermeable base with =0 and (b) leak-off at the base with £ =-0.5, plotted in the (77,2*)

plane.
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(e)

Figure 4. Streamlines for (a) f=0.1, () £=02,(c) f=04,(d) £=06,() =08 and (f) =1, plotted in the (77,2*)

plane.

*

0.5 1.0 n
0.5 1.0 n
0.5 1.0 n

numerical vales in Table 5. When f increases to S =1 the lower region com-
pletely fills the thin film and there is no longer two regions. When g =1, the fluid
velocity on the centre line is positive exceptat z" =1 where V,(t,0,1)=0.
In5Figure 5 the streamlines are plotted in the (77, z*) plane for f=15,
B == and for the limit of the thin fluid film approximation, f=2. The
streamline pattern is similar to that for g =1. The streamlines emanate from
the base at right angles because of the no slip boundary condition. Spreading due
to gravity causes them to bend towards the free surface. The blowing is stronger
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0.8

0l6

-1.0 -0.5

z
0.87
0.6
).
0.2
0.5 1.0 n -1.0 -0.5 0.5 1.0 n
(b)
z*
0.8
0 6'
D .4
0.p
-1.0 -0.5 0.5 1.0 n
(c)

Figure 5. Streamlines for (a) f=15,(b) f :% and (c) S =2, plotted in the (77, Z*) plane.

as fB increases and the bending occurs at larger values of z'. On the centre
line v, (t, 0, z*) >0 for 0<z <1 and thereisno stagnation point in the flow.

The evolution of the streamline pattern with time can be determined using
x=w(t)p, z=h(t,0)z (4.97)

and the results in Table 2 and Table 3 for the evolution of £(t), W(t) and
h(t,0) with time.

In Figure 3, —0< <0 and W(t)—>o and h(t,0)>0 as t—o. The
base will steadily increase and the maximum height will steadily decrease for
O<t<oo.

In Figure 4, 0< <1 and W(t) > as t—>o.When 0< <1,
h(t,0)>0 as t—>o butfor #=1, h(t,0) remains constant and the point
of maximum height is a stagnation point. The height of the stagnation points

above the base on the centre line,
z,=h(t,0)z, (4.98)
will decrease with time for 0< <1 and remain constant for g =1. The

maximum thickness of the lower and upper regions will both decrease with time

but the ratio of the maximum thicknesses will remain constant as time increases:
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(a)

0.5 1.0 1.0 ‘ 15

Figure 6. Streamlines for =0.4 for(a) t=1 and(b) t=10, plotted in the (X,z) -plane.

maximum thickness of upper region h(t,0)-z, 1-z,

- - - (4.99)
maximum thickness of lower region z, z,

For g =1, the maximum height h(t,O) will remain constant but the base
w(t) will expandto +o0 as t—>oo.
In Figure 5, 1< <2 and W(t)—)oo and h(t,O)—)oo algebraically as

t—>wo for 1<p <§ , exponentially for g :g and in the finite time t;, de-

fined by (4.28) for §< S < 2. The thin fluid film ratio g(t) —0 as t—>ow or

t >t for 1< <2 and therefore the base expands to infinity faster than the
maximum height but for =2, 6‘(t) —1 and W(t) and h(t, 0) tend to in-
finity at the same rate. For 2< <o the thin fluid film approximation is not
satisfied for all time.

The evolution of the streamlines with time is illustrated in Figure 6 where the
streamlines are plotted in the (X, Z) -plane for =04 at times t=1 and
t=10 by solving numerically the cubic Equation (4.85) where A(t,X),
B(t, X) and C (t, X) are given by (4.86) to (4.88).

5. Conclusions

We first list the findings of the paper and then comment on the findings.

The thin fluid film equations were derived and it was shown how the charac-
teristic fluid pressure could be determined from the dimensionless partial diffe-
rential equations and how the characteristic horizontal fluid velocity could be
determined from the two expressions obtained for the characteristic fluid pres-
sure.

It was found that the height of the thin fluid film satisfied a nonlinear diffu-
sion equation with a source/sink term consisting of the fluid injection/leak-off
velocity, V, (t, X) , at the base.

The nonlinear diffusion equation for the height of the thin fluid film was
found to possess a Lie point symmetry provided V, (t, X) which satisfies a first
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order linear partial differential equation. This leads to the invariant form for
v, (t.X).

The general form of the Lie point symmetry generates an invariant solution
with height and half-width which evolve algebraically with time. A special form
of the Lie point symmetry was also found which generates a solution for which
the height and half-width evolve exponentially with time.

To close the system of equations, we found that one further condition is re-
quired. We assumed that Vv, (t, X) is proportional to the height h (t, X) .

The time evolution of the invariant solution for the thin fluid film ratio 8(t) ,
the height h(t,X), the total volume per unit breadth V(t) and v, (t,X) was
determined for both the general and special solution.

The stagnation point on the centre line was found by solving a cubic equation.
At this point the upward flow due to fluid injection at the base is balanced by the
downward flow due to spreading by gravity.

The fluid flow inside the thin fluid film was investigated by plotting the
streamlines which were obtained from the stream function by solving numeri-
cally a second cubic equation. Streamlines for both fluid leak-off and fluid injec-
tion were plotted. For fluid injection, it was found that, provided the injection
velocity is not too strong, there is a dividing streamline which separates the flow
into two regions, an upper region with downflow due to gravity and a lower re-
gion with upflow due to fluid injection at the base.

We make the following comments on the findings.

When the fluid velocity at the base is proportional to the height of the thin
fluid film, a complete analytical solution can be derived and the fluid variables
and streamlines can be fully analysed. The thin fluid film approximation is satis-
fied for all values of time for the whole range of suction and significantly it is al-
so satisfied for blowing at the base which provided the blowing that is not too
strong.

There was unexpected behaviour of fluid variables due to the relative impor-
tance of spreading by gravity compared with blowing or suction at the base. The
base half-width increased with time for all values of S, even for suction when
-0 < < 0. The maximum height of the thin film decreased for all time for suc-
tion and even for blowing provided the blowing was not too strong (0 < S8 <1).
Some limits were attained in a finite time and in such a way that the thin fluid
film approximation remained satisfied. For sufficiently strong blowing
(=< B £2) the base half-width and the maximum height of the thin fluid film
tended to infinity in time t; .

Much of the literature on thin fluid films is concerned with how the surface
profile evolves with time. By plotting the streamlines numerically we were able
to investigate the fluid flow inside the thin film. The streamline pattern for
blowing was much richer than that for suction which did not show any unex-
pected features. The depth of penetration of the injected fluid at the base and its
effect on the fluid flow inside the thin film could be investigated. The streamline

pattern showed the existence of a dividing streamline which separated the flow
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into two regions, a lower region at the base consisting of rising fluid and an up-
per region consisting of descending fluid. We can expect that this structure will
exist for other models of fluid injection. A streamline pattern independent of
time was obtained. This was useful because from it and the known time evolu-
tion of W(t) and h(t,O) the streamline pattern at any later time could be de-
termined.

The general solution for S ¢§ and the special solution for S S where
both generated by the Lie point symmetry (3.10). The general solution was gen-
erated from (3.10) with C, #0 and the special solution with ¢, =0. This uni-
fied the two solutions and is the reason why the special solution could be ob-
tained as a limiting case of the general solution. When ¢, #0, the Lie point
symmetry is a scaling symmetry while the special case ¢, =0 is not a scaling
symmetry.

The theory developed in the paper up to the end of Section 3 is quite general.
It is only in Section 4 that the assumption that Vv, (t,X) is proportional to
h(t, X) is made. Other models for V, can be considered that lead to analytical
solutions for the streamlines, for example, Vv, proportional to the spatial gra-
dient of the height which was considered in the axisymmetric spreading of a liq-
uid drop [12].
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