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Abstract

This paper deals with the generalization of the linear theory of the unification
of gravitational and electromagnetic fields using 4-dimensional gauge sym-
metry in order to solve the contradictions from the Kaluza-Klein theory’s un-
ification of the gravitational and electromagnetic fields. The unification of
gravitational and electromagnetic fields in curved space-time starts from the
Bianchi identity, which is well known as a mathematical generalization of the
gravitational equation, and by using the existing gauge symmetry condition,
equations for the gravitational and electromagnetic fields can be obtained. In
particular, the homogeneous Maxwell’s equation can be obtained from the
first Bianchi identity, and the inhomogeneous Maxwell’s equation can be ob-
tained from the second Bianchi identity by using Killing’s equation condition
of the curved space-time. This paper demonstrates that gravitational and
electromagnetic fields can be derived from one equation without contradic-
tion even in curved space-time, thus proving that the 4-dimensional metric
tensor using the gauge used for this unification is more complete. In addition,
geodesic equations can also be derived in the form of coordinate transforma-
tion, showing that they are consistent with the existing equations, and as a
result, they are consistent with the existing physical equations.

Keywords

Bianchi Identity, Killing’s Equation, Maxwell’s Equation, Gravity,
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1. Introduction

After Einstein explained gravity as a geometry based on Newton’s equivalence

principle through the theory of general relativity in 1915, many scientists in-
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cluding Einstein himself have studied the unified field theory, a new theory en-
compassing electromagnetic and gravitational phenomena. In 1918 Hermann
Weyl, a mathematician, first published the unification theory of general relativi-
ty and electromagnetic phenomena [1]. In his unified field theory, Weyl identi-
fied electrons as substances continuously distributed in space and tried to unify
gravity and electromagnetic forces by expanding them into multidimensional
spaces (such as Riemann geometry or four-dimensional space) using a method
currently called gauge transformation. However, Einstein rejected Weyl’s result
and studied the unified field theory in his own way, but did not solve the prob-
lem. Kaluza and Klein also came up with the unification theory of gravity and
electromagnetic force in 1921 and 1926, which is now leading to string theory [2]
[3]. Even though it made cornerstone for the later multi-dimension theories and
gave much inspiration to physicists for the dream of unification theory, it has
not been established as a complete theory. The main reason for this is that the
Kaluza-Klein theory uses a 5-dimensional metric tensor, resulting in various
contradictions. Recently, a paper saying that gravitational and electromagnetic
field can be unified even in the fourth dimension has been published [4]. It is
consistent with existing physical phenomena and there is no mathematical con-
tradiction, but it still has a limitation of the linear approximated space-time.
This paper is expanded to show that it can be unified even in a 4-dimensional
curved space-time. Starting from the Bianchi identities, Maxwell’s equation is
obtained by using the conditions of the gauge symmetry. Particularly, since the
2" Bianchi identity is a general form of the gravitational equation, it tells that
the gravitational and electromagnetic fields are naturally unified.

Table 1 and Table 2 below introduce Bianchi identities and Maxwell’s equa-
tions. Both equations can be categorized into 2 types, and we can see some for-
mal similarities by comparing their types. The 2nd Bianchi identity and Max-
well’s equations in the curved space-time have the notations of covariant deriva-
tives [5]. We are going to make relations with Bianchi identities and Maxwell’s
equations.

We also introduce the gauge of metric tensor in a curved space-time by using
previously calculated general gauge transformation [6] [7]. The result is (1-1).

g (x)= g, (x)-(V,&+V,&) with £-0 (1-1)

&, means the infinitesimal coordinate transformation

x;=x;+&5, with £ >0 (1-2)

Under Killing’s equation, the coordinate transformation of the metric tensor
is invariant, thus Equation (1-3) can be used. The solution to this equation, ¢
is called the Killing vector [6] [7] [8].

V& +V & =0 (1-3)

By using Killing’s equation and the gauge symmetry condition representing the
conservation property, we would like to show the deriving process of Maxwell’s

equation in curved space-time in detail.
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Table 1. Types of Bianchi identity.

Types Bianchi identity

The first identity R,+R, +R,=0

ikl ikl iljk

VR .+VR +V.R =0

1 mijh 7 mikt KNy

; 1
Or V’(R/kfgg/k ]:0

The second identity
Or R, —%g,kR =kT,,V'T, =0
(Where V, : covariant derivative, 0, : ordinary derivative).
Table 2. Types of Maxwell’s equations.
Types Linear approximated space-time Curved space-time
Homogeneous 0,F,+0.F,+0F, =0 V.F,+V.F,+V,F, =0
Inhomogeneous J' =0 F’ J'=VF

2. Derivation of Homogeneous Maxwell’s Equation from the
First Bianchi Identity

The first Bianchi identity is as follows [6] [9].

Ry + Ry + Ry =0 (2-1)

where
Ry, =0,Ty, =0, +T4L,, —T%T,, (2-2)

where
Ly :%(a/‘gil +0,8; _aigjl) (2-3)

When Equation (2-3) is changed as gauge-transform, the metric tensor g,
is replaced with g}k and Equation (1-1) can be used in Equation (2-3). If we
intend to check the gauge symmetry, only gauge term e(ijk +Vk(;‘j) can be
substituted into Equation (2-3) and we have Equation (2-4).

1
T, = Eg(aj (V& +V,8)+0,(V,6+V,E)-0,(V,&+V.E)) (249
When Equation (2-4) is put into the Riemann tensor Equation (2-2), the 3rd
and the 4th terms of right side can be ignored because they are 0(6‘2) and ¢
is infinitesimal. For convenience, 1/2 is omitted and the 1st and 2nd terms of
right side of Equation (2-2) are expanded like Equation (2-5).
Ry =0,y =0,y =0, (ajgil +0,8; _aigjl) =0, (ajgik +0,8; _aigjk) (2-5)

When the indexes are rotated, we have Equation (2-6) and Equation (2-7).
Ry =0T, —0T, =0,(0,8,+0,8,-0,84) ~0,(0,8, +0,8, —0,8,) (2-6)

Ry = ajrilk _akrilj =0, (61gik +0,8; _aiglk) —0y (ajgil +algij _aiglj) (2-7)
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Therefore, Equation (2-5) is
R, =0,y oI, =

b

0,(0,(Vi&+V,8)+0,(V,E+V,&)-0,(V,& +V.&,)) (2-8)

=0,(8,(Vi& + V&) 40, (Vi&, +V,£)=0,(V.&, +V &)

il

Equation (2-6) is
Riklj = alrikj _ajrikl =
0,(0,(Vi& +Vi&)+0, (V& +V,6)-0,(V.&, +V &) (2-9)

~0,(0,(ViE+V.E)+8,(V,& +V,£)-0,(V,6+V,&))

Equation (2-7) is
R,=0T, -0, =

iljk itk i =

0,(0,(Vi&+V,6)+0,(V,i&+V.E)-0,(V,.&+V,&,)) (2-10)

_ak (af (Vlgi +Vi§l)+al (Vjé:i +Vi§j)_ai (Vjél +V/§j ))

According to Equation (2-1), when all the above three equations from Equa-
tion (2-8) to Equation (2-10) are added, we can see that the underlined terms of
the same types disappear by each other and the final result becomes 0. Since only
the gauge terms are used in the Bianchi identity, it can be said that the 1* Bianc-
hi identity equation is gauge symmetric.

Next, we will show that there are identities between the gauge terms as well.
To calculate it, we put all the terms into Table 3 and organize them.

Each element in Table 3 is assigned to two numbers for each term. We search
and rearrange pairs in the form like 0,0,V,& —0,0,V, & with only indexes
change. Table 4 is not the unique combination in finding pairs game, but just
one of examples.

As previously shown, addition of all values in Table 5 results in 0, thus
0; (V/cF:'l +V,F +V F, +V.E, +V,F, +V,F, )
+0, (V. Fy +V Fy +V, Fy +V, F, +V,F +V Fy ) (2-11)

+0, (V,Fy +V,Fy +V,Fy +V,F, +V,F, +V F,)=0

it jl J

Table 3. Set of gauge terms for Equation (2-8), Equation (2-9) and Equation (2-10).

0,0,(VE+VE) 8,0,(V,£+VE) -0,0,(V £+VE) -0,0,(V,£+VE) -0,0,(V.E+V &) 00,(V.E+V &)
w2 G co s ©o | aL2
3,0,(VE+VE) 8,0,(V.& +V,€) -0,0,(V&+V &) —00,(VE+VE) -0,0,(V,&+V,E) 0,0,(V,&+V.&)
""" T N B AT (19.20 (L2) (23,20
0,0,(VE+VE) 8,0,(V,E+VE) -0.0,(V,&+V,&) -0,0,(VE+V.E) -0,0,(V E+VE) 0,0,(VE+V,E)
(25,26) (27,28) (29,30) (31,32) (33,34) (35,36)
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Table 4. Matched gauge terms and position number.

00V,E-00V,E (23,7) 00VE-00VE (28,9) 0,0.Y,E-0,0V & (16,5)
00V E-0,0VE (14,32) | 00V,E-00VE (3,18) 0,0V -0, VE (420)

00N, E-00V,E (13,29) | 80V, E-00V,E (27,17) | 00VE-0,0VE, (26,34)

00V E-00VE (2,8) 0OVE-00V.E (1L21) | 8,0V -00VE (36,19)

00V E-0,0VE (24,31) | 00VE-00VE (1522) | 00VE-0,0VE (25,6)

00VE-00VE (1,30) | 00V.E-00V.E (12,33) | 8,0V,E-00,VE (3510)

v v v
o V,F, OV, 0,V F,
o V.F, oV F, OV.F
0 V,F, oV,F, 0,V/F,
o V.F, OV,F, OVF,
O V,F, o0V, 0.V,F,
dVF, oV F, o,V F,

AN AR kYt

Here, EI = 61; _afé .

Table 5. Bundle with identities.

6/ 0, 0,
0 © o © OR®)
V.EHV.E|= V:ij N ViEq =0 ViF;/ It VxF}/ =0
st
The 1% bundle V.EHV.E=O VlrF;j H VkF/i =0 VjEl +V/E; =0
V EHV F =0 V[E{i H V/‘Ek =0 le/i + VIF;/ =0

OV,E,+VFE+VF,=0 OV.F, +V,F,+V F, =0 OV,F +V F+VF =0

ik J ki j Ikl

The 2" bundle

@V, F,+V,F,+V,F, =0 @V,F, +V,F, +V,F, =0 @V,F, +VF,

+V,F, =0

j

The six terms in parentheses, headed by 0,,0,,0,, can be expressed as two
types of bundles that form an identity as shown in Table 5.

In Table 5, the 1st bundle is composed of 0,,0,,0, groups, and each group
is composed of 3 pairs and also it makes 0. By rearranging the 1st bundle, we
have the 2nd bundle in which we can have 6 identities naturally.

Every identity in the 2™ bundle is the homogeneous Maxwell’s equation. Thus,
we can conclude that the homogeneous Maxwell’s equation is derived from the
1* Bianchi identity through gauge symmetry.

One thing to note is that the covariant derivative type
(V,F,+V,F,+V,,F, =0) is inextricably related to the ordinary differential type
(0,F; +0,F, +0,F, =0) [10]. The covariant type of Equation (2-12) can be ex-
panded into ordinary type.

V. F,+V,F,+V,F, =0 (2-12)
6kF;i _FZ;sz _FZF;m +6iEd _rl'Zle _FSEM (2_13)
+0,F, _F;?F;nk _FZZEm =0
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In Equation (2-13), the terms of the Christoffel symbol disappear because
there is a pair that is deleted by each other, so Equation (2-13) becomes Equation
(2-14).

O F; +0,F, +0,F; =0 (2-14)

In other words, the homogeneous Maxwell’s equation becomes a mutually
necessary and sufficient condition for a curved space-time and a linear approx-

imated space-time.

3. Derivation of Inhomogeneous Maxwell’s Equation from
the Second Bianchi Identity

The general 2nd Bianchi identity is as follows [6] [9].
VR .+V.R ., +V,R 0 (3-1)

mijk 7 ik milj =

From the contracted type of 2™ Bianchi identity, we can derive the following
equation [6] [9] [11].

R* —% g"R=kT" (3-2)

\Y jT-/" =0 (3-3)

When k:ﬁ in (3-3), it becomes Einstein’s gravitational equation.
C

Therefore, deriving Maxwell’s equation from Bianchi identity can be regarded as
deriving the electromagnetic equation from the gravitational equation.
Ricci tensor in Einstein’s equation and Christoffel symbol are defined as fol-

lows,

R, =0T -8 I+ T, -T" Tk (3-4)

i JT ik ip~ jk JpT ik
i 1
ij :zgl(ajgkl +akgjl _algjk) (3-5)

The gauge term in Equation (1-1) has to be substituted into the metric tensor
in Equation (3-5). The Christoffel symbol with only the gauge term substituted is

as follows.

i 1,
r, :Eg’fg(aj (Vi +Vi&)+0,(V 6 +V,& )-8, (V,6 +V.&))  (3-6)
When (3-6) is substituted into Equation (3-4), the 3rd and the 4th terms of
right side can be ignored because they are 0(6‘2) and ¢ is infinitesimal and
only the 1* and 2™ terms, which are O(¢), are considered. Therefore,
1 i
Ry =50, 2" (0.(Vig, +V,6)-0,(V,6 +Vi£))) |
(3-7)
1 j
_Eaj [g ' ( O (Vlgi +Vig ) =0, (Vi'):k +Vys; ))]
Here, it is used as the condition of the Killing’s equation. Once this happens,

the left side of Equation (3-7) becomes always 0. In other words, it has gauge

symmetry.
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0= %[aiak (viégj +Vj§i)_aiai (Vfg" Vi, )J

(3-8)
1 i
_E[a"ak (V&' +V'g)-0,8 (V& +V,E)]
If ¢g" is multiplied to both sides,
1 i i i
0=_[00" (Ve +v,¢')-00 (V.6 +v'¢)) .
1 i
_E[aja* (vig'+V'g)-0,0' (Vig" +v'E) ]
When the condition j=A1 isapplied
1 i (i i i i i
0= 5[5,-5’ (Vg +v,&)-00 (V,&' +V¢))]
: (3-10)
—E[ajaf (Vig' +V'g)-0,0' (V& + V&) ]
Since the 1* and 4" terms are the same and the 2™ and 3™ terms are the same,
0=0,0'(V'g,+V,&")-0,0' (V,& +V'¢)) (3-11)
The 2™ and 3", and the 1" and 4™, respectively, are calculated as follows Table
6.
Since the two calculations are the same, it is doubled.
0=20,V,(0’¢'-0'¢’) (3-12)
So
0=0,V, (/¢ -a'¢’) (3-13)

A possible case for Equation (3-13) is that Vjaj =0,0' and 0, =Vj§f.
That is to say V; =0, . This means that space-time is flat not curved. So for the
case of curved space-time, the condition must be that V, (affi —8i§j) is con-
served for the component 7

If the value in parentheses is defined as F”

FiEaig _pigl (3-14)

Then, Equation (3-13) is

0=0,V,F’ (3-15)

Table 6. Calculation for each term in Equation (3-11).

2nd 4 3 1%+ 4
00'V'E, ~00VE,

Exchange of 7and /in the first term
0,0'V. & -00V¢E

=V, (0¢-a¢) =00V -00V'E =0V (0,£-0¢))

or

=0V, (o7& -0'¢)

DOI: 10.4236/jhepgc.2021.73071

1208 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2021.73071

Y. H. Yun, K. Jang

If we define J' like Equation (3-16),
;i def ii
J' =V,FY (3-16)

Equation (3-15) becomes as follow.

0.J =0 (3-17)

i

We must also show gauge symmetry of R Ricci scalar which is defined as fol-

lows.
R= gijjk (3-18)

As we have already showed R, has gauge symmetry, R also has gauge sym-
metry, which means that Einstein equation has gauge symmetry. It shows inho-
mogeneous Maxwell’s equation from Equation (3-16) and continuity equation
from Equation (3-17). In Table 7, we summarize that first and second Bianchi
identities and the corresponding Maxwell’s equations are derived from the coor-

dinate-transformed Bianchi identities and gauge symmetry condition.

4. Comparison with Kaluza-Klein Theory

The unification of gravitational and electromagnetic field was first proposed by

Kaluza. At that time, the proposed metric tensor was as follows [2] [12].

8o & &n &n K4,
o &1 &2 & K4
8w =80 8u 8» 8xn k4, (4-1)

8w &1 &n &u k4
kA, kA kA, kA, &

The geodesic equation, for this metric tensor, is

2. o3k J .5 Joquk
d*x idxdx_kFii__kgjsAidx_dx

- 4TI, — = = _kF! . — 4-2
dr> 7 dr dr 7 dr dr T dr dr #2)

The first term on the right side looks just like the familiar Lorentz force term
5

of a charged particle if we identify kd— with the charge to mass ratio e/m.
T

However as long as the second term g’° is not all zero, g,, cannot become a

tensor [12], because it does not satisfy the tensor condition. Afterward, Klein has
supplemented and proposed again as follows [3] [12].

oo thkdyAy 8o HhkdyA 8o +hA A, gos + kA Ay kA,
8o +hdy A, g kA4 g, +kAA, g3 +kAAy k4,
& =|8n*t kdyA, g, +kAd, g, +kdA, gy t+kd Ay k4, (4-3)
8o thdyAy g +kAAdy gy +kA Ay gy + kA Ay k4,
k4, k4, kA, kA, k

Equation (4-3) can be seen as a more advanced form than Equation (4-1) be-

cause it has orthonormality as Equation (4-4) [12].

g"g, =0, (4-4)
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Table 7. Process of deriving maxwell’s equation using gauge symmetry.

Gauge transformation

X' =x"+&&”

with &£ —>0 >
g;’k (X'); i (x)—g(VAg/ +v/§l\)

Bianchi identity Bianchi identity /Maxwell’s Equation from
Rr/kl + kal/ + Ru,k =0 (2'1)

R, +R,+R, =0 >
V.E+VFE,+VF, =0 (2-12)

j ’ 1 ’ 1

VI R, _Egsz =0 R, —Eg/kR=kT/A (3-2)

or >

§ def i _

R J'EVF (3-16)

kT

1 , ;
Eg/kR =kT,,V'T, =0

The geodesic equation, for this metric tensor, is

2 i Jj k J 5 Jj k
4o p W e d g de A
dr T dr dr Tdr dr T dr dr

(4-5)
But Aiji in the second term on the right side, has no classical correspon-
dence [12].
However, the metric tensor proposed in this paper is 4 x 4, not 5 x 5 format,
which is different from the above Kaluza and Klein’s proposals.

According to Equation (1-1), the gauge-transformed metric tensor is (4-6).

8o +5(V1A0 +V0A1) 8nt 5(V2A0 +V0A2) 8zt 8(V3A0 +V0A3)
gn+e(Vid+Vi4) g,+e(Vo4+Vi4y) gs+e(Vid +V,4,) (4:6)
g +e(Vod +Vi4,) gy +6(Vydy +V,4)) g +6(Vy4,+V,4,)
3 g13+‘9(V3A1 +V1A3) g23+6‘(V2A3+V3A2) g33+8(V3A3+V3A3)
However, V, 4,+V 4, =0.
The geodesic equation, for this metric tensor, is
d2x!i ) dx!/ dx!k
+T" =0 4-7
drr2 7 dr dr (&7
F;’k is as follows [6].
ooxox® oxt o, " o'
Jk = ' 1y 1tk — or v ' 1k (4_8)
ox” ox" ox ox" ox'/ox

And x]'. has the same definition of Equation (1-2).

Since the geodesic equation proposed as a metric tensor in this paper is the
form of coordinate transformation, so the problems that appeared in the Kalu-
za-Klein theory are not found while maintaining the existing forms.

In Equation (1-1), { was used as the gauge term. And it was shown to be in the
form of Maxwell’s equation when it has gauge symmetry in the gravitational eq-
uation. This means that gravitational field and electromagnetic field are com-
pletely independent of each other, which is consistent with reality.

On the other hand, deploying 5-dimensional theory has met several problems
including the following.

For example, Kaluza introduced the “cylinder condition” hypothesis saying that
no component of the 5-dimensional metric depends on the fifth dimension. This

extra degree of freedom led that the field equations of fully variable 5-dimensional
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relativity grow enormously in complexity. Afterward, in 1926, Oskar Klein gave
Kaluza’s classical 5-dimensional theory a quantum interpretation introducing
the hypothesis that the fifth dimension was curled up and microscopic, to ex-
plain the cylinder condition. He suggested that the geometry of the extra fifth
dimension could take the form of a circle, with the radius of 10 cm [13] [14]
[15]. However, it is impossible to explain what kind of energy can make space
and time bent so enormously. For another example, according to the Kalu-
za-Klein theory, they got the electron mass m = 3 x 10°° MeV, largely different
from the experimentally known m = 0.51 MeV. This encountered serious prob-
lem obtaining the right electron charge and mass ratio [14] [16].

On the contrary, our theory which is implemented only in 4 dimensions, does

not have these kinds of problems.

5. Conclusion

The unification of the gravitational and electromagnetic fields in the linearly-
approximated space-time which was shown previously has been also shown even
in a curved space-time as well. From the first Bianchi identity, inhomogeneous
Maxwell equation is derived, and from the second Bianchi identity homogene-
ous Maxwell’s equation is derived, both by using gauge symmetry condition.
Since the second Bianchi identity is equivalent to Einstein’s equation, it can be
interpreted as the unification of gravitational and electromagnetic fields. The
contradiction for the tensor feature and for the geodesic equation which is ex-
isting in Kaluza-Klein’s theory is cleared by expanding the equations using 4 x 4
metric tensor. Even though two fields, gravitational and electromagnetic fields,
can be unified, both are completely independent of each other without the cau-

sality problem.
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