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Abstract

This paper deals with the existence and uniqueness of solutions of generalized
Kirchhoff equations and the family of global attractors for the equation and

|Z) of Kirchhoff

its dimension estimation. First, the stress term M ("Vmu

equation is properly assumed. When certain conditions are met between the
order m and the degree p of Banach space L° (Q) , the existence and

uniqueness of the solution of equation are obtained by a prior estimation and
Galerkin’s method; Then, the bounded absorption set B, is obtained by

prior estimation, and it is proved that the solution semigroup S(t)
generated by the equation has a family of global attractors A, in phase space
E = (H 2K (Q)NH; (Q)) xHg (Q) by using Rellich-Kondrachov compact
embedding theorem. Further, the equation is linearized and rewritten into a
first-order variational equation, and it is proved that the solution semigroup
S(t) is Fréchet differentiable on E, ; Finally, the upper bound of Hausdorff
dimension and Fractal dimension of A is estimated, and the Hausdorff

dimension and Fractal dimension are finite.

Keywords

Kirchhoff Equation, Galerkin’s Method, Family of Global Attractor,
Dimension Estimation

1. Introduction

This paper will study the initial-boundary value problems of the following
generalized Kirchhoff equations:

u, +M (”V"‘u”z)(—A)zm u+B(-a)"y, +uf” (u, +u) = f(x), (1)
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u(x,t)zo,%:O,i:l,2,---,2m—1,xe(3§2,t>0, 2)
u(x,0)=u,(x),u (x,0)=u (x),xeQcR". (3)

where me N",QcR"(n>1) is a bounded domain with smooth boundary
oQ, f(x) is an external force term, M(|Vmuz
Kirchhoff equation, >0, f (—Azm)ut is a strong dissipative term,

) is the stress term of

|u|p (ut + u) is a nonlinear source term.

Many scholars have studied the existence of global attractor of Kirchhoff
equation with strong dissipative term, [1]-[7] can be referred.

In reference [8], scholars considered the following Kirchhoff type wave

equation with nonlinear strong damping term
Uy — &AU, +alu, " u + Alul T u —¢(||Vu||2)Au = f(x),(xt)eQxR*, (4)
u(x,0)=uy(x);u (x,0)=u;(x),x e, (5)
U(X 1) 10=0,AU(x1)| =0, Q. (6)

Here, Q is a bounded domain with smooth boundary oQ in RV,
&,a,f are normal numbers.

TokioMatsuyama and Ryolkehata [9] proved the global solution and
attenuation of the solution of Kirchhoff type wave equation with nonlinear

damping:
U, —M ("Vu (t)"i)Au +6]u " U, = pefu[ T u (7)

With compact boundary conditions
u(xt)

Fucaili discussed the higher-order Kirchhoff type equations with nonlinear

0=0,>0. ©)

terms in reference [10]:

q
U, +[j V™ ZJ (=A)"u+ufu] =]u["u,xeoQ,t>0, )
Q
ou .
u(x,t):O,ﬁ:O,l:1,2,---,m—1,XG6£2,t>0, (10)
u(x,0)=ug,u, =u;(x),xeQ. (11)

In a bounded domain, where m>1 is a positive integer, p,q,r>0 is a
normal number, if p<r, the existence of global solution will be obtained, if
p >max{r,2q}, for any initial value with negative initial energy, the solution
explodes in a finite time. For more related research results, please refer to
references [11] [12] [13] [14].

In this paper, for the convenience of narration, the following spaces and
marks are defined: H =1*(Q), H;"(Q)=H>(Q)NH;(Q),
HE™(Q) = H™ (@)NHY(Q), E, = HI™ (Q)xHS (),
(k=0,1,2,---,2m). Define (--) and || to represent the inner product and
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norm of Hrespectively,
namely

(u,v) = [u(x)v(x)dx,(u,u) =l

Q

Let A  be the family of global attractor from E;, to E,, B, be the
bounded absorption set in E,, where k=12--,2m. C/(i=012, )
represents a constant.

(H1) assume that Kirchhoff type stress term M (S)eCZ([O,—i-oo],R) satisfies:

,uo,%"VZ'"u ’>0,

1<uy <M (S)< gy, u=

ﬂl,%”v?”‘u ’ <0,

where g isa constant.

() p<0
n

2m 2
ﬂﬂ; 1,20y, 2t

1 .
AlZm +ﬂ

There exist constant &, 0<&<min<,[1+

2. The Existence and Uniqueness of Global Solution

In this section, under the assumption of Kirchhoff stress term, the existence and
uniqueness of global solution are obtained by prior estimation and Galerkin’s
method.

Lemma 2.1 Suppose Kirchhoff stress term M (s) satisfies the conditions
(H1), Assume that (H2) holds, f eH, (uy,v,)€E,, v=u+eu, £>0, then
the smooth solution of the initial-boundary value problem (1.1)-(1.3) satisfies
(uv)eEy, uel” (0,40 H™(Q)), vel” (0,407 (Q))NL(0.T;H"(Q)),
and satisty that following inequality

m 2
e, =52+
(1
m 2 + - C -
s["vo"z+gz||u0||2+y||v2 u0|| + fy+2 lu ofpfz )je ll+a—fl’(1—e 1t),
gJ‘OT ||V2"‘v||2 dt <C,T +y,(0). (2)
where alzmin{Zg,ﬁ,az,g(erz)},
Y7, e+l
+1 "
1 (0) =l 2 oo + 7+ 2 || ol -
So there is a non-negative real number C(Ri) and t=t (Q)>0, make
2C
lwv), <= =C(R).(t>1,). ()

Proof. Set v=u, +¢&u, take the inner product of both sides of Equation (1.1)
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with vin H, we obtain

(un+M(Vmu p)(— )Zmu+,3( )2 ut+|u|p(ut+u),v):(f(x),v). (4)

1d 2 2 312
S ®

Vv
LV
According to hypothesis (H,), we can get

(M ( v Z)(—A)zmu,v)z(M ( v

Z)(—A)zmu,ut+gu)

4 d , , (6)
el R
By Young's inequality and Poincarés inequality
(,B(—A)zm U, ,v) = ﬂ"Vz”‘v ’ —gﬂ(Vzmu,Vzmv)
> |V = (e|vuliveny]) @

> Zlvnf - ol

where 4, is the first eigenvalue of —A with homogeneous Dirichlet boundary

conditionon Q.

we can get
<|u|p(ul+u),v)=(|u|p,uf)+g(|u|p ul,u)+(|u|pu,ul)+g(|u|pu,u)
Zgj'|u|’”2 dx+(g+1)j|u|pu-utdx (8)
+ 1 d +
s o+ L O

According to Young's inequality, we get
& 1
(F ) <[ FM= M+ 21T (9)

Substitute (2.5)-(2.9) into (2.4),

+1 "
(ﬂnvzmu” +||v|| +&° ||u|| 5 . ” ||fpzz ] (2£ﬂo—gz)||v2mu 2
p+
(10)
Hlvnf [M - gj”V" +26t o + 26l < -
2m
Make a =2¢u,—&°>0,a, = ﬂﬂi —-2e-¢>>0.
Take a1=min{25,i,az,M,}.
y7, e+l
Then (2.10) can be converted into
my g+1 2
8 aleaf I o p+2 ey, |
) (11)
+a1(,u||V2m AV uff + 25 || ] §||v2mv||2gco.
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By Gronwall's inequality

[l

2 2(e+1) 2 wi C B (12)
|+ o lug fp+z(Q)Je 1t+;j(1—e ),

< (||v0||2 +&2 ||u0||2 + y”Vzmuo

gﬂuvmv “dt<CT+v,(0). (13)

2 2 8+1 " p+2
p+2 L@

So there is a non-negative real number C(R,) and t=t (Q)>0, suchas

W, <22 =cR).(t>1). (19

1

where y, = ||V||2 +&? ||u||2 + ,u||V2mu

Lemma 2.1 is proved.

Lemma 2.2 Assume that (H1), (H2) holds, if f(x)eH ,
(Ug,vo) € E (K =1,2,---,2m) , V=U +eu, £>0, Then the smooth solution
(uv)eE,(k=12,--,2m) of the initial-boundary value problem (1.1)-(1.3)
satisfies U e L™ (0 +oo;H, 2m-k (Q)) ,
vel” (O,+oo, ( ))ﬂ L2 (O,T; Hg"”k (Q)) and  satisty that following
inequality

lwv)lf, =[v sl + 7

<[P g oo« o) "

2
[dt<y,(0)+C,T. (16)

ET 2m+k
5 E[”V v

So there is a non-negative real number C(R,) and t=t,(Q)>0, make

lwv)f, <22 =c(R).(t>,). a7)

o,

Proof. Take the inner product of (—A)k V= (—A)k U, +(—A)k eu and the two
sides of Equation (1.1), and get

(ult +M ( v™u z)(—A)Zm U+ B(=A)"u, +ul” (u +u),(-A)" v)

(18)
=(f (x).(-a) ).
By Young's inequality, Poincarés inequality
2 2 m+
e v N VW
According to hypothesis (H1)
(M (Jomulf ) (- v) 2 &S fv sl v eul (20)

By Young's inequality, Poincarés inequality
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V2m+kv

2 2m 2 ( 1)
+%uvwn .

2
V2m+kv V2m+ku

(B(-2)"u,(-a) v)=p]
> £|
6

~ eV
z_ﬂ_‘gz"vaJrku
2

V2m+kv

where 4, is the first eigenvalue of —A with homogeneous Dirichlet boundary

conditionon Q.

(W (u, +u),(-a) V)
=( ) (" w4 ) o w.(-4)"v)
(1- (|u|" -a)v),

By Young's inequality, Poincarés inequality

we can get

[\

(1-¢) (|u|” A) v)s(1—g)||V2kv||u;|u|2”+2 dx)z,

(22)
s, < L +c,
By Schwarz's inequality, Young's inequality
2
(£ (0= v) = S 45590 (o] (23)
Substitute (2.19)-(2.23) into (2.18) to get
9o +ﬂ||v2m+ku||2)+[_2ﬁf"‘ —25—232J||Vkv||2
(29)
+(2% - Z; —ﬁ52]|v2m+ku ’ +§|v2m+kv “<c,
Take a, = %—25—282 >0,a, =281, — gzzm
2
&1, — ¢ - Be?
Let «, =min %—25—25 0 ﬂfm
H
Then (2.24) can be converted into
%("V"v"2 +,u|V2m*ku 2)+ a, ("V"v"2 +,u|V2m*ku 2)+§"V2”‘*kv ? < C,. (25)

By Gronwall's inequality

s o < (il <ff e« o). a9
l"vzf‘“k dt<vy,(0)+C,T. 27)
where y, = [V*v[| + V2" uf
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So there is a non-negative real number C(R,) and t=t,(Q)>0, make

). s%:C(RZ),(th). (28)
2

Lemma 2.2 is proved.

Theorem 2.1 Under the assumption of lemma 2.1 and lemma 2.2, and satisty
the hypothesis (H1), (H2), Then the initial-boundary value problem (1.1)-(1.3)
has a unique smooth solution (u,v)eL”(0,4%;E,), vel? (O,T; HZm* (Q)),
(k=012,---,2m).

Proof. Existence: Galerkin’s method is used to prove the existence of global
smooth solution.

Step 1: construct an approximate solution.

Let (—A)zmk w; = /1]-WJ- k=0,1,2,---,2m . where /1j is the eigenvalue of —A
with homogeneous Dirichlet boundary on €2, w; denotes the eigenfunction
determined by the corresponding eigenvalue A4;, W,---,W, constitute the
orthonormal basis of A from the eigenvalue theory.

Let the approximate solution of the problem (1.1)-(1.3) be

S

U, =Ug(t)=> g, (t)w; , where g;(t) is determined by the following
i

equations.

(uStt +M (|

m
VU

Z)(—A)zm U, +B(=A)" ug +u]” (ug +us),wj): (f(x).w,).(29)
(I<j<s)

The formula (2.29) satisfies the initial condition u,(0) = Uy, Uy (0)=u;.

When §— 400, (Ug,Uy ) —>(Ug,U;) in E,, according to the basic theory of
ordinary differential equations, the approximate solution ug(t) exists on
(0.t,).

Step 2: Prior estimation.

v, (t) =ug (t)+eu, (t), multiplying by g/ (t)+£9;(t) and summing over j
we can get

1) k=0, bylemma 2.1, there is

e, < w00+ Eofame) 60
gﬂ [V "t <C,T +y,(0). (31)
2) k=12,---,2m, by lemma 2.2, there is
. <y (0 + S e, 62
a,
Bl asy, e (3)

From (2.30) and (2.32), (u,,v,) is bounded in L” (O,+oo; Ek), (ug,vy) in
L” (0,+0; Ey) is bounded.
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It can be seen that the formula (2.30)-(2.33) holds a priori estimates for
lemma 2.1 and lemma 2.2 respectively.

Step 3: Limit process.

In E(k=0,12,,2m) space, select the subsequence {u,} from the
sequence {U,},

Make (u,,v,)—>(u,v) in L* (0,+oo; Ek) weak * convergence.

According to Rellich-Kondrachov compact embedding theorem, E,
compactly embeds E,, Then (u,,Vv,)—>(u,v) converges strongly almost
everywhere in E;.

Let s=h in (2.29), and take the limit, for fixed , h> j,

Then from (2.29), make u,—>u in L~ (0,+oo;H02m+k (Q)) weak *
convergence.

Thus (u, (t).(-4)"w,

| ) - (u (1), ﬂ;‘wj ) in L”(0,+%0) weak * convergence.
(Um (t),(—A)k w, ) - (ut (t),/l}‘wj) in L”(0,+%0) weak * convergence.
d . '
So (uhn,(—A)k w; ) :a(um,(—A)k W ) —>(uht,ljkwj) in D'[0,+w)
convergence.

D'[0,+) is a conjugate space of D[0,+0) infinite differentiable space.
2m+k 2m-+k

(M (|vmuh"2)(_A)k Uy (-A) W, ) _{M (”VmUh”z)(_A)T u,4; # WJ} in

L (0,+00) weak * convergence.

O B [ R B o)

in L”(0,+%) weak * convergence.

Uy, —> U, in E; strong convergence, almost everywhere convergence.

|uy|” (Up, +u, ) > w. (34)
p+2
In L~ {0, +00; LA 1L (Q)] weak * convergence.

Take D=Q,g, = |uh|p (Up +Uy ) . (2.34) almost everywhere
pr2
g9, > u/"(u +u), g, >w in L”*(Q) weak convergence.

Therefore W=g = |u|p (u +u),so
(|uh|"(uht +u,),(-A)" Wj)—>(|u|”(ut +u),(-A)" wj) in L°(0,+%) weak *
convergence. In particular, U, — U, weak convergence in the E , u, —> U,

weak convergence in E, , From all jand h — +,it can be introduced

(u“+M(|
=(f (x).(-8)w,).

Because of the density of W, W,, -, W,,--.

v™u i

)" u A (w40 ()
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(utt +M ( V™u Z)(—A)Zm u+B(=A)"u, +ul’ (u +u),v)

=(f(x),v),vve HS™ (Q).

Therefore, the existence is proved.
The uniqueness of the solution.

Set u”,v' is equations of two solutions, make w= u’—Vv", wsatisfies

W, +M ("V"‘u*"z )(—A)Zm u'-M ( 2 Z)(—A)Zm Vot B (A" w,

(35)
=|v*|p (vt +v*)—|u*|p (ut +u*),

w(0)=0,w'(0)=0,xe QcR".

Take inner product of (2.35) and W, in His as follows

W + M ([Vour| ) (=a) " u =M [V ) (=AY + B(=AY" ww,
(-(lv*r <Eﬂ+v*>"p|)u*r<u:+u*>,v£)- p) .
Therefore
(o) =5 <l 67
(B2 ww)=pvemw] . (38)

By differential mean value theorem, Young’s inequality
p 2m  * p 2m  *
(M( p)(—A) u —M( p)(—A) v,wt)
d 2 , p
(M) (v -

>om (o) v
2 p p
ol
2p

AT v

A&t v

S z)(—A)Zm v*,wt) (39)
St

> -~ VszVt
2 dt

where & = ou” +(1—5)V*,0 <o<1.
By Young's inequality

x| P * * *|P * *
(|v (v +v) = o[ (u +u ),Wt)

<Cy|wf j(|v*|” G )dx+ Co W] j(|v*|" +|u*|p)dx
Q Q

< CS[ |v* g +H|u* ’ j"Wt I
(@) (@)
ce[ VL et ) c, U"v* | ey ]
(@) (@) (@) (@)
. . o+ . jwf
by the interpolation inequality
n
W <c e

in the same way with
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. on
||u || s08|V2mu am

where p< 8—m
n

By Poincaré's inequality

x| P * * *|P * *
(|v| (v ) =Ju[ (4 +u ),Wt)

Zm*)in 2m*Ln 2 2m*p*n Qm*)in 2
<C, [”V v, [[4m + |V U, [[4m J"Wt" +Cy [”V v, ||4m +|V U, [[4m j||w|| (40)
<C, {”VMV: % + |V2mU: ﬂjuwt"Z + ;:1212] [| Vszl* % n VZmut* |‘,‘D':]|Vzmw 2 .
By (2.37)-(2.40)
%("Wt"2 +/,1|V2mw 2)3 2C, Uvzmv: in Ve |‘/‘J':]||Wt I
on 2
o 2o [”Vzmvf an 4[| vy, 4mJ 2 (41)
+| =+ - |V2mw :
B Zh
Take the
2C,, Uvzmvf n +|V2mut* ﬂj
c:
n n 2m
a, =2C, Uvzf"vj i VAT |fmj+ A yﬂj
there are
d
g (O=a () (). (42)
where y,(t)= ||Wt||2 + ,u|V2mW g
By Gronwall's inequality
}ag t)dt
Va(t)<y; (0)e” =0 (43)

Thus y,(t)=0,0r U =V, therefore, the uniqueness is proved.

Theorem 2.2 [11] Let E be a Banach space and S(t):E — E semigroups
satisty the following conditions.

1) semigroup S(t) is uniformly bounded in E and VR >0, there is a
constant C(R), so that when |uf_ <R, there is

IS (t)u]. <C(R).(vte[0,)).
2) There is a bounded absorption set B, in £
3) S(t)(t>0) isa fully continuous operator

Then a semigroup S(t) is said to have a compact global attractor A .
Theorem 2.2 in Banach space E change to the Hilbert space E,, has the
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following the existence theorem of the family of global attractor.

Theorem 2.3 If the global smooth solution of the problem (1.1)-(1.3) satisfies
the assumptions and conditions of lemma 2.1 and lemma 2.2, then the problem
(1.1)-(1.3) have a family of global attractor A ,(k =1,2,---,2m). That is, there is
a compact set A, , which makes:

1) S(t)A =A.(t>0).

2) !Lrpodist(s(t)BOk,A()=O,(VBOK cE).
where  dist(S(t)By, A )= sup ;QL ||S (t)x— y||Ek , S(t) is the solution

xeBoi
semigroup of (1.1)-(1.3).

Proof. It is necessary to verify the hypothesis (1), (2), (3) of theorem 2.2. It is
easy to know that the Equation (1.1) has a solution semigroup S(t):E, — E,

under the hypothesis of theorem 2.3.
1) by lemma 2.1, lemma 2.2, bounded set for VBj — E, and contained in

{"(u,v)"Ek < Rk}.

2
"S (t)(UO’VO )”Ek = ||u"|245m+k(9) +||V||iqg(g) < ||u0 "2Hgm+k(9) +"V0 "2Hg(g) s sz'

where t>0,(uy,Vv,) € B, , this suggests that the {S(t)}(t=0) in E,
uniformly bounded.

2) by lemma 2.1, lemma 2.2, there are further
"S (t)(uo'vo )"25k = "u"igm*k(g) + ||V||i|g(g) < sz’t 2L =5 (Rk ) )

So By = {(u,v) eE, :||u||i‘§m+k(g) +"V"1245(Q) < sz} is the bounded absorbing

set of semigroup S(t).
3)since E, — E; isembedded, then E, bounded set of compact set of E,

so the family of semigroup operators S(t) is continuous, so the equation exists

a family of global attractor A, =w(By, ) =[S (t)By -

720t>7

3. Estimation of the Dimension of the Family of Global
Attractor

Firstly, we linearize the equation into a first-order variational equation and
prove that the solution semigroup S(t) is Fréchet differentiable on E,, and
further prove the attenuation of the volume element of the linearization problem.
Finally, the upper bound of Hausdorff dimension and Fractal dimension of A,
is estimated.

The Equations (1.1)-(1.3) is linearized

U, +M (|Vmu Z)(—A)zmu +M’(|Vmu z)(|V”‘u E) v™U (-A)"u W
+B(=AY"U, +plul" " u, U +|uf U, +(p+1)|uf U =0,
U(x,t)=0,xeQ,t>0, (2)
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U(x,0)=¢,U,(x,0)=17. (3)
where (£,7)eE,,(u,u,)=S(t)(Uy,u,) is the solution of the problem (1.1)-(1.3)
with (uy,u,) € A. Given (uy,u,)e A,S(t): E, — E,, it can be proved that for
any (&,77)eE,, there is a unique solution (U (t),U, (t))e L*(0,+%;E, ) to the

linearized initial-boundary value problem.
Lemma 3.1 if S(t): E, — E,, Fréchet differential on 1, =(Uy,U,) is a linear

operator F :(f,ry)—)(U (t),Ut(t)) , let t>0,R>0 , and the mapping
S(t):E, —E, is Fréchet differentiable on E,, where (U (t),U,(t)) is the

solution of linearized initial-boundary value problem.
Proofset 7, =(Up,U)€E » 7 =(Up +& 0 +7)€E , and o], <R,

||77o||Ek <R, make 7 =S(t)n, =(uv), 7,=S(t)7, =(T,V), In which the
semigroup S(t) is Lipschitz continuous on the bounded set of E,, that is,

||S(t)770 -S (t)ﬁOHZEk <gt! ||(§,77)||2Ek ,Make #=U, +¢U . soyou can get it.

p

2 m. [P 2m ’ m. ||P m ' m 2m
0, -0 +¢&°U +M(V u p)(—A) U+M (”V u”p)( V™u p) V™ (-A) u(4)
+B(=A)" (0—eU)+plul” " u,-U +]u” (-&U)+(p+1)|u[’U =0,
0(0)=0,6,(0)=0. (5)
Make (¢,¢)=(T-u-U,V-v-0).
g+ M ([ )(-)" 5 (- 4 (0 ) = ().
U +M ( V™u Z)(—A)zmu+ﬂ(—A)2m U, +]ul” (u, +u) = f(x), ©
m p m 12 m p m p ' m m
Un+M(V u p)(—A)2 U+M (V u p)(”v u"p) v™U (-A)"u
+B(=A)"U, + plul ™ u U +uf U, +(p +1)|u[’U =0.
Subtract these three equations to get:
m—||P m_— m. |IP m m. ||P m
¢n+M(V u p)(—A)2 u—M(V u p)(—A)2 u—M(V u p)(—A)2 U
' m, . ||P m, |IP ' m 2m 2m
—M(Vup)(Vup)VU(—A) U+ B(-A)" 4 %
+[a” (@ + @) ~Jul” (4 +u) - plu " u, U ~|u" U, ~(p+1)|uU =0.
where
m—||P 2m _ m.||P 2m m. ||P 2m
H _M(V u p)(—A) u—M(”V u||p)(—A) u—M(V u p)(—A) U
' m,|IP m,,|IP ' m 2m N
_M(Vup)(Vup)VU(—A) u-+[a)” (o, +T) (8)

—|u|p(ul+u)—p|u|”'1ut~u —|u”U, = (p+1)|u|"U.

Make H=h +h,.
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-w{J¥
(e
-w{J¥s

M|y p)(”v”‘u"p) V(@ —u—g)(-A)"u.
By the differential mean value theorem
vz ') vn (@-u)(-a) "
el e
ew(fonul ) ")'vm¢ -y
([ )-a <w>

(-
et oot o

NI ("Vmu") zu_M(||vmu||§)(_A)2mu

)=
o )([77ul}) v (-aye
")(-a)

—AY" T ( )(—A)Zm T+M ("V"‘u”i)(—A)zm y

€

hl=M’( Ve

(||V”‘u| )( uf’ ) v (@-u)(-a)" (@-v)
(o[l o)
where ¢ =sV"T+(1-5)V"u,se 0,1), c=svV" §+(1 s)V"u,se(0,1).

)
)
)vm¢ u+M(
(
(-

Take inner product of h and

[M”( vl )(|vz E) (L-s)(v" (U—u))z(—A)zm 7, (-A) ¢tJ
<Cy|[ (V™ (T-u)) V2T v gt (11)
. szﬂzi:Zk ||v2m+k (U—u)||4 . % ||v2m+k 4 |2_
where Cy = M*(|v7el)(" ]} ) (1-s)) .c = Calvta].
[M'(Ilvmulli)( Vo]l ) v (- u)(-a)” (U—u>,(—A>k¢t]‘
2m+k 2m+k

i( —U))- V2 (T —u)- VAT g dx )

<C1321 |V2m+k U U || ||V2m+k |

< % ||v2m+k ¢1| 13/71 ||V2m+k u)"4_
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(el el v st

< C14 E[vm¢'V2m+ku 'V2m+k¢ldx (13)
<Cy é)

< %"Vzmkﬂ"z n Clzsj'fmik ||V2m+k¢|2.

(M (ol )y o |2 2o S

The h, = o]’ (G, +T)~|u| (u, +u)-p|u" " u,-U ~u]’U I’

~(p+1)u["u
Take inner product of h, and (—A)k & .

([ <m+a>—|ur’(ut+u>—p|u|*”ut-u—|u|ﬂut—<p+1)|u|ﬂu.<—A>k¢f)

(15)
< C16

J b (-A) gax <Cui [V 4

where

‘ T TV B e M T P T TR RS Vg V)
< Cy (J0” +Jul” ) = |ul” Uy + Cog (a1 +1ul” v = (olul” v+ (o +Dul” U
< Cuo (G ([T #1011 )

+Cop [ ([T +]ul" )+ (olul e+ (1)) )

<C,4
Combined with (3.11)-(3.15), there are

Sl + o v=of

- - (16)
<SATZTCAT o ey ([vaf ool )
0
Through the Gronwalls inequality, there is
4
||V2k¢t||2 +‘uo ||V2m-+-k¢|2 < szeczal (5;77)’ HE ) (17)
k
4
When (5,77)' -0
Ex
IO =s(n-FOEn £ (mf, >0 (18)
||(5,77 9

So the lemma 3.1 is proved.
Lemma 3.2 Under the assumption and condition of lemma 3.1, the family of
global attractor A, of initial-boundary value problem (1.1)-(1.3) has Hausdoff
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1

dimension and Fractal dimension, and d,, (A ) < =N, de (A)<=n.

~|

Proof. Make ¢=R o= (u,v)’ , 9=(u,u, )' , V=U, +eu,

R, :{u,u,} > {u,u +&u} is an isomorphic mapping, let A (i=1,2,---,2m) be

the global attractor of {S (t)} ,and A, is the global attractor of {SS (t)} , and

they have the same dimension, from lemma 3.1, we can know that

S(t):E, » E, is Frécher differentiable. The linearized first-order variational
Equation (3.1) can be rewritten as

P+A(Y)P=0. (19)

R=FR(¥). (20)

where
el -1

m p
AZu

A(¥)= M{

JAZ’" +&°1 —gBA™" —(,o|u|pfl u, +(p+1)|u|p)g+gz|u|p +® BAT -l +ul’ e
p

Iis an identity operator. ~A=A, P= (U,¢9), €eE,.Make ¥ =Rp=(UV),
p=(UU,), 0=U+sU R, :{uu}— {u,u +eu} isanisomorphic mapping.
For a fixed (u,V,)eE,, let n,r,--,r, be n element of E, , let
U, (t),U,(t),---,U,(t) be n solutions of the linear Equation (3.19), its initial
valueis U, (0)=r,U,(0)=r,,---,U, (0)=r,.

SO

||u t)AU ()A~~-AUn(t)2

lse

1)
—2trFl( (7)-Q, (7)) |V (1) AU, (t)A--- AU ()||AE =0.
Further, by the same Gronwall's inequality, available:
b (AU, ())A AU, (O]
(22)

=||r1Ar2A-.-Arn||AEk exp(j[trF[ (¥(r)-Q, (r))d‘r].
0

where A stands for outer product and ¢r stands for trace. Q (r) is an
orthogonal projection from space E, to span{ (1)U }

Given a certain moment 7,

set W, (T) = (é‘j (T),ij (T)), ,i=L2,---,n is span{Ul(t),Uz (t),---Un (t)}
orthonormal basis.

We define the inner productin E, is
((f, 77) , (é?, 77)) _ ((V2m+k§’ V2m+ké?) n (an, Vkﬁ))_ (23)
To sum up, it is available

(¥ (7)-Qu (7)) = i(F'(‘I’(f))'Qn (z)w; (1).w; (7)),

(24)
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where (F'(‘P(r))wj (‘z’)~Wj (T))E :—(A(‘P)Wj,Wj).

k

m ||P

AZu

p

_ _g||V2m+k§j "2 + (V2m+k fj ,V2m+k’7j )_ M [ ](V2m+k é:j ,V2m+k’7j )

_82 (ngl ’anj )+ﬂg(v2m+k§j ,v2m+k77j )
+5(/3|u|p71 U, +(P+1)|u|p)|ut|pil(vk§j’Vk’h)_‘D<Vk§jvvk7h)
o e I N TR AR R R |

R = = L S = P e

J

©+27 o~z plul” "+ (p+1)|ul’
+

yamk e 2
2]12[” | J" (25)
©+8° | & (pluf " u +(p+L)|ul )+ 36+ 22 ) 284"
. ) v
<=Cullv [ vl )+ lvs -
where

_ { [ﬂo_ﬁg_l CI>+82|u|pg(p|u|plut+(p+1)|u|p)J
Cy =mins — —&+ > ,
2 22

2m
+
;M

_ My — pe—1
2

D+ &2 |u|p _g(p|u|ﬁfl U, +(p+l)|u|p)+3€+2€|u|p —Zﬂjfm ﬂ .

Above all there is
(R (¥ ()W, (), () <~ |

T
Because w; (2') :(fj (T),T]J- (r)) ,J=12,---,n is
span {U1 (t),U,(t),--.U, (t)} orthonormal basis. Therefore

verg el egvel . eo

e @
J‘Zﬂ‘;(F'(\P(T))W" (7). w, (T))Ek < —NCy +§§“Vk§i ||2 (28)
Almost all the .
Slvaf <34 @9
=1 =t

The s-1=-2m and se[01], 4; is A®™  characteristic value, and
A <A, <= <4, so there is

TrF'(W(7)-Q, (7)) < —nCy +g§n:,1;*l. (30)

=1

Set
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t
g, (t)= sup sup [lerF’(s(t)‘Po)Qn (r)drj. (31)
woeBgy njeEy \ Lo
and
q, =limq, (t). (32)
Therefore,
0, <—NCy +an: A (33)

=1

Therefore, B, Lyapunovindex x,,k,,---,k,(n>1) is uniformly bounded,

and
KKy otk S—NCy Y A7 (34)
=1
make
( <_ . s-1 . s-1 I’]CZG
q;), SNCy+e) At <ey At <—2 (35)
j=1 j=1
g, < -NCy|1-—2-3 25 | <~ Lnc,. (36)
nCZG =1 ! 8
Further,
q.
max( ’)* <1 (37)
1<j<n |qn| 7

From this we can get d, (A()S%n,dF(Ak)Sgn, Then the Hausdorff

dimension and Fracta/ dimension of the family of global attractor A are finite.
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