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Abstract 
In this paper, we prove the boundedness of Calderón-Zygmund singular 
integral operators TΩ  on grand Herz spaces with variable exponent under 
some conditions. 
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1. Introduction 

Several years ago, the theory of function spaces with variable exponent has been 
extensively studied by some experts. initial work [1] by Kovóčik and Rákosník 
appearing in 1991. The Lebesgue spaces and some other function spaces have 
been studied in the variable exponent setting. Let ( )1s nL S −Ω∈  for 1s >  be a 
homogeneous function of degree zero and satisfies 

( ) ( )1 d 0,nS
x xσ− ′ ′Ω =∫                     (1.1) 

where 
xx
x

′ =  for any 0x ≠ . The Calderón-Zygmund singular integral oper-

ator TΩ  is defined by 

( ) ( ) ( )p.v. d .n n

x y
T f x f y y

x y
Ω

Ω −
=

−
∫                (1.2) 

This operator was firstly introduced by Calderón and Zygmund (see ([2] [3]) 
in which they proved that these operators are bounded on pL , where 0 1p< < . 
They have proved the boundedness of Lebesgue spaces ( )p nL   for all 
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1 p< < ∞ . The boundedness is extended to the case on Herz spaces by Lu and 
Yang [4]. In [5], Lu, Ding and Yan proved that TΩ  and the commutator 
[ ],b TΩ  are bounded on weighted ( ) ( )( ),p n q nL L  . Recently, Humberto Ra-
feiro introduced Grand Lebesgue sequence spaces in [6], where various opera-
tors of harmonic analysis were studied in these spaces. In [7], Tan and Liu dis-
cussed some boundedness of homogeneous fractional integrals on variable ex-
ponent spaces. In [8], Humberto Rafeiro and Muhammad Asad Zaighum pro-
posed grand variable Herz spaces ( ), ),p n

qKα θ�   and obtain the boundedness of 
sublinear operators on ( ), ),p n

qKα θ�  . 
Motivated by [8] our main purpose of this paper is to prove the boundedness 

of the Calderón-Zygmund singular integral operator TΩ  on grand Herz spaces 
with variable exponent. In Section 2, we first briefly recall some standard nota-
tions and lemmas in variable function spaces. Then will define the homogeneous 
and non-homogeneous Herz spaces with variable exponent and define the grand 
variable Herz space. In Section 3, the main result, we will prove the boundedness 
of Calderón-Zygmund singular integral operators on grand Herz spaces with va-
riable exponent. 

2. Preliminaries and Lemmas 

Suppose nΩ ⊂   and measurable function ( ) [ ): 1,p ⋅ Ω → ∞ , ( ) ( )pL ⋅ Ω  de-
notes the set of measurable functions f on Ω  such that for some 0λ > , 

( ) ( )

d .
p x

f x
x

λΩ

 
< ∞  

 
∫                     (2.1) 

This set becomes a Banach function space when equipped with the Luxem-
burg-Nakano norm 

( ) ( )
( ) ( )

inf 0 : d 1 .p

p x

L

f x
f xλ

λ
⋅ Ω Ω

   = > ≤      
∫            (2.2) 

These spaces are referred to as variable pL  spaces, since they generalize the 
standard pL  spaces: 

If ( )p x p=  is constant, ( ) ( )pL ⋅ Ω  is isometrically isomorphic to ( )pL Ω . 
The space ( ) ( )p

locL ⋅ Ω  is defined by 
( ) ( ) ( ) ( ){ }:  for all compact subsets .p p

locL f f L E E⋅ ⋅Ω = ∈ ⊂ Ω      (2.3) 

Define ( )0 E  to be the set of ( ) ( ): 0,p E⋅ → ∞  such that 

( ){ } ( ){ }ess inf : 0,  ess sup : .p p x x E p p x x E− += ∈ > = ∈ < ∞    (2.4) 

Define ( )Ω  to be the set of ( ) [ ): 1,p E⋅ → ∞  such that 

( ){ } ( ){ }ess inf : 1,  ess sup : .p p x x p p x x− += ∈Ω > = ∈Ω < ∞     (2.5) 

2.1. Herz Space with Variable Exponent 

In this part, we present definitions of Herz spaces with variable exponent and 
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use a notation in order to define those spaces. The important property for Herz 
spaces with variable exponents is the boundedness of the Hardy-Littlewood 
maximal operator. 

Let ι ∈ , { }: : 2nB x x ι
ι = ∈ ≤� , 1: \B B Bι ι ι−= , :

ii Rχ χ= . 

0  denotes the set of integers. For 0m∈ , we denote :m mRχ χ=�  if 1m ≥  
and 0 0: Bχ χ=� . 

Definition 2.1.1. (cf [9]). Suppose ,0 qα ∈ ≤ ≤ ∞  and ( ) ( ): 0,np ⋅ → ∞ , 
( ) ( ).np ⋅ ∈   
The homogeneous Herz space ( ) ( ),q n

pKα
⋅

�   is defined by 

( ) ( ) ( ) ( )
( ) ( ){ },

, : \ 0 : q n
p

pq n n
locp KK f L f α

α

⋅

⋅
⋅ = ∈ < ∞�

�
            (2.6) 

where 

( ) ( ) ( ) ( ){ }
( )

, : 2 .pq n n
p q

l
lK L

l
f fα

α χ ⋅
⋅

∞

=−∞
=�

�
 



             (2.7) 

The non-homogeneous Herz space ( ) ( ),q n
pKα
⋅   is 

( ) ( ) ( ) ( )
( ) ( ){ },

, : : ,q n
p

pq n n
locp KK f L f α

α

⋅

⋅
⋅ = ∈ < ∞

�
� �            (2.8) 

where 

( ) ( ) ( ) ( ){ }
( )

,

0
0

: 2 .pq n n
p q

m
mK L

m
f fα

α χ ⋅
⋅

∞

=
=

�

�
 



            (2.9) 

Lemma 2.1.1. (cf [10]). If ( ) ( )np ⋅ ∈   satisfying 

( ) ( ) ( )
1,  
2log

Cp x p y x y
x y

− ≤ − ≤
− −

           (2.10) 

and 

( ) ( ) ( )
,  

log
Cp x p y y x
x e

− ≤ ≥
+

              (2.11) 

then ( ) ( )np ⋅ ∈  , that is, the Hardy-Littlewood maximal operator M is 
bounded on ( ) ( )p nL ⋅  . 

Lemma 2.1.2. (cf [1]). Suppose ( ) ( )p ⋅ ∈ Ω , if ( ) ( )pf L ⋅∈ Ω  and  
( ) ( )qg L ′ ⋅∈ Ω , then fg  is integrable on Ω  and 

( ) ( ) ( ) ( ) ( ) ( )d ,q qn nq L R Lf x g x x r f g ′⋅ ⋅≤∫              (2.12) 

where 1 1 1qr q p− += + − . 
Lemma 2.1.3. (cf [10]). Suppose ( ) ( )np ⋅ ∈  . Then there exists a constant 

0C >  such that for all balls B in n , 

( ) ( ) ( ) ( )
1 .q qn nB BL L C
B

χ χ ′⋅ ⋅ ≤                  (2.13) 

Lemma 2.1.4. (cf [11]). Define another variable exponent ( )q ⋅�  by  

( ) ( ) ( )1 1 1 nx
p x q q x

= + ∈
�

 . Then, we have 
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( ) ( ) ( ) ( ) ( ) ,p qn n q nL L Lfg C f g⋅ ⋅≤ �                 (2.14) 

for all measurable functions f and g. 
Lemma 2.1.5. (cf [12]). Suppose ( ) [ ]1 , 1,s nL S s−Ω∈ ∈ ∞ . If ( ]0, 0,a d s> ∈  

and 
( )1n d

n v
s
−

− + < < ∞  

( )( ) ( )
( )

1

1

d .s n

ddv v n d
L Sy a x

y x y y x−
+

≤
Ω − Ω∫          (2.15) 

Lemma 2.1.6. (cf [13] Corollary 4.5.9.). Suppose ( )log np∈  . Then  

( )

1
pQQ p

Qχ
⋅
≈  for any cube(or ball) nQ ⊂   where, 

( )

( )
1

1

if 2 and

if 1

np x

Q p
p

Q Q x Q

Q Q
χ

⋅
∞

 ≤ ∈≈ 
 ≥

            (2.16) 

Lemma 2.1.7. (cf [8]). Suppose 1D >  and ( )0,
nq ∞∈  . Then 

( )
( )

( )
,

0 0
0

0

1 , for 0 1,
r Dr

n n
q q

R q
r c r r

c
χ

⋅
≤ ≤ < ≤           (2.17) 

and 

( ),

1 , for 1,
r Dr

n n
q q

R q
r c r r

c
χ∞ ∞

∞
⋅

∞

≤ ≤ ≥             (2.18) 

respectively, where 0 1c ≥  and 1c∞ ≥  depend on D, but do not depend on r. 
Lemma 2.1.8. (cf [9]). Suppose ( ) ( )np ⋅ ∈  . Then there exists a positive 

constant C such that for all balls B in n  and all measurable subsets S B⊂ , 

( ) ( )
( ) ( )

( ) ( )
( ) ( )

( ) ( )
( ) ( )

1 2

, , ,
p p pn n n

p pp n nn

S SB L L L

S B BL LL

B S S
C C C

S B B

δ δχ χχ

χ χ χ

′⋅ ⋅ ⋅

′⋅ ⋅⋅

   
≤ ≤ ≤      

   

� � �

� ��

 (2.19) 

where 1 2,δ δ  are constants with 1 20 , 1δ δ< <  and Sχ  and Bχ  are the cha-
racteristic functions of S and B, respectively. 

2.2. Grand Space of Sequences 

Definition 2.2.1. (cf [6]). Let 1 p≤ < ∞  and 0θ > , the grand Lebesgue se-
quence space is given by the norm 

( )
( ) ( ) ( )

( ) ( )1),

1
11 1

0 0
: sup sup .pp

pp p
k

k
εθ

θ
εε εθ

ε ε
ε χ ε +

++ +

> >∈

 = = 
 

∑� �
x x


    (2.20) 

where { }k k
x

∈
=x  . 

Note that the following nesting properties hold: 
( )1pl ε−  ↪ pl  ↪ 1),pl θ  ↪ 2),pl θ  ↪ ( )1pl δ+  

for 
10 , 0
p

ε δ< < >  and 1 20 < θ θ≤ . 
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2.3. Grand Variable Herz Spaces 

Definition 2.3.1. (cf [6]). Suppose [ ),1 , : 1, , 0np qα θ∈ ≤ < ∞ → ∞ >� � . We 
define the homogeneous grand variable Herz space by 

( ) ( ) ( ) { }( )
( ) ( ){ }, ),

, ), \ 0 : ,p n
q

qp n n
locq KK f L f α θ

α θ

⋅

⋅
⋅ = ∈ < ∞� �
� � �        (2.21) 

where 

( ) ( )
( )

( )
( ) ( )

( )
( )

( ) ( )

, ),

, 1

1
111

0

1
1

0

sup 2

sup .

p n q
q

p n
q

ppk p
kK L

k

p
K

f f

f

α θ

α ε

εεα εθ

ε

ε

ε

ε χ

ε

⋅
⋅

+
⋅

+++

> ∈

+

>

 =  
 

=

∑� �
�

� �

        (2.22) 

In a similar way, non-homogeneous grand variable Herz spaces can be intro-
duced. 

3. Main Results 

In the following theorem, we prove that Calderón-Zygmund singular integral 
operator TΩ  are bounded on grand Herz space with variable exponent. 

Theorem 3.1. Let ( ) ( )0,1 , np q ∞< < ∞ ⋅ ∈ �  and ( )( )1s nL S s q− −′Ω∈ > , 

0 1v< ≤  such that 
( ) ( )1 10 0

n n n nn v n v
s q s q

δ α δ
      − − + − < < − − + +       ′         

 

and 1 1
n nn q n v n q n v
s s

δ α δ∞ ∞
      ′− − − + < < − − +            

. Let TΩ  bounded on  

( ) ( )q nL ⋅   satisfying the size condition (1.2). Then TΩ  is bounded on  

( ) ( ), ,p n
qKα θ
⋅
�  . 

Proof Theorem 3.1. Let ( ) ( ), ),p n
qf Kα θ
⋅∈ �  . 

Then, we obtain 

( ) ( )
( )

( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( )

, ),

1
111

0

1
111

0

1
1 12

1

0

0

sup 2

sup 2

sup 2

sup 2

p n q n
q

q n

q n

ppk p
kk L

k

ppk p
k l L

k l

p pk
k p

k l L
k l

k

k

T f T f

T f

C T f

c

⋅
⋅

⋅

⋅

+++
Ω Ω

> ∈

∞ +++
Ω

> ∈ =−∞

+ +−
+

Ω
> ∈ =−∞

> ∈

 =  
 

  ≤   
  

   ≤     

+

∑

∑ ∑

∑ ∑

∑

� � �
�

�
�

�
�

�

α θ

εεα εθ

ε

εεα εθ

ε

ε ε
α εθ

ε

αθ

ε

ε χ

ε χ χ

ε χ χ

ε ( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( )

1
1 11

1

1

1
1 1

1

0 2

1 2 3

sup 2

: .

q n

q n

p pk
p

k l L
l k

p p
k p

k l L
k l k

T f

c T f

M M M

⋅

⋅

+ ++
+

Ω
= −

+ +∞
+

Ω
> ∈ = +

       

   +     
= + +

∑

∑ ∑

�

�
�

ε ε
ε

ε ε
α εθ

ε

χ χ

ε χ χ

 (3.1) 
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For 2M  using the ( ) ( )q nL ⋅   boundedness of TΩ , we get 

( ) ( ) ( ) ( )
( ) ( )

( )
( ) ( )

( ) ( )

( )
( ) ( )
( ) ( )

( ) ( ), ),

1
1 11

1
2

0 1

1
1 11

1

0 1

1
111

0

sup 2

sup 2

sup 2

.

q n

q n

q n

p n
q

p pk
k p

l L
k l k

p pk
k p

l L
k l k

ppk p
k L

k

K

M c T f

c f

c f

c f α θ

ε ε
α εθ

ε

ε ε
α εθ

ε

εεα εθ

ε

ε χ

ε χ

ε χ

⋅

⋅

⋅

⋅

+ ++
+

> ∈ = −

+ ++
+

> ∈ = −

+++

> ∈

   ≤     

   ≤     

 ≤  
 

=

∑ ∑

∑ ∑

∑

�
�

�
�

�
�

� �

     (3.2) 

We estimate 1M , for each k ∈  and 2l k≤ −  and a.e. kx B∈  applying 
condition (1.2) and generalized Hölder’s inequality, we have 

( )( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

d

2 d

2 .

l

l

q nq n

nB

kn
B

kn
l LL

x y
T f x c f y y

x y

c x y f y y

c x fχ ⋅′ ⋅

Ω

−

−

Ω −
≤

−

≤ Ω −

≤ Ω −⋅ ⋅

∫

∫

��

         (3.3) 

Observation that s q −′> , ( ) 1q′ ⋅ >�  and 
( ) ( )
1 1 1

q x q x s
= +

′ ′�
. Form lemmas 

2.1.4 and 2.1.5, we get 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( )( ) ( ) ( )

( ) ( ) ( )1

1

2 d

2 2 .

q qn s n n

s n q nl

q nll

s n q nl

l l lL L L

l BL L

s s sl
BA L

nk
l s

BL S L

x x

x

C x y y y

C

νν

ν
ν

χ χ χ

χ χ

χ

χ

′ ′⋅ ⋅

′ ⋅

′ ⋅

− ′ ⋅

−

 + −  

Ω − ⋅ ⋅ ≤ Ω − ⋅ ⋅ ⋅

≤ Ω − ⋅ ⋅

≤ Ω −

≤ Ω

∫

�

�

�

�

� � �

� �

�

�

  (3.4) 

When 2n
lB ≤  and l lx B∈ . From Lemma 2.1.6, we obtain 

( ) ( )
( ) ( ) ( )
1 1

.lq qn nl l
q x sB l B lL L

B Bχ χ′ ′⋅ ⋅

−
′≈ ≈�  

            (3.5) 

When 1lB ≥ , we get 

( ) ( )
( ) ( ) ( )
1 1

.q qn nl l
q sB l B lL L

B Bχ χ′ ′⋅ ⋅

−
′ ∞≈ ≈�  

            (3.6) 

Consequently, we obtain 

( ) ( ) ( ) ( )
1

.q qn nl l
sB B lL L

Bχ χ′ ′⋅ ⋅

−≈�  
                (3.7) 

By Lemmas 2.1.3 and 2.1.8, we have 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )12 2 2

q n

qs n n q qn nl k

l L

nk
kn l s

B BL S L L L

T f

C f
ν

ν

χ

χ χ

⋅

⋅− ′ ⋅ ⋅

Ω

 + − −  ≤ Ω �



  
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( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

1

1

1

1
2 2 2

2

2 .

qs n n q qn nl k

qs n n q qn nl k

q q qs n n n n

nk
kn j s sB l BL S L L L

nkn k l
s

B BL S L L L

nkn k l
s

l kL S L L L

C f B

C f

C f

ν
ν

ν

ν

χ χ

χ χ

χ χ

⋅− ′ ⋅ ⋅

⋅− ′ ⋅ ⋅

′⋅ ⋅ ⋅−

 +  −− −  

 − + − + 
 

 − + − + 
 

≤ Ω

≤ Ω

≤ Ω

�

�

 

 

  

(3.8) 

From Lemma 2.1.7, we get 

( ) ( ) ( ) ( )
( ) ( )

( )
( )0 0 02 2 2 2 2 .q qn n

l k nkn ln
q q qkn kn

k lL L c cχ χ ′⋅ ⋅

    −
      ′ ′− −    ≤ ≤        (3.9) 

Therefore, 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

( )
( )

( ) ( ) ( )

1

1
0

2 2 2

2 2 .

q n

qs n n q qn nl k

qs n n

l L

nk
kn l s

B BL S L L L

l k nnk l v qs
L S L

T f

c f

c f

ν
ν

χ

χ χ

⋅

⋅− ′ ⋅ ⋅

⋅−

Ω

 + − −  

− − +  ′ 
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Moreover, splitting 1M  by means of Minkowskis’s inequality, we have 
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For 11M  using (3.10) we get 
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where 
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Now for 12M  using Minkowski’s inequality, we have 
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The estimate for 2B  follows in similar manner to 11M  with ( )0q′  re-
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For applying Hölder’s inequality and using the fact  
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Next, we estimate 3M . For each k ∈  and 2l k≥ +  and a.e kx B∈ ; the 
size condition (3.10) and Hölder’s inequality imply 
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Similar to 1M , splitting 3M  by means of Minkowski’s inequality, we have 
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For 32M  lemma 2.1.7 yields 
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Using (3.22) for 32M , we have 
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So for 31M  using Minkowski’s inequality, we have 

( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( ) ( )
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1 11 1

1
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0 2
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1 11
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0 0

1 2
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ε ε
α εθ
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ε ε
α εθ
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ε χ χ

ε χ χ
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+ +− −
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Ω
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+ +− ∞
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Ω
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∑ ∑

∑ ∑
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�
  (3.25) 
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The estimate for 1V  follows in a similar manner to 32M  with q∞  replaced 

by ( )0q  and using the fact that 
( )1 0
0

n nn
q s

δ ν α
  + + + + >  

   
. For 2V  using 

Lemma 2.1.7, we obtain 
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2 2 2 2 2 .
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 

               (3.26) 

By taking (3.26) and the fact that 
( )1 0
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 (3.27) 

Finally by Hölder’s inequality and 1 0n nn v
s q

δ α
∞
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, we get 
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Combining the estimates for 1 2,M M  and 3M  yields 

( ) ( ) ( ) ( ), ), , ,), .p pn n
q qK KT f c fα θ α θ
⋅ ⋅

Ω ≤� �                  (3.29) 

4. Conclusion 

In this paper, we investigated the boundedness of rough operators on grand va-
riable Herz space. We proved the boundedness of Calderón-Zygmund singular 
integral operators on grand Herz spaces with variable exponent under some 
conditions of variable exponent. 
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