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Abstract

In this paper, we prove the boundedness of Calderén-Zygmund singular
integral operators T, on grand Herz spaces with variable exponent under
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1. Introduction

Several years ago, the theory of function spaces with variable exponent has been
extensively studied by some experts. initial work [1] by Kovoc¢ik and Rakosnik
appearing in 1991. The Lebesgue spaces and some other function spaces have
been studied in the variable exponent setting. Let Qe L’ (S”’l) for s>1 bea

homogeneous function of degree zero and satisfies

L Q(x)do(x)=0, (1.1)

where X'= for any x# 0. The Calderén-Zygmund singular integral oper-

X
X
ator T, is defined by

Q(x-y)
x—y|'

This operator was firstly introduced by Calderén and Zygmund (see ([2] [3])

T, f (X)=p.v. o f(y)dy. (1.2)

in which they proved that these operators are bounded on L”, where 0< p<1.
They have proved the boundedness of Lebesgue spaces L° (R”) for all
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1< p <. The boundedness is extended to the case on Herz spaces by Lu and
Yang [4]. In [5], Lu, Ding and Yan proved that T, and the commutator
[b,TQ] are bounded on weighted (Lp (R” ), LY (R“ )) Recently, Humberto Ra-
feiro introduced Grand Lebesgue sequence spaces in [6], where various opera-
tors of harmonic analysis were studied in these spaces. In [7], Tan and Liu dis-
cussed some boundedness of homogeneous fractional integrals on variable ex-
ponent spaces. In [8], Humberto Rafeiro and Muhammad Asad Zaighum pro-
posed grand variable Herz spaces Kq“'p)'g (]R") and obtain the boundedness of
sublinear operators on K;"p)'g (R” ) .

Motivated by [8] our main purpose of this paper is to prove the boundedness
of the Calderén-Zygmund singular integral operator T, on grand Herz spaces
with variable exponent. In Section 2, we first briefly recall some standard nota-
tions and lemmas in variable function spaces. Then will define the homogeneous
and non-homogeneous Herz spaces with variable exponent and define the grand
variable Herz space. In Section 3, the main result, we will prove the boundedness
of Calderén-Zygmund singular integral operators on grand Herz spaces with va-

riable exponent.

2. Preliminaries and Lemmas

Suppose QCR" and measurable function p(-):Q—[1,%), Lp(')(Q) de-

notes the set of measurable functions fon Q such that for some 1>0,

p(x)
IQ(MJ dx < oo, (2.1)

A

This set becomes a Banach function space when equipped with the Luxem-

burg-Nakano norm

TR
" f ”Lp(')(ﬂ) =inf{A>0: IQ[#J dx <1\, (2.2)

These spaces are referred to as variable L" spaces, since they generalize the
standard L’ spaces:

If p(X) = p is constant, L") (Q) is isometrically isomorphic to L" (Q) .

The space L (Q) is defined by

loc

oC

() (Q)= {f f eLPV (E) for all compact subsets E Q}. (2.3)
Define P° (E) to be the set of p(-):E —(0,0) such that
p~=essinf{p(x):xeE}>0, p" =esssup{p(x):xeE}<o. (2.4)

Define P(Q) to be the set of p(~):E—>[1,oo) such that
p~ =essinf{p(x):xeQ}>1 p" =esssup{p(x):xeQf<w. (2.5

2.1. Herz Space with Variable Exponent

In this part, we present definitions of Herz spaces with variable exponent and
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use a notation in order to define those spaces. The important property for Herz
spaces with variable exponents is the boundedness of the Hardy-Littlewood
maximal operator.

Let 1€Z, B, :={X6R" :|X|S2’}, B, =B \B,,, %= 1¢-

N, denotes the set of integers. For me N, we denote 7, = ¥R, if m>1

and 7, = yB,.
Definition 2.1.1. (cf [9]). Suppose ¢ €R,0<q <00 and p(-):R" —>(O,oo),
p(-)eP(Rn). .
The homogeneous Herz space K] (R") is defined by
K ():= €0 (R V0] ey <] (6)
where
. al ”
If ReA(m") {2 It 2 ||Ln(-)(Rn)}l_m e (2.7)
The non-homogeneous Herz space K‘;(‘; (R”) is
Kt (R"):= {f e L)) (R):|f ceafan) < oo}, (2.8)
where
T {zam £ Zo o } (2.9)
OIE) L B P
Lemma 2.1.1. (cf [10]). If p(-)eP(R") satisfying
Cc 1
p(X)-p(y)|s—F—, |x-y|<= (2.10)
PPN gy <2
and
- S—, |Y|2 2.11
IPCO= PO =g ey M2 2.11)

then p(-)eB (R”), that is, the Hardy-Littlewood maximal operator M is

bounded on Lp(')<R").
Lemma 2.1.2. (cf [1]). Suppose p()eP(Q),if fe LPC) (Q) and
gel® (Q),then fg isintegrableon Q and

.” f (X) g (X)|dX <t ” f "Lq(')(R”)

where r, =1+1/q_-1/p, .
Lemma 2.1.3. (cf [10]). Suppose p() € B(R” ) Then there exists a constant
C >0 such that for all balls Bin R",

g||Lq,(_)(Rn) , (2.12)

1
E"ZB gy I o) < C- (2.13)

Lemma 2.1.4. (cf [11]). Define another variable exponent ¢(-) by

1 :1+L(X ER"). Then, we have

p(x) a d(x)
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[l sr) < €10 9l (2.14)

for all measurable functions fand g
Lemma 2.1.5. (cf [12]). Suppose Qe L° (S”’l),s e[Lo]. If a>0,d e(0,5]

(n-1)d
and —-n+ <V<oo
S
¢\ (vn)/d
(1 1= @) Sy I @15
Lemma 2.1.6. (cf [13] Corollary 4.5.9.). Suppose p € P (R" ) Then
”;(Q "p(‘) ~ |Q|% for any cube(or ball) Q — R" where,
1
Qle(w if|Q|<2" and xeQ
b, =0 10 a1
|Q[e- if [Q]>1
Lemma 2.1.7. (cf [8]). Suppose D>1 and qeR, (R” ) . Then
_n _n
érq“’) <oy, '™, for0<r<i, (2.17)
and
1" L
—r% < <cr%, forr>1 .
c r HZRr,Dr o SCr orr (2.18)

respectively, where ¢, >1 and c_,>1 depend on D, but do not depend on .
Lemma 2.1.8. (cf [9]). Suppose p(-)e B(R"). Then there exists a positive
constant Csuch that for all balls Bin R" and all measurable subsets S =B,
lzslooer) 18| 12l (|s|] 5 oo (|s|
— ' <LC /7

—<
AT IIzBIILm B) © lzelwop) Bl

where 9,,0, are constants with 0<9,,0, <1 and yg and y; are the cha-

J , (2.19)

racteristic functions of Sand B, respectively.

2.2. Grand Space of Sequences

Definition 2.2.1. (cf [6]). Let 1< p<oo and 6>0, the grand Lebesgue se-
quence space is given by the norm

1 0

+e (1+e) (1+2)
g =00 o S | ~supe

where X= {Xk }keX
Note that the following nesting properties hold:

X"(p(lﬂ) X) (220)

1P0-2) & P & DA & P G P+

for 0<8<%,5>0 and 0<¢ <0,.
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2.3. Grand Variable Herz Spaces

Definition 2.3.1. (cf [6]). Suppose @ €R,1<p<oo,q:R" —>[1,oo),9 >0. We

define the homogeneous grand variable Herz space by

Kg(’{’)' ( ) {f € L?OC (Rn { ) ( ) < OO; (221)
where
1
"f K-a,p),ﬂ(]Rn) = sup(ge Z 2kdp(l+s T | fq(l;g j
" N ke (2.22)

1
1+5

—supg f

)

In a similar way, non-homogeneous grand variable Herz spaces can be intro-

duced.

3. Main Results

In the following theorem, we prove that Calderén-Zygmund singular integral
operator T, are bounded on grand Herz space with variable exponent.
Theorem 3.1. Let 1< p<oo,q(-) Eﬂ,w(Rn) and Qe LS(S”‘l)(s > q") ,

O<v<l such that {—né‘l—(v+ﬂj—i}<a<{—n51—(v+ﬂ)+,L}
s/ a(0) s/ q(0)

and |:—n/qoo -né, —(V-i-gﬂ <a< {n/q;) -né, —(V+gﬂ .Let T, bounded on

R (Rn) satisfying the size condition (1.2). Then T, is bounded on

s a,p,0 n
Kiir (R").
Proof Theorem 3.1. Let f € K:’([)p)’g (R" )
Then, we obtain

1

".l_Q f T f "p l+s J(l'"g)

kap(1
ka’p)'g(Rn) = Sup((gy z 2 (Xp( +£
a() £>0 keZ
1

s 52 S (i |

>0

1

0 kap(i+e) p(L+2) \ p(L+e)
<Csup| 7Y 2 (z";(k le)"Lq(_)(Rn))

>0 keZ
p(l+e) \p(L+e)
(fx )||Lq<->(Rn)j

1

an(ire) [ & ) ple
+csup| &7 2K ”)[ > |aTa(f2 )"Lq(-)(Rn)j

=
e

+

+csup [59 3 pkerplte) [ PN AN
1=k

&>0 keZ -1

-

>0 keZ I=k+2

=M, +M, +M,.
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For M, using the L9 (Rn) boundedness of T, we get

o e p(1+e) p(11+g)
M, <csup| &Y 2Pt ”)( > ||T (fx )"Lq(')(]R”)j
&>0 keZ I=k-1
1
0 kap(irs) [ P )
<csup| &’y 2 D fx ||Lq(->(Rn) (3.2)
&>0 keZ I=k-1

1

<csup| &” Y 24P0)
&>0 keZ

e

p(l+¢) p(l+e)
f 2 "Lq(-)(Rn) j

Ke PO (e")”
We estimate M,, for each keZ and 1<k-2 and a.e. xeB, applying
condition (1.2) and generalized Holder’s inequality, we have

Q(x-
ma ()00l <ef, 25Dt ey
" [x=y]
<c2™ -[B| la(x—y)||f (y)|dy (3.3)
<c2 " |Q(x—)z (')||Lq'<-)(Rn) | ”Lq(')(R") :
Observation that s>q'", §'(-)>1 and EEEN +=. Form lemmas

a(x) q(x) s

2.1.4 and 2.1.5, we get
"Q(X_.)l' (')"L“'(')(R") < "Q(X_.)l' (.)"LS(]R") "Z' (')"Lq'(‘)(]R“)
<|le(x=)x ()

Ay "a’(»(mn)

el
o\ (3.4)
<c2* ([, Iyl " o ) e o o

n
4
S

ey [te

LS(S'H) Ay "LG'(')(R") )

When |B,| <2" and X € B,.From Lemma 2.1.6, we obtain

B . (3.5)

“ZBI Lf"(')(R”) z|B| |ﬁ z“ZBI Lq'(‘)(R")

When |B,|21,weget

B. (3.6)

b =88 =t
Consequently, we obtain

1
B . (3.7)

AT
By Lemmas 2.1.3 and 2.1.8, we have
"TQ ( f )l' ||Lq(')(R")

ccampv e

Ls(Sn’l) |f||Lq(')(Rn) 4! ||Lq'<»>(mn)|758k Lq(-)(Rn)
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) 1
cc2 22 ol oL 81 L o
—kn+(k-1)
S N T W P O P Pt
—kn+ (k1)
<c2 ™" a1l e b -
From Lemma 2.1.7, we get
(510
_kn ”Zk "Lq(')(]R") P "Lq'('}(ux") <272 a(0))ola(0) < c2 10 (3.9)
Therefore,
"TQ ( f )Z| "Lq(')(R")
kvl
<222 ( 5) "Q e(s") |f"L°'(') R") A, "L‘T(-)(Rn) 2o Lq(-)(JR”) (3:10
(1- k)n
(k1)
<2 [ ] ||QLssn1 |f||Lq<>]Rn :

Moreover, splitting M; by means of Minkowskis’s inequality, we have
1

)

0 < oka (1+¢) k=2 P(L+2) | p(ite
|V|1SCSU0p & kZ 2P (IZ "Zan(fZI )"Lq(')(R“)j

1

] - ka (1+e) < p(1+€) p(lﬂ:)
+CSup| & 22 P (IZ "ZkTQ ( fx )"LQ(')(Rn)) (3.11)

>0 k=0
=M, +M,,.
For M,; using (3.10) we get
1
o o) Y
S kapie) | § (k=1)
i, <csupl o 3 099 S o 202 pa o 1 2 J
&> k=—0 1= Ve 190 (r")
1
g k=2 (k- l)( ] ('*k) P+2) \p(i+e)
<csup| &’ 3 2en) > Ao "Q 15(s"?) |fl|”L“( )(r" ]
£>0 k=—o0 =0 || X)
1 k=2 (k—I){ +n51+[v+2)_ n } ) @
S csup g’y 2 [ >2 71O 5(sm) f 2 "LQ(.)(RH)J (3.12)
&> k=—00 |=—0
1

<clo

-1 - -k) |:7a7n($17(v+ﬂj+i:| p(l+e) p(l+e)
(s 1)SU([)) g’ Z {Z 249 )7 (0) ||fz. "Lq(')(R“)J
1

- k=2 al +(u +é& —K)mp(1+¢ p(1+£)
(53 SUP ggkz(;oz"’l Nl 1( )2<I Kme(t >n :

=—n

<cfo
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where m:= {—a -no, — {v +DJ + ,20)} >0. Then we use holder’s inequality,
s/ q

-p(l+e)

Fubini’s theorem for series and 2 < 27" to obtain

9 < (& alp(1+¢) p(l+s) mp (1+&)(1-k)/2
g3 SUp| & X122 |||
k=—00 \ ==

1

1+£ J p(l+e)

] l+s
Z 2ap 1+5

(22

1

=

=cja f 2] (3.13)

p(l+e) (1+e)(1-k)/2 |PE
Ls Sn1 Sup( | 2mp +£ / )

1
oy S, 3 2
&>

1
p(l+e) p(lre)
2l

Now for M,, using Minkowski’s inequality, we have

=c|o

=—00

<cla

-1
+(ent) SUP gg Z 2a|p(1+£
L (S ) >0 |=—0

LS(SH) " f

<cla

()

1

p ot p(l+e) \p(L+s)
M,, <csup| & 22” ‘ (Z”Zk f;fl)"La(-)(R"))

&>0

1

9 ka 1+,s P(1+5) p(1+g)
+csup| & 22 Pl (Z";(k fll)"Lq(')(]R")j (3.14)

>0
=B +B,.
The estimate for B, follows in similar manner to M, with q'(0) re-

n
placed by @ and using the fact that {—a -ng, —[v+§j+ n/q;} >0. B, us-

ing Lemma 2.1.7, we have

ba ||Lq'<»>(Rn )< CZ'k”Z(gJ 2[%] < cz[q7<k"2)]z[%]. (3.15)

o ey
We get therefore,

< c2 knz((::]z[%Jz(kil)[wgJ "

< CZ[ qj(tz)]z[qf(no)]z(k_l )(\ng "Q

[T () 21

oty [ o n)

16)

LS(S"’l) " f "Lq(')(]R") :

Now using (3.16) and fact that {a + N9, +[V+ j n/q } <0 we have

p(re 1/p(l+e)
B, <sup[ QZZkapM (Z"MT f(x "Lq R"] ]

>0
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1/p(l+e)

00 pkap(iee) | B [%] [%J (-t ( ] "
< ngliop ¢ éz I:Z_: "Zk "Lq(')(R") 2 2 2 "Q (s |f"|_q O(r")
e 1p(L+e)
o 8 gt () "
< Csuop gazzkap(hs) Z 2n§1(k7|)2 i) 2 4 2 ) "Q LS(SH) |fZ| ”M-)(R")
&> k=0 |=—x
1+s :l/pl+g
A0 lpass) (e napeva] [~ "
<S£L:(E) 8922[ Q("OJ ) C"Q (s 2 [mﬁ ! 5}2[11(0)] "fll "Lq(')(]R”) (3.17)
p(L+e)
In p 1+g
-1 N ndy+ve—| | =
e S ||Lq<-)<Rn)J
p(lre) 1/p(l+e)
-1 (k—l){n(ﬁ+v+ﬂ+% ,L*a }
<C||Q (o 1)Sliop & IZ‘ oal ||f7(| "Lq(')(]R") 2 s k I[Q(O) J
For applying Holder’s inequality and using the fact
[—a—n&l—(v+2]+ﬁ} >0, we get
B, < csgg[e (Z 20 () Lffi(ﬁn)j
. ptec)/pa-e)f VO
1 (k- I){n61+v+s+k I[ ?)—aﬂ(p(lﬂ))'
x .Z 2 ’ (3.18)

) \ap(tve) p(Lee) 1/p(l+e)
sosup[g (22 PN () Lqm(Rn)D
>0 leZ
<cl|a

Ls(sn—l) Kg(if),e(Rn) .
Next, we estimate M,. For each keZ and |>k+2 and a.e XxeB,; the

size condition (3.10) and Hélder’s inequality imply

et

[T (1

|f||Lq ]R" Zl"L“ R“

, splitting M, by means of Minkowski’s inequality, we have

0 ka p(l+e) p(l+e) @
z 2 [ > "Zk (fx )||Lq(~)(Rn)j
1

ni p(+e) Y p(re)
{ 022 ap(lre ( 3 ||)(k (fx )||Lq(_)(Rn)j J (3.20)

=M, +M,,.

)ll |||_Q(-)(Rn) <c2 15(s™) i ||Lq (=) (3.19)

Similar to M,

M, <csup| ¢

>0

+csup| €

>0
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For M,, lemma 2.1.7 yields

k) (I
2" "Zk"l_q(‘)(]}g") X ||La'(-)(Rn) SCZ_'HZ[%]Z[%] <c2 ¥ . (3.21)
We get
(k—I)n

(k- (
||TQ ( f )/’KI "L”(')(R") < 02(51 (k |)2 @ o k-1 [ J"Q

L 5“1 "fll "L“( ]R”)

2(k—l){§ln+i+(v+;ﬂ

(3.22)
<clo

" f ”L“(‘)(R")'

LS gn 1)

Using (3.22) for M,,, we have
1

p(l+e) m
( 1) s v
PR T ]
) (3.23)

> s h(k-1) P+<) @
(s S0P € Z(Z 1t 2 o) 2 J '

&>0

M,, < csup[goz ghepltee) [ i f8)
I=k+

<clo

1=k

n n
where h:= {é‘ln + q—+ (V + ;j + a} >0. Then we use Holder’s inequality, Fubi-

. . (s
ni’s theorem for series and 2P0+

< 27" to obtain

ap(l+e)l p(l+e) p(1+¢)(k-1)/2
LS gn 1) Sup[ GZ[ z 2 P ||||_q() JR” )/ )
1
y ]p(1+g)/(p(1+e))’ ] plive)

<clo

g

I=k+2

1

pl+s op(L+)(k-1)/2 p(L+e)
cjo kil 2

LS Snl

Z p(l+e)l

1

+€ 1-2 o) (ke l+e
a3 2t I)/z)“( " (324)

Lat) ]R"

~clo

1

"p (1+e) _2 ofp(k-1)/2 jp(“f)
Z

1
"p (1+¢) 1+5
| LQ() ]R"

<cla

9 (1
. Snl sup Zzap +e)l

=c|a

a ap(l+e)l
((omt) SUP| & 22

||f

s S“ ( 922”’“5

<c|o

LS Snl

Kl (")

Sofor M, using Minkowski’s inequality, we have
1

0 & okap(l < P el
My <csup| & 3 2 ot ”)(I_kzz||lan(flu )||La(-)(Rn)j

1

it p(l+e) \p(Lrs)
+csup ‘gk A (Z"}(k (fx )"U}(J(Rn)j (3.25)

By

&>0

=V, +V,.
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The estimate for V, follows in a similar manner to M,, with g, replaced

by q(0) and using the fact that l:é'ln +L+(v +Ej + a} >0.For V, using
S

q(0)

Lemma 2.1.7, we obtain

2" "Xk ”L“(‘)(m”)

||L°"(')(R")
< Cz—lnz[%jz[#:j < 02[%]2[%:]

By taking (3.26) and the fact that {Qn PLLE (v + ﬂj + a} >0, we get
s

q(0)

(3.26)

>0

p(l+e) Yp(1+e)
v, swp{ ¢ Z Qreelte) (ZHZkT f(x ||Lq<> . j ]

p(1+e)

kn - —In (k- ("Ej
<csup| &’ Z 2Lepre) 2251” N4 2 1 o

p 1+s
I = )"L“"(“*"J }
Yp(l+e
ap(lre) | < SN+ v+— kn - —in plt+e)
LS gn 1) SLip 9 :Z_:w 2k p l {% 2 [ { ﬂzq qu (ZI )"Lq(.)(Rn)J (327)
i Ve o p(Lee) \YPE+e)
Sc"Q (s sup| le Zk( q(o)jp(l ){zz(k |){‘51 ( s] qx} f(Z| )"Lq(.)(Rn)J J
&>0 1=0

p1+e 1/p1+g
|f Z "l_q R"J

p l+£
o (k=1)[ Sn+ v+2 P
LS sn 1) Sliop gl 2 (gz { ( ) ( qooJ:| ( )"Lq(')(R")J

Finally by Holder’s inequality and {éln + (v + Ej + (a +LH >0, we get
S

0

p(l+e)
Lq(')(Rn)

= LS (Sn—l

<clo

<clo

LS gn- 1)

o gt
>0

1/p(l+e)

<cfo

<c|o

f(ll )|

o Sup 89 Zzlap(lhﬁ')
L(S )g>0 1=0

(3.28)

<c|a

f(x )|

b(1+¢) p(L+e)
L”(')(R")

o{ena) SUP gHZZIap(l+g)
L (S ) &>0 leZ

<] oo |

LS(S"A) K‘jt(t;j)'g(R") .
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Combining the estimates for M;,M, and M, yields
[To f ko9 (ar): (3.29)

<c|f

)

4. Conclusion

In this paper, we investigated the boundedness of rough operators on grand va-
riable Herz space. We proved the boundedness of Calderén-Zygmund singular
integral operators on grand Herz spaces with variable exponent under some
conditions of variable exponent.
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