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Abstract 
In this paper, our aim is to prove the boundedness of commutators generated 
by the Marcinkiewicz integrals operator [ ],b µΩ  and obtain the result with 
Lipschitz function and BMO function f on the Herz-Morrey-Hardy spaces 

with variable exponents ( )
( ) ( ),q n

pHMKα
λ
⋅
⋅  . 
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1. Introduction 

Firstly in 1938, Marcinkiewicz [1] introduced the Marcinkiewicz integral. Next, 
the Marcinkiewicz integral operator has been studied extensively by many ma-
thematicians in various fields. For example, Stain in [2] introduced the Marcin-
kiewicz integral operator related to the littlewood-Paley g  function on n  
and proved that µΩ  is of type ( ),p p  for 1 2p< ≤  and of week type ( )1,1 . 
In [3], Ding, Fan and Pan improved the above result and obtained the  

( )1pL p< < ∞  and weighted ( )1pL p< < ∞  boundedness of the Marcinkiewicz 
cussed the boundedness for the commutator generated by the Marcinkiintegral 
µ  under some weak conditions. Torchinsky and Wang in [4] discussed integral 
µΩ  and ( )nBMO   function on Lebesgue spaces ( )p nL  . 

On the other hand, a class of functional spaces called Herz-Morrey-Hardy 
spaces with variable exponent has attracted great interest in recent years. We 
find that in successive studies in this field, in [5] [6] Xu, Yang introduced Herz- 

How to cite this paper: Khalil, O., Tao, 
S.P. and Mahamat, B. (2021) Commutator 
of Marcinkiewicz Integral Operators on 
Herz-Morrey-Hardy Spaces with Variable 
Exponents. Applied Mathematics, 12, 421- 
448. 
https://doi.org/10.4236/am.2021.125030 
 
Received: April 6, 2021 
Accepted: May 28, 2021 
Published: May 31, 2021 
 
Copyright © 2021 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/am
https://doi.org/10.4236/am.2021.125030
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/am.2021.125030
http://creativecommons.org/licenses/by/4.0/


O. Khalil et al. 
 

 

DOI: 10.4236/am.2021.125030 422 Applied Mathematics 
 

Morrey-Hardy spaces with variable exponents and their some applications. He 
obtained that certain singular integral operators are bounded from Herz-Morrey- 
Hardy spaces with variable exponents into Herz-Morrey spaces with variable 
exponents as an application of the atomic characterization. Also, he established 
their molecular decomposition, and by using their atomic and molecular decom-
positions, he gave the boundedness of a convolution type singular integral on 
Herz-Morrey-Hardy spaces with variable exponents. Omer in [7] proved the boun-
dedness of commutators generated by the Calderón-Zygmund and used proper-
ties of variable exponent, BMO(Rn) function and Lipschitz function to prove this 
boundedness. Also, Yang in [8] established some boundedness for TD D Tγ γ−  
and ( )* #T T Dγ−  on the homogeneous Morrey-Herz-type Hardy spaces with 
variable exponents and studied Boundedness of Calderón-Zygmund operator on 
these spaces. 

Suppose ( )1 2n n− ≥  denotes the unit sphere in n  equipped with the nor-
malized measure dσ . Let Ω  be homogenous function of degree zero and sa-
tisfies  

( ) ( )1 d 0,n x xσ− ′ ′Ω =∫                     (1.1) 

where x x x′ =  for any 0x ≠ . 
Then the Marcinkiewicz integral operator µΩ  is defined by  

( )( ) ( )( ) 2
1 2

, 30

d ,t
tf x F f x

t
µ

∞

Ω Ω
 =  
 ∫                (1.2) 

where 

( )( ) ( ) ( ), 11
d .t nx y

x y
F f x f y y

x y
Ω −− ≤

Ω −
=

−
∫               (1.3) 

Let ( )nb Lipγ∈   and b BMO∈  be a locally integrable function on n , 
the commutator generated by the Marcinkiewicz integral µΩ  and b is defined 
by  

[ ] ( ) ( ) ( ) ( )
2

1 3

1 2

0

d, d .nx y t

x y tb b x b y f y y
tx y

µ
∞

Ω −− ≤

 Ω − = −   − 
 
∫ ∫      (1.4) 

Motivated by [6] and [7], the aim of this paper is to study the boundedness for 
the commutator of Marcinkiewicz integral operator [ ],b µΩ  on the Herz-Morrey- 
Hardy space with variable exponent where ( )1s nL S −Ω∈  for 1s ≥ , with BMO 
function and Lipschitz function, we will define The definitions of the Mor-
rey-Herz spaces with variable exponents, the Morrey-Herz-Hardy spaces with 
variable exponents (which will be defined in the next section), and the prelimi-
nary lemmas are presented in Section 2. In Section 3, we will prove the boun-
dedness of the commutator of Marcikiewicz integrals on Herz-Morrey-Hrdy 
spaces with variable exponent with ( )nb Lipγ∈  . Lastly, in Section 4 we will 
prove the boundedness of the commutator of Marcikiewicz integrals on Herz- 
Morrey-Hrdy spaces with variable exponent with function ( )nb BMO∈  . 
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A given open set nΩ ⊂   and a measurable function ( ) [ ): 1,p ⋅ Ω → ∞ , 
( ) ( )pL ⋅ Ω  denotes the set of measurable function f on Ω  such that for some 

0λ > ,  

( ) ( )
( ) ( )

is measurable : d  for some constant 0 ,
p x

p f x
L f x η

η
⋅

Ω

   Ω = < ∞ >      
∫

(1.5) 

the space ( ) ( )p
LocL ⋅ Ω  is defined by 

( ) ( ) ( ) ( ){ }is measurable : for all compact .p p
LocL f f L K K⋅ ⋅Ω = ∈ ⊂ Ω    (1.6) 

The Lebesgue spaces ( ) ( )pL ⋅ Ω  is Banach spaces with the norm defined by  

( ) ( )
( ) ( )

inf 0 : d 1 ,p

p x

L

f x
f xη

η
⋅ Ω Ω

   = > ≤      
∫              (1.7) 

where ( ){ }essinf : 1p p x x− = ∈Ω > , ( ){ }esssup :p p x x+ = ∈Ω < ∞ . 
Denotes ( ) ( ) ( )( )1p x p x p x′ = − . Let M be the Hardy-Littlewood maximal 

operator. We denote ( )Ω  to be the set of all functions ( ) ( )p ⋅ ∈ Ω  satis-
fying the M is bounded on ( ) ( )pL ⋅ Ω . 

Definition 1.1. [6] 
Let 0 q< ≤ ∞ , ( ) ( )np ⋅ ∈ � , 0 λ≤ < ∞ . Let ( )α ⋅  be a bounded real-valued 

measurable function on .n  The nonhomogeneous Morrey-Herz space 

( )
( ) ( ),

,
q n

pMKα
λ

⋅
⋅   and homogeneous Morrey-Herz space with variable exponents 

( )
( ) ( ),

,
q n

pMKα
λ

⋅
⋅

�   are respectively defined by 

( )
( ) ( ) { }( )

( )
( ){ },

,

,
, : \ 0 : ,q

p

q p n
locp MKMK f L f α

λ

α
λ ⋅

⋅

⋅ ⋅
⋅ = ∈ < ∞             (1.8) 

and 

( )
( ) ( ) { }( )

( )
( ){ },

,

,
, : \ 0 : ,q

p

q p n
Locp MKMK f L f α

λ

α
λ ⋅

⋅

⋅ ⋅
⋅ = ∈ < ∞�

� �              (1.9) 

where 

( )
( )

( )
( ),

, 0 0

1

: sup 2 2 ,q p
p

L qkL
kMK LL k

q

f fα
λ

αλ χ⋅ ⋅
⋅

⋅−

∈ =

 =  
 
∑ �


             (1.10) 

( )
( )

( )
( ),

,

1

: sup 2 2 .q p
p

L qkL
kMK L

q

L k
f fα

λ

αλ χ⋅ ⋅
⋅

⋅−

∈ =−∞

 =  
 
∑�

�
             (1.11) 

Definition 1.2. [9]  
For all 0 1γ< ≤ , the Lipschitz space ( )nLipγ   is defined by  

( ) ( )
, ;

: sup .
nLip

x y x y

f x f y
Lip f f

x yγγ γ
∈ ≠

 − = = < ∞ 
−  

           (1.12) 

Definition 1.3. [5]  
Let ( ) ( ) ( ) ( ), , 0 , 0n nL p qα λ∞⋅ ∈ ⋅ ∈ < ≤ ∞ ≤ < ∞� �  and 1N n> + . The 

https://doi.org/10.4236/am.2021.125030


O. Khalil et al. 
 

 

DOI: 10.4236/am.2021.125030 424 Applied Mathematics 
 

nonhomogeneous Herz-Morrey-Hardy space with variable exponent  

( )
( ) ( ),q n

pHMKα
λ
⋅
⋅   and homogeneous Herz-Morrey-Hardy space with variable 

exponents ( )
( ) ( ),q n

pHMKα
λ
⋅
⋅

�   are respectively defined by  

( )
( ) ( ) ( )

( )
( )

( )
( ){ }, ,

, : : : ,q q
p p

q n n
Np HMK MKHMK f f G fα α

λ λ

α
λ ⋅ ⋅

⋅ ⋅

⋅
⋅

′= ∈ = < ∞� �   (1.13) 

( )
( ) ( ) ( )

( )
( )

( )
( ){ }, ,

, : : : .q q
p p

q n n
Np HMK MKHMK f f G fα α

λ λ

α
λ ⋅ ⋅

⋅ ⋅

⋅
⋅

′= ∈ = < ∞� �
� � �   (1.14) 

Definition 1.4. [10] (Hölder’s inequality) Let 1α >  and 1 1 1α β+ = . Then 
the discrete and integral forms of Hölder’s inequality are given as  

( ) ( ) ( )( ) ( )1 1
d | ( ) | ,

b b b

a a a
f x g x x f x g x

α βα β≤∫ ∫ ∫          (1.15) 

for continuous function f and g on [ ],a b . 
Definition 1.5. [10] (Minkowski’s inequality) Let 1u > . Then the discrete 

and integral forms of Minkowski’s inequality are given as 

( ) ( )( ) ( )( ) ( )( )1 1 1
d ,

u u ub b bu u u

a a a
f x g x x f x g x+ ≤ +∫ ∫ ∫       (1.16) 

for continuous function f and g on [ ],a b . for more general functions can be ob-
tained naturally. A further generalization is: If 1u > , then  

( )( )( ) ( )( )
1 1

, d d d d .
u uu u

f x y y x f x x y≤∫ ∫ ∫ ∫           (1.17) 

2. Preliminaries 

In this section, we give some preliminaries which we used to prove theorems.  
Lemma 2.1. [11] Let ( ) ( )np ⋅ ∈  . Then for any ( )pf L ⋅∈  and ( )pg L ′ ⋅∈ , 

we have  

( ) ( ) ( ) ( ) ( ) ( )d ,p pn nn p L Lf x g x x C f g ′⋅ ⋅≤∫  
 

where 1 11pC
p p− +

= + − . 

This inequality is called the generalized Hölder inequality with respect to the 
variable ( )pL ⋅  spaces. 

Lemma 2.2. [12] Given ( ) ( ) ( ) ( )1 2, , np p p⋅ ⋅ ⋅ ∈  , for any  

( ) ( ) ( ) ( )1 2, p pn nf L g L⋅ ⋅∈ ∈  , when 
( ) ( ) ( )2 1

1 1 1
p p p

= +
⋅ ⋅ ⋅

, we get  

( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 ,p pn np n L LL
f x g x C f g⋅⋅ ≤  

 

where 
1 2

1

, 
1 1

1 11
p

p pC
p p

−

− +

 
= + − 
 

. 

Proposition 2.3. [13] If ( ) ( )nq ⋅ ∈   satisfies  

( ) ( ) ( )
,    ,

lo
1 2

g
Cq x q y x y
x y
−

− ≤ − ≤
−
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( ) ( ) ( )
,      ,

log
Cq x q y y x
e x

− ≤ ≥
+

 

then ( ) ( )nq ⋅ ∈ B . 
Lemma 2.4. [14] Let k be a positive integer and B be a ball in n . Then we 

have that for all ( )nb BMO∈   and ,i j∈  with i j< , we have  

1) 
( ) ( )

( ) ( ) ( )
1 1sup p n

p n

k k
B B LB B L

C b b b C bχ
χ ⋅

⋅

−
∗ ∗
≤ − ≤




,  

2) ( )
( ) ( )

( ) ( ) ( )q ni j jp n

k kK
B B B LL

b b C j i bχ χ
⋅⋅ ∗

− ≤ −


,  

where { }: 2n i
iB x x= ∈ ≤  and { }: 2n j

jB x x= ∈ ≤ .  
Lemma 2.5. [15] Let ( ) ( )nq ⋅ ∈ B , then there exist positive constants 

0C > , such that for all balls nB ⊂   and all measurable subset R B⊂ ,  

( ) ( )
( ) ( )

( ) ( )
( ) ( )

1 2

,   ,
q qn n

q qn n

R RL L

B BL L

R R
C C

B B

δ δχ χ

χ χ

′⋅ ⋅

′⋅ ⋅

   
≤ ≤      

   

 

 

 

where 1 2,δ δ  are constants with 1 20 , 1δ δ< < . 
Lemma 2.6. [16] If ( ) ( )nq ⋅ ∈ B , then there exists a constant 0C >  such 

that for any balls B in n , 

( ) ( ) ( ) ( )
1 .q qn nB BL L C
B

χ χ ′⋅ ⋅ ≤ 
 

Lemma 2.7. [6] Let ( ) ( )0 , , 0nq p λ< < ∞ ⋅ ∈ < < ∞�B , and ( ) ( )nLα ∞⋅ ∈   
be log-Hölder continuous both at the origin and infinity,  

( ) ( )22 , 0 ,nλ α δ α α∞≤ ⋅ ≤ < ∞ , 2δ  as in lemma 2.4. Then ( )
( ) ( ),q n

pf HMKα
λ
⋅
⋅∈ �   

(or ( )
( ) ( ),q n

pHMKα
λ
⋅
⋅  ) if and only if k kkf fλ∞

=−∞
= ∑  (or 0 k kkf fλ∞

=
= ∑ ), in the 

sense of ( )nf ′∈  , where each ka  is a central ( ) ( )( ), pα ⋅ ⋅  atom with 
support contained in kB  and  

0,
sup 2 qLL

kk
L L Z

λ λ−
=−∞

≤ ∈
< ∞∑  or 0

0,
sup 2 qLL

kk
L L Z

λ λ−
=

≤ ∈

 
 
 

∑ , 

moreover 

( )
( ) ( ),

1

0,
inf sup 2q

p

qqLL
kkHMK

L L Z
f α

λ

λ λ⋅
⋅

−
=−∞

≤ ∈
≈ ∑�  

or 

( )
( ) ( ),

1

0
0,

inf sup 2q
p

qqLL
kkHMK

L L Z
f α

λ

λ λ⋅
⋅

−
=

≤ ∈
≈ ∑ , 

where infimum is taken over all above decomposition of f. 
Lemma 2.8. [17] Let ( ) ( ) ( ], 0,nq q⋅ ∈ ∈ ∞  and [ )0,λ ∈ ∞ . If  
( ) ( ) ( ) ( )0

n log n log nLα ∞
∞⋅ ∈ ∩ ∩  P P , then  

( )
( ) ( )

( )
( )

( )
( )

( )
( )

,
,

0

0,

1
0

0, 0

max sup 2 2 ,

sup 2 2 2 .

pq n
p

p p

L qq kqL q
k LMK L L k

Lq qkq kqL q
k kL L

L L Z k k

f f

f f

α
λ

αλ

α αλ

χ

χ χ

⋅⋅
⋅

⋅ ⋅

−

≤ ∈ =−∞

−
∞−

≤ ∈ =−∞ =

= 


 +  
 

∑

∑ ∑

�
�
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Lemma 2.9. [18] Let Ω  satisfies rL -Dini condition with [ )1,r∈ ∞ . If there 
exist constants 0C >  and 0R >  such that 2y R< , then for every nx∈ , 
we have  

( ) ( ) ( )
1

2 2
d d .

rr n n
rr

R R R y R y R

yx y x
x CR

x y x R δ

ω δ
δ

δ

 − 
 

< < < <

   Ω − Ω   − ≤ +  −    
∫ ∫  

Lemma 2.10. [15] Given E, let ( ) ( ) , : nq E f E E⋅ ∈ × →   be a measurable 
function (with respect to product measure) such that for almost every 

( ) ( ) ( ), ., qy E f y L E⋅∈ ∈ . Then 

( ) ( ) ( )
( ) ( ) ( )

., ., d .qq L EE EL E
f y dy C f y y⋅⋅

≤∫ ∫  

Lemma 2.11. [19] If 0, 1 , 0a s d s> ≤ ≤ ∞ ≤ ≤  and ( )1n n d s v− + − < < ∞ , 
then  

( )( ) ( )
( )1

1

d .s n

ddv v n d
L Sy a x

y x y y C x −
+

≤
Ω − ≤ Ω∫  

Lemma 2.12. [19] Let ( )q ⋅ ∈  satisfies Proposition 2.3. Then 

( ) ( )
( )

( )

1

1

if 2  and 

if 1
q n

nq x

Q L
q

Q Q x Q

Q Q
χ ⋅

∞

 ≤ ∈≈ 
 ≥


 

for every cube (or ball) nQ∈ , where ( ) ( )limxp p x→∞∞ = .  

3. Lipschitz Boundedness for the Commutator of  
Marcikiewicz Integrals Operator 

In this section, we prove the boundedness of the commutator of Marcikiewicz 
integrals on Herz-Morrey-Hrdy spaces with variable exponent so when 

( )nb Lipγ∈   under some conditions. 
Theorem 3.1. 
Suppose that ( )nb Lipγ∈   with 0 1γ< ≤ . If ( ) ( )1

nq ⋅ ∈   satisfies prop-
osition 2.3 with ( ) ( )1 1 2,1 1q n q x q x nγ γ+ < − = , ( )( )1

2
s nL S s q− +Ω∈ >  with 

11 s q−′≤ <  and satisfies  

( )1

10
d ,s

γ

δ
δ

δ +

Ω
< ∞∫  

let 1 20 p q< ≤ < ∞  and 2 2n nδ α δ γ≤ < +  or  
( ( )2 2 1 20 max ,n nδ α α δ γ< ≤ < + ). Then the commutator [ ],b µΩ  is bounded 
from ( )

( ) ( ),q n
pHMKα

λ
⋅
⋅

�   (or  

( )
( ) ( ),q n

pHMKα
λ
⋅
⋅  ) to ( )

( ) ( ),q n
pMKα

λ
⋅
⋅

�   (or ( )
( ) ( ),q n

pMKα
λ
⋅
⋅  ). 

To the proof the above theorem, we will recall the following lemma. 
Lemma 3.1. [15] 
Suppose that ( )nb Lipγ∈   with 0 1γ< ≤ . If ( ) ( )1

nq ⋅ ∈   satisfies 
Proposition 2.3 with ( ) ( )1 1 2,1 1q n q x q x nγ γ+ < − =  with  

( )( )1
2

s nL S s q− +Ω∈ > . Then the commutator [ ],b µΩ  is bounded from 
( ) ( )1q nL ⋅   to ( ) ( )1q nL ⋅  . 
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Next, we will give the Lipschitz estimate about the commutator [ ],b µΩ  on 
Herz-Morrey-Hardy spaces with variable exponent. 

Proof Theorem 3.1: 
To prove this theorem, we only prove the homogeneous case. Let  

( )
( ) ( ),q n

pf HMKα
λ
⋅
⋅∈  . By lemma 2.6 we have j jjf fλ∞

=−∞
= ∑  converged in 

( )n′  , where each jb  is a central ( ) ( )( ), pα ⋅ ⋅  atom with support contained 
in jB  and  

( )
( ),

1

0,
inf 2 .supq

p

q
L qL

jHMK
L L Z j

f α
λ

λ λ⋅
⋅

−

≤ ∈ =−∞

 
≈  

 
∑  

Here we denote 
0,

2sup qLL
kk

L L Z

λ λ−
=−∞

≤ ∈
∆ = ∑ . By lemma 2.8 we have  

[ ]( )
( )
( ) ( )

( ) [ ]( ) ( )

( ) [ ]( ) ( )

( ) [ ]( ) ( )

,
,

0

0,

1
0

0,

=0

, max 2 2 , ,sup

2 2 ,sup

2 , .

q pn
p

p

p

Lq qkqL q
kMK LL L k

qkqL q
k LL L Z k

L qkq
k L

k

b f b f

b f

b f

α
λ

αλ

αλ

α

µ µ χ

µ χ

µ χ

⋅ ⋅
⋅

⋅

⋅

−
Ω Ω

≤ ∈ =−∞

−
−

Ω
≤ ∈ =−∞

∞
Ω

= 






+ 


∑

∑

∑

�

 

( ) [ ]( ) ( )

( ) [ ]( ) ( )

( ) [ ]( ) ( )

0

0,

1
0

0, 0

2 2 , ,sup

2 , ,

2 2 , .sup

p

p

p

L qkqL q
k LL L k

qkq
k L

k
L qkqL q

k LL L k

I b f

II b f

III b f

αλ

α

αλ

µ χ

µ χ

µ χ

⋅
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In beginning, we examine a function which we will use in proving  
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When kx A∈  and x y t− ≤  with t x≤ , it follows from 2j k≤ −  that 
x y x−  . We have  

2 2 3

1 1 .
y

x y x x y
− ≤

− −
                    (3.1) 

Then by (3.1), the Minkowski’s inequality, the generalized Hölder’s inequality 
and the vanishing of the moment of jb  we have 
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Similarly, we consider 2ϒ . Noting that x y x−  . By the Minkowski’s in-
equality, the generalized Hölder’s inequality and the vanishing moments of jb  
we have  
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So we have  
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From lemma 2.10 and the Minkowski’s inequality we have  
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For 1
∗ϒ , noting s p′> , we denote ( ) 1p′ ⋅ >�  and 
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1 1 1
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. By 

lemma 2.2 we have  
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When 2n
kB ≤  and k kx B∈ , by Lemma 2.12 we have  
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So we obtain  
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By lemma 2.9 we have  
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Now, by using the generalized Hölder’s inequality we get:  
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     (3.2) 

For *
2ϒ  similar to the method of *

1ϒ  we have  
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Now, by using the generalized Hölder’s inequality we get:  
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     (3.3) 

Now by (3.3), (3.4), and lemmas 2.5 and 2.6, we have  
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Firstly we estimate I. We need to show that there exists a positive constant C, 
such that I C≤ ∆ , we consider  
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By the ( ) ( ) ( ) ( )( ),p qn nL L⋅ ⋅  , bounbedness of the commutator [ ],b µΩ  on 
( )pL ⋅  (see [15]), we have the following. Therefore, when 0 1q< ≤  
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When 0 q< < ∞ , let 1 1 1q q′+ =  we have  
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We estimate 2I  by lemma 2.1 when 0 1q< ≤  by ( )2 20n nδ α γ δ≤ < + , we 
get  
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When 0 q< < ∞ , let 1 1 1q q′+ = . Since ( )2 20n nδ α γ δ≤ < + , by Hölder’s 
inequality, we have  
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Secondly we estimate II . We need to show that there exists a positive con-
stant C, such that II C≤ ∆ , we consider  
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When 0 1q< ≤ , we get  
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When 0 q< < ∞ , let 1 11 1 1q q′+ =  we have  
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For 2II , when 0 1q< ≤ , by ( )2 20n nδ α γ δ≤ < +  we get  
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When 1 q< < ∞ , let 1 1 1q q′+ = . Since ( )2 20n nδ α γ δ≤ < + , by Hölder’s 
inequality, we have  

( ) [ ]( ) ( )

( ) ( )( )

( ) ( )( )

( )( )

2

2

2

1 1
0

2

1 1
0

1 1
/20

/
1

/2

2 ,

2 2

2 2

2

p

q
k

kq
j j k Lk j

q
k

kq j j k n
jLip

k j

k qq j j k n qkq
jLip

k j
q q

k q j j k n q
j

j

II b b

C b

C b

γ

γ

α

α α γ δ

α γ δα

α γ δ

λ µ χ

λ

λ

λ

⋅

− −

Ω
=−∞ =∞

− −
− + − +

=−∞ =∞

− −
− + − +  

=−∞ =∞

′
−

′− + − +  

=∞

 
=  

 
 

≤  
 

 
≤  

 
 

× 
 

∑ ∑

∑ ∑

∑ ∑

∑

 

( ) ( )( )

( ) ( )

2

2

1 1
/20

1 1
0 /2

1

2 2

2

.

k qq j j k n qkq
jLip

k j

qq j k n q
jLip

j k j
q
Lip

C b

C b

C b

γ

γ

γ

α γ δα

γ δ α

λ

λ

− −
− + − +  

=−∞ =∞

− −
− + −  

=−∞ = +

 
≤  

 

≤

≤ ∆

∑ ∑

∑ ∑        (3.11) 

Thirdly, we estimate III , we need to show that there exists a positive con-
stant C, such that III C≤ ∆  
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When 0 1q< ≤ , by the boundedness of [ ],b µΩ  in ( )pL ⋅  ([20]), we have  
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When 0 q< ≤ ∞ , by ( )2 20 ,n nδ α α γ δ∞≤ < +  and the boundedness of 
[ ],b µΩ  in ( )pL ⋅  ([20]) and Hölder’s inequality, we get  
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When 0 1q< ≤ , by ( )2 20 ,n nδ α α γ δ∞≤ < +  we get  
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When 1 q< < ∞ , let 1 1 1q q′+ = . Since ( )2 20 ,n nδ α α γ δ∞≤ < + , and by 
Hölder’s inequality, we have  
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Joint the estimates for I, II and III, we obtain 
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Then we complete the proof of Theorem 3.1. 

4. BMO Boundedness for the Commutator of Marcikiewicz  
Integrals Operator 

In this section, we prove the boundedness of the commutator of Marcikiewicz 
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integrals on Herz-Morrey-Hrdy spaces with variable exponent with function 

( )nb BMO∈  . 
Theorem 4.1. 
Suppose that ( )nb BMO∈   with 0 1γ< ≤ . If ( ) ( )np ⋅ ∈   satisfies 

proposition 2.3 and ( )( )1s nL S s q− −′Ω∈ > . Let 1 20 p p< ≤ < ∞  and  
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proof: 
In a way similar to theorem (3.2) we only prove the homogeneous case. Let 
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From the Hölder’s inequality, we have  
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Noting s q −′> , we denote ( ) 1q′ ⋅ >�  and 
( ) ( )
1 1 1

q x q x s
= +

′ ′�
. By lemmas 3.2, 

3.10 we have  
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By lemma (2.12), when 2 ,n
j j jB x B≤ ∈  and when 1kB ≥  respectively we 

have 
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Similarly by lemma 2.4 we have  
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Now, by (4.1), (4.2), lemmas 2.4, 2.5 and 2.3, we have  

[ ]( ) ( ) ( )
( )

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

1

1

1

,

2 2

2 d

2 2

q n

s n q nq nj j q n

qs n n q nq nj

s n qq nnq nj k

j k L

nk j
kn s

B B k jL S LL L

nk j
s

B k jL S L LL

nk j
kn s

B B jL S LLL

b f

C b b f

b f y

C k j b f

γ

γ

γ

µ χ

χ χ

χ χ

χ χ

⋅

− ⋅′ ⋅ ⋅

⋅− ⋅′ ⋅

− ⋅⋅′ ⋅

Ω

 − + −  

 − + 
 

∗

 − + −  
∗


≤ Ω ⋅ − ⋅




+ Ω




≤ − Ω





 

 



 

https://doi.org/10.4236/am.2021.125030


O. Khalil et al. 
 

 

DOI: 10.4236/am.2021.125030 439 Applied Mathematics 
 

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( )
( ) ( )
( ) ( )

( )
( )

( )

1

1

1

2

1

2 d

2 2

2

2

s n qq nnq nj k

s n qq nnq nj k

q nj

s n q n

q nk

s n q

nk j
s

B B jL S LLL

nk j
kn s

B B jL S LLL

n Bk j Ls
jL S L

B L

nk j n
s

jL S L

b f y

C k j b f

C k j b f

C b k j f

γ

γ

γ

δ γ

χ χ

χ χ

χ

χ

− ⋅⋅′ ⋅

− ′ ⋅⋅′ ⋅

′ ⋅

− ⋅

′ ⋅

−

 − + 
 

∗

 − + −  
∗

 − + 
 

∗

 − − − 
 

∗


+ Ω



≤ − Ω

≤ − Ω

≤ − Ω










( ) ( ) .n⋅ 

 (4.3) 

By the boundedness of µΩ  in ( )pL ⋅  see [7], we have  
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Firstly we estimate H. We need to show that there exists a positive constant C, 
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By boundedness of [ ],b µΩ  in ( )pL ⋅ , see ([20]), when 0 1q< ≤  we have  
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When 1 q< < ∞  and 1 1 1q q′+ = , and let 2 0nγ δ α+ − > , we have 
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Now we estimate 2H , when 0 1q< ≤ , by ( )2 20 nn n
s

δ α δ γ≤ < − − , we get 
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when 1 q< < ∞ , let 1 1 1q q′+ = . Since ( )2 20n nδ α γ δ< ≤ + , by Hölder’s in-
equality we have  

( ) [ ]( ) ( )

( )
( ) ( )

( )

( )
( ) ( )

2

1

1

1
0

2
0,

1
0

0,

1
0

0,

sup 2 2 ,

sup 2 2 2

sup 2 2

p

s n

s n

q
L k qkqL q

j j k LL L k j

qnL k j j k nq q kq sL q
jL S

L L k j

L k qq q qkqL q
jL S

L L k j k

H b f

C b k j

C b k j

αλ

α δ γ
αλ

αλ

λ µ χ

λ

λ

⋅

−

−

−
−

Ω
≤ ∈ =−∞ =−∞

  − − + − − −  −   
∗

≤ ∈ =−∞ =−∞

−
−

∗
≤ ∈ =−∞ =

 
=  

 

 
 ≤ Ω −
 
 

≤ Ω −

∑ ∑

∑ ∑

∑ ∑

�

�

�

( )

( )

2

2

/2

/
/2

0

2

2

nj j k n q
s

q qnj j k n q
s

j

α δ γ

α δ γ

  − + − − −    

′
  ∞ − + − − −    

=

 
 
 
 

 
 ×
 
 
∑

 

( )
( ) ( )

( )

( ) ( )
( )

( )

2

1

2

1

1

1 /2
0

0,

1 /2

0, 1

sup 2 2 2

sup 2 2

.

s n

s n

s n

nL k j j k n qqq q qkq sL q
jL S

L L k j k

nL j k n qqq q q sL q
jL S

L L k k j

q q
L S

C b k j

C b k j

C b

α δ γ
αλ

δ γ α
λ

λ

λ

−

−

−

  − − + − − −  −   
∗

≤ ∈ =−∞ =

  − + − − − −  −   
∗

≤ ∈ =−∞ = +

∗

 
 ≤ Ω −
 
 

≤ Ω −

≤ Ω ∆

∑ ∑

∑ ∑

�

�
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Secondly, we estimate HH . We need to show that there exists a positive con-
stant C, such that HH C≤ ∆  Consider  
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Now when 1 q< < ∞ , let 1 1 1q q′+ =  we have  
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For 2HH , when 0 1q< ≤ , by ( )2 20n s nδ α δ δ≤ < + +  we get  
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Now 1 q< < ∞ , let 1 1 1q q′+ = . Since ( )2 20n s nδ α δ δ≤ < + + , by Hölder’s 
inequality we have 
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Thirdly, we estimate HHH , we need to show that there exists a positive con-
stant C, such that HHH C≤ ∆   
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Now when 0 q< < ∞ , by boundedness of [ ],b µΩ  in ( )pL ⋅ , see ([20]) by 
Hölder’s inequality we have  
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We have 0 1q< ≤ , by ( )2 20 ,n s nδ α α δ δ∞≤ < + +  we get  
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Now when 1 q< < ∞ , let 1 1 1q q′+ = . Since 
( ) ( )2 20 ,n s nδ α α δ δ≤ ∞ < + + , by Hölder’s inequality, we have 
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Joint the estimates for H, HH and HHH, we obtain 
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Then we complete the proof of Theorem 4.1. 

5. Conclusion 

The study concluded that we can proof of boundedness for commutator of Mar-
cinkiewicz integrals on Herz-Morrey-Hrdy spaces with variable exponent, which 
we use The main tools are properties of variable exponent in theorem 3.1 when 

( )nb Lipγ∈  , in theorem 4.1 when ( )nb BMO∈  . We can obtain a solution 
for proof that commutator of Marcinkiewicz integrals are boundedness. 
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