‘Q‘Q Scientifi Applied Mathematics, 2021, 12, 421-448
cientific ) ) :
‘ “ Research https://www.scirp.org/journal/am

94% Publishing ISSN Online: 2152-7393
¢ ISSN Print: 2152-7385

Commutator of Marcinkiewicz Integral
Operators on Herz-Morrey-Hardy Spaces with
Variable Exponents

Omer Khalil12?*, Shuangping Tao!", Bechir Mahamat!

1College of Mathematics and Statistics, Northwest Normal University, Lanzhou, China
2Faculty of Education, Sudan University of Science and Technology, Khartoum, Khartoum State, Sudan

Email: *us.omer2008@sustech.edu, *taosp@nwnu.edu.cn, bechirmahamatacyl@gmail.com

How to cite this paper: Khalil, O, Tao, = Abstract

S.P. and Mahamat, B. (2021) Commutator

of Marcinkiewicz Integral Operators on 1N this paper, our aim is to prove the boundedness of commutators generated
Herz-Morrey-Hardy Spaces with Variable by the Marcinkiewicz integrals operator [b, s, ] and obtain the result with
Exponents. Applied Mathematics, 12, 421-
448.
https://doi.org/10.4236/am.2021.125030

Lipschitz function and BMO function fon the Herz-Morrey-Hardy spaces
with variable exponents HMK;‘((_'))/'lq (Rn ) :

Received: April 6, 2021
Accepted: May 28, 2021 Keywords
Published: May 31, 2021

Marcinkiewicz Integral Operator, Herz-Morrey-Hardy Space, Commutator,
Copyright © 2021 by author(s) and Variable Exponent, Lipschitz Space
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International

License (CC BY 4.0). 1. Introduction
http://creativecommons.org/licenses/by/4.0/

Firstly in 1938, Marcinkiewicz [1] introduced the Marcinkiewicz integral. Next,

the Marcinkiewicz integral operator has been studied extensively by many ma-

thematicians in various fields. For example, Stain in [2] introduced the Marcin-
kiewicz integral operator related to the littlewood-Paley @ function on R"
and proved that s, is of type (p,p) for 1< p<2 and of week type (1,1).
In [3], Ding, Fan and Pan improved the above result and obtained the
L’ (1< p<o) and weighted L"(1< p <o) boundedness of the Marcinkiewicz
cussed the boundedness for the commutator generated by the Marcinkiintegral
4 under some weak conditions. Torchinsky and Wang in [4] discussed integral
U, and BMO(R") function on Lebesgue spaces L° (R" )

On the other hand, a class of functional spaces called Herz-Morrey-Hardy
spaces with variable exponent has attracted great interest in recent years. We

find that in successive studies in this field, in [5] [6] Xu, Yang introduced Herz-
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Morrey-Hardy spaces with variable exponents and their some applications. He
obtained that certain singular integral operators are bounded from Herz-Morrey-
Hardy spaces with variable exponents into Herz-Morrey spaces with variable
exponents as an application of the atomic characterization. Also, he established
their molecular decomposition, and by using their atomic and molecular decom-
positions, he gave the boundedness of a convolution type singular integral on
Herz-Morrey-Hardy spaces with variable exponents. Omer in [7] proved the boun-
dedness of commutators generated by the Calderén-Zygmund and used proper-
ties of variable exponent, BMO(R") function and Lipschitz function to prove this
boundedness. Also, Yang in [8] established some boundedness for TD” —D’T
and (T* —T#)D7 on the homogeneous Morrey-Herz-type Hardy spaces with
variable exponents and studied Boundedness of Calderén-Zygmund operator on
these spaces.

Suppose Snfl(n > 2) denotes the unit sphere in R" equipped with the nor-
malized measure do. Let Q be homogenous function of degree zero and sa-

tisfies
[:Q(x)da(x)=0, (1.1)

where X' = X/|X| forany x=0.
Then the Marcinkiewicz integral operator g, is defined by
y2
0 2 dt
o (000~ TFar (N0 S 12
where
Q(x-y
Fo. (f )(x):f ) Qx-y) n_l) f(y)dy. (1.3)
[x-y|<1 |X _ y|
Let belLip, (R") and beBMO be a locally integrable function on R",
the commutator generated by the Marcinkiewicz integral x4, and b is defined
by
2 \¥2

L e LU LTI I

Motivated by [6] and [7], the aim of this paper is to study the boundedness for
the commutator of Marcinkiewicz integral operator [b, s, ] on the Herz-Morrey-
Hardy space with variable exponent where Qe L° (S"’l) for s>1, with BMO
function and Lipschitz function, we will define The definitions of the Mor-
rey-Herz spaces with variable exponents, the Morrey-Herz-Hardy spaces with
variable exponents (which will be defined in the next section), and the prelimi-
nary lemmas are presented in Section 2. In Section 3, we will prove the boun-
dedness of the commutator of Marcikiewicz integrals on Herz-Morrey-Hrdy
spaces with variable exponent with b e Lip, (R”). Lastly, in Section 4 we will
prove the boundedness of the commutator of Marcikiewicz integrals on Herz-

Morrey-Hrdy spaces with variable exponent with function b e BMO (R” ) .
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A given open set QCR" and a measurable function p(-):Q—[1,%),
LPO) (Q) denotes the set of measurable function fon Q such that for some
A>0,

()

p(x)
L°) (Q) = {f is measurable : L{' )|J dx < oo for some constant 7 > 0},
n

(1.5)

Loc

the space L) (Q) is defined by
L2 () ={ f is measurable : f & L* (K ) for all compact K Q). (1.6)

Loc

The Lebesgue spaces L") (Q) is Banach spaces with the norm defined by

f(x P
"f"Lp()(Q) =inf {7] >0]Q(#J dx Sl}, (17)

where p_=essinf{p(x):xeQ}>1, p, =esssup{p(x):xeQ}<w.

Denotes p'(x)= p(x)/( p(x)—l). Let M be the Hardy-Littlewood maximal
operator. We denote B(Q) to be the set of all functions p(-)eP(Q) satis-
fying the Mis bounded on L°"(Q).

Definition 1.1. [6]

Let 0<q<ow, p()e P(]R”) , 0<A<ow.Llet a(-) beabounded real-valued

. n
measurable function on IR". The nonhomogeneous Morrey-Herz space

MK()’(‘))’q (Rn) and homogeneous Morrey-Herz space with variable exponents

p().2
I\/IK:‘(())EI (]Rn ) are respectively defined by

MKZ((-.)),'; Z={f € L&(c) (Rn \{0})”f"MKZ(());, <oo}, (1.8)
and
M09 {f e L2 (R VO): e < oo}, (19)
where
IR ke() £ ~ |° v
[l =302 S 4], | (110
U~ ka() 4 v
1y =s02( 3 [0 1], ] L

Definition 1.2. [9]
Forall 0<y <1, the Lipschitz space Lip, (R") is defined by

Lipyz{f:”f"upy: sup M@o}

1.12
X, yeRM:xzy |X— y|y ( )

Definition 1.3. [5]
Let a(~)eL°°(R”),p(-)eP(R”),0<q£oo,0£/1<oo and N >n+1. The
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nonhomogeneous Herz-Morrey-Hardy space with variable exponent
HMKZ;:;; (Rn ) and homogeneous Herz-Morrey-Hardy space with variable
exponents HMKZ&q (Rn ) are respectively defined by

K () = 1 €8 (8| s =100 Fle <], 019

Hmkgg;;;(mn);={fes'(mn);”f"HMK 1= G s oo}. (1.14)

A

Definition 1.4. [10] (Holder’s inequality) Let « >1 and 1/a+1/8=1. Then
the discrete and integral forms of Holder’s inequality are given as

Plrog0afees (Lo (o) (1.15)

for continuous function fand gon [a, b] .
Definition 1.5. [10] (Minkowski’s inequality) Let u>1. Then the discrete

and integral forms of Minkowski’s inequality are given as
u u Y u)\Yu
(j: f(x)+g(x)| dx) s(j: x)| ) +(_[:|g(x)| ) , (1.16)

for continuous function fand gon [a,b]. for more general functions can be ob-

tained naturally. A further generalization is: If u>1, then
u W
(11 eyl e < (100

2. Preliminaries

1/u
dx) dy. (1.17)

In this section, we give some preliminaries which we used to prove theorems.
Lemma 2.1. [11] Let p(-)e ’P(R"). Then for any f e L") and gel”V,

we have

I}R" f |dX<C "f"LP R" g"Lp (JR")’
where C —1+i—i
p. P,

This inequality is called the generalized Hélder inequality with respect to the
variable L") spaces.

Lemma 2.2. [12] Given p(-), p,(+), p,(-) € P(R" ) , for any
1

1 L1
P() p() P()

f et (]R”), ge L0 (R"), when

, we get

£ ()9 (o) = CHT s o) 10l
1
1 1 |r-
where Cpl,pz ={1+p—l_— plj .
Proposition 2.3. [13] If q(-)eP(R”) satisfies
|q(X)—q(y)|Sm x=y|<12,
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C
X)— <=
|q( ) q(y)| I0g(e+|x|)
then q(-)e ‘B(R" ) .
Lemma 2.4. [14] Let & be a positive integer and B be a ball in R". Then we
have that forall be BMO(R") and i, j€Z with i< j,wehave

1) bl <sup—2 |(b—b <clblf,
) IL<S‘;p||zB||Lp(->(Rn)||( o) Zo s sr) = C 0]

2 |(b-b (i1 Bl e

where B, ={XeR“ :|x|£2'} and B, ={XeR” :|x|s21} .
Lemma 2.5. [15] Let q(-)e ‘B(R") , then there exist positive constants
C >0, such that for all balls BcR" and all measurable subset Rc B,

[Py ey [|R|T |2 st en) [|R|TZ

—<C| = | , —=<C| | .

Teehorey - C\BL) " Tralore - LB
where 0,,0, areconstants with 0<¢,,0, <1.

Lemma 2.6. [16] If q() IS %(R” ) , then there exists a constant C >0 such
that for any balls Bin R",

[y,

Xs,

Lp() ]Rn) B

el 2ol 5

Lemma 2.7. [6] Let 0<(q <o, p(-)e %(R"),O<i<oo, and a(-)el” (]R”)
be log-Holder continuous both at the origin and infinity,
2A<a(-),nd, <a(0),a, <x, &, asinlemma 2.4. Then f e HMK® ))Aq (R")
(or HMK":(())f (R")) ifand only if f=3" Zf, (or f —zkzolkf ), in the
sense of feS'(R )n , where each a, is a central (05(~), p()) atom with
support contained in B, and

wp 2TL Al < or [ 3 2T

L<0,LeZ

moreover

"f”HMK aa ~inf sup 27 - (Zk 7oo|/11<|q)
p()2

L<0,Lez

or

"f"HMK “ ~inf sup 2 I_/I(Z:k 0|)l1<| )

L<0,LeZ
where infimum is taken over all above decomposition of £
Lemma 2.8. [17] Let q(-)e P(R"),qe(0,] and Ae[0,%).If
a()el” (R")NF™ (R")NP (R"), then
q _ kga
Iy =] st 2 3 2%,

wp 2 2% gL+ S2 e )
k=0

L<0,Lez
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Lemma 2.9. [18] Let Q satisfies L' -Dini condition with r €[1,). If there
exist constants C>0 and R >0 such that |y| <R/2, then for every xeR",

we have

) 2(x-y) _Q(x)
R<\R\<2R| |X— y| |X| |

r der < cRG'"j {M+ Md&}

R -(\V\/ZR<6<\V\/R S

Lemma 2.10. [15] Given E let q(-)e P(E), f :ExE - R" be a measurable
function (with respect to product measure) such that for almost every
yeE, f(,y)e L90) (E). Then

J.E f (" y)dy“LQ(‘)(E) < CJ.E " f (" y)"L“(')(E) dy'

Lemma 2.11. [19] If a>0,1<s<0,0<d<s and -n+(n-1)d/s<v<o,
then

’ ¢ v v+n
(f‘y‘ga‘x‘lyl Q(x-y)| dy) <clx“" o

Ls(sn—l) .
Lemma 2.12. [19] Let q () € P satisfies Proposition 2.3. Then
Qftd if[Q<2" andxeQ
% ||Lq<->(Rn) Tl
|Qfat) if [Q|>1

for every cube (or ball) Q e R", where p(o)=lim,__ p(x).

3. Lipschitz Boundedness for the Commutator of
Marcikiewicz Integrals Operator

In this section, we prove the boundedness of the commutator of Marcikiewicz
integrals on Herz-Morrey-Hrdy spaces with variable exponent so when
beLip, (R”) under some conditions.

Theorem 3.1.

Suppose that b e Lip, (R”) with 0<y<1.If q()e P(R”) satisfies prop-
osition 2.3 with ¢ <n/y,3/q,(x)-1/q,(x)=y/n, Qe LS(S”’l)(s >qz*) with
1<s'<q, and satisfies

[, Q(;l(j) ds <o,
let 0<p,<0,<0 and nd,<a<nd,+y or
(0<max(ns,,a,)<a, <nd,+y ). Then the commutator [b, ] is bounded
from HMK;‘((.'))/'I“ (R”) (or
HMK ()7 (R")) to MKZ0 (R™) (or MK (R")).

To the proof the above theorem, we will recall the following lemma.

Lemma 3.1. [15]

Suppose that be Lip, (R") with 0<y<1l. If q()e P(R”) satisfies
Proposition 2.3 with ¢ <n/y,1/q,(x)-1/q,(x)=y/n with
Qel® (S”’l)(s > q;) . Then the commutator [b,x,] is bounded from
L*O(R") to L*O(R").
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Next, we will give the Lipschitz estimate about the commutator [b, yQ] on
Herz-Morrey-Hardy spaces with variable exponent.
Proof Theorem 3.1:

To prove this theorem, we only prove the homogeneous case. Let

feHMK”‘(() (R”). By lemma 2.6 we have f =" A f converged in

j=—o i i
S'(R)", where each b; isa central (a(-),p(-)) atom with support contained
in B; and

L<0,LeZ

Yq
[l =it 0 2 S|

Here we denote A= sup 2™ Zk _DOM« |q By lemma 2.8 we have

L<0,LeZ

"[bﬂo]( f )Hana()q( =)~ max{ sup 274 Z 2 " [b. 220 ](F) 2 "i"’(') '

p()2 L<0,LeZ

sup zw[zzm 15, 201 (F) 2

L<0,LeZ

*Z;zm““WH“*b](f)Zdﬂmj}-

I = sup 27 Z 29O b, 1 ]( ) 20

L<0,LeZ

I = Z 29O b, 110 )(F) 1]

= sup 2 “’*22“‘“ by a0 1(F) 2 -

L<0,LeZ

In beginning, we examine a function which we will use in proving

AL {H o d—}
Q [x—y|<t t3

2 y2
+{ITJ o(x- py'[b b(y)]b, (¥)dy f—t}

x-ylst |
=Y +7,.
When xe A and |X—y|£t with ’[£|X|, it follows from j<k-2 that
|X—y|~|x|.Wehave

kb b(y)]b; (y)dy

1 1),
—2 - _2 = —3 . (3- 1)
=yl ] [y

Then by (3.1), the Minkowski’s inequality, the generalized Ho6lder’s inequality
and the vanishing of the moment of b; we have

1yl

(x-y)_[o(x)] W dt )
e peo-o(l, ][ [, 55| o
2(x-y)| (x| 1]
<C - b(x)=b(y)|b;(Y)|———-— dy
J.]I@ |X_y|2 |X|2 | ( ) ( )|| J( )| |X_y|2 |
DOI: 10.4236/am.2021.125030 427
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le(x-y) [ v

<C - b(x)—=b(y)|[b. d

J‘]R’?‘ |X y|2 |X|2 ‘| ( ) (y)H J(y)||x_y|3/2 y
X— y X

Similarly, we consider Y, . Noting that |X— y| ~ |X| . By the Minkowski’s in-
equality, the generalized Holder’s inequality and the vanishing moments of b

we have
o oty foca] S
YZ_C.[]R” |X y| n2‘| ||b )[J.Xt_gj ay
<c], '“(X‘Z"—'Q 2 ”|b<x>—b<y>||b,-<y>|dy-
[ by W
So we have
\[b.ﬂ91<b,-)<x>\scfsj{'fff;|f"—'Txﬁf)”b(x)—b<y>||bj<y>|dy.

From lemma 2.10 and the Minkowski’s inequality we have

“[bWQ](bj)Zk

Lp(')(IR")
e, [2O IO gpif oy
: |x—y| |X| L0 (=n)
Q
<CJ, u b() b(0) 2 () by (y)
Al k= || 50 (=")
RN SR ”z() b(0)-b(y) oy (1)
| =TI i P
=Y+ 5.
For Y;, noting s>p', we denote p'(-)>1 and . ”1 +1. By
lemma 2.2 we have p(X) p(X) S
269 000 ) 0y,
-] L300
let=y)_leq| .
|
<clp,, 22 ) LY I PR
’ |-y | ‘ 150 )

When |B,|<2" and X, €B,, by Lemma 2.12 we have
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_1 ey
|zBK g0 ~|B, [vx) z| T o) B|s .
When |Bk|21 we have
1 ey 4
|ZBK Lp'(')(JR”) :|Bk|p’(oo) z|IBK Lp(')(lR") Byfs n
So we obtain
-ty
|ZBK Lp’(-)( ) |ZBK (Rn) Bk|5 n

By lemma 2.9 we have
[o(-y
- yl I |

RS J{Iyl Iy'lw }

< 2('“9[2‘"] {Zj_k+1 n 2(j—k+1)y J‘l s (5) dé}
0

()

Ao

Now, by using the generalized Holder’s inequality we get:

vy b(-)=b(y)|z ("

]

[2(-y)_[e0)]

n |bj (y)| dy
Y

LP0(=")

SC"b”Lipy szn+(ifk)7—ky| |B |S . J’ |b | (3.2)

By 0=

<Clpl,,, 20|

Xey L0 () j||Lp(~)(Rn) X,

Lp’(~)(mn)'
For Y, similar to the method of Y, we have
[2(-y)|_[e()]
=y
_[llet- y)| _ |Q(n')|
=y
_[lleCt=y) _le)
=y

% (")

% ()

O] b Ol

% (")

72" (.)"L"'(')(R")

Ls(-)(Rn)

< Z(k_l)(%_nj oli-k)r |

Xy LPO(&")

< 2—kn+(j—k)7—k;/ |

X, LO(gn)

Now, by using the generalized Holder’s inequality we get:
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. Q Q-
- |,( ; ) '| ; ), 0 bio-br) )
(=)
SC"b"Lipy 2*k”+2(1 K ||/1/Bk LD(')( RN i LP(') R") i Lp'(v)(]Rn) (3.3)
s C"b"upy 2y ||ZBk w0 (z0) 171 0 (2 s, FO(a)”

Now by (3.3), (3.4), and lemmas 2.5 and 2.6, we have

”[b Ha ](bi )Zk

P(-)( n)

<Clbl, 2™ [,

Llp/

(=) b, L0(r0) X

190 (=)
HZ B

By "Lp'(‘)(m")

. i |ILPO) (gD
< Clblg, 27 by T

< C2—ja+(j—k)(y+n52) "b"
< Lip,

Firstly we estimate /. We need to show that there exists a positive constant C,
such that | <CA, we consider

| = sup 274 Z 2kaa(0 |z ||| [b, 12 ]( ) ;(k||‘i,,(_)(Rn)

L>0,LeZ

" q
< sup 27t Z 2kqa [;MJ’|||[b’ﬂ9]lk"|j’(‘)(ﬂa”)j

L>0,LeZ

k-1 a
+ sup 274 Z (0 (Z |1j|||[bvﬂn]lk||w<~>(w)]

L>0,LeZ —»

=1 +1,.

By the (Lp(-) (]R” ) L90) (Rn )) , bounbedness of the commutator [b,z,] on
L") (see [15]), we have the following. Therefore, when 0< (<1

) . q
I, = sup 2749 ) 2 Z||[bvﬂe]lk||Lp<->(Rn)J

L>0,LeZ K=o =K

© ) q
< sup 274 ZL: 2ka(®) |/1].|2""J'J
i=k

L<0,LeZ k=—0

L -1 . ) © )
< sp 20 8270 3]s oo s o
j=k j=0

L<0,LeZ k=—o0

< supZL‘qZZ|/1|2" Jk=)a

L<0,LeZ k=—w j=k
_ K & q i
+ sup 274 Z 2 ““(O)Z|/1j| 2 jad
L<0,LeZ K=o =0

< sup2”q2|1| 22

L<0,LeZ

+ sup 22 jAq |ﬂ | /1 —ay, Jq2 LAq z 2kqa

L<0,LeZj=0
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< sup2”q2|/1| + supzuqz|,1| 22

L<0,LeZ L<0,LeZ

+A sup 22“’ ’qZZ Ok-L4)a

L<0,LeZj=0 =—®

<A+ sup 22 il 2 J”“Zz“ N9 A (3.4)

L<0,LeZj=L

<A+ sup 22”“|ﬂ| ‘”qZZ ~i)a

L<0,LeZj=L

<A
When 0<q<o,let 1/q+1/q'=1 we have

B q
ap 2408 20 S ol

Iy

L>0,LeZ
- q
g
L<0,LeZ o j=k
q
< sup 27+ z [ J
L<0,LeZ k=0 \_j=k
+ sup 27+ Z 210 (ZV 2 J%J
L<0,LeZ =

alq’
< sup 2Lﬂqz[i|/ft| ) (k- JQ/Z](ZZ )(k— JqIZ\J

L<O0,LeZ k=0 \_j=k

© a/q’
+ sup 2" LAiq Z 2kqa [Z|ﬂ“| 2" ]awazj(zzj%q’lzj

L<0,LeZ i=0

< sup 27+ ZZ|/1| 2likjar2

L<0,LeZ k=—o0 j=k
+ sup 27 Z kaa(0 Z|/1| 2 jax/2
L<0,LeZ k=—o0
< sup 2“qz|z| 22 Ni-kar2
L<0,LeZ 0

+ sup zZMq |ﬂ | /1 a,12) Jq2 LAq z qua

L<0,LeZj=0
< sup 2“qz|z| + sup 2“qz|z| 22 Ne-iarz
L<0,LeZ L<0,LeZ

+A sup ZZ(i—aw/Z)j/Zq z 2kqa(0)—qu

L<0,LeZ j=0 k=—c0

<A+ sup ZZ”q|/1| ’”qZZ“ a2 A

L<0.Lez il

<A+A sup Z ‘”qZZ Jk-i)ar2 (3.5)
L<0.Lez o]

<A.

We estimate |1, by lemma 2.1 when 0<(q<1 by nd, <a(0)<y+nd,, we
get
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L>0,LeZ

k=1 q

I, = sup 27M Z okaa(0 (jz_:ij|||[b,yg];(k||Lp(_)(Rn)J
p
SC"b" sup 274 Z okaa(0 (Z o~ ja+(i-K)(r+nsz) |/1 |]

/L>0LZ

<Clb[{, sup 27 Z 20 (

/LOLZ

|ﬂ | —ja+(j- k)(y+n§2))qj (36)

<C||b||q sup 274 Z |/1 | z oali- K)[7+n3;-a(0)]

LiPy s0,Lez Ky

<C ||b||LIp

When 0<q<oo, let 1/q+1/q' =1. Since ns, <a(0)<y+nd,, by Holder’s

inequality, we have

q
I, = sup 28 z okaa(0 (Z |,1 ||| [b. a0 ] 2 o e J

L>0,LeZ

p
<C||b||q sup 274 Z okaa(0 {Z o~ ia+(i=K)(7+n32) |/1 |]

I_|7L>0LZ

SC"b” sup 2- Liq Z 2kq<z [ > |ﬂ, | —ja+(] k)(y+né‘2))q/zj

VLOLZ

K1 o ’ alg’
X( Z 2(—Ja+(1—k)(y+n§2))q IZ\J
]

oo

SC"b”q sup 9-LAg z 2kqa [ Z |/1 | —ja+(j-k)( y+n52))q/2]

Pr L>0,LeZ
<Clpff, sup 2 Z Ak 3 2Kl snmat0] (3.7)
Py L>0,LeZ k=j+1
S C ||b||LIp
Secondly we estimate |l . We need to show that there exists a positive con-

stant C, such that |l <CA , we consider

= Zl: 2140 "[b’ﬂn]( f )Zk ”Ep(-)

q
LPO) J

q
LP() ]

< Z okaa(0 [Z|,1 |H[b 1a](b;) i
) quam)[_zl 2o 1] ()

=11+ 11,

When 0<Q<1, we get

I, = 22“‘“ (ép-”\[b,ﬂg](bj)ﬂ Lpuj

k-1 P
e
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< zl okaa(0 [z |ﬂ,| 9-iae(0) | |,1| 2- anx]
k= z
-1 -1 . o a
: z|ﬂ‘| ha E 2k |ﬂ| 2 Jaxq
K=o jok 2

< kz_l:w|/11 |q lg;ozcm (0)(k-1) + ;Vi | 2 16 k;wqua (0)
< ki“,— |q + J2{)21% |/1j |q o~ e k_zlwqua(o)

(3.8)
< A+Azj: M|q iz(l—aw)jq ZJ: okaa(0)
i=—o0 j=0 k=—0
<A
When 0<q<oo,let 1/g, +1/q =1 we have
1 » q
1= 3250 S ooz
1 o a
WAL (Z| |2 J“]
k=—0 j=k
= < a(0)(j-k) = kqer(0) < —ja, ’
<3 Z|/1|2 +22 Z|/1]|2
k=—00\_j=k k=—-o0 j=0
< i [ZI:V |q 2q/2a(0)(jk)J[iza(O)(jk)qvlz ]‘“q,
- 4 j 4
k=—0\_j=k j=k
-1 ) 0 alq’
T Z 2kqa(0) (Z|/’LJ |q 2—q/2j0:00 ][z 2q'/2jawj
k=-c0 j=0 j=0
= ] j— = 173 . - ja.
< k:ZJJij |C| k;wzq/Za(O)(J k) T k;wqu (O)];)Pb] |q 2 q/2ja,,
< i |ﬂ_|q N iz(i—awﬁ)jqz—ijq Z’: |A|q i okaa(0)
B k=—x ! j=0 i=—0 I k=—0 (39)
£A+Ai o= 12)ia 21 okac(0)
j=0 k=—0
<A
For Il,,when 0<(q<1,by nd,<a(0)<y+ns, we get
q
- 327 Sl mllo) s, |
1 k-1 o g
< Z okaa(0) [C"b"Lip z |1j|2—1a+(1—k)(7+n52)j
k=-o0 7 j=o0
<Clplr, ¥ 2" (zv ) BT
<Clb < l 2[—jaw+ i-k)(7+n8y)]a
" ||Llpy f | i| k:zj;—l
< C ||b||LIp
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When 1<q<o, let 1/q+1/q'=1. Since nd, <a(0)<y+nd,, by Holder’s
inequality, we have
q
LPC) ]

_ _ q
< Z okaa(0) [C "b”Lip Z|lj|21a+(1k)(7+nb‘z)j
= 4
<C||b|||_,p Z qua [ZM | 2[ ja+(j-k)( y+n§2)]q/2j
S, (9 et (iK)(rn6y) a2 e
X Z|ﬁ,j| 2
J:oo

<Clbl, ;2“‘“ ( [, 210 k)<y+naz>1q/zj

- 32 (zu l[b.](6,)

< C”b"up Z |ﬂ“j| Z o(i=K)[7 415, -a(0)]as2 (3.11)
k=j+1
<C ”b"Llp
Thirdly, we estimate |ll, we need to show that there exists a positive con-

stant C, such that Il <CA

= sup 2 ““22““ Mo a0 ]() [

L<0,LeZ

< sup 2 ”“Zqu“ (ZM,—H‘[b,uQ](bJ)Zk

L<0,LeZ

q
+osup 2 L/lqzqua [gpj”‘[b,yg]m()zk Lp(‘)J
j=o

L<0,LeZ

=11+ 111,
When 0<q<1, by the boundedness of [b,,uQ] in LPV ([20]), we have

q
I, = sup 2 ”qZqu% (ZV |” b, 44, ] )lk Lp(‘)]

L<0,LeZ
- . q
) |_<Souliz2 uqzqu DOZP’ | ” b ’uQ )Zk PO
< sup 2- quszqa Z|l | -ajjq
L<0,LeZ
< sup 27 ”“22“‘4% |,1| 0-a.d
L<0,LeZ = e
= sup 2uq2|f1| ZJ: Ay sup 2”"2|/1| 22 (k-1)a
L<0,LeZ = L<0.LezZ
< sup 2_qu2|ﬂ/| + sup 221 L‘MZ Ilq2|//{’|q22awk ia
L<0,LeZ L<0,Lez L
i=L)ad9-jagoas(L-i)d
SA+ALSS;:II_per§_2 271492 612)

<A+A sup iz“’”q“’“w)

L<0,LeZjzL
<A
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When 0<q<00 , by nd,<a(0),a, <y+ns, and the boundedness of
[b, 4] in L") ([20]) and Hélder’s inequality, we get

- q
= swp 20527 S el |

L<0,LeZ
q/2
LPC)

s b RO
q'12 o’
LPC) ]

) |_<Sou|_222 . Z qu% [ ic |/qu |c1 "bj "::’(2) j(z”b "E’I(Z)J

< sup 2 uqzqua [iw B, «0/(2n) ](i|81| ey i(2n) jq'q'

{ Slpsallo)

L<0,LeZ i

L<0,LeZ

< s gz (S
j=k

< sup ZMqZZ%kw(‘” a0l 2n)j
k=0

L<0,LeZ =

= sup 2° quz|/1| sz Jawq/2+ sup 2- uqz|1| sz i)awal2

L<0,LeZ L<oLe
< sup 2qu2|ﬂ| + sup 221 L)iag- qu|/1| zzk i)a.al2
L<0,LeZ L<o0, LeZ

SA+A sup 3 2Urbag-iaa
Lso,ﬂzg_ (3.13)

<A+A sup iz“‘”q(“‘“w’z)

L<0,LeZ j=L
<A

When 0<q<1,by né, <a(0),a, <y+ns, weget

q
I, = sup 2° quzlqua ( 1|,1 H‘bug );(k Lp(_)]
j=

L<0,LeZ
< sp 7o Clf, o )

L<0,LeZ

:C"b" sup 2- quzqua (z |ﬂ | [ ja(0)+(j—k) (y+n52):|qJ

7L<0LZ

Pr L<o,Lez

+C||b||q sup 2° Lﬁqzqua(m (ZV’ | ol Jen +(i=k)( y+né‘2)]q]

SC"b" sup 2 quzqu [ +7+062] z |ﬂ | 2[7+ﬂ§2+a )]ia

7L<0L Z

+C"b"L sup Z_LAQZV, | Z olr+ndz-as)(i-k)q

LsoLez T (3.14)
_C||b||iIp sup 27t z |/1 | +C||b||L|p sup 2" ””‘ZM |
7 L<0,LeZ = 7 L<0,LeZ

<C ||b||LIp7 )
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When 1<q<o, let 1/q+1/q'=1. Since nd, <a(0),a, <y+nd,, and by
Holder’s inequality, we have
q
LP() j

M, = sup 2° L“22“‘“ [Z 4 |” [b, 10 ](by ) 2
'|2[—jaj +(j—k)(y+n§2)] jq

L<0,LeZ

< sup 27 uqzqua (ZC"b"Llpy

L<0,LeZ

— q
<Clpl, sup Zuqzqua (_zw|z,-|2[m<o>+<,-k)wz)]J

yLOLZ

I'Ip/L <0,LeZ

+C||b||q sup 2° quszqa {§|/Ij|2[jax+(jk)(y+n52)]jq
=0

— q
<Clp],, sup 2° ”“szq[“ (r+02) (JZU ,1j|2[<y+nsz)a<o>]j]

7 L<0,LeZ

<0,LeZ

clbl 9-Lig NIk 2| pliKlr+ndz o] !
bl sup 23| S|

[C||b||q sup 2L*qz|/1| gllriode)-e WJ

Her | < 0,LeZ
74n87 )= ja'/2 v
Z |, [ 21 ©)]
+Clb|, sup Zqu(kier 2(jk)[;/+nb'2aw]q/2]
Pr L<oLez k=o\ j=0

K1 _ ’ alq’
% (ZOV«J | 2(J—k)[y+n52—aw]q /2]
j=

<clpff, sup 2 :z 3, [[ 2Ll

VLOLZ
q LA S\ Jk ns, las2
q 7 +nda—ay,
+Clpfl, sup 20y 3 |4,[ 2
L<0,LeZ kOJ 0

§C||b|| sup 27+ z |/1]|q

7L<0L Z

+Clpfl, sup 27 ””‘Z|,1 | z oli-K)[r+ns ez, Jar2

7 L<0,Lez K=j+ (3.15)
L1
<Clb[?, ,, SUP ZZ‘L’“q z |/1 | +C||b||pr sup ZZ ”“JZ::‘)MJ. |q
<C|p;,, A

Joint the estimates for I, IT and III, we obtain
"[b’ Ho ](f )||:"K§(())?(Rn <C "b"up/ " f ”HMKZ(())E :

Then we complete the proof of Theorem 3.1.

4. BMO Boundedness for the Commutator of Marcikiewicz
Integrals Operator

In this section, we prove the boundedness of the commutator of Marcikiewicz
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integrals on Herz-Morrey-Hrdy spaces with variable exponent with function
beBMO(R").

Theorem 4.1.

Suppose that be BMO(R”) with 0<y<l. If p()e P(R") satisfies
proposition 2.3 and Qe L’ (S”_l)(s > q"). Let 0<p <p, <o and

0</1<a<n52—7—2 (or O</1<al£a1<n52—7—% ). Then [b,u,] is

bounded from HMK ()) ( ) (or HMK ()4 (R”))to MK“(')'q(R”) (or

b2 b
MG (R")).

proof:

In a way similar to theorem (3.2) we only prove the homogeneous case. Let

beBMO(R”) and f e HMK? ))q( ").Letuswrite

©

F()=2 107,00 =2 1)

Then we have

I[o. 1)

q

e x| 3 7 27 o)),

L<0,LeZ

s zw(zzm s} )

L<0,Lez

Dyl N

=max{H,HH + HHH}.

H= sup 2% Z 20 ||[b 1o (f) 2 ||ip<~>’

L<0,LeZ

HH=Zf“HW%KUMMW

HHH = sup 2 ““22“‘“ || [b, 1 )(F) 2 ||Ep(_).

L<0,LeZ

From the Hoélder’s inequality, we have

‘W%Kmmp«w

Q(x-y
SCL%:wﬁb ()] ()fay

<C2" "”J'Bj o( x—y)||b(x)—b(y)||fj (y)|dy

§C2’k”(b(x)—ijUBJ_|Q(x—y)||fj(y)|dy
[, 120y, b (9]
v ( b(X)—bB ')Zi (')"Lq'(')(]R") fj ||Lq(~)(]Rn) dy

o6, -0()) 7, ()

ﬁhwﬂ@
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qu(_)(]Rn)
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Noting s>q'", we denote §'(-)>1 and 1 L+1 . By lemmas 3.2,

a'(x) a(x) s

3.10 we have
"Q(X_')lj (')"Lu'(-)( < ”Q X=) % ()" ) "ZJ ()

<[2(x=)z Ol

L0 (r")

ZBI qu(-)(R )

ZB()
ZB()

<2 V(_[ 7 [(x=y)f dy)

Laa( )(R )

<corpjelp

Ll )(R ) ’

By lemma (2.12), when |Bj | <2",x; € B; and when |Bk| 21 respectively we

have
1 -
X, L90)(=) z|Bk|q’(xk) ~ | X Lq’(.)(Rn)|Bi *s
and
L -1
ZBJ' Lq’(-)(Rn) z|Bi|q(w) = XBJ Lq’(-)(Rn)|BJ' i
;l
we obtain ||z, ) ~ |78, L“'(')(R")|Bj 5.
So we have
(k-]
"Q(X—')Zj(')”Lq'(-)(Rn) <C2 ( ]"Q" )1 %e; () O (a0 (4.1)
Similarly by lemma 2.4 we have
CCERICD)YAC W
<2092, Ol o, 2621 Ol
(4.2)

<Clo]. |z, ()

”Q zl’ (.)"LS(]R")

,_qz( )

swwz‘(MwL

ZB]

(=)
Now, by (4.1), (4.2), lemmas 2.4, 2.5 and 2.3, we have

“[bw“n](fj)lk

Lq(')(Rn)
f il
S R

1) || X

(b(-)-bs, ) 2,

LO(r") ( ) 190 (=" " fj ||Lq(')(R")
o e "75k "L‘* " fj||Lq(-)(Rn) dYJ

—kn H (k=) 7+£
<c2™ [(k—J)IIbIL2 [ ]||Q||Ls(sn 3

(k=1) y+2
A2 il o

Zo s ||f ||Lq<>

A L0 a7
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Lq()(R") || fj |||_q(')(]Rn) dy}

) il

bl 2 el

B3l sn) Zs,

<c (k- el 22" )ua

X 50 (m |

(s by |
(4.3)
. (k=) 7+% “lB 90 (g
<cie- 2 Ls<sn-l>||fj||Lq<.><Rn>w
By LQ'(‘)(]RI'\)

no, —y—
<ppl. (- 12" ol

j Lq(')(Rn).
By the boundedness of x4, in Lp(') see [7], we have

7aj/n — 2*]‘05jl

s|Bj

H(”ﬂ f)z w0 S " f "Lp(-)

So we have

“[b’ﬂQKfj)Zk

Firstly we estimate /. We need to show that there exists a positive constant C,
such that H <CA Consider

(k=) né2~ aj
o <L (- Dl (e

LS Sﬂl

)2

H= sup 2 z 29O, 10 1(F) 210

L<0,LeZ k=—

< sup 2‘”“22“‘”‘ [Zlﬂﬂ\bug )z

L<0,LeZ

q
q
LP0) J

L<0,LeZ

+ sup 2“‘422“““ (Z|/1|”byg

o

By boundedness of [b,,ug] in L , see ([20]), when 0<(q<1 wehave

=H,+H,.

H, = sup 27 22““ Z|/1|” b, g

q
q
L<0 LeZ K = [ ]( fj )Zk LPO) ]

w o\
< sup 274 22"“"(0) Z|/1j|2"“1']
L<0,LeZ Koo i
L -1 . . - )
< a2+ 52 Sajpon S
L<0,LeZ k=—o0 j=k j=0
< sup ZquZ|ﬂ| 2a(0)(k-i)a
L<0,LeZ K ok
+ sup 27 Z 2kae(0 Z|,1 | -

L<0,LeZ k=—

< sup2”qZ|A| ZZ“ (k=i)a

L<0,LeZ

+ sup 2 isq |ﬁ | /1 a, qu—uq z qua(o)
k=—0

L<0,LeZj=0
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< sup 2”“2|ﬂ| + sup 2”“2|/1| 22" k=)

L<0,LeZ L<0,LeZ

+A sup 22‘% "’22 Ok-LA)a

L<0,LeZj=0 K=o

<A+ sup ZZ Mq|/1| ’”qZZ RLNWY (4.4)

L<0,LeZj=L

<A+ sup 22 J“‘|/1| ‘”“22“ Nk=1)a

L<0,LeZj=L

<A

When 1<(<w and 1/q+1/q’'=1,andlet y+nd,—a >0, we have

q
q
LP0) j

H,= sup 2 LAq Z 2kga(0 [ip |H[b ,LIQ )}(k

L<0,LeZ

» q
< sup 27 22““ (ZMJZ’”J

L<0,LeZ k=—x =k
Jq

+ sup 27 sz‘*“ (Z|/1|2 Jee, j

L<0,LeZ

< s 243 Sz

L<0,LeZ

™
< sup 2" LAq Z[ |ﬂ,| )(k— Jqlzj[zz )(k— Jq/zjqq

L<0,LeZ

" " alq’
+ sup 2- LAq Z 2kqa (ZVvJ |CI 2jawq/2][z zjawq'lzj
= )

L<0,LeZ

< 5Up2uq22|ﬂ| oli-k)ar2

L<0,LeZ — j=k
k = 9
+ sup 27 Z 2kae(0 Z|,1j| 2 Jex2
L<0,LeZ =0 j=0
< sup 2qu|,1| 22 Ni-tgarz
L<0,LeZ

+ sup zZMq |l | z a,12) Jq2 LAq z qua

L<0,LeZ j=0

< sup 2”“Z|,1| + sup 2L/1qz|/1| 22 )(k-i)ar2

L<0,LeZ L<0,LeZ

+A SUp 22 (A-a,/2)jl2q Z 2kqa —LAq

L<0,LeZ j=0

k=—00

<A+ sup 22 I |,1| oli-t)a Z 2a(O)(k-)ar2 | 5

L<O0,LeZ joL

<a+A sup 320 ”“22 -ijarz (4.5)

L<0,LeZ j=L
<A

Now we estimate H,,when 0<q<1,by n5zga(0)<n52—y—£,weget
s
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L<0,LeZ

ol

E@“nﬂﬂfLméifwm{§ﬂ4FW-jfiiji%WVSWJ

- 70 520 5 om0

<Col 2

j=—o

<Clp|! J a(i-4) - (0)

L o0
sy Sup 20 3 ADACEI:
L<0,LeZ k=—0 j=k

q
Ls(snfl)

A.

(4.6)

when 1<q<oo,let 1/q+1/q'=1. Since nd, <a(0)<y+nd,, by Holder’s in-

q
q
LPC) J

equality we have

H, = sup 2% zqua (kz_f |ﬂj|“[b,yn](fj);(k
J:—OO

L<0,LeZ

k-1 ) 1\
<C||b||q ) SUp oL z okaa(0 [ Z |ﬂj| —J [ ja+(i- )(nﬁzysﬂ]
i=
< C||b||q ||Q s(s) | Sup oL Z okaa(0 {k 1|/11- |q (k— J)q Z{jm(,‘k)(nﬁzyzﬂq/j
L<0,LeZ = =

i=0

{i 2|:7J-a+(j—k)(n52 777%}%/2 Jq/q,
X

<ch| g [im iy J-Jwﬁ-wiwz—r-:ﬂw]
=k
4 LA [+(j—k)[n62—y—ﬂ_aﬂq/2
<C"b" "Q |_S sn 1 SUp 2 Z |/1 | kEJ‘il ) 2 s
T

(4.7)

Secondly, we estimate HH . We need to show that there exists a positive con-
stant C, such that HH <CA Consider

-1
HH = kz 29O b, 44 | ( F) 2050

ski qua<o>[§;“[b,ﬂg](f, pAM
— £

n Z 2kqa (Z “[b ,UQ
=HH, + HH,.

When 0<g<1, we get
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3 . .
HH, = k;kaqa(O) [JZ&H[byQ]( f; )Zk Lp(_)]
. . n q
b 227 {ilﬂj (k- j)z{’“*“k)["ﬁwJ]J
k=—o i
is(snil) k_zioqua(O) (;ZJAJ |q (k B J)q 2{—]0!(0)+(j—k)(n52_}/_Eﬂq
3 g | Tt (ik)| o -y ——la
e e
+;|ﬁj||q (k=i)'2

ali-K){ 16z 7-"-a(0)

<Clo[} 2

<Clol 2

a4 a4
coBliofy 3 S -
-|-C||b||q ||Q LS o :Z: 2kqa |ﬂ, | 2{ jax+(j—k)(n52,7,2)]q

AL
<clbf ol Pl

[ s“ 7w|ﬂj|q j;w(k_ J)q 2 "

+Clp[ e

-1 » | +(iK) - 72
is(sn—l) k;wquam)jz:;pj |q (k 3 1)2{ i i ( 5~y )]q

1
<Clbll [l ey 2 4]

LS Snl

ool o S 2 gy g
J= i=0 =0
< ClBlF I 49)
OB 0 oy 5 12
< p () A

Now when 1<(Qq<o,let 1/q+1/q’'=1 we have

1 . .
HH, = k:z_wquam) [;”[b, #a(f7) 20 j
" z okaa(0 {ZV | [ ltl+(j7k)(na~27}_gﬂ Jq
LS s"
j n q
=—o| j=k
|_S gn 1 Zl: 2ktm [Z|ﬂ | —J { Jaw+(jk)(n52yzﬂJq

1 [ 2 ) ('—k)n‘——g—a(f)) 12
(s Z@{;Vﬂq(k—])‘lz[l [éz?/ ) ]q ]

<Cloll

<Clol ol

+Cpl: <l

<Cll
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X [i(k -] )q 2[<i—k)(”szfy%)’%o)}qu Jqlq,

=k

+Clplt e e |

L(s™) Z 2 {ZV |
x[i(k -j)’ 2[-i%*<i-k>("5z-7-2ﬂ‘”2T/qy

j=0

oy Bl e Ol

<ol

Pj% +(j—k)(nb‘2—y—gﬂq/2

S e(0) [ 4 |9 \a
ey 2234 (k- )" 2
)£ i=0

<Clol e

1 -1 ) (i-k)| no, - 72 -a(0) [a/2
LSS“ _Z:|/1j|qj_zk(k_J)q2{l (é 4 ) }q

ool S 2T g

<Clol!oft oy 3[4

OB g S 2 T e e e
/s e

<O Ik ey

S S ST P L D
i=0 k=—o0

: 35<s“*1> A

(4.9)
For HH,,when 0<q<1,by nd,<a(0)<s+5+ns, we get

q
Z okaa(0 ( Z H[b /UQ (.)J
: m1\d

O

<Clb[

<Clb[ |

1
q ke
LS (sn—1) k;wz e (0

i

s, N,
<clpltjo s )

EWﬂ§Hl|;( )2

<Coll <

LS gn 1)

Now l<g<oo,let 1/q+1/q'=1. Since ns, < (0)<s+35+ns,, by Holder’s
inequality we have
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Thirdly, we estimate HHH , we need to show that there exists a positive con-
stant G, such that HHH <CA
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Now when 0< (<o, by boundedness of [b,,uQ] in Lp('), see ([20]) by
Holder’s inequality we have
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Now when l<g<w , let Yq+1/q'=1 . Since
ns, < a(0),a(») < s+ +nds,, by Holder’s inequality, we have
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Joint the estimates for H, HH and HHH, we obtain
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Then we complete the proof of Theorem 4.1.

5. Conclusion

The study concluded that we can proof of boundedness for commutator of Mar-
cinkiewicz integrals on Herz-Morrey-Hrdy spaces with variable exponent, which
we use The main tools are properties of variable exponent in theorem 3.1 when
beLip, (R"), in theorem 4.1 when be BMO(R”). We can obtain a solution

for proof that commutator of Marcinkiewicz integrals are boundedness.
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