/
oo Resmurch
0... Publishing

Applied Mathematics, 2021, 12, 370-382
https://www.scirp.org/journal/am

ISSN Online: 2152-7393

ISSN Print: 2152-7385

Supereulerian Digraph Strong Products

Hongjian Lail, Omaema Lasfar?, Juan Liu2

'Department of Mathematics, West Virginia University, Morgantown, USA

“College of Big Data Statistics, Guizhou University of Finance and Economics, Guiyang, China

Email: hongjianlai@gmail.com, 0al0001@mix.wvu.edu, liujuan1999@126.com

How to cite this paper: Lai, H., Lasfar, O.
and Liu, J. (2021) Supereulerian Digraph
Strong Products. Applied Mathematics, 12,
370-382.
https://doi.org/10.4236/am.2021.124026

Received: March 18, 2021
Accepted: April 27, 2021
Published: April 30, 2021

Copyright © 2021 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

Abstract

A vertex cycle cover of a digraph H is a collection C = {Cl, C,+.C} of di-

rected cycles in A such that these directed cycles together cover all vertices in
H and such that the arc sets of these directed cycles induce a connected sub-
digraph of H. A subdigraph Fof a digraph D is a circulation if for every ver-
tex in £ the indegree of vequals its out degree, and a spanning circulation if

Fis a cycle factor. Define f(D) to be the smallest cardinality of a vertex
cycle cover of the digraph obtained from D by contracting all arcs in F,
among all circulations F of D. Adigraph D is supereulerian if D has a span-
ning connected circulation. In [International Journal of Engineering Science
Invention, 8 (2019) 12-19], it is proved that if D; and D, are nontrivial strong
digraphs such that D, is supereulerian and D; has a cycle vertex cover ('
with |C'| < |V (D1 )| , then the Cartesian product D, and D, is also supereule-
rian. In this paper, we prove that for strong digraphs D, and D, if for some
cycle factor F of D, the digraph formed from D, by contracting arcs in A is
hamiltonian with f(D,) not bigger than |V (D1)| , then the strong product

Dy and D, is supereulerian.

Keywords

Supereulerian Digraph, Direct Product, Strong Product, Cycle Factors,
Eulerian Digraph

1. Introduction

We consider finite graphs and digraphs. Undefined terms and notation will fol-
low [1] for graphs and [2] for digraphs. We will often write D = (V (D), A(D))
with V(D) and A(D) denoting the vertex set and arc set of D, respectively.
As we are to discuss products, for digraphs D, and D, with U eV(Dl) and
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veV (D2 ) , we save the notation (U , V) for a vertex in the product of D; and D..
Thus, throughout this article, for vertices U,veV (D) of a digraph D, we use
the notation uv to denote the arc oriented from u to v in D, where u is
the tail and v is a head of the arc, and use [u,v] to denote either u,v or
(v,u). When [U,V] € A(D), we say that u and Vv are adjacent. Using the
terminology in [2], digraphs do not have parallel arcs (arcs with the same tail and
the same head) or loops (arcs with same tail and head). If Dis a digraph, we of-
ten use G(D) to denote the underlying undirected graph of D, obtained from
Dby erasing all orientation on the arcs of D.

For a positive integer n, we define [n] = {1,2,---, n}. Throughout this pa-
per, we use paths, cycles and trails as defined in [1] when the discussion is on
an undirected graph G, and to denote directed paths, directed cycles and di-
rected trails when the discussion is on a digraph D. A walk in Dis an alternating
sequence W =X,8,%,,**, X 4,8 4, X, of vertices X and arcs a; from D
such that a, =x;x;,, for every i€[k] and je[k-1]. A walk Wis closed
if X=X , and is open otherwise. We use V(W)= {Xi e [k]} and
A(W)z {aj ‘je [k —1]} . We say that Wis a walk from X to X, or an
(%, % )-walk. If X =X, , then we say that the vertex X, is the initial vertex of
W, the vertex x, is the terminal vertex of W, and X, and x  are
end-vertices of W. The length of a walk is the number of its arcs. When the arcs
of Ware understood from the context, we will denote Wby X X,---X, . A trail in
Dis a walk in which all arcs are distinct. Always we use a trail to denote an open
trail. If the vertices of Ware distinct, then Wis a path. If the vertices X X,---X,_;
of the path Ware distinct satisfying K>3 and x, =X, then Wis a cycle.

A digraph D is strong if, for every pair X,y of distinct vertices in D, there
exists an (X, y) -walk and a (y,x) -walk; and is connected if G(D) is con-
nected. For the digraphs Hand D,by H c D we mean that His a subdigraph
of D. Following [3], for a digraph Dwith X,Y <V (D), define

(X.Y), ={xye A(D):xe X,yeY}.
when Y=V(D)—X,wedeﬁne
6B(X)=(X,Y)D and 65(X)=(Y,X)D

For a vertex vin D, df(v)=

a; {v}| and d(v)= |85 {V}| are the out-degree
and the in-degree of vin D, respectively. We use the following notation:

N5 (v)={ueV(D)-v:vue A(D)} and N;(v)={weV(D)-v:wveA(D)}

The sets Nj(Vv),N5(v) and Ny (v)=Ng(v)+Ny(v) are called the out-
neighbourhood, in-neighbourhood and neighbourhood of v. We called the
vertices in N (v), N;(v) and N,(Vv) the out-neighbours, in-neighbours
and neighbours of v.

Let Dbe a digraph. We define Dto be a circulation if for any VeV (D) we
have dj(v)=d;(V); and a strong digraph D is eulerian if for any veV (D),
d; (v) =dp (V) . Dis eulerian if Dis a connected circulation. Thus, by definition,

an eulerian digraph is also a strong digraph. It is known [3] that a digraph Dis a

DOI: 10.4236/am.2021.124026

371 Applied Mathematics


https://doi.org/10.4236/am.2021.124026

H. Lai et al.

circulation if and only if Dis an arc-disjoint union of cycles. A subdigraph Fof Dis
a cycle factor of D if Fis spanning circulation of D. Define f(D)=min{k:D
has a cycle factor with & components}. The following is well-known or imme-
diately from the definition.

Theorem 1.1. (Euler, see Theorem 1.7.2 of [2] and Veblen [3]) Let D be a di-
graph. The following are equivalent.

(i) Dis eulerian.

(ii) Dis a spanning closed trail.

(iii) Dis a disjoint union of cycles and Dis connected.

The supereulerian problem was introduced by Boesch, Suffel, and Tindell in
[4], seeking to characterize graphs that have spanning Eulerian subgraphs. Pul-
leyblank in [5] proved that determining whether a graph is supereulerian, even
within planar graphs, is NP-complete. There have been lots of research on this
topic. For more literature on supereulerian graphs, see Catlin’s informative sur-
vey [6], as well as the later updates in [7] and [8]. The supereulerian problem in
digraphs is considered by Gutin [9] [10]. A digraph D is supereulerian if D
contains a spanning eulerian subdigraph, or equivalently, a connected cycle fac-
tor. Thus, supereulerian digraphs must be strong, and every hamiltonian digraph
is also a supereulerian digraph.

The supereulerian digraph problem is to characterize the strong digraphs that
contain a spanning closed trail.

Other than the researches on hamiltonian digraphs, a number of studies on
supereulerian di-graphs have been conducted recently. In particular, Hong et al
in [11] [12] and Bang-Jensen and Maddaloni [13] presented some best possible
sufficient degree conditions for supereulerian digraphs. Several researches on
various conditions of supereulerian digraphs can be found in [13]-[23], among
others.

Following [24], some digraph products are defined as follows.

Definition 1.2. Let D, =(V;,A) and D, =(V,,A,) be two digraphs,

V1={U11u21”"ur11}’ V2={V1,V,-~,Vnz} (1)

Then the Cartesian product, the Direct product and the Strong product of D,
and D, are defined as following,

(i) The Cartesian product denoted by D, [ID, is the digraph with vertex set
V, xV, and

A(DlmDZ):{((ui,vj),(us,vt)):ui =u, and v,v, € A,
or uu, € A and v; =v,}.

(ii) The Direct product denoted by D, xD, is the digraph with vertex set
V, xV, and

A(D1><Dz):{((ui,vj),(us,vt)):uiuS eAandvy, e AZ}.

(iii) The Strong product denoted by D, X D, is the digraph with vertex set
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V; xV, and
A(D,X Dz):{((ui,vj),(us,vt)):ui =u, and v;v, € A, or uu, € A
and v; =v, or both uu, € A and vy, € A, .

It is often of interest to investigate natural conditions on the factors of a
product to assure hamiltonicity of the product, as seen in Problem 6 of [25]. Re-
searchers have investigated conditions on factors of digraph products to warrant
the product to be supereulerian. Alsatami, Liu, and Zhang in [17] introduced
eulerian vertex cover of a digraph D to study the supereulerian digraph problem.

Definition 1.3. Let D be a digraph, C;,C,,---,C, be eulerian subdigraphs of
Dandset F ={C;,C,,---,C,} where k>0 isan integer.

(i) F is called a cycle vertex cover of D, if each C, in F isa cycle, and
both (i-1) and (i-2) hold:

() V(D)=U,,V ().

(i-2) F={J ¢, Ci is weakly connected.

(i) For any u,veV (D), F is called an eulerian chain joining u and v if
each of the following holds.

(ii-1) ueV (Cl) and veV (Ck) .

(ii-2) V(C)NV(C,,,)# D foranyiwith 1<i<k-1.

A subdigraph F of a digraph D is a circulation if d; (v)=d;(v)>0 holds
for every VeV (F), and a spanning circulation of Dis a cycle factor of D.

Let e=[V;,V,]€ A(D) denote an arc of Dwhich is either Vv, or V,v,. De-
fine D/ e to be the digraph obtained from D—e by identifying v, and v, in-
to a new vertex V,, and deleting the possible resulting loop(s). If W < A(D) is
a symmetric arc subset, then define the contraction D/ Wto be the digraph ob-
tained from D by contracting each arc e eW , and deleting any resulting loops.
Thus even D does not have parallel arcs, a contraction D/ Wis loopless but may
have parallel arcs, with A(D/W)c A(D)-W . If His a subdigraph of D, then
we often use D/ H for D/ A(H).If Lis a connected symmetric component of A
and v, is the vertex in D/H onto which L is contracted, then L is the contrac-
tion preimage of Vv, . We adopt the convention to define D/& =D, and define
avertex VeV (D/W) to be a trivial vertex if the preimage of vis a single ver-
tex (also denoted by v) in D. Hence, we often view trivial vertices in a contrac-
tion D/ W as vertices in D.

Definition 1.4. Let Fbe a circulation of a digraph D and D/F denote the di-
graph formed from D by contracting arcs in A( F). For any circulation Fof D,
define

(i) foe) =min{|C|: Cisacycle vertex cover of D/F} and,

(i) f(D)= min{ fore) 1 F is acirculation of D}.

By definition, if Dis a circulation, then every component of D is eulerian. By

Theorem 1.1, we observe the following.

Every circulation is an arc-disjoint union of cycles. (2)
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There have been some former results concerning the Cartesian products of
digraphs to be eulerian and to be supereulerian.

Theorem 1.5. Let D; and D; be nontrivial strong digraphs.

(i) (Xu [26]) If D, and D, are eulerian digraphs. Then the Cartesian product
D, D, is eulerian.

(ii) (Alsatami, Liu, and Zhang [17]) If such that D, is supereulerian and D, has
a cycle vertex cover C' with |C|< |V (D1)| , then the Cartesian product
D, D, issupereulerian.

The current research is motivated by Problem 6 of [25] and Theorem 1.5. We
prove the following.

Theorem 1.6. Let D, and D be strong digraphs. If f(D,)< |V (D, )| and if
for some cycle factor Fof D;, D,/F is hamiltonian, then the strong product
D, XD, is supereulerian.

In the next section, we develop some lemmas which will be used in ourargu-

ments. The proof of the main result will be given in the last section.

2. Lemmas

Let k>0 be an integer. We use Z, ={1,2,--, k} to denote the cyclic group of
order & and with the additive binary operation +, and with & being the additive
identity in Z,.Let Hand H' denote two digraphs. Define H UH' to be the
digraph with V(HUH')=V (H)UV(H') and A(HUH')=A(H)UA(H').

Let T =V, -V, denote a trail. We use T[Vl,vk] to emphasize that 7 is
oriented from Vv, to V,.Forany 1<i< j<k,weuse T |:Vi’vj:|:Vivi+1“.Vj—1vj
to denote the sub-trail of 7. Likewise, if Q=u,u,---u,U, is a closed trail, then
forany i,j with 1<i< j<k, Q[ui,uj] denotes the sub-trail uu;,,---u; ,u;.
If T'=ww, W, is a trail with v, =w; and V(T)NV(T')={v,}, then we
use TT' or T[V;,V ]JT'[Vi, W] to denote the trail Vv, -V W, W, . If
V(T)NV(T')=D and thereisapath 7,7,z with
Z,,,2., 2V (T)UV(T') andwith z =v, and z, =W, then we use
Tz,---zT" to denote the trail V\V,---V,Z,:--ZW, W, . In particular, if T'is a
(V,w)-trail of a digraph D and uv,wz e A(D)—A(T), then we use uvTwz to
denote the (U, Z) -trail D[A(T)U{uv, WZ}] . The subdigraphs uvT and Twz
are similarly defined.

Lemma 2.1. Let J;,J,,---,J, be vertex disjoint strong subdigraphs of a di-
graph D, and J = U:(:lJi is the disjoint union of these subdigraphs. Let
ViV, -,V be vertices in V(D/J) such that for each ie[k], J; is the
preimage of V;. Suppose that C'=V,,Vv, ,---,V, be a cycle of D//. Each of the
following holds.

(i) Dhas a cycle Cwith A(C') c A(C) such that for each i€ [k] ,

V(C)NV (J;)#D. (Such a cycle Cis called a lift of the cycle C'.)

(ii) If for each i€ Z, & =V, € A(C') isanarcin Dwith VeV (J;) and

Vi, €V (J;,.),then C[V/,V/] isapathin J,.

Proof. As (i) implies (ii), it suffices to prove (i). Let C'=v\Vv,---v,v; be a
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cycle of D/J, and for each i € Z,. By definition, the arc & =V,V;,,; € A(C") isan
arc in D, and so we may assume that there exist vertices V{,v/ €V (J;) such that
e =V, € A(D). If J; is trivial, then we have V/ =V/. Since J; is strong,

J; containsa (V/,V)-path P.Thus

C =RvV,P v,V - VL VIRV By - v Ve RV

is a cycle of Dwith C[V{,V/] beingapathin J;, foreach ieZ,. [

Following [2], we define a digraph to be cyclically connected if for every pair
X,y of distinct vertices of D there is a sequence of cycles C,,C,,---,C, such
that xisin C,, y isin C,,and C, and C,,, have at least one common ver-
tex for every ie [k —1]. The following results are useful. Lemma 2.2 (ii) follows
immediately from definition of strong digraphs.

Lemma 2.2. Let Dbe a digraph.

(i) (Exercise 1.17 of [2]) A digraph D is strong if and only if it is cyclically
connected.

(ii) If H; and H; are strong subdigraphs of Dwith V (H;)\V (H,)# @, then
H, UH, is also strong.

Proposition 2.3. (Alsatami, Liu and Zhang, Proposition 2.1 of [17]) Let D be
a weakly connected digraph.

Then the following are equivalent.

(i) Dhas a cycle vertex cover.

(ii) Dis strong.

(iii) D1is cyclically connected.

(iv) For any vertices U,V eV (D), there exists an eulerian chain joining zand v.

Lemma 2.4. Let D; and D, be digraphs. Each of the following holds.

(i) If Dy and D; are cycles, then D, xD, is a circulation.

(ii) If A, and H, are arc-disjoint subdigraphs of D;, then H,xD, and
H, xD, are arc-disjoint subdigraphs of D, xD, .

(iii) If each of D; and D, has a cycle factor, then D, xD, has a cycle factor.

Proof. For (i), let V; and V; be the vertex sets of D, and D, respectively. It
suffices to prove that for each (ui WV ) eVyxV,, dg .o, ((ui WV )) =dp,.p, ((ui WV ))
Let (uj,V, ) €V, xV,. Since D; and D, are cycles, we have |NE,1 (u )| :|NE,1 (u, )|
and ﬂNgz (VJ- )‘ = ‘NBZ (VJ- )‘ By Definition 1.2, we have the following, which im-
plies (i).

0, ((414)) =[Ny, (11

=‘{(U5,Vt)€V1XV2 :(ui,vj)(us,vt)e A(D, x Dz)}‘

‘{(us,vt)elev2 ‘uu, € A(D,) and vy, € A(D, )}‘

> > |{(US,Vt)€V1><V2}|

USENE)l(Ui) VteNBZ(Vi)

=|N51(ui)|"N52 (VJ')‘=|N'51(ui)HNE’2 (Vj)‘
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= 2 )y |{(usvvt)evl><v2}|

useNpy (u;) VtENBZ(Vj)

:‘{(us,vt) eV, xV, :uy, € A(D,) and v,v; € A(D, )}‘

= Novo (o)
:‘{(uyvt) eV, xV, Z(Ustt)(Ui:Vj)e A(D, x Dz)}‘

= oo, ((UV))

To prove (ii), let 4, and H, be an arc-disjoint subdigraph of D;. If there exists

an arc

irVj

(u.v;)(ug. v ) € A(Hy x D, )N A(H, x D),

then by Definition 1.2, we must have uu, € H,(NH,. Hence if A, and H, are
arc-disjoint subdigraphs of D, then H,xD, and H,xD, are arc disjoint
subdigraphs of D, xD, .

To prove (iii), let £ and 5 be the spanning circulations of D, and D, respec-
tively. By Definition 1.2, F xF, is spanning subdigraph of D, xD,. By (i),
F, xF, is a circulation, and so F xF, is the spanning circulation of D, xD,.
Thus F xF, isa cycle factor of D, xD,. [ ]

Lemma 2.5. Let D;, D, be digraphs and F be a subdigraph of D;. Then
A(FED,)NA(FxD,)=9.

Proof. Suppose that there exists an arc
(ui WV, )(us,vt) e A(FID,)NA(F xD,) . By Definition 1.2 (i), as
(ui WV, )(us,vt) e A(FEID,), we have either u; =u, and Vv, € A(D,) or
uu, € A(F) and v; =V,. By Definition 1.2 (ii), if u; =ug or if v; =v,, then
(u.v;)(ug %) 2 A(FxD,) . It follows that A(FED,)NA(FxD,)=@. =

Theorem 2.6. (Hammack, Theorem 10.3.2 of [24]) Let m and n be integ-
ers with m>n>2 andlet C, and C, denote the cycles of order m and n,
respectively. Let gcd (m, n) and Icm(m, n) be the greatest common divisor
and the least common multiplier of m and n, respectively. Then the direct prod-
uct C, xC, isa vertex disjoint union of gcm(m, n) cycles, each of which has
length lcm(m,n).

We can show a bit more structural properties in the direct product revealed by
Theorem 2.6, which are stated in Lemma 2.7.

Lemma 2.7. Let D; and D, be digraphs with vertex set notation in (1).

(i) Suppose that D and D, are cycles and veV (Dz) is an arbitrarily given
vertex. Then for any cycle Cin D, xD,, there exists a vertex UeV (Dl) such
that the vertex (u,v)eV (C).

(ii) Suppose that D, and D, are circulations and VeV (Dz) is an arbitrarily
given vertex. Then D, xD, is also a circulation. Moreover, for any eulerian
subdigraph Fin D, xD,, there exists a vertex UeV (Dl) such that the vertex

(u,v)eV(F).
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Proof. Suppose D, =uju,---u,u; and D, =V\V,---v, V; are cycles, and by
symmetry, assume that v=V,. Let Cbe a cycle in D, xD,. Thus C contains a
vertex (ui WV ) . It follows by Definition 1.2 that

C= "'(Uile )(ui+1'vj+l>'“<ui+n2—j 1V, )(Ui+n2-j+1vv1)“'

where the subscripts of vertices in D, are taken in Z, and those of vertices in
D; are taken in Z,, . It follows that U=U;,, ;.. This proves (i). Suppose that
Dy and D are circulations. By (2), each of D, and D, is an arc-disjoint union of
cycles. By Lemma 2.4, D, xD, is also a circulation. Let Fbe an eulerian subdi-
graph in D, xD,. By (2), Fis also an arc-disjoint union of cycles C,,C,,--.
Applying Lemma 2.7 (i) to each cycle C,, we conclude that (ii) holds as well. m

3. Proofs of Theorem 1.6

Assume that D, and D, are two strong digraphs, and for some cycle factor F of
D, Di/Fis hamiltonian with f (D,) < |V (D, )| . We start with some notation for
the copies of factors in the Cartesian product.

Definition 3.1. Let D, =(V;,A) and D, =(V,,A,) be two strong digraphs
with V, :{ul,uz,---,u } and V, :{vl,vz,---,vnz} . For ie {1,2} , let H;, be a
subdigraph of D,.

(i) For each ueV,, let D, be the subdigraph of D,[ID, induced by
\% (D;J ) = {(u,vi )il<i< nz}. The subdigraph D, is called the u-copy of D; in
D, D,.

(ii) For each veV,, let D/ be the subdigraph of D,[JD, induced by
Y (Dlv): {(u,v):1<i< nl} . The subdigraph D]’ is called the v-copy of D in
D, ED,.

(ili) More generally, for each ueV, (or veV,, respectively), let H, (or

n

H,', respectively) be the subdigraph of D, (or D, respectively) induced by
A(H; ) ={(u,v)(uv): vy € A(H, )} (or
A(Hlv)z {(u;,v)(uj,v):uu € A(H,)} , respectively). The subdigraph Hy is
called the v-copy of H, in D,[ID, and the subdigraph H, is called the
u-copy of H;in D, [D,.

If two digraphs D and H are isomorphic, then we write D = H . The follow-
ing is an immediate observation from Definition 3.1 for the Cartesian product
D, D, of two digraphs D; and D,.

Forany veV(D,), D,=D/,andforany ueV(D,), D,=D;. (3)

Let Fbe a cycle factor of D, such that Di/Fhas a Hamilton cycle. Since Fis a

cycle factor of Dy, each component of Fis an eulerian subdigraph of D. Let

F.,F,,---,F bethe componentsof £ and J=D,/F. (4)

Then V(J)={wW,W,,---,W,}, where for each ie[k], w is the contraction
image in / of the eulerian subdigraph F, in D. Since Jis hamiltonian, we may

by symmetry assume that C'=wWw,---W, W, is a hamilton cycle of /. It follows
by Lemma 2.1 that
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D, has a cycle Cwith A(C’) c A(C). (5)

Now we consider D;. Let f(D,)=m< |V (D, )| and F' be a circulation of D,
such that D,/F' hasa cycle vertex cover C'={C/,C,,---,C;}.Let F\F,,---,F.
be the components of F', W,,,,---,W, be the vertices in V (D,)-V (F'). W
define, for each i with k'+1<i<t, F' to be the digraph with V(F')= {Wi'}
and /-\( ) & . With these definitions, we have

V (D, /F') = {W W W, W, W (6)

By Lemma 2.1, foreach j € [m] , CJT in C' can be lifted to a cycle C, in D,.
To construct a spanning eulerian subdigraph of D, XD, , we start by justifying
the following claims.

Claim 1. Each of the following holds.

(i) Forany i€ [k] ,and je [t] , F xF/ isacirculation.

(i) Forany ie[k],and je[t], F O F/ is an eulerian digraph.

(iii) For any i€ [k], and for each je [t], if veV (Fj'), then F' U(Fi x Fj')
is a spanning eulerian subdigraph F XF/.

Proof. For each ie[k], F

. is an eulerian subdigraph of D,, so F is a

i
disjoint union of cycles. Similarly, for each je[k'], F/ is an eulerian sudi-
graph of D,, so F/ is a disjoint union of cycles. By Lemma 2.7, F xF/ isa
circulation.

By assumption, for each ie [k] , F is an eulerian subdigraph of D,. If
je[k'], then as F/ is an eulerian sudigraph of D,, it follows by Theorem 1.5
(i) that K JF/ isan eulerian digraph.

Now assume that k'+1< j<t.Then V ( Fj') = {Wj} , and so by (3),
F F' = FWJ = F, is eulerian. This proves (ii).

For each ie [k] each je [t] and a fixed vertex veV (F ) let

=F' U( i j). By (i), F xF/ isa circulation. By (3), F'=F isan eule-

rian digraph. By Lemma 2.5, A(Fi")ﬂ A(Fi x Fj') = . It follows that for any
vertex z€V (J),
d

(2) =02 (2)+0p i ()= 0, (2) 0 (2) =5 (2)

andso J’ isa circulation. Without loss of generality, we denote

V(F)= {U- AU } and V (F-’) = {vh,vj2 SN } with V=V, . To prove
that J' is connected, let z, = (u v ) eV (J') and let J, be the connected
component of J' that contains z,. If J' is not connected, then by symmetry,
we may assume that there exists a vertex (u, Vi, ) eV(J)-V(J,).As Fx F

is a circulation, there must be an eulerian subdigraph Fof F, xF/ with

(ui2 Vi, ) eV (F). By Lemma 2.7 (ii), there exists a vertex U’V (Dl) such that
(u',v; )€V (F). Thus by Definition 3.1 (ii), V (F)NV (F')#@. By (3) and (4),
F'=F is connected, and so both (u, Vi ) and (U ’Vh) must be in the same
component of J'. This implies that (u vy ) eV (J,). Since (uiz ’Viz) and
(u’,vh) are in the same component of J’, It follows that (uiz,vjz)eV(Jl)

also, contrary to the assumption that (ui2 Vi, ) eV(J')-V(J,). Hence J’

DOI: 10.4236/am.2021.124026

378 Applied Mathematics


https://doi.org/10.4236/am.2021.124026

H. Lai et al.

must be connected, and so F' U(Fi X Fj') is a spanning eulerian subdigraph
FIRF . n

Claim 2. Let C’ be a Hamilton cycle of Jand Cbe a lift of C' in D, as
warranted by (5). For each veV(D,), let C' denote the v-copy of C in

D,D,.Foreach jelt],if v,v'eV (Fj’) are two distinct vertices, then

Hyy,; = O(Fﬁ' U(F, Fj'))UCV
i1
is a spanning eulerian subdigraph D, X F/.

Proof. By Lemma 2.1. for any VeV (D,), C" has the property that for any
ie[k], V(CV)ﬂV(FiV);t@. By Claim 1 (iii), for any i€[k] and for any
je[t] , E U(E X Fj') is a spanning eulerian subdigraph F XF/ and so
FY U(Fi x Fj') is a strong subdigraph of D, F/. Since for any iec[k],
\ (C")ﬂV (Fi") #Q , we may assume that for some vertex ueV(F),
(uv)eV(C)NV(F'). As veV (F), wehave
(u,v)eVv (CV)ﬂV FY U(E X Fj')) and so F" U(Fi X Fj')UC" is connected.
Since v=#V', A(Cv)ﬂ A(Fiv/ U(Fi X Fj’)) =, we conclude from the facts that
C' and F x F/ are circulations (see Claim 1 (i)) that FY U(Fi x Fj’)UCV is
eulerian. As i€[k] is arbitrary, we conclude that

Hyy.j = LkJ(FiV' U(F xF/)juc’
i1
is an eulerian subdigraph with vertex set V (Hv,v’;j ) = U:(:l( F x Fj’) =V (D1 X Fj') .
This proves Claim 2. [ ]

Claim 3 Let ueV(D,) be an arbitrary vertex, F' be a circulation of D,
such that D,/F’ hasa cycle vertex cover C'={C/,C;,---,C/} with
m=f(D,)< |V (D1)| . Each of the following holds.

(i) F" isacirculationof D,.

(ii) Forany je[m], C!" isacycle of D!/F" and {C{“,Cé”,---,Cr'n”} isa
cycle vertex cover of D /F" .

(iii) Let ueV (D;) be a vertex, he[m] be arbitrarily given. For any vertex
W} eV(Cr:), let v(j),v'(j) be two distinct vertices in V(Fj’), and C, bea
liftof C; in D,.Then

Hy :{ U Hv(n,v'(j);j}ucﬁ
wj

is an eulerian digraph with V (H,;J ) = UVj wienY (Dlvj ) .

Proof. Each of (i) and (ii) follows from (3) and the definition of C’. It re-
mains to prove (iii). By Lemma 2.1, C; can be lifted toa cycle C, in D,. For
any W eV (Cy), pick two distinct vertices V,v'eV (Fj'). By Claim 2, H
defined in Claim 2 is a spanning eulerian subdigraph D, XF/. By Lemma 2.5,
C, = Dl[{u}}DCh is arc-disjoint from each H , and so by the facts that
C, is a directed cycle and H is eulerian, it follows that H, is a circula-

AT

v,V
A
tion. By Definition 3.1 (iii) and by Lemma 2.5, Wj eV (C;) if and only if
% (C;‘ )ﬂV (Fj'“ ) # (D . This is equivalent to saying that a vertex W] €V (C;) if
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and only if for some vertex V"' eV (Fj') with (u,v")eV (Cﬁ) Since C, isa
cycle, and since, for each W; EV(CQ), there exists some vertex V”eV(Fj')
with (u,v”)eV(Cr‘j), we obtain that V(Hv,v,;j)ﬂV (Cﬁ) contains a vertex
(U,V”), it follows that H, must be connected. Hence H, is a connected cir-
culation, and so it must be eulerian. To complete the justification of Claim3 (iii),
we note that by definition,

v(ci)e U V(D&F).

wjev(Ch)
This, together with Claim 2, implies

V(HY)= U (Huwon)UVv(C)= U v(DmF)= | v(D")
W eV (Ch) wj eV (Ch) Vj eV (Cy)
This completes the proof of Claim 3. [ ]
Recall that V (D,)= {ul,u2,~-~,un1} with n,>2m=f (Dz). We will complete
the proof of Theorem 1.6 by proving that

H=JH;"
h=1
is a spanning eulerian subdigraph of D, XID,. By Claim 3 (iii), we conclude that
t
V(H)={JV(D,XF/)=V(D,KD,).
=1

As U;,U,,---,U, are mutually distinct, and as F|F,,---,F’ are mutually vertex
disjoint, we conclude that the H,"’s are mutually arc-disjoint. By Claim 3 (iii),
each H," is eulerian, and so H is a circulation. It remains to show that A is
connected. By Claim 3 (iii), / has a component H' that contains H,". If
H =H’, then done. Assume that V (H)-V (H')=J.

Since H' is a component, if some H," contains a vertex in H', then H’
contains H," as subdigraph. Thus every H," is either contained in H' or to-
tally disjoint from H'. Let W ={w} eV (D,/F"): H}” is contained in H’} . Then
as H=H', V(D,/F')-W #J. Since C’ is a cycle vertex cover of D,/F’,
it follows by Definition 1.3 (i-2) that there must be a cycle ij e C' such that
C| contains a vertex W' eW and a vertex W’ e(D,/F')-W . Since W' eW,
H;Jj is contained in H'. Since w',w" eV(CJf), it follows that w”" eW , con-
trary to the fact that W" € (D,/F')—W . This contradiction indicates that we must
have H =H’, and so His a spanning eulerian subdigraph of D, X D,. ]

4. Concluding Remark

This research provides new conditions to ensure digraph products to be supe-
reulerian, and adds novel knowledge to the literature of supereulerian digraph
theory. Analogues to Problem 6 proposed in [25], it would also be of interest to
seek natural conditions to assure supereulerian products of digraphs. Current
results in this direction in [17] and in the current research also involve certain
cycle cover properties on the factor digraphs. It would be of interest to see if

there exist sufficient conditions on supereulerian digraphs products that do not
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depend on cycle cover properties.
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