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Abstract

In this paper, we investigate the dynamics of a stochastic predator-prey model
with ratio-dependent functional response and disease in the prey. Firstly, we
prove the existence and uniqueness of the positive solution for the stochastic
model by using conventional methods. Then we obtain the threshold R; for
the infected prey population, that is, the disease will tend to extinction if

R; <1, and it will exist in the long time if R; >1. Finally, the sufficient con-
dition on the existence of a unique ergodic stationary distribution is obtained,
which indicates that all the populations are permanent in the time mean sense.
Numerical simulations are conducted to verify our analysis results.
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1. Introduction

The research of eco-epidemiology involving ecological and epidemiological mod-
els is a significant field in mathematical biology. To our knowledge, Anderson
and May were the first to study the spread and persistence of infectious diseases
by formulating an eco-epidemiological prey-predator model [1]. Recently, a
large number of researchers have devoted to the study of eco-epidemiological
models (see [2]-[7]). For example, Chakraborty ef al [2] have investigated the
positivity and boundedness of the solutions for a predator-prey model with dis-
ease in prey population. Mondala et al. studied the local and global dynamical
behavior of a predator-prey eco-epidemiological model with disease in predator

[5].
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In predator-prey system, functional response plays an important role in the
population dynamics. Holling types functional response functions, namely Hol-
ling types L, II, III and IV, have been extensively used and investigated [8] [9]. In
recent decades, Beddington-DeAngelis and Crowley-Martin type functional re-
sponse are also widely chosen to model the predation [10] [11]. Li et al [10]
analyzed a stochastic predator-prey model with disease in the predator and Bed-
dington-DeAngelis functional response. They showed that the stochastic system
has a similar property to the corresponding deterministic system when the white
noise is small enough. In many cases where the predator has to seek for the prey,
the per capita predator growth rate should be a function of the ratio of prey to
predator abundance in predator-prey model. Thus, the predator-prey models with
ratio-dependent functional responses have been proposed and mathematically stu-
died [12] [13] [14] [15]. Based on the literatures, we propose an eco-epidemiolo-
gical model with infection in the prey and ratio-dependent functional responses

as follows

ds —rs(l—ij—ﬂ—bsu

dt k) mP+S+I
I psti—gy-—LP (1)
dt mP+S+1
dP  caSP cBIP

~d,P,

—= +
dd mP+S+1 mP+S+1

where S(t), I(t) and P(t) denote the densities of the susceptible prey, in-
fected prey and predator respectively. Here, the susceptible prey is subject to the
logistic growth, ris the intrinsic growth rate, and T denotes the interspecific
competition rate. The transmission of the disease in the prey is governed by the
bilinear incidence rate bSI, where b represent the incidence rate of infected
prey to susceptible prey, S(t) and I(t) denote the densities of the suscepti-
ble prey, infected prey. Moreover, the parameters « and [ represent the
capturing rates of predator to the susceptible and infected prey, respectively; m
is the so-called half saturation constant; d;, and d, are the natural death rates
of the infected prey and predator. All coefficients mentioned are positive.

As a matter of a fact, most realistic ecosystems are affected by environmental
noise (see [16] [17] [18] [19]. Motivated by the method in [20], we introduce to
system (1) Gaussian white noise which are directly proportional to S(t), I(t) and
P(t), and obtain

ds - {rs (1-§j-“—sp-b3| }dt+o—lSdBl,

BIP
dl =|bSl—d,1 ——2|dt+o,1dB,, 2
[ 1 mP+S+I} 02105 @

dp=| P, PP 4 5lgts o, paB,,
mP+S+1 mP+S+1I

where {Bi (t)}tZO (i=1,2,3) are mutually independent standard Brownian mo-
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tions, and o;(i=1,2,3) denote the intensities of the white noise.
Throughout this article, let (Q, F R }[ZO ,
with a filtration {F} o Satisfying the usual conditions (Ze, it is increasing and
right continuous while {F;} contains all P-null sets) and let B, (t) be defined
on the complete probability space, i=1,2,3. Denote
R? :{x:(xl,-u,xd)eRd 2% >0,1<i sd}.
In this article, in order to better study the spread of infectious diseases among

P) be a complete probability space

interacting populations, it is more practical to establish a more accurate random
ecological infectious disease model. We will concentrate on the dynamics of the
stochastic model (2). The rest of the article is organized as follows. In Section 2,
the existence and uniqueness of the positive solution is proved for system (2). In
Section 3, we analyze the extinction and persistence of the infected prey. In Sec-
tion 4, we obtain the conditions on the existence of stationary distribution for
model (2). In Section 5, numerical simulations are conducted to support the

theoretical results. A conclusion is given in the last section.

2. Existence and Uniqueness

To begin with, we recall some basic notations in stochastic differential equation.
let X (t) be a regular time-homogeneous Markov process in R? described by

the stochastic differential equation
dX (t)= f (X (t))dt+g(X (t))dB(t). 3)
The diffusion matrix of the process X (t) is defined as A(x)= (aij (X)) ,

a; (X) =q' (X) g’ (X) . Furthermore, the differential operator L is defined by

=500 5 G S0 0000, G

i i,j=1

where V e C? (Rd ,R+) .

To investigate the dynamical behavior of the model, the first concern is whether
the solution is global and positive. In this section, we show that there exists a
unique global positive solution of system (2) by constructing an appropriate Lya-
punov function.

Theorem 2.1. For any initial value (S (0), | (0), P(O)) S Ri , there exists a
unigue positive solution (S(t),1(t),P(t)) ofsystem (2) on t>0 and the so-
Iution will remain in R® with probability one, that is to say,

(S (t), | (t), P(t)) e Ri forall t>0 almost surely (a.s.).

Proof. Since the coefficients of system (2) are locally Lipschitz continuous, then
for any initial value (S (0), | (0), P(O)) IS Ri there is a unique local solution
(S(t).1(t).P(t)) on te[0,z,),where 7, is the explosion time. Now, let us
show that this solution is global, Ze,, 7, = a.s..Let n, >0 be sufficiently large

such that S(0), 1(0) and P(0) lie within the interval {ni’ no}. For each in-

o
teger N 2>n,, define stopping-times
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rn:inf{te[o,re):min{s(t),l(t),P(t)}Siormax{S(t),l(t),P(t)}Zn},
nO
set iNf@ =0 (O represents the empty set). It is clear that 7, isincreasing as

n—>o.Let 7, =lim then 7, <z, as. In the following, it only needs to

n—o Tn 4
show that 7, =c a.s.. If this statement is violated, then there exists a constant
T>0 and £€(0,1) such that P{r, <T}>e&. Consequently, there exists an

integer n, >n, such that

P{r,<T}>¢ foralln>n,. (4)

Definea C’-function V:R?® >R, by

V(t)=V(s, I,P)=(S—a—a|n§j+(l -1-In| )+1(P—1—|n P),
a C
where a is a positive constant to be determined later. The nonnegativity of the
function can be obtained from u-1-logu>0 forany u>0.
Let n>n, and T >0 be arbitrary. Applying It&’s formula to V , we obtain
that

C 2C

7 P-1)c,dB
= LVC|t+(S—a)o'ldB1 +(| _1)0.2de +( 10'3 s

2 2 2
av =(1—3jds +aidt+(1—1Jd| +ﬁdt+1(1—1)dp + %8 gt
S 2 | 2 P

where

LV =(3—a)(r—13— aP —b|j+(| —1)(b8—dl_Lj

k mP+S+1 mP+S+1

P-1( caS cBl ac! o o}
+ + —-d, +—=+=

¢c UmP+S+1 mP+S+I 2 2 2
_rs—fge P pg_raifs. 39P b vbsi—d,l

k mP+S+1 k mP+S +1
___pPL d, + pP N aSP SPI _d_ZP
mP+S+1 mP+S+1 mP+S+1 mP+S+I1 ¢
__aS  pl +d_2+a0'12+0'_22+0_32

mP+S+1 mP+S+I1 ¢ 2 2 2

crsls Ter 80P gy gy PP

k k mP+S+1 mP+S+1

d, ac? o? of
—ra+d, +—2+—L+-24+2,
c 2 2 2

Choose a =% such that ab—d, =0, then

2 2 2
L\7srS+LﬁS—£SZ+ﬁﬂ+£—r—dl+d1+d—2Jrai+ﬁ+0——3
k b k mb m b c 2 2 2

rd, 2
“"W) ad p rd A, do? o2 o
<—+£—1+———1+d1+—2+—1—1+—2+—3::N,
4r mb m b c b2 2 2

where Nis a positive parameter. Thus, we can obtain
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(P-1)o,dB,

dV < LVdt+(S-a)o,dB, +(1 -1)0,dB, + (5)

Interacting and taking the expectation of both sides of (5) yield
E(V(S(z, AT). 1 (2, AT),P(z, AT))) <V (S(0),1(0),P(0))+NT.  (6)

Set Q =17, <T for nxn;, then by (4), we have P(Q,)>¢. Noting that
for every weQ,, there is at least one of S(z,,),1(7,,®),P(7,,®) thatequals
to either nor . and

V(S(z,).1(7).P(2))s
is no less than
1

n-1-Inn or 1—1—In—.
n n

That is,

By (6), we can obtain
%>V (8(0),1(0),P(0))+NT 2 E(L, ,V (S(z,).1 (7). P(z,)))
=P(Q,)V(S(7,).1(7,).P(7)) 2 &V (S(70). 1 (7). P(z,))

> s{(n —-1-Inn) /\(%—1— In%ﬂ.

Taking n— oo induces oo > +oo, which is a contradiction. Hence, we have

7, =, a.s.. The conclusion is confirmed.

3. Extinction and Persistence

According to the theory in [21], the basic reproductive number R, is a thre-
shold to control whether the disease will spread. If R, <1, the disease disappear;
If R, >1, the infectious population will be persistence in the mean. It is easy to
conclude the basic reproductive number R, = T and system (1) has the fol-
lowing properties: !

* If R, <1, the disease-free equilibria E;(k,0,0) is globally asymptotically

stable, the disease disappear;

* If R,>1, theinfectious prey population will be persistence in the mean.

In this section, we turn to establish sufficient criteria on the extinction and
persistence of infected prey population for the stochastic system (2). Before giv-
ing our main results, we first recall the following lemma.

Lemma 3.1. ([22]) Let X (t)eC(Qx[0,0),R, ).

1) If there exists T >0, 4,>0, 4 and n, such that

In X(t)ﬁ/lt—ﬂojzx(s)dezj:niB(t) as, fort>T,

then
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[~

X(t)) <2 as, ifA>0;
(x(o) <2

limX(t)=0 as, if 1<0.
t—ow

here (X (t)) =li X (t)).
where < ()> Irtllswup< ()>
2) If there exists T >0, 4, >0, A>0 and n; such that
i
InX(t)z/it—ﬂﬂ.[gx(s)ds+ZniB(t) as., fort>T,
i-1
then
A
X(t)) >—a.s.,
(x0). 22

where (X (t)), =liminf (X (t)).

Theorem 3.2. Let (S (1), 1(t), P(t)) be the solution of system (2) with any

initial value ($(0),1(0),P(0))eR®.If r>%l, a+p<

2
bk[r—azlj
RS = <1, then

N
r£d1+o-2J
2

too

2
Iimsuplnltﬁg [dl +072j(R§ -1)<0 as,

InP(t 4
IimsupnT()ﬁ{dz+%—c(a+ﬂ)}<0 as.,

t—w

and

o1t
lim=

t—oo 0

S(s)ds=——= as.

Proof. By the 1t6’s formula, we have
2
dins=|r-Ls—— %P b % |gts o, (1)
k mP+S+1 2 )

ol r
s{r—%—ES]qudBl(t),

integrating Equation (7) from 0 to tand dividing it by ¢, we obtain

t t
1|n&< r_O'_lz_LIOS(S)dS 4 IoaldBl(e)
t S(O)_ 2 Kk t t

applying Lemma 3.1, we have

2
k(r —021)
Iimsuplj‘;S(s)dSS— a.s. (8)

t—>o t
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Similarly, by the Itd’s formula, we have

2
dint=[bs—d,—— PP % |4t 0,08, (1)
mP+S+1 2

2 ©)
{bs—(dﬁ%ﬂdthdsz(t),
integrate Equation (9) from 0 to fand divide it by #yields, we obtain
t t
1(t) bl S(s)ds 2 o,dB, (0
1In ()s IO ) - d1+2 +—'[0 1B, )
t 1(0) t 2 t
so
0_2
bk| r——1
M) o ( 2 A
IlrtniupTg—[dﬁ? +f: d1+7 (RO —1)<O a.s..
By the It6’s formula, we also have
2
dinp=| 025 Pl 4 % |4 o8, (t)
MP+S+1 mP+S+1 2 (10)

2
< [(:a+cﬂ—d2 —%]dtJragng (t),

integrating Equation (9) from 0 to fand dividing it by £ one can get
t
a_g}j() ,0B, (0)

P
1Inﬂs[wwcﬁ—dz— > "

t P(0)

so we can obtain that

InP(t 2
IimsupnT()s{dz+a73—c(a+ﬁ)}<0 as..

too
On the other hand,
r P :
dins=|r——s-——% b1 =% |dt+0,dB, (1),
kK mP+S+I 2
) ) InP(t) , o
since lim SupT <0a.s., there exists an arbitrarily small constant & >0
t—o
, P
such that when t>T ,weobtain ——— < ¢, so
mP+S +1
ol r
dinS > r—7—ES—a5 dt+o,dB, (), (11)

integrating Equation (11) from 0 to ¢and dividing it by ¢ we have
t t

S(t 2 S(s)ds o.dB (0

Emﬁw_rf_l_%fo ()ds g ltl( )

t S(0) 2 t ’
applying Lemma 3.1 and the arbitrariness of &, we get
o g
liminf = tS(s)ds >—~ 7 as. (12)
t—oo t 0 r
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From (8) and (12), we obtain

2
k(r—i&}
Iim} tS(s)ds =— 7

towt 0 r

a.s..

Theorem 3.3. Let (S(t),1(t),P(t)) be the solution of system (2) with any

2
0.

2 d, + =
initial value (S$(0),1(0),P(0))eR?. If r>071, atfe— - 2 and RS >1,

then

2
fiming 1) [dl +2j(R§ ~1)>0 as.
t 2

too

Proof. By the 1t6’s formula, one we can obtain

2
dint =[bs—d,—— P % |4ty o8, (1),
mP+S+1 2

according to Theorem 3.2, there exists an arbitrarily small constant ¢ >0 such

that when t>T , we obtain L <&,s0
mP+S +1

2

din| z{bS—ﬂg—(dﬁa—;HdHadez (t), (13)

integrate Equation (13) from 0 to tand divide it by #yields, we can obtain

1 |(t)>bj;S(s)ds o2\ [ .08, ()
o) ‘ﬂg‘[d”?}f

2

bk[r—al

_Jﬁg(dﬁ%s]

r
> (dl +%22](R§ -1)>0 as.

According to Theorem 3.2 and 3.3, R; is the threshold for the infected prey
population. The disease will go to extinction if R; <1, and it will exist in the

long time if R; >1.

4. Stationary Distribution

Now we present the following lemma.

Lemma 4.1. ([23]) The Markov process X (t) described by Equation (3) has
a unique ergodic stationary distribution u(.) if there exists a bounded domain
DcR® with regular boundary T [(B.1).] There is a positive number M such
that zﬁjzlaij (X)&& =M€
ative C-function V such that LV is negative for any R*\D . Then

P, {TIiLrJCle;f (X(1))dt=],f (X),u(dx)}=1,

? xeD, EeR". [(B2).] There exists a nonneg-
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forall xeR‘, where f(.) isa function integrable with respect to the measure
i

_r+d + B30 2 ca-cp
Theorem 4.2. Assume that R; = 2 2 m

environmental noises are small enough that o <2d, and o7 <2d,. Then for

any initial value ($(0),1(0),P(0))eR?, there exists a unique stationary dis-
tribution for system (2) and it is ergodic.

Proof. In order to prove Theorem 4.2, first we need to verify Lemma 4.1. To

verify B.2, we need to proof there exists a neighborhood D cR® and a non-

negative C-function Vsuch that for any (S,1,P)c R®\D, LVis negative.
Define a C*-function

1
where

2
V=M —IogS—LIogI+£I +1(S+|+E ,
bk d 2 c
B bk

- max {2+ f, + £, + f3, 2+ f, + T, + £, 1+ f, + f, + T, |
r[dl+ﬁ+%](§§ —1)
m 2

and functions f,, f,, f,, f,, f, and f, will be determined later. There
exists a unique minimum point (§, IN,FN’) of V.

Define a nonnegative C*-Lyapunov function

2
V =M|-logS——"logl+2 I +logP +1(S+|+E) V(S.1,P),
bk d, 2 c
denote

r b 1
V,=M| —logS——Ilog | +—1+logP |V, ==
A ( og ™ og +d +log J 2 (

2
S+I+Ej.
| 2 c
By Itd’s formula, we get
2
LV, =2 rsf1-2 |- —FP g [
S k) mP+S+l 2
2
_Li(by —d,1 _L}r ro,
bk 1 mP+S+1) 2bk
+3[b3| "y —Lj
d, mP+S +1
@S cfl o
mP+S+1 mP+S+1 ° 2
2 2
e I +£S+bI—LS+L dl+£+o-—2
2 m) k k bk m 2
b2

2
+S1 =Dl +ca+cf—d, -2

2
2 2 2 2
—(r+d2+0—3—G—1—g—ca—cﬂj+L[dl+’B+62J+b
2 2 m

448
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and
2
LV, = S+I+Ej is— 52 odi-%p|ilf o2s? 102174+ %3 p
c k c 2 c

d,

s - Tt _gsi-Yzspirsi—Lis2og12- 2 1p s Dpg
k c k c c

2
~Tpgz Oipy Gepe L agz o212, %5 p2
ck c c 2 c
d 2
<rst-Lsoirsiodz e fps - dzpe I os7 o212 Tape |
k c c 2 c

5 4 5
according to Young inequality, Xy < frac25x2 +§ y3,s0

5 2 2 5
LV, < rs? —£S3+[£+£j82 +O-—1$2_[ l_ﬁ]|2+3_;|3

5 5c¢ 2 2
2 5
_iz 2_0_3 p2+ﬂp3,
c 2 5c
SO
2 2 2 2
LV<M|- r+d2+0—3—0—1———ca—c,8 +—| d, A +b—SI
2 k 2 ) d,
5 2
Pge (20,2062 [y ls2 g, -2 |y2
k 5 5¢ 2
£|§_i[ _O-_ész2 3rp§
2 2
c 2
2 2 5
M| gL (Rs-1) Mb” o) _Fgs (ﬂ 5)52
bkl * m 2 ) k 55
2 2 5 5
f st |- 1243 s g, % |pz, 3 ps
2 2 2
where
2 2
r+d2+0—3—0—1—g—ca—cﬂ
F’i;: 2 2

We aim to prove that LV < -1, consider the bounded set D

D:{(S,I,P):gSSSE,gglSl,gsPsi},
& & &

then R®\D =D;UD;UD; UD; UD; UDg, with
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:{(s,l,P)eRi:0<S<g},Dg:{(s,l,P)eRi:0<|<g},

s ={(S,1,P)eR}:0<P<¢},D;

:{(s,l,P)eRi:l >%}

{(S,I,P)6R3 s>1 }
Dg={(s,|,P)eRi:P>l},

g

and ¢ is a sufficiently small positive constant satisfying the following conditions

r s b*M e =
_M{W(d Ly 7}(R 1)} F1,(8)+ 1)+ f,(P) <1 "
b’Me _1(, o
d 2" 2)
r ol s b*Me -
—M{W(dl*'%Jf?Z](Ro 1)}+ ) + £ (S)+f,(1)+f(P)<— .
b*’Me r "
d 2k’
2
—M{b%[dl+§+azj(Rs l):|+fl(8)+f2(l)
. I S (16)
-=d, 3JP2+ g3 <1,
c 2
2
it
r B 02 as 1 o,
-M o d1+a+7 (RO —1) +B- = d1—7 <-1, (18)
2 1 2
-M {bLk[dl-‘-%*_%j(R —1)}+C—2‘9202 [dz—%]ﬁ 1 (19)
where
2 5 2 5
A= sup f_l(S)+f2(I)+f3(P)+g—bMSZ+§bMI3 <o,
(S.1,P)eRS d; 5.4
2 5 2 5
= sup <f(S +1‘3(P)+Eb—MSZ+§bMI3 <o,
(5.1,P)eR3 5 d, 5 d,
2 5 2z 5
= sup {f(S +f_3(P)+2bMSZ+3bMI3 <o,
(S,1,P)eRS 5 d, 5 d,

Case 1.If (S,I,P)e
LV <-M d, +ﬁ+
bk m

2
d, -2
1

+f.(S)+|- 5

1

which follows from (14), where

ch, Sl < ¢l <g(l+|2),wehave

: j(@;_l)} zdl

- 2
2 +bMe 2

b*Me

+5,(1)+ f,(P)<-1

DOI: 10.4236/0japps.2021.114032

450

Open Journal of Applied Sciences


https://doi.org/10.4236/ojapps.2021.114032

J.Y. Ma, H. M. Ren

T 1 al) 3r >
fz(l):—z(dl—TZJ‘F?IB.

Case2.If (S,1,P)eD;, Sl <eS<s(1+S°), we have

LVS—M{ (d +£+G—j(Rs 1)}+b2'v'g+f"l(s)
bk m 2 d

1

£_2Lk+b2(';"8]ss £1,(1)+ 1, (P)

1
<-1

which follows from (15), where

5 2
f_l(S):—LS3+ 20,2060 [ 9 |52,

2k 5 bc¢ 2

c 2
Case3.1If (S,1,P)eDy, SI<582
o2 5
M| a2+ % (Rs-1) +f(s)+3IO 52
bk m 2 d

Ve 5
+f2(l)+§b 3—— d, - p2 . 3 s
5 d; c? 2

<-1,

which follows from (16).

, ——83<—Lg we have
2k 2k

2Y, A _ 2 5
LV <M| - d1+£+—o-2 ( 5—1) +f1(S)+Eb M g2
bkl ' m . 2 5 d,

Case4.1f (S,1,P)e Dy, sm%s +

3b°M 2
+f,(1)+= |3 P)— 3
2() 5 dl 3( ) kg
2
- M| dl+ﬁ+ﬂ (RS 1) +A—
bk 2 2k6‘
<-]
which follows from (17).
2.2 3°
Case5.1f (S,1,P)e D, SISESZJrEIS’
2 2
__d_ 1% < d—o-2 , we have
2 2% 2

B, 5 \(5s 20°M 3
LV <M {b—k[dl = 7J(RO —1)}rfl(s)+g s?

d,

— 3b*M 2 r

+ L ()+=——13+f,(P)-—¢&°
: (1) 5 d, +(P) 2k

VIR P (Rs-1)|+B- 1 (g2

bk\ * m 2 )\° )
<-1,
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which follows from (18).

w|o;

Case 6.1f (S,1,P)eDg, SI<

1 ol 1 ol
—F{dz —73] P2 < —W[dz —73J , We have

r 62/ A, 2b*M 2
LV <-M {b—k[dl+%+72J(R0 —1)}r f1(5)+§ 52

5
SZ+§I s
5

alN

3p°™M 2 o 1 ol
+f2(|)+g d |3+f3(P)—ng(dz—73]

1

vl g LB (s 1 o
=-M |:b—k[dl +E+TJ(RO —1):|+C _W[dz —7

<-1,

2 5
which follows from (19), where f, (P)= —%[dz —O-—?’j p? +% P3.

The proof of B.2 in Lemma 4.1 is completed. We get the conclusion that
LV <1 on DcR?.
Direct computation shows that the diffusion matrix of system (2) is given by
cos* 0 0
A=l 0 i1 0
0 0 o?P?

It is clearly that the matrix A is positive definite for any compact subset of

Ri. The proof of B.1 in Lemma 4.1 is verified. According to Lemma 4.1, we

know system (2) admits a stationary distribution.

5. Numerical Simulations

In this section, we conduct Example 1 - 3 numerical simulations to show the ef-
fect of noise on the dynamics of the system. Applying Milstein’s higher-order

method [24] to system (2), we obtain the corresponding discretization equation

as follows
s aS"P* o}
S gk sk 1-2 |22 T pSKI* At + o, SKVALE, + 22 S5 (AtE2 — At),
k ) mP*+S*+1* ! St (a7 -at)
k+l _ pk Kk k ﬂlkpk k 0'22 k 2
Ik = +[bSI 4l - (At mUk+7| (Atn? - At), (20)
proi—pry [ CaSPL OBy b ) ats o PVt + %2 P (At - At)
mP¥ +S* 1%  mP¥ Sk 41k 2 3 T k '

where the time increment At>0, &, 7, and ¢, K=12.3--,n, are inde-
pendent Gaussian random variables with normal distribution N (0,1),and o,
1<i <3, are noise intensities. The unit of all time is days, the unit of the popula-

tion S(t),I(t),P(t) are the individual.
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Example 1. Choose the initial value S(0)=5, 1(0)=5, P(0)=2,and
r=01, k=9, b=0.007, m=1, «=0.02, =002, c=08, d, =0.1,
d, =0.05.

By simple computations,

2
O3

d, +—
R,=063<1, a+B=004<0075=——2 RS=05925<1.
c

The numerical simulation is shown in Figure 1, from which one can see that
the susceptible prey is persistent, the infectious prey and predator will die out.

Example 2. Choose the initial value $(0)=5, 1(0)=5, P(0)=2,and
r=01, k=9, b=0.015, m=1, «=0.02, =002, c=08, d, =01,
d, =0.05.

By simple computations,

2
d2+0—3
R,=135>1 a+B=004<0075=—2 RS =12214>1.
c

The conclusion of Theorem 3.3 holds, and the numerical simulation is shown
in Figure 2. We note that the susceptible prey and the infectious prey will persist

and the predator is going to die out.

10 T ==FT
------------- — 1@
.- e P

S(),1(1),P(1)
S(),1(1),P(t)

0 50 100 150 200 0 50 100 150 200
t t
(a) (b)

Figure 1. Numerical simulation of the solution of system (1) and (2) for Example 1, re-

spectively, where o, =0.05,0,=0,=0.1.

30
— (1)
— (1)
—P(1)
& &2
1 ;;10
. My
0 50 100 150 200 0 200 400 600 800 1000
t t
(a) (b)

Figure 2. Numerical simulation of the solution of system (1) and (2) for Example 2, re-

spectively, 0,=0,=0,=0.1.
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Example 3. Choose the initial value $(0)=5, 1(0)=5, P(0)=5,and
r=01, k=9, b=0.007, m=1, «=0.02, =002, ¢c=0.8, d, =0.01,
d, =0.01, the (a) of Figure 3, o, =0, =0, =0.02, the (b) of Figure 3,
0, =0, =0, =0.01. The red, black and blue dotted line represent the solution
S(t),1(t),P(t) of model (2); the red, black and blue solid line represent the
solution S(t),I(t),P(t) of model (1) for the same initial value S(0)=5,
1(0)=5, P(0)=5.

Under this condition, by simple computations, (a) and (b) of Figure 3 satisfy

Iios =1.2099>1, o =0.0004<0.02=2d,, o =0.0004<0.02=2d,.

R:=1.2160>1 o2 =0.0001<0.02=2d,, o =0.0001< 0.02=2d,.

The numerical simulation is shown in Figure 3, which is consistent with our
conclusion in Theorem 4.2. The difference between (a) and (b) of Figure 3 is the
intensity of white noise. We can conclude that with the noise intensity decreases,
the dynamics of stochastic system (2) is getting close to the deterministic system
(1). Figure 4 shows the simulation of density functions, where system (2) has a

unique stationary distribution.

- = s
—10

e e~
N, TN = g e e o

DD 100 200 300 400 500 600 700 800 900 1000 00 100 200 300 400 500 600 700 800 900 1000
t t
(a) (b)
Figure 3. Numerical simulation of the solution of system (1) and (2) for Example 3, re-
spectively, picture(a) o, =0, =0, =0.02, picture(b) o,=0,=0,=0.01.

IS

IS
o
o
s
=

203 z

Figure 4. The density functions of S(t) o (t) , and P(t) , respectively. Subfigures (a),
(b), (¢) o0,=0,=0,=0.02. Subfigures (d), (e), (f) o0,=0,=0,=0.01.

DOI: 10.4236/0japps.2021.114032

454 Open Journal of Applied Sciences


https://doi.org/10.4236/ojapps.2021.114032

J.Y. Ma, H. M. Ren

6. Conclusions

A stochastic predator-prey model with ratio-dependent functional response and
disease in the prey population is investigated. We have shown that the existence
of a unique positive global solution of the stochastic model (2). The threshold
R; between stochastic persistence in the mean and extinction for infectious

2
O,

2 d2 + 32
prey population is given. If r > 0-71 , a+p< 2 and R; <1, we obtained
c

that the population of the infected prey and the predator will die out in time

2
O.
2 d2+73

o,
mean sense. If r >71, a+ﬂ<—2 and R; >1, we note that the sus-
C

ceptible prey and the infectious prey are persistent and predator is going to die
out. By constructing some suitable Lyapunov function, the existence of statio-
nary distribution for both populations is established under certain parametric
restrictions. If RS >1, and environmental noises are small enough that

o5 <2d, and o} < 2d,, then for any initial value (S (0),1(0), P(O)) € R®, there
exists a unique stationary distribution for system (2) and it is ergodic.
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