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Abstract

This paper redefines the Shape of numbers, makes it more natural and con-
cise, and the domain of definition is extended to ring. The inconvenient
PCHG() and PH() are removed. The concept of subsets is also removed. The

new definition can be used to calculate > ZI(K  +nxD,)
J=N-1TM
) I(K[ +n, xDi), n, . <n

g i or n..=n

i+l,j ij

K,,D, ering . Three

i+1,7
forms corresponding to three calculation methods are obtained. They can be
used as a powerful tool for analysis. Some of the conclusions are: 1) Expres-
sions and properties of two kinds of Stirling number, Lah number and Eule-
rian number; 2) Expression of power sum of natural numbers; 3) Vander-
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monde identity, Norlund identity; 4) New congruence and new proof of Wil-
son theorem; 5) Zf:np’z =0MOD P*,P>3;6)

C=M-1 M-1-C
Zc:o (-1) ZPM(PS):M,PB(PS):CMIN(PS) =1

Subject Areas

Discrete Mathematics
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1. Introduction

Peng, J. has introduced Shape of numbers in [1] [2] [3] [4]: (/,,1,, .1

M >

I, eZ . There are M —1 intervals between adjacent numbers. [, —1, <1
means continuity; /., —/, >1 means discontinuity.

Shape of numbers: collect (/,,---,/,,) with the same continuity and discon-
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tinuity at the same position into a catalog, call it a Shape.
A Shape has a min Item: (Kl,Kz,---). Use the symbol PS = [min Item] to
represent it.
If K,,—K,=D>1,only [,,,—1, 2D isallowed.
If K,,,-K,=D<1,only [, —1,=D isallowed.
The single (/,,-+,1,/) isanitem. I, x---xI,, isthe product. Jis a factor.
Example 1.1:

PS =[2,3] > (2,3),(3,4),(1000,1001) € PS

PS =[-3,-1] = (-3,-1),(-3,0),(~2,0),(-3,1),
(-2,1),(~1,1),(1000,2007) € PS

PS =[1,4,4] > (1,4,4),(15,5),(2.5,5).(1,6,6),
(2,6,6),(3,6,6) € PS,(3,5,5) ¢ PS

PS =[1,4,6,4] > (1,4,7,5),(1,5,7,5),(2,5,7,5) € PS,
(1,4,7,6),(3,5,7,5) & PS

PM(PS) = Count of factors.
PB(PS) = Count of discontinuities.
MIN(PS) = Min product: MIN ([1,2,3]) =1x2x3, MIN([1,2,4])=1x2x4
Basic Shape: K| = 1 and intervals = 1 or 2
BASE(PS) = BS. if (1) PB(BS) = PB(PS), (2) PM(BS) = PM(PS), (3) BSis a Ba-
sic Shape, (4) BShas discontinuity intervals at the same positions of PS.
PH(PS) = (Max Factor)-1-PB(BS)
IDX(PS) = IDX of BS = {Max factor of BS} + 1 = PM(BS) + PB(BS) + 1
PS=[K,-.K,] , BS=[G,-.,G,] then K, -K<I->G, -
K.,—-K>1->G,,-G =2
Example 1.2:
PS =[1,2],[1001,1002] » BASE(PS) =[1,2]

G =1;

PS =[1,3],[-9,4].[LLK >2] > BASE(PS) =[1,3]

PS =[1,3,4],[-8,4,5].[LK >2,X =K +1] > BASE(PS) =[1,3,4]

PS =[1,3,5],[0,4,9].[1.K >2,X > K +1] — BASE(PS) =[1,3,5]

PS =[1001,1002] — PH (PS)=1002—-1-0=1001, IDX(PS)=IDX([12])=3
PS =[0,4,9] > PH(PS)=9-1-2=6, IDX([0,4,9])=1IDX ([1.3,5])=6

SET(N, PS) = SET of items € PSin [K,, N-1], item’s max factor < N-1

[3] introduced the subset: fix some interval of discontinuities.

SET(N,PS,PT) = Subset of SET(N, PS), BASE(PS)=|[G,,---.G,],
PT=[f.T, ]

I,-T.,=1:G,,—G =L means [,,, - I, =K,,, — K,
=47,-T.=1:G,, -G, =2,means [,,, -, =K, , - K, (*)

i+l
I,-T.=2:G,, -G, =2, means [,,, — I, >= K, , - K,

+1

+1
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PTonly has the change at (*). When a change happens, make the interval fixed.
PCHG(PS, PT) = Count of change from BASE(PS) to PT

Example 1.3:

PCHG([1,3,5],[1,3,5])=0

PCHG([1,3,5].,[1,2,4]) = PCHG([1,4,7).[1,2,4]) =1, changed at T

PCHG([1,3,5].[1,3,4]) = PCHG ([1,4,7],[1,3,4]) =1, changed at T;
[

PCHG([1,3,5],[1,2,3]) = PCHG([1,8,10],[1,2,3]) =2, changed at T;, T,
|SET(N, PS, PT)| = Count of items in SET(N, PS, PT)

SUM(N, PS, PT) = Sum of all products in SET(N, PS, PI)

Example 1.4:

SUM (6,[1,2,4]) =1x2x4+1x2x5+2x3x5

SUM (9,[1,4,7]) = SUM (9,[1,4,7].[1.3.5])
=1x4xT+1x4x8+1x5x8+2x5x%8
SUM (9,[1,4,7],[1,2,4]) =1x4x 7 +1x4x8+2x5x8

[1] [2] [3] [4] came to the following conclusion:

PS)—PCHG(PS,PT)—IJ

N-PH(
(1.1) |SET(N,PS,PT)|= PB(PT)+1

The following uses count of X € K for count of
(X, Xy, X, Ve {K K, K, }

(1.2) Use the form (7, +K,)(T, +K,)--+(T, +K,, ) =2 X, X, X, , X, =T,
or K,.

Don’t swap the factors of X X,---X,,, then each X X,---X,, corresponds
N-PH (PS)-PCHG(PS,PT)-1

IDX (PT)—-¢q
N—PH(PS)—PCHG(PS,PT)—IJ

IDX (PT)—q

-m: X, =T,,m=count of {Xl,---,XH} ek

{—l—m:Xi =K,,m = count of {Xl,m,XH} eT

to a expression = Aq( J, g=countof X eK.

SUM (N, PS,PT) = ZAq(

M
Aq =Hi:1(Xi+Di)’ D, =

i

Example 1.5:
PS=[K.K,>K, +2,K, > K, +2], BS=BASE(PS)=[1,3,5],
— IDX (BS) =
form = (1+ K, )(3+K,)(5+K;)
=1x3x5+1x3x K, +1x K, x5+1x K, xK; + K; x3x5
+ K, x3xK, + K, xK, x5+ K, xK, xK,

P=N-PH(PS)-PCHG(PS,BS)-1

=N-{K,-1-2}-0-1=N-K,+2
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— SUM (N, PS)

s oo+ ot ets- )
FIx(K, +1)x (K, +1)(§]+K1 x(3—1)X(5—1)(§j
ko0 s s )

P
+K1><K2><K3(3j

Anitem = {K, +E,,---,K, +E, |, Kis fixed, Eis variable.

Aproduct= (K, +E)-(K, +E,)=) FF,--F, , F,=E, or K,

That is, a product can be broken down into 2 parts.

Define SUM_K(N,PS,PT, PF =F ---FM) = Sum of one part, PF indicates

the part.

Rewrite 1.2), add {braces}:
A
SUM(N,PS,PT):ZHZI(X,.+Dl.)(M j
q
{I,-D,}: X, =T,D, =count of {X,,---, X} €K
{K,}+{D,}: X, =K,,D, =count of {X,---, X} eT

Expand SUM() by {braces}:
(1.3) SUM_K(N,PS,PT,PF)

X,.+Dl.={

A
= Expansion of SUM () with same {K,} € PF = ZH,}:Y: [M ]

q

OF; = i’Xi :7:
K, F=K.,X, =K,
Y_:
l Z_Df5Ff:EpX,-=7;,D,zcountof{u-,XH}eK
D,:F =E, X, =K,,D, =count of {---,XH} eT
Example 1.6:

Use the example above

P P P
SUM_K(-..E1E2E3):1x3x5[6)+[1x3x2+1x1x(5—1)](5j+13(4]
P P
SUM_K(---E1E2K3):1><3><K3[5j+1xlxK3[4]
P P
SUM_K(---E1K2E3):lszx(S—l)[5]+l><K2x1[4]
P P
SUM K (K ,E,E;) =K, ><(3—1)><(5—1){5j+1(1 ><(3—1)><1(4j
P
SUM K (---EK,K;)=1xK, ><K3(4j

P
SUM K (K E,K,) =K, x(3-1)xK, (4}
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P
SUM K (- K,K,E;)=K, xK, 45—2)(4}

P
SUM K (--K,K,K,) =K, xK, ><K3(3]

SUM_K() can explain why SUM() has that strange form:
We can calculate every part of SUM() by some way without the form. There

may be complex relationships between the parts, but their sum match a simple

form.
If understand this: In 1.2), when 7;and D, all increase L times

(14) K x--xK, +(L+K)x-x(L+K )+
+((N=1)L+K,)x-x((N-1)L+K,,)

PT = [le,ZxL,---,MxL] , can use the form
N
(T +K,)-(T, +K, ) =D 4, , ¢=count of X € K, 2" items in to-
M+1—gq
tal.
-mL:X,=T,,m=countof {---, X, ;€K
Aq:H/-\jl(Xi-i_Di)’ D, = ) { ]}
"~ +mL: X, =K,m=countof {---, X, }eT
This paper starts from (1.4), tries to calculate
(1) K xxK, +(D+K,)x--x(Dy, +K, )+
+((N=1)D, +K,)x--x((N-1)D,, +K,,)
In the process, the concept of Shape is greatly expanded.
The form of 1.2) is obtained by guess. If the correct form is found, the rest is

mainly inductive proof. With the forms, we can analyze the expression and coef-

ficient and get a lot of results.

2. Redefinition

Change domain from Zto Ring, K,,D, e Ring. K, no longer compares big or
small.

M-series:

{K,.D,+K,,2D, +K,,3D, +K,,---,(N=1)D, + K, } = {K, +nx D}

{Ky.D, +K,.2D, +K, 3D, + K, ,(N=1) D, + K, } = {K, +nx D, }

{K,.D, +K, 2D, + K, 3D, + K, - (N-1)D,, + K, |

:{KM +n><DM}

Anitem = (I,1,,---,1,,), I, come from seriel, /, come from serie2...

Use PS=[K,:D,K,:D,,-,K, :D,] torepresent the Shape.

[K :LK,:1,-,K, :1] isabbreviated as [K,K,, -,K,, ]

If K, eZ, the new definition is similar to the old definition and allows

D, <0.
SET(N, PS, PT) = Set of some Items come from M-series.
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I,=K,+axD,, I, =K, +bxD,

i+l i+1?
I,,—T =1:meansa =b
PT=[Ti =11, Ty ] = T.,—-T =2, meansa<h
i+1 i H -

There is no longer the idea of subsets.

We have tried to extend the domain of P7, but when M > 2, no rules have
been found yet.

Basic Shape: K, =1 and intervals=1or2, K, e N, D;=1

PTis always a Basic Shape.

MIN(PS) = Min product of a Basic Shape = HKI.

|SETUN, PS, PT)| = Count of items € SET(N, PS, PT)

END(N, PS, PT) = Setof Items € SUM(N, PS, PT)and I,,=(N-1)D,+K,, .
SUM(N, PS, PT) = Sum of products in SET(N, PS, PT)

SUM (N,PS,[1,2,--,M]) is abbreviated as SUM(N; PS)

SUM(N,---):Old Sum(Max(Kl.)+N,---), PH() and PCHG() are no longer
needed.

The old does not allow SUM ([2,3].,[1,3]), SUM ([3,2].[1,3]). The new it is
allowed.

SUM (N,PS)=(1%*)=>"" T (K, +nxD,)
SUM (N.,PS,[1,3,5,+.2M ~1]) = X [ " (K, + ., x D),
J<Jy, << 0y, J, €[0,N 1]

PM(PS) = M; PB(PT) = Count of discontinuities in PT'
IDX(PT) =T, +1= PB(PT)+PM(PT)+1

N+PB(PT)J

2.1) |SET(N’PS’PT)|:( PB(PT)+]

3. Form; of Calculation

Similar to [4], key points are:

Define Vf(n):f(n)—f(n—l):if f(n)zZAj[Zf},then

w34 )|

1
m, —1

D zj;n(";ﬂ:(M+1)(AN4++’§]+(M_K)[]X;§J
By definition:
2) Y.END(N,PS,PT)=VSUM (N,PS,PT)
3) SUM(N,[PS.K,, : Dy, ].[PT.T, =T, +1])
=" (Ky +1nxD,,.,)x Y. END(n+1,PS,PT)
4) SUM(N,[PS.K,., :D,.,|.[PT.T, =T, +2])

= Zi\:ol(KMH +nxDy, )X SUM(H +1,PS,PT)
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X

PS=[K,:D,,--,K, :D,]|, PT=[T,-.T,], PSI1=[PS,K,., :D,. ]
3.1) Use the Form, = (T, +K,)--(T}, +K, )= 2 X, X, ,
N+ PB(PT)

SUM (N, PS,PT)=3 4, (sz(PT)

] g=countof X eKk.

y =Hﬁf B, B- (T, -m)D;; X, =T,,m = count of {X,---, X} €K
! = K, +mD,;X, =K,,m=countof {X,,---, X, }eT
[Proof]
N+PB(PT)
‘M PS,PT)=) X,---X
Suppose SUM (N,PS,PT)=3X, M[IDX(PT)—qj

When PT1=[PT.T,,, =1+T,]

SUM (N, PS1,PT1)

=> " (Ky +nx Dy, )x > END(n+1,PS,PT)
=" (K, +nx D, )xVSUM (n+1,PS,PT)

= S Ky +1x Dy )XY X, X ( n+PB(PT) J

IDX(PT) q-
N+PB PT)
qg+1

=Y X, X, Dy, (IDX(PT)—q)[]DX PT)-

+¥ X, X, K., +(IDX (PT)-q~-1-PB(PT))D, }[N+PB PT)J

IDX (PT)-q

PB(PT1)=PB(PT),IDX(PT1)=IDX (PT)+1,IDX (PT)=1+Ty; =Tys,; IDX (PT)-PB(PT)~

= le Xy Dy (TM+1 _Q)[

N+PB(PT1)]
IDX (PT1)-q

N+ PB(PT1)
IDX(PT])—(q+1)]

+ZX1 Xy {KM+1 +(M_LI)DM+1}[

The previous expression means X,,,, =T,,,,
M - q = Count of {Xlu-XM}eT. The following expression means
e = Ky

- Match the Form (7, +K,)--(T,, + K, ){T,

M+1 +K
When PT1=[PT,T,,, =2+T,]

M+1}'

SUM (N, PS1,PT1)
= anzi(KM+1 +nXDM+1)><SUM(n+1,PS,PT)

_ n+1+ PB(PT
=21V:01(KM+1 +”XDM+1)XZX1"'XM( [DX(PTg—q)JL)
N+1+PB(PT)]

=3 X, X,,D,., (11))((PT)—qJrl)[IDX(PT)_qu2

+ Y. X, Xy {Kyyo +(IDX (PT)~q~1-PB(PT))D,,,}

[ N+1+ PB(PT)j PB(PT1)=PB(PT)+1,IDX(PT1)=IDX(PT)+2

X
IDX (PT)—q+1
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N+PB(PT1)
]DX(PTI)—q]

N+ PB(PT1)
+ZX1 Xy {KM+1 +(M_q)DM”}(]DX(PTl)—(q-i-l)]

- Match the Form (7} +K,)--+(T,, + Ky, ){Tyy 0y + Ky } -
q.e.d.

=ZX1 "'XMDM+1(TM+1 _Q)[

The proof process can be extended to ring.

Example 3.1:
PS=[7:13,-7.7:2.2,15:-23], PT=[13,5], Form,=(1+7)(3-7.7)(5+15)

SUM (N,PS,PT)

N+2 N+2 N+2 N+2
:—9867.0( 6 j+1084.6[ 5 j+4044.7( 4 j—808.5( 3 j

~808.5="7x(-7.7)x15

4044.7 =[ (1-0)x13]x(=7.7+2.2x1)x(15-23x1)
+7x[(3-1)x2.2]x(15-23x1)
+7x(=7.7)x[(5-2)x(-23)]

1084.6 =[ (1-0)x13]x[(3-0)x2.2]x(15-23x2)
+[(1-0)x13]x(=7.7+2.2x1)x[ (5-1)x(-23)]
+7x[(3-1)x2.2]x[(5-1)x(-23)]

-9867.0 = (1-0)x13]x[(3-0)x2.2]x[(5-0)x(-23)]

SUM (2, PS, PT)
=7x(=7.7)x15+7x(~7.7-5.5)x(~8) +20x(~5.5) x(~8)

4 4
= 4044.7[4]—808.5{3] =810.7

SUM (3,PS,PT)
=SUM (2,PS,PT)+7x(-7.7-5.5-3.3)x(-31)
+20%(-5.5-3.3)x(-31)+33x(-3.3)x(-31)

5 5 5
= 1084.6(5) + 4044.7(4j —808.5(3] =13223.1

SUM (4,PS,PT)

=SUM (3,PS,PT)+7x(-7.7-5.5-3.3-1.1)x(-54)
+20%(-5.5-3.3-1.1)x(-54)+33x(-3.3-1.1)x(-54)
+46x(—1.1)x(-54)

6 6 6 6
=-9867.0 6 +1084.6 5 +4044.7 4 -808.5 3 =41141.1

DOI: 10.4236/0alib.1107277

8 Open Access Library Journal


https://doi.org/10.4236/oalib.1107277

J. Peng

w1 096 96 2 e

el Yo )

R

B Y | PR B R

o s 20

S W W

awssen (1 32 7 4 9 )
LY B

95 109
40 53

7 3 8 6) (9 9)|(6 7
SUM(3,PS,PT)=SUM(2,PS,PT)+K JJ{ }{ ﬂ( j
1 2 54) 19 6)|\3 6
3+1\(15 27) (3+1)(44 70) (3+1)(17 13
:( 4 j(so 48}{ 3 )[28 38}{ 2 j(4 5)
(293 385
_[166 230}
Aproduct= (K, +E)--(K, +E,)=> F-F,, F,=E, or K,
Here’s another extension: Let F, =E, or K, or R,-’ R, means (K[+E[)

So a product can be broken down into 202! 2% ... oM parts.
SUM K (N,PS,PT,PF =FF,---F,;) = Sum of one part, PF indicates the

part.

Rewrite 3.1), add {braces}:
son(v.rs.rr)- ST 4y | 4, -T2

{ ) ,},X, :countof{---,X.fl}eK

q

1

B ={K,}+ {mD},EiR,,X K,,m = count of {---,

i i

X, }eT
{K,+mD,};F,=R,X, =K,,m=countof {---, X, }eT

Expand SUM() by {braces}:
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3.2) SUM_K(N, PS,PT, PF) = ZExpansion with same {Kl.,Rl.} € PF

Use the similar method of [2] to prove.

4. Coefficient Analysis

Define H, (PS,PT,C)=A4,,_. of3.1), C=Countof X eT, T eRing.

It’s the coefficient in the expression. Here 7T € Ring 1is just for analysis.

F,; =Y M —product with different factors € K , the sum traverse all combina-
tions.

Ey, =Y M —product with factors € K , the sum traverse all combinations.
Fi?" is abbreviated as EY, EE’Z’”"N} is abbreviated as E,, ;

M
By definition:
Ey= Y 1M2M..NTe

Ny+-+Ne=M
I%K:Eé{:l;FAi\K\:O
EN' =(N+1)EN + EN; F el =k, FE +FF
4.1) H (K. T7,0)=]]%,. H (K. 7.M)=T]r]]D,
[4] has proved:
42) H,([DxA4:D.K,:D,, K, :D,].[4.T,,--.T,,].C)
=Dx AxH,([K,: D, K, : Dy, [T+, T, ].C)
+Dx AxH,([K,:D,,-+.K, : D, |.[T;,-+.T,,],.C-1)
this >
43) SUM(N,[12,---,n,K,: Dy, K, : D, ),[1.2,-.n. T, T, ])s
PTz[l,---,n,Tl,---,TM] can use the form:

(T1 +K1)"'(TM +KM): n!ZAq (N[;;Z(gl(j?z;q

[2] has proved:

4.4) Hl([DxTI:D,---,DxTM:D],[Tl,---,TM],C)zDM[AngT[
D=1, this 2>
N +PB(PT)+PM(PT)
4.5) SUM (N,PT,PT)= MIN (PT)
IDX (PT)

18 18 a generalization o =
8 oM )\ M+
2+1+3
Eg: SUM (2,[1,2,4]) = 1x2x4+1x2x5+2x3x5=1x2x4 5

4.6) H,(PS,PT,C)=V°SUM (C,PS,PT),
VIDX(PT)SUM(N > M,) = H];HDI_
The last row value of the difference sequence is not arbitrary.
Comparison with 4.4), [4] has proved:
4.7)if T,+1=T,,, then

i+l
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K, +1=K, H ([DxK, :D,],PT,C)=D" (Aéjrl~--TCKC+l---KM

i+12

K,-1=K, H ([DxK, :D,],PT,C)=D" (Aclel T.K, K, .

i+l

K, +1=K, . H, ([DxK,:-D,],PT,C)=(-1)" DM( ]Tl - TK Ky ¢

K, -1=K,.H ([DxK,:-D,],PT,C)=(-1)" D" [Angl T.Ke, K,

[x+y] VSUM(y+1[x n+lLx—n+2,- x])

(e
(e, oL ZJ

- Vandermonde identity [5]: [x-i—y]n = ZZ‘O(ZJ[X]" [y]nfk

[x+y] =VSUM(—y+1,[x2—1,x+12—1,-..,x+n_1:_1])

(et e 2 oo
(ortar (" Jor b e o T

- Norlund identity [5]: [x+y]n = Z:O(Zj[x]k [J’]n_k

(K, +NxD,)+(K, +NxD,)
=VSUM (N+L[K, :D..K, :D,])= Zqo q[ j

N
4.8) (K,+NxD,)---(K,,+NxD, ) can be decomposed to Zqo q( j
q

PS=[0,1,2,---,M -1] >

e e

a9) [ =2} Jis -1,

N=x, K, =1-i, PS=[0:=1,=1:=1,--,-M +1:-1] >

ol =0 o Joe-
w0 Jor -,
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M

4.10) [x], =32 (-1)" [ . ][x]k [M-1],

[4] has proved:
4.11)if 7,+1=T,_,, then
H,([DxK,:D,---,DxK,, :D],[T;,-.T,,].C)

_ DCT1 T [Fﬁ?ngoDx{Lz,m,c} +FA/?j]C(‘71EID><{I,2,m,C} +'”+F;)D><KEA[;>i{é,2,-~,C}:|
This = K can exchange order in SUM(N,[KI,---,KM ]) .
In fact, K, can exchange order in SUM(N,[K1 :D,,K,, ;DM]) by defini-

tion.
This >
4.12) if A is a primitive unit root, A" =1, then

SUM(N,[A‘,#,.-.,M])
=M!(M]\: JE(;” +(M —1)!(5)@““ 4o

(ol

(A" 1) (2" +1) = sUM (2.[---]) - SUM (L[-]) =1+ (-1)""

It’s obvious when M s even; if Mis odd then (/1' + l)- . -(/?,M"l + 1) =1
(A'+2)-++(A" +2) = SUM (3.[-]) - SUM (2.[-]) = 2" +(-1)""

It can be concluded from the definition:

413)1) H,([L--,M],[L--,2M 1],

1.€)
:ZPM( )=M ,PB( )= MIN(PS) ZPM =M ,PB( MIN(PS)
2) H([2,--.M].[3,--.2M ~1],C) =Y  MIN(PS)

PM(PS)=M ,PB(PS)=

PSare Basic Shapes.

5. Special Functions
5.1) SUM(N,[a:O])za[]lvj
5.2) SUM(N,[a : d]) = ZN 1(a+na’) d[];[jﬂz(];/j

5.3) SUM(N,[l,2,--~,M])=M!(N+M]

M +1

5.4) SUM (N,[L,2,-,M],[1,3,--.2M =1])= Y11, -1,
1<l <l<--<I, SN+M-1

5.5) SUM (N,[LL-1],[1,2,+,M])=1" +2" +...4+ N¥
5.6) SUM(N,[0:D,,--,0:D,],PT)=SUM K(N,PS,PT,E,---E,, )

5.7) SUM (N,[L1,-,1],[1,3,-+-,2M —1]) = E;
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6. Stirling, Lah Number

S5(M, K), S,(M, K) is unsigned Stirling number. L, is Lah number.
[1] use 4.5) to calculate
N+ PB(PT)+PM (PT)

S, (N,N=M)=F;" :ZMIN(PS)( IDX (PT)

J, PS traverses all

Basic Shapes, PM (PS) =M

This conforms to 4.13). In this paper, it can be written as:
6.1) SUM(N,[1,2,-+,M],[1,3,--,2M —1]) =S, (N + M, N), this is 5.4)
Ey—%— % 1M2"...N"  It'sa known property of S,(N+M,N)

Ny e

6.2) SUM (N,[L---1],[L3,--.2M ~1]) = E}; =S, (N + M ,N)

6.3)1) H,([L-1],[L+-,M],K)
:K!SZ(M+1,K+1):K!Z[MOK[A;[]SZ(M—LK)

2) H([L1][2 . M].K)=(K+1)!S, (M ,K +1)

[Proof]
Definition of S,(M, K) is

N =Y S, (M,K)[N], =Y 1 KIS, (M,K)(gj

(N+1)" =VSUM (N +L[L-+-1],[L--.M])
zsz:OAq (ijzf_omsz (M,K)(N]:l] >
=>" K!S, (M,K)(K]\i J+ >V KIS, (M,K)(g

H ([Le 1)L M), K) = KIS, (M,K)+(K +1)!S, (M,K +1) > the first

equation

(M
SURNTARS K)ZK‘[F“""J]EK ooy el K } F,E_Kllz(Min he
> 1 ) . M-K 0 0 M-K

second equation
22 5[, ([1’...,1],[1’...,]\/[],]()

([ L2 MK ) (2, M) K 1)
q.e.d.

>2)

N
This > S,(N+1,M)= ZkNM_l[ f jSz (K,M —1), which is recorded in [5]
Example 6.1:
Directly according to the definition of H,()

Hy(-,1) = (I1x2%x 2% X 24+ 1xIx 2%+ x 24+ Ix Ix- - x1x1)
-8, (M +1,2)=2" -1
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H, (M —1) = (M 1)1+ 244 M) > S, (M +1, M):[M;lj
6.4) [A;j%!ﬂl (M+1LK+1)S,(K,K)+--+S,(M+1,M +1)S, (M,K)
[Proof]

H, ([1,---,M],[1,~-,M],K)i>=[A;]M!

—0 s = K[ Fy (B e+ FYEY ]

=KI[S,(M+1L,K+1)S, (K,K)+-++5, (M +1,M +1)S,(M,K) ]

q.e.d.

Definition of Lah number [5] is [-X], = 24:0 Ly o [x], —2
M M-1

6.5) Ly = (—1)M F{K —lj , this is recorded in [5].

7. Congruence Analysis

Pis a prime number, we already know:

(7*) 8,(P,P-K)=F,"'=0MOD P,0<K <P-1

[1] has proved, it is easy to infer from 4.5):

7.1) SUM(P-PB(PT)-PM(PT),PT,PT)

:MIN(PT)( =0MOD P, IDX (PT)<P

IDX(PT)J
Eg: 1x242x3+3x4=1x3+1x4+2x4=0MOD 5
This is the promotion of (7*).
[4] has proved, it is easy to infer from 3.1):
7.2) For arbitrary K, e Z
1) M<P-1, SUM(P,K,:D,,K, :D])=0MOD P
2) M=P-1, (D,P)=1, SUM(P,[K,:D,-.,K, :D])=-1MOD P
SUM (P,[K,,-+. K, ])=[1K +[1(1+K,)+-+[](P-1+K,). Exclude prod-

ucts=0 MOD P.

Example 7.1:
IQ+2Q+---+(P—1)QEOMODP, Q<P-1; =-IMODP, Q=P-1

1P x2x3422x3x4+--+(P-3)' x(P-2)x(P-1)=-1MOD P, P=5;
=0MOD P, P>5

%242 x3+-+(P-2)' x(P~1)=-1 MOD P, P=5; =0MOD P, P>5
12" +2x3* 4.+ (P-2)x(P-1) =—-IMOD P, P=5; =0MOD P, P>5
Px2?4+2?x3% 4+ +(P-2)’'x(P-1)’=-IMODP, P=5; =OMODP, P>5

In1),let PS =[K1 =1,---,K,,

| isaBasic Shapeand K, =P-1
Rewrite PS:[[LILZ---LQ]], L, = count of continuity. (L;,L,,) means a
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discontinuity.

[[Ll-‘-LQ]] can been slided to [LQ,LI,LZ,‘--] , [Lgfl,LQ,Ll,Lw---] by
SUM (P, PS) MOD P

[3] has proved:

7.3) Y. MIN(PS)=0MOD P

{PS} = All of the Basic Shapes [1,---,KM = P—l] * [1,2,---,P—1] can slide to.
Example 7.2:

1x(3x4x5)x(7x8)x10+1x3x(5x6x7)x(9x10)
+(1x2)x4x6x(8x9x10)+(1x2x3)x(5x6)x8x10

=139260=0 MOD 11

This = [1] has proved:
7.4) ZM[N(PS) =0MOD P, {PS} = All of the Basic Shapes with the same
PM() and the same PB(), PB() >0and K, =P-1

In Example 7.1, the SUM() is not symmetrical, it’s part of some symmetrical
express.

Eg: (I°x27+27x3 +3' x47 )+ (1 x3* +2° x4” +4’ xI’)
= SUM (5,[1,1,2,2])+ SUM (5,[1,1,3,3]) MOD 5

Use A PS) = The symmetrical express. Obviously: F([K1 K, ]) =0MOD P,
M<P-1;

P—1 (g +u,+-)!
LEN(PS)) '\,
P—LEN(PS)

7.5) F(A(PS))= —(

MOD P,M =P-1

[Proof]

Use CNT(PS) = Count of PS e F(PS) > F(PS) = —CNT(PS) MOD P
Use LEN(PS) =Count of different K, € PS

Obviously:

LEN (PS eF(PS )) is same, count of products € FRPS) = P-LEN(PS)
CNT(PS) = [Count of products € HPS)]/(P-LEN(PS))

Use A(PS) to classify PS.

/1(PS)Z=1/112/12 ...(P—l)ﬂ,u ,PM(PS)zlxﬂq +2x 4, +...+(p_1)></1p71
A(PS)=4" 1" +2% +3* +--.
A(PS)=1" 11x2x3x 4+

A(PS)=13" 1P x 242" x3 41 x3+2° x4+

Ix2° +2x3 +-31x 3 +2x 4% +--.
A(PS)=27 1P x 2% +2° %37 4P x 3 + 22 x4 40517 x 47 +2° x5 4+

A(PS)=12" 1P x2x 34+ 51x 2% x3+++51x 2% 3% -+ 517 X 3x 5 4+
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P-1
1) The combination number of ZEMPS)in P—1= [LEN(PS)j

2) Record A(PS) as {1, +}

There are x4 numbersin A,,4,,--- equalto x>0

There are px, numbersin A,4,,--- equalto y>0,y#x
+u,+)!

The combination number of 4, u,, -+ = M
Ry

P-1 <)
Count of products € HUPS) = [ JM
LEN(PS)) g, !+

q.e.d.
Example 7.3:
(13><2+23><3+33><4)+(13><3+23><4+43><1)+(13><4+33><1+43><2)

+(1x2° +2x3 +3x4’ )= ———x " /(5-2)=-4 MOD P
2020 1]

(12><22+22><32+32><42)+(12><32+22><42+42><12)
s—i 2 (5-2)=-2MOD P

(12><2><3+22><3><4)+(12><2><4+32><4><1)+(12><3><4+42><1><2)

+(1><22><3+2><32><4)+(1><22><4+3><42><1)+(1><2x32+2><3><42)
41 3

5—3'—1" ﬁ (5—3)5—6MODP

7.6)1) K!S,(P-1,K)=K'EX, , =(-1)""MOD P,1<K < P-1
2) S,(P,K)=0MOD P,1<K <P

[Proof]

SUM( [1’2’ ]) 4.11) (7%)

=( (N Ey 7+ +1'[ jEl 2+0'(NJ(P—1)!MODP
P 2 1

VSUM (N.[1,---,P—-1])

[P],, = VSUM (2,[L,+,P~1])=1+(P~1)!=0 MOD P
—(P-1)!=-1MOD P

This is a new proof of Wilson theorem.
1'E, ,=1=1MOD P
[P+1]]Ll = VSUM(3,[1,---,P—1]) =0 MOD P —2!E, , =—1MOD P

[P+2],, =VSUM (4,[1,---,P—1])=0 MOD P —3!E, , =1 MOD P
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>1)

S,(P,K)=8,(P-1,K-1)+KxS,(P-1,K) >

(K-1)IS, (P, K)=(K-1)!S,(P-1,K-1)+K!S,(P-1,K) 5
=(-1)" +(-1)"" =omOD P

q.e.d.

- P-1 N 7.6),5,(P-1,0)=0
“=1MODP=}  _ K!S, (P—I,K)(K)2—>

7.7) —(PZ}[P]\_[JJF---—@]{T] =1MOD P,(N,P)=

7.8) Y. In"? =0 MOD P*,P >3

[Proof]
PP 2 2 Y - SUM (P11 1, P-2))

—E 5 =S, (P—l,k+1)[KI:J
= Z:ﬂ[(k—l)!g (P—1,k)[1;:j+(}>—k—1)!52 (P—1,P—k)(:kﬂ

P-1

YGRS E e b

K

= P
=>2 Px/lk[ JMOD P=0MOD P’
- K

8. Form: and Analysis

Rewrite (1) of section 3 as

Ziv_(:n(nLKJ:(MH)(NA;Ij;l]_(HK)(NJrK]

M +1
PS=[K,:D,,--,K, :D,], PT=[T,,--,T,], use the same method of 3.1) to
prove:
8.1) Use the Form, = (7, +K,)--+(T,, + K, )= D X, X, »
N+T,, —q
IDX (PT)-
(T, -m)D;; X, =T,,m=countof {--, X, } e K
i_{Ki+(m—T)Di;Xi = K,,m=countof {--, X, } e K
Define H,(PS,PT,C)=4,,._ , of8.1), C=Countof XeT
8.2) H,(PT,PT.q<PM(PT))=0; H,(PT,PT,PM(PT))=[]T;, This >
4.5)
8.3) H, ([l M],[L-+,2M - 1] C)

=(-1)" " H ([2., e 2M -1],C-1)

SUM (N, PS,PT) = ZA( ) g=countof XeK. 4, =[] B
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[Proof]
Hz([l""’l]’[l""’ZM_1]’C):HZ131"

(T, -m); X, =T,,m=countof {--, X, ,} e K

14+(m=2i+1); X, =K,,m=count of {---, X, }eK

i—

= m=i—1-q

(T, -m); X, =T,m=countof {---, X, }eK
:{—((i—l)Jrq);X,- =K,,g=countof {---, X, }eT
= ()" H, (-, C)+(-1)" T H, (-, C 1)
=Hl([1,---,M],[l,---,ZM—l],C)L)
=H,([2,,M],[3,.2M =1],C)+ H, ([2,+-,M],[3,+,.2M ~1],C 1)
— H, ([L-+M][L+,2M ~1],C)

)M—C

=(-0)"" " H ([2 M) [3..2M -1],C-1)

q.e.d.
[6] obtains the unified expression of S, (N,N—M) and S, (N,N—M) by

induction:

M N
0 s v -an) =3 a0n, N

2) SZ(N,N—M)=ZTI(-1)kIA(M’k)(MM_K]

2M - K +1
[Proof]

S, (N,N-M)=SUM (N -M,[1,--,M],[L,---,2M —1]),
Form, =(T, + K, )--+(T,, +K,, ), 4.3) >

ST (e M a2 )

N—M+(M—1)+1] .
2M —(M -¢q)

M N
:ZklHl([2,...,M],[3,..-,2M—1],M—k)(2M_kj >1)
H([2,,M],[3,+-,2M —1],M =K )= A(M,K)
S,(N,N—M)=SUM(N—-M,[1,--,1],[L,--,2M —1]), use the Form,

:zgf_on([1,...,1],[1,...,2M_1],q)(N‘M+(2M—1)—(M—61)]
[

2M —(M —q)
:Zion ([1,---,1],[1,-~,2M—1],(])
=Zlez([1,...,1],[1,...,2M—1],q)(NA;1+q]M>
:ZZ_IHZ([1,...,1],[1,...,2M_1]’M_kH)[NJrM—Kj .

2M - K +1
=20, ([2>"',M],[3,---,2M—1],M—k)[N+M_kJ >2)
q.e.d.

2M -k +1
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8.4)1) Zizyil(_l)MilicZPM(PS):M,PB(PS):CMIN(PS) =1
2) Y *1(—1)M"’CZPM(PS):M,PB(PS):C(M +2+C)MIN(PS)=2"" -1
PS are Basic Shapes

[Proof]
S, (M+1,1):1, this is a known property = SUM(I,[I,---,1],[1,---,2M—1])

Use Forms

:qu[ngij,}fT)qu:qu[“;f‘Aj_lq x4

i)ZZ;MHz('“’q)%

=T ) (2 ML B 20 1],C) s 1

S, (M +2,2)=2""-1=SUM (2,[1,---,1],[L,-+-,.2M —1]) > 2)

q.e.d.

Example 8.1:

M=1:1=1

M=2:1x3-1x2=1

M=3:1><3><5—(1><3><4+1><2><4)+1><2><3:1

M =4:1x3x5x7—(1x3x5+1x3x4+1x2x4)x6
+(Ix2x3+1x3x4+1x2x4)x5-1x2x3x4 =1

M:5:l><3><5><7><9—(1><3><5><7+1><3><4><6+1><2><4><6+1><3><5><6)><8
+(1><2><3><5+1><3><4><5+1><2><4><5+1><3><5><6+1><2><4><6
+1x3x4x6)xT—(1x2x3x4+1x2x3x5+1x2x4x5+1x3x4x5)x6
+1x2x3x4x5=1

It can be concluded from the definition:

8.5 H,([L-1],[L-M],.C)=(-1)"" CIEG . =(-1)""" C1S,(M.C)

N" =VSUM (N, [1,---,1],[L,---,M])

Form, N+TM_q _ N+M_(M_C)—1
VZA"{IDX(PT)—(J_Z ”(MH—(M—C)—IJ
N+C-1

-z

86) N =>" KIS, (M,K)(g] =3 (1)K, (M,K)[N +I£<_1]

It can be concluded from the definition:

87 Hz([1+y,2+y,---,M+y],[1,z,---,M],c)=C!MMC(Acq

[x+y]" = VSUM (x,[1+y,2+ y,-,M +y])

%VZZO[@C!MMC (;;ﬁ:((j::gn
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= vZfo(ﬂj)c![y]M" [?j] _ Zfo[]‘jjcl[y]Mc (x +g - 1]
) ZZOUQD 7 k-1l = 2 o[ﬁlz][y]w [x]° > Norlund identity

9. Forms and Eulerian Number

Rewrite (1) of section 3 as

Zf;n(n;\f}: (M_K)(NAJ;IEJI]JF(HK)GV/[J;IEJ

PS=[K,:D,,--,K, :D,], PT=[T,,--,T,], use the same method of 3.1) to
prove:

9.1) Use the Form; =(T,+K,)--+(T,, +K,, ) =D X, X, »

q
f XeT. A ,
SUM (N,PS,PT)=)" A, (IDX(PT)] g=count o € ”,1 :

5 —K, +[T,—-m]|D; X, =T,,m =count of {---, X, }eT
i Kl.+le.,Xl.=Ki,m:c0untof{~-, H}eT
Define H,(PS,PT,C)=4, of9.1), C=Countof X eT

M\ . . . . M wa [M\(N+k
i is Eulerian number. Worpitzky identity: N =

=0\ k M
M M
Already known 1) = ,
M—-g-1 k

2) <A:> (M _q)<]:[__11>+(q +1)<Mq—1>

9.2) H,(PT,PT,q>0)=0; H,(PT,PT,0)=]]7 This~> 4.5)

9.3) H3([1,...,1],[1,...,M]’q):<Miuq_l>:<ﬁ:>,
H, ([0,---,0],[1,--~,M],q)=< M >

qg-1

[Proof]
Obviously: H, ([K1 Ky LT =17, ], M
M:VSUM(N,[L-~J])=Z?,40 q(NJrM

]:
01 e Vel (v

q.e.d.

It’s easy to deduce:

(*) Hy(q) = H, ([0.+,0].[L--.M].q) = X8,
{m+1:X, =T,m=countof {---, X, }eK

m:X,=K,,m=countof {---, X, }eT

B =

i

*1) H3(q)=H2(M—q—l)91)
(*2) Hy(q)=(M-q)H,(q-1)+(g+1)H,([0,-+,0],[L-.M ~1].q) >2)
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(*3) H,(q)=>_]]B -then B +B,+-+B, =q(M—q+1)
Hy([L- 1] L+, M1
=1 (M =1)+ 172 x (M =2)x 24177 x (M =3)x 2% +--
=2 XM+ 2 ) M e+ 2 M = (20 )14 2! X 24+ 2 x (M - 1)
=M (2" )= 2 (1) = M (2 1) = (2 1) =Y 2

1
9.4) Y 2li=(M-1)2""+2

M
9.5) < J >: Zt1+-~+rq+1:M—q—11t]2t2 ...(qul)t”’*1 (1+tl)...(l+t1 +...+tq),tl. 20
[Proof]

H3([0,---,0],[1,~~-,M],q+1):<Aq/[>:ZH(XGT)H(XGK)

If XeK iscertain,then X eI iscertainand X, ---X,, iscertain.
When X, ---X, >0,then X, =7, =1, K, €[l,q+1]

Record I1(X € K)=127+(qg+1)"", t,+t,+-+1,, =M —q—-1
Take out factors > 0, record as {R,P,,--} ,(*)>

N(xer)=1" (1+tp1 )PrPl (1+tp1 +1,, )Per -+, it can be rewritten as

M M . M
= =2" —(M +1), the final equation is a known property of | >

(X eT)=(1+4)(1+4 +8 ) (1+4 +6, +8 ) (14, +-+1,)

q.e.d.

This is the conclusion of [7], which is obtained by guess and proved by induc-

tion.

Example 9.1:

<§>: S 1223 (1e4) (144, +4,)

1+t +13=3

=12°3%(1+3)(1+3+0)+172'3" (1+2) (1+2+1)+172°3' (1+2)(1+2+0)
+123N(T+1) (1414 1) +1223° (1+ 1) (1414 2) +12°3 (1+1)(1+1+0)
+1°2'3% (1+0)(1+0+1)+1°2?3' (1+0) (1+0+2)
+1°2°3° (1+0) (1+0+3)+1°2°3° (1+0)(1+0+0)

=302
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