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Abstract

We derive a Put Option price associated with selling strategy of the underly-
ing security in a random interest rate environment. This extends Put Option
pricing under linear investment strategy from the Black-Scholes setting to
Hull-White stochastic interest rate model. As an application, Call Option
price for the linear investment strategy in the Hull-White model is estab-
lished. Our results address recent emergence of developing dynamic invest-
ment strategies for the purpose of reducing the investor risk exposure asso-
ciated with European-type options.
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1. Introduction

A steady growth of financial derivatives market over the past decades led to var-
ious generalizations of the classical Black-Scholes model. Notably, a pioneering
work of Wang et al ([1] [2] [3]) introduced a dynamic investing strategy in the
underlying security for the purpose of hedging the investment risks. It turned
out that selling a security proportionally to its dropping price for Put Option and
buying the security proportionally to its rising price for Call Option (both under
the Black-Scholes model) resulted in lower Option price. Zhang ef al [4] extended
the result for Call Option to stochastic interest rates following the Vasicek model.
Subsequently, Ghorbani and Korzeniowski [5] obtained the Call Option price with
investment strategy for the Cox-Ingersoll-Ross (CIR) interest rates model via
path-integral representation based on n-dimensional Ornstein-Uhlenbeck process.
It is worth noting that unlike in the Vasicek model, where the interest rate is

gaussian, the interest rate process in the CIR model is no longer gaussian and
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lacks the closed form representation.

The gist of considering dynamic investment strategies, such as presented here,
is two-fold. Firstly, unlike in the classical Black-Scholes model where the inves-
tor buys options and has no position in the underlying stock throughout the op-
tion time horizon, the dynamic investment strategy requires the investor to con-
tinuously trade the stock, whereby lowering the investor risk which is manifested
by the lower option price. Secondly, the interest rates are no longer constant and
are assumed stochastic.

This paper is concerned with Put Option hedging by linear investment strate-
gy under the Hull-White stochastic interest rates model. European Put Option
with the linear investment strategy triggers stock selling whenever the stock
price falls below the strike price and stays in the range [(1-a)K,K |. Follow-
ing [2] we state the relevant facts regarding the hedging strategy. The investment
fraction is defined by:

i S<(l-a)K
Q(S)= %[S—(l—a)K}+ﬂ (1-a)K <S<K (1.1)
1 S>K

where

S'is stock price.

Q(S) is the stock investment proportion, which is equal to the value of the
stock investment divided by A, where A is the entire investment amount.

Kis strike price of the option.

o is the investment strategy index, indicating the stock investment occurs
during the period in which the stock price drops from Kto (1-a)K..

£ is the minimum value of the stock investment proportion.

It was found in [2] that the Put Option value V7 based on the linear invest-

ment with parameters «, /3, strike price Kreads as follows:

0 S; 2K
_Ji=Bf2aly s S _
V; = - [ > K+(1-a)S; ZKJ (I-a)K<S <K (12)
(K—ﬁST)—wz(z_a) s, <(1-a)K

where Sris the terminal stock price.

We will use the above formula for the stock price that satisfies a stochastic
differential equation (SDE) with drift depending on the random interest rate,
whose SDE follows the Hull-White model.

2. The Market Model
The evolution of the stock price S, satisfies the following SDE
dS, = 1 S, dt +o,S,dW, (2.1)
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with mean return 4, constant volatility o, and a standard Brownian motion

W, . The stock price dynamic under the risk-neutral measure is then as follows

dS, = 1,S,dt +,S,dW, (2.2)

where I, is the interest rate.
By Ito formula the stock price at time 7'can be expressed as

2
[ o T
fo [rs —%]dsﬂo o1dWy ¢

S; =S5,e (2.3)

where & is the initial stock price.

Wang et al. [2] proposed a put option model based on a dynamic investment
strategy for the Black-Scholes option pricing. In this paper we extend their result
to the stochastic Hull-White interest rate model I, which satisfies the following
SDE

dr, =(6(t)-ar, ) dt + o,dW,, (2.4)
with 2 and o, constants and W,, standard Brownian motion independent
from W, .

Remark 2.1. Special case of Hull-White model, #(t)=ab, becomes the Va-

sicek model.

In general, Calin [6], 6(t) satisfies the following equation
2
o —2al
H(t):atf(0,t)+af(0,t)+£(l—e “) (2.5)

where f(0,t) is the yield curve determined by the bond price.
The solution to (2.4) reads

t t
=re " +e [ O(s)e ds+o,e ™ [ e®dW,, . (2.6)

Note that the first two terms are deterministic and the last is a Wiener integral,

thus the process I, is normally distributed, with mean and variance

E[r]=re™ +e’a‘J';6?(s)eans
0'22 —2at @7)
Var[rt]zz—a(l—e )

Integrating (2.6) yields

t o (l_ e ) t —as [® au t—as [ jau

NS =T+j0e [ 6(u)e*duds+o, [ e[ e dW,, (2.8)
when the interest rates are stochastic, the bond price is calculated by conditional
expectation

P(LT)= E[e’f s |]-'t} (2.9)

where J denotes the information available in the market at time ¢

Lemma 2.1. The Hull-White zero-coupon bond price is as follows

[ (e’ ar —1)

a

2 -2aT
T g-as s au ) l-e 2 _aT
~fo e ® [g0(u)e duds+?{T+ a —E(l—e )}

P(0O,T)=e (2.10)
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Proof: By (2.9)

P(0.T)= E[e'g s

d

fofi-eT) (2.11)
—_e a e—[g ™% [50(u)e™ duds E |:e—oz 3672 5w, ,ds |]_.Oj|
The proof will be carried out in several steps.
Step 1: Set X; = LJT e .fos e™dW, ds, then
T _ S
E[X;]=] e asE[joea‘“dwzdolho (2.12)
s 2as _1
since _[0 e™dW,, is gaussian with mean 0 and variance 5
' a
Step 2:
By product rule
S au s au S au S au
d(XSJ'O e™dW, , ) = [T W, dX, + X, d[ e dW,, +dX,d["e®dw,,
\—W—/
8 (2.13)
2
—e™ (J'OS e™dW, , ) ds+ X e*dW, ,
Integrating the above gives
s 2
X, [l esdw,, = [T e ( [Fevaw,, ) ds+ [ X, dW, (2.14)

By taking the expectation and using the fact that the Wiener integral has zero

mean, we obtain

E [XT IOT easdwzys} = IOT = {(IOT e™dW, , )2 } ds

2as
—[le=|® Llds (2.15)
0 2a
aT —aT
= iz[&_lj
a 2
Step 3: Applying Ito lemma:
d(X2)=2XdX; +(dX; ) =2X,e ™ [ e™dW, dt (2.16)

then integrating and applying step 2, yields

E[Xf]:Z'[OTeaSE[XSJ';ea”dWZVU}ds:éjg(lﬂézas—ea‘“‘st -
2.17

=a—12[T +2—1a(1—e-ZaT )+§(e-aT —1)}

Step 4: Using a stochastic variant of Fubini’s theorem we interchange the

Riemann and the Wiener integrals as follows

(7 -as S Lau _(Saau (T .-as
Xp = [ e[ eMdW, ds = [ e [ e *dsdW,, o

= IOT e *ds[ e dW,, = é(l— e ) [ edw,,
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which implies that X7 is normally distributed with mean 0 and variance E [XTZ]

computed in step 3. Therefore

2 2 —2aT
J—ZJVar(XT) G—z{T AT 2 et

E |:e—02j'ge’as gea“dwzyuds:| -E [eC’zXT :| _ e[ 2
which gives rise to the formula (zero coupon bond price).

3. Hull-White under T-Forward Measure

The stochastic model for the bond price under Hull-White model is as follows
(6]
dP(t,T)=rP(t,T)dt+v(t,T)P(t,T)dW,

3.1
- rtP(t,T)dt—%(l—e’a(T't))P(t,T)th G

In order to simplify the calculation of option value under the stochastic interest
rate, we use the technique of changing the measure and numeraire. Following
general considerations in Brigo and Mercurio [7] the dynamic of Hull-White
model under the zero-coupon bond as numeraire can be obtained using the fol-
lowing

Proposition 2.3.1. [7] Assume two numeraires B and P evolve under a proba-

bility measure Q

dB, = (...)dt+ o 2dW,

(3.2)
dP, =(...)dt+ o dW,
Then the drift of process X under numeraire Pis
ol o}
it (0= ()0, () % 63
t t
and
B ]
aw? = aw +[<;_r_ff_t] . 69
t t

Note. By the Proposition for money market account dB, =rBdt and ze-
ro-coupon bond dP(t,T)=rP(t,T)dt —%(1_e*a(m) ) P(tT)dW,, , r for

Hull-White model under T-forward measure Q' satisfies the following SDE
2
dr, :{H(t)—art —%(l—ea(T‘))JdHathT (3.5)
where
dw, = dw, +5(1— e ) dt (3.6)
a

Now that we obtained the evolution of Hull-White under T-forward measure,

we solve (3.5) via multiplying by the integrating factor €* to get
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2
d(re")=eo(t)dt—e" %2(1— e’a(T"))dt +e%a,dW,, . (3.7)

Integrating from 0 and ¢tyields

. roeiat _0__22|:(eat _l)e—aT (ZeaT _e _1)]em
a

2a (3.8)
+e _[; 0(s)e*ds+o, _[; Rl AR
By integrating over [0, T] we obtain
_ aal 2 —2aT 2aT 3 2aT 4eaT —l
IoTrtdtzrol : _0-_2 (( )2 )
a a 2a (3.9)

+ IOT e I; 6(s)e*dsdt + o, J'OT L: e Jdw; dt.

4. Put Option Price

The Put Option price is expressed as a product of the expectation of V7 under
the T-forward measure and the price of zero-coupon bond. Notice that by (2.3)
stock price Sris lognormally distributed and we denote its probability density by
f(s) for S; =s.

Theorem 4.1. (Put Option Price). The Put Option price at time 0 under the
Hull-White interest rate is given by

P(O,T)([K —Wj N [dl]—ﬁe’”%"% N [dZ]J

(1aﬂ = l N(d3)_N(d1)]j
1 (4.1)
1- m—+ (rTZ
P01 =L -0 [uia)-n(e ]
o
OT (ﬂ < tT+ UT (dA)—N(dZ)]J
where
ro( - ) T g-as au 0'22{ 1-e72aT 2 7aT:|
~Jo & [g0(u)e* duds+—2 T+ ~Z(1-e
P(O,T) 2a2 2a a( )
In(1-a)K - 1 In(1-a)K - —o?
d=—— d, =
Ot o;
_ 2
d3:InK My d4:InK My — Oy
Ot o;
2 _-aT 2 e—ZaT ZaT 3 2aT 4eaT _1
=InS Gy it o (( Je )
Hr 0T T, a "
+ J'OT e J'Se(s)easdsdt
—aT —2aT
oy —0'12T+ {T 21 : +1_§a }
a
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Proof.
ET [VT ] - J'(EH)K {(K - 55, )_W} f (ST )dST

kK  1-B|2a-1 s?
+f(1a)K7{ > K+(1—a)ST—i}f(ST)dST

= J‘él—a)K {(K —ﬁ&)-w} f (ST )dST (4.2)

2
kK 1-p[2a-1
T 22

1-a)K o
kK |1-p S?
T

We split evaluating E' [V;] into integrals I, I, and I, as follows

{K FS:)- = ﬂ)z( )}f(ST)dST
I, = j(fa)K%[Z“Z‘l K +(1—a)ST} £(S,)ds, (4.3)

K 1-8 SZ
s

Set y=InS;, then f (ey )ey is the probability density function of InS;, and
the mean and variance under the T-forward measure can be expressed form (2.3)
as follows

2
t =E"[Ins;]=E {In S, +j;[r1 —%Jduj{j o-ldWLTI}

02 T T
~Ins,~ T+ UO rtdt} E’ [jo aldwgt}

0 (4.4)
2 _aT 2 —ZaT ZaT 3 2aT 4eaT _1
:InSO—%T+r01 € G{ (( )e )]

K+(1—a)ST}f(ST)dST

2a®

+jOT e ™ J;e(s)easdsdt
2
ZVarT[|nsT]:VarT{msﬁjg(rt—%]dujgaldw;}
—Vvar'[Ins T (7 o d T o dwW”
=Var' [InS,]+Var' | | - |dt|+Var UO o, let}

=Var' [ LT o dW, } +Var' UOT oe™ j; eadeZTsdt] (4.5)
- j; ofdt+Var' [62 J'T j; e’a("s)dWZT’Sdt}

—aT _ p-2aT
_012T+ {T 21 ¢ +1 ¢ }
a’ a 2a

Moreover, we have
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_ 2
p e

T 4.6
\/ﬂg_r € ( )

f(ey)ey =

and therefore

=t ) - S s s,

2
[t ( Mj f(Sy)ds, - 8] s, 1 (s, ) s,
_ jll(la)K[K B (1_ﬁ)|:(2 —a)] f (ey)eydy—ﬂ’ji'::l*a)ey f(e”)e’dy

_i(y-m )
- K_(l—ﬂ)K(Z—a) 1 Iln(l—a)Kez 4 dy
2 N2nop 7

1y )

1 In(l-a)K "2 2
. e’e T
ﬂ\/ﬂd-r J.—oo
Yty
Oy
- - In(l-a)K—pr 1.
n 00

1 a K —ur 7122
or  eMTTe 2 (g

dy

Setting z = gives

e
(-t g o

2 Jor '

In (1 {Z K — 19 1 2
yT 5ot e—E(Z—o‘T )d

(4.7)

z

_ﬂx/ﬂj
_[K_(l—ﬂ) 2(2—0{)]N{|n(l—a)K—,uT}

Ot

_ﬁe

Or

;t|—+;o'12N|:|n(1_a)K_ﬂT —0'1?:|

where N (X) is the standard normal cumulative distribution function.

Similarly,

i =_[(K ﬂ(Zaz—lK +(1_a)STj f (ST)dST

1-a)K o

¢« (1-B2a-1 1-3 K
_.[(l—a)K(_ 2 KJf(ST)dST"‘—(l—O!)I( S; f(S;)dS;

o o 1-a)K
1-p2a-1 , (nk 1-p InK
= KJ.In(l—a)K f (ey)eydy+ a (1_a)J.In(l—a)K e’ f (ey)eydy
_ly=w)?
_1-p2a-1, 1 [
o 2 2TEO'-|— In(1-a)K

a 2

1(y-sr

+—1_ﬁ(1—a) L LIHK e'e © f dy
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InK - 1
1- 3 2a- 1 2
= P 2 rjlnlaK,uTede
InK -1 1
1—ﬂ 2
+— j eiTitoTg 2 (7
\/— In(1- aK —ur
(4.8)
_1-p2a-1 1 InK—,uT N In(1-a)K -
[24 2 [oz3 lops
+1—,8(1_a)em+26T INK — 1, —o? |n(1—a)K — 1ty — O}
a Ot Ot
and
_x [1-ps W ET .
'3__1(101)*{ o 2k (88 = oo L ST (508,
_BLnk oy gy 2 BT vav g (o
T 2aK In(l—a)Ke f(e )dy_ 2aK jln(l—a)Ke € f<e )dy
IB 1 1 . 71()"/"%)
_ n ? 52
= o LH(H)Keye dy (4.9)

InK -7

20£K \/_J‘lnlaK e

:ﬂ—le/tr‘rga% N INK — 1, — o _N In(l-a)K - —o?
2aK o7 o

Corollary. 4.1. (Put Option price for Vasicek Model). Observe that in the

1.
e Te 2 dz

special case we recover the Put Option price for the Vasicek model when
O(t)=ab.
5. Application to Call Option

European Call Option under the linear investment strategy triggers stock buying
whenever the stock price exceeds the strike price. The investment fraction is de-
fined by:

0 S<K
Q(S)= (S K)
ﬁ S>(1+a)K

Ksss(1+a)K

where

S'is stock price.

Q(S) is the stock investment proportion, which is equal to the value of the
stock investment divided by A, where A is the entire investment amount.

Kis strike price of the option.

o is the investment strategy index, indicating the stock investment occurs
during the period in which the stock price increases from Kto (1+a)K .

£ is the maximum value of the stock investment proportion.
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Zhang et al. [4] derived the Call Option price C=C; based on the linear in-
vestment for the Vasicek interest rate model and we extend their result to the
Hull-White model.

Theorem. 5.1. The Call Option price with the linear investment strategy at
time O for the Hull-White model is given by

1
+—o‘%

C, = p(O,T)(1+§(l—,uT +|nK—0“T2)je#T 2 [N(dl)_N(dZ)]
—P(O,T)(l+§jK[N(ds)_N(dzt)]

B oy st R
-P(OT)=—=e 2 |e 2 -e?

a\2n
4 P(O,T)[l—gln (1+ a)Je‘” iy (-d,)
+P(0,T)K(B-1)N(~d,)

with P(0,T), d,,d,,d;,d,, 4 and of defined below

ro(e_aT 71) T -as (S au o3 1-e72T 2 —a
P(OIT) e ~lp e fp0(u)e duds+§[T+ - —g(l—e T)]
In(1+a)K -1 —of INK -z —o?
d, = g, - INK-pn—or
o; o;
In(1+a)K -1 INK — 4
Ot o;

O, €
=InS,——=T+r, -—Z
Hr 0T, o4 232

2 1—e o {e‘m ((ZaT -3)e’T +4e* —1)
a

+ J'OT g J'; 0(s)e™dsdt
2

_ —aT _ —2aT
o-TzzofT+U—2{T—21 Bl }
a a 2a

Proof. The formula for Crhas been derived in Zhang ef al. [4] for the Vasicek
model with explicit dependence on the bond price P(0,T), z and o?. Since
in the Hull-White model the respective bond price P(0,T), 4 and o’ have
been found in (2.10), (4.4) and (4.5) respectively, and the derivation of the Call
Option price Crin Hull-White model is analogous to that of Vasicek model we
omit the proof of the formula Cr.

Corollary. 5.1. (Call Option price for Vasicek Model). Observe that in the
special case we recover the Call Option price for the Vasicek model when

f(t)=ab.

6. Conclusion

We obtained the closed form of the Put and Call Option price for the linear in-
vestment strategy under the Hull-White stochastic interest rates. In particular, a

protective put option can serve as an insurance policy against losses for the stock
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holder. Since the option price associated with trading of the underlying security
is based on continuous stock trading (impossible to implement!), a feasible dis-
crete variant is in order. Recently Li et al. [8] proposed a discretized method for
the Call Option under the classical Black-Scholes with linear investment strategy.
A feasible market implementation for our Hull-White pricing model will be
presented in a forthcoming paper. Regarding the subject of dynamic investment
strategies for European-type options under stochastic interest rates, to the best
of our knowledge, the references cited in this article include up to date published

research.
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