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Abstract

Our paper focuses on two evolutions in the Shapley value: on the one hand,
Radzik and Nowak’s solidarity value (in short s-value) allows the needy to
receive solidarity help from privileged players; on the other hand, Weber’s
concept of probabilistic value provides a setting where the probability of
joining a coalition depends both on the player being picked to join and on the
coalition being constituted, unlike for the Shapley value which assumes equal
chance to all players still waiting aside. In a context where the solidarity of
Nowak and Radzik is the guiding policy for profit sharing, what is the mean-
ing of this Weber’s idea of probabilistic value? We come out with a large class
of values, called Probabilistic solidarity values (ps-values), that comprises the
s-value. Our two main results are a characterization of Radzik-Nowak’s soli-
darity value as a specific Probabilistic solidarity value and a characterization
of symmetric ps-values which exhibit a rational intuitive property found in
literature on the per-capita productivity.
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1. Introduction

Value theory started with the Shapley value defined by Shapley (1953). The bar-
gaining model of the Shapley value is based on two main assumptions: a player
who joins a coalition gets the whole of his marginal contribution, and all players
enjoy equal chance of joining any given coalition being constituted. The solidar-
ity value presented by Nowak and Radzik (1994) agrees with the Shapley value
about the principle of equal opportunity of admission into any given coalition,

but instead distributes the player’s marginal contribution in equal shares to the
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newcomer and all others admitted earlier (since every coalition can be formed
and each player receives the average marginal contribution of a member of the
formed coalition). The probabilistic values of Weber (1988) are a generalization
of the Shapley value where the newcomer keeps the whole of his marginal con-
tribution, and where coalition formation is modelled by assuming that every
player is endowed with an a priori personal probability distribution over the set
of all coalitions not containing him, which quantifies the chance of that player
getting admitted. Hence, the chance of being admitted into a coalition depends
both on that coalition and on the player being considered for admission.

Note that with probabilistic values, Weber challenges the principle of equal
chance in joining any coalition by assuming that two different players can have
different views about joining that coalition. In the present work, we extend this
approach to the solidarity of Nowak and Radzik. And we need to understand
how that solidarity works in a context where players can individually assess their
positions in the game.

Following this introduction, Section 2 recalls some preliminaries for values
and states the definition of probabilistic solidarity values (ps-values). In Section
3, we characterize symmetric ps-values among the collection of all ps-values.
Section 4 introduces the A-consistent player axiom and the solidarity-monotony
axiom, and following Weber (1988), we study the impact on a value of axioms of
linearity, solidarity-monotony and A-consistent player property. And we obtain
an axiomatization of the whole class of ps-values. In Section 5, we characterize
efficient probabilistic values and we identify the solidarity value in the class of
probabilistic solidarity values. An intuitive property for solidarity solutions,
found in literature, based on the per-capita productivity is examined in Section 6,
where we characterize symmetric ps-values which satisfy this property. The con-

clusion and some outlooks end the paper.

2. Definitions and Notations

We fix a particular set N = {1, 2, n} of elements called the players. The col-
lection of coalitions (or subsets) of Nis denoted by P(N). A TU game on N'is
a real-valued function v:P(N)— R that assigns “a worth” to each coalition
and satisfies v(&)=0. Let I’ be the collection of all TU games on N (note
that I’ is a 2”-dimensional vector space). The game v is monotonous when
V(S,T)eNxN, [T c S]:> [V(S)ZV(T)] . A value on T' is a function
f:I'—>R", and for every vel', f(v) is denoted by f(v)=(f; (v))iEN . For
each player ;, f;(v) measures the material gain (or a quantity of wealth) that he
receives as a result of playing that game. Let us recall some of the properties
usually investigated about a value £

Axiom 1 (Linearity) The linearity axiom holds when
V(v,v,)elxT,veeR, f(ov+v,)=cf(v,)+f(v,).

(Additivity) The additivity axiom is satisfied when V(v;,v,)eI'xT",
Fv+v,)=f(v)+f(v,)
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(Monotony) Monotony holds for fwhen for every player / and for every mo-
notonous game v, f;(v)>0.
(Efficiency) A value f satisfies the efficiency axiom when VveI,VieN,

2 fi(v)=v(N).

ieN

(Symmetry) Symmetry is satisfied when for each permutation on N denoted
by @, we have for every game v; f, (v)=f,(6v) (where OV isthe TU game
on Ndefined by VS < N,ov(S)=v(6(S))).

(The null player) A value f satisfies the null player axiom when for every
vel and every ieN such that 7 is null in the game v (that is
V(T)—=v(T\{i})=0 for every coalition Tcontaining 1), we have f,(v)=0.

(The A-null player) A value fsatisfies the A-null player axiom when for every
vel and every ieN such that 7 is A-nu/l in the game v (that is

A (T)= |Tisz: [V(T)=Vv(T\k)]|=0 for every coalition 7 containing 1), we have
fi(v)=0.

For short, we often omit braces and write 7 for {i}. An example of value is
given by the Shapley value in Shapley (1953), and the Shapley value of players

for playing the game v eI isdefined by:
—[T|)! !
WeN,SmQ@yzzﬁii%}——lﬁﬁj—WTHﬂ
TlieT

In fact Shap, (V) can be interpreted as the expected marginal contribution of

U
!

player I for playing the game v, when the coalition formation policy is that all
players assemble in the grand coalition N by a one by one admission, each in
turn. At the stage where some coalition not containing 7 is constituted, needs 7 as
the next newcomer to be completed into 7"in the way of growing to lastly be-

come B, it is assumed equality of chance to all the remaining players including 7
to be picked for admission. That chance for picking 7is therefore ﬁ ina
n—[T|+
(=[] -2)!

n!
count all the possible occurrences where a coalition not containing 7 needs the

specific occurrence, but amounts to when we take into ac-

newcomer 7 to be completed into 7. As for the profit sharing policy, it is as-
sumed that upon joining 7, the player 7 gets (and keeps for himself) his marginal
contribution which is v(T Ui)—-V(T). The Shapley value was characterized by
Shapley (1953) as the unique value satisfying the efficiency, the additivity, the
symmetry and the nul/ player axioms. In the probabilistic values Weber (1988)
defines for each player 7a probability distribution over the collection of all coali-
tions not containing him as a function p':P(N\i)— R, such that

VT < N\{i}, p'(T)=0 and > p'(T)=1. The real number p'(T), de-

TN\
noted by p' (T)= P!, is interpreted as the (subjective) probability that player 7

joins coalition 7"at the stage where T'is constituted en route to grow and become
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the grand coalition N.

For every p= (( piT )TcN\i)
players for playing the game vel is defined by:

vieN, f(v)= > pi[v(TUi)-v(T)]

TcN\i

, the probabilistic value f:(ﬂ(v))i:lz_”n of

ieN

In this paper, any family of probability distribution p = ( p )i W also denoted
by p= (( P )T " ) is called a probability system. If a value
<N jeN
f=(f(v)) ,  is defined by VieN, f(v)= X pr[v(TUi)-v(T)],
t=hemn TeN\i

then p is called the probability system associated with f . So for any player
ieN, ﬁ (V) can be interpreted as the expected marginal contribution of play-

er /for playing the game vwhen it is not assumed that two different players have
equal chance of joining some coalition. It is clear that probabilistic values gene-

(=TT -2)

ralize the Shapley value. For the Shapley value, p;; = '
n!

I Gl L ()

ieT,and p; '
n:

when

,when igT.

The Shapley value is characterized by Weber (1988) as the unique probabilis-
tic value satisfying both the efficiency and symmetry axioms. The solidarity val-
ue of Radzik (1994) is introduced to express some idea of solidarity among play-
ers. Indeed for each player i€ N and for every coalition 7 containing 7 Nowak
and Radzik express this solidarity by replacing, in the Shapley value formula, the
marginal contribution v(T)-v(T\i) of player / being admitted to join T \i
with the so called average marginal contribution defined by
v 1 A
A'(T)= sz; [v(T)=V(T \k)]. The solidarity value ¢ =(¢,)_,,  ofplayers
for playing the game vis defined by:

vien, = 3 CATEDt gy
T/ieT n!

It comes out that in the solidarity value, each player instead of carrying away
for himself his marginal contribution, the solidarity approach consists of col-
lecting all marginal contributions and then distributing the total amount in
equal shares to all members of 7 Let us recall the Nowak-Radzik’s characteriza-
tion of the solidarity value.

Theorem 1 Nowak and Radzik (1994)

A value fon ' is the solidarity value, if and only if, fsatisfies the additivity,
the symmetry, the efficiency and the A-nu//player axioms.

While keeping with Nowak and Radzik’s model of solidarity, we want to im-
plement Weber’s idea about a player 7 joining a coalition T \{i} by chance fol-
lowing an a priori probability P/,

If we assume equality of chance at every admission of players to those yet to
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join, then the probability that during the building up of the grand coalition

(which is possible in |N |! ways of equal probability ﬁ ), player 7is admitted

to join only when the set of players already recruited is T \i is

(TI-2)*(N]- T

IN]!

. So, Shapley’s formula is a particular case of Weber’s with

PTi\i expressed as follows:

o (TN
T =
[N
Weber’s formula for probabilistic values reads
fi(v)="3 pry[v(T)-v(T\i)]. So, we obtain the solidarity of Nowak and
TlieT

Radzik from the probabilistic value by substituting [v(T)-v(T\i)] for

A'(T). And we can define the more general concept of probabilistic solidarity
value as follows:
Definition 1 Given a probability system p= (( p}) j , the probabilis-
TN\ ieN
tic solidarity value associated with p is the value ¢ defined by Vvel,
VieN
¢ (v)= 2 prA"(TUI) @.1)

T/igT

From now on, instead of “probabilistic solidarity value”, we shortly write
“ps-value”.

Following Weber, we say that player 7 views his participation in a game as
joining some coalition 7"and receiving as reward the average marginal contribu-
tions A’(TUi) with a (subjective) probability p; that he joins 7. So ¢ (V)
is the expected payoff of 7 from the game.

It is clear that, the solidarity value is a particular ps-value with the probability
system p defined by:
(o=l
n!
In the following section, we characterize symmetric ps-values among the class
of all ps-values. Our result recalls the one obtained in Weber (1988) for proba-

bilistic values.

3. Symmetric ps-Values

By proposition 2 below, we claim that when a ps-value is symmetric, then the
probability of joining some coalition only depends on the cardinality of that coa-
lition.

Proposition 2 Ifa ps-value ¢ on I with a probability system p satisfies the
symmetry axiom, then forevery jeN, ieN, TcN\j,and ScN\i,
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(sl =[TT)=(pr = p:)
Proof Forany ieN,let T, and T, be two coalitions with i¢T, UT, such
that 0< |T1| = |T2| <n-1. Consider a permutation & on Nsuch that
6(T,)=T, with #(i)=i.Consider the game v; defined by:
0 ifS=T,orS=9
v (8)= {1 othelrwise

We have ¢\,(VT1)= > m\ii(é[\’n (T)-v, (T \k)])’

TlieT |T |
But with ieT we always have v; (T)=1, so v (T)-v; (T\])#0 im-

plies that v; (T\j)=0, ie. T\j=T, or T\j=@. But T\j=@ means
T={i} and j=i,while T\j=T, means j=i and T =T U{i}. Therefore,

1 -
¢.<vn>=[pmm[vn M)y, (T\,)ﬂ

{ P ﬁ[\’n (T)—vg, (T j)ﬂ{l}“

1

=31 @]+ 0 v, ()]

T=,Ufi}, j=i

=Pfia+pﬁm
1

Furthermore 6v; =v; and 4 (vT2 ) =py+ piT2 X By symmetry

1
IT,[+1
axiom, we have ¢ (VT1 ) =4 (VT2 ) .

Thus pr, = py, ().

Next for distinct players 7 and j, let @ be a permutation on N that inter-

changes 7 and j, while leaving the remaining players fixed. Consider the game v

defined by:
1 ifS=2d
TOR
0 else

We obtain Vke N, ¢ (v)= ps . Note that @v=v. That implies (by sym-
metry axiom ) ¢ (v)=¢; (v). Hence py =p} (ii).
Again for distinct players 7 and j let & be a permutation that transposes 7

and j, while leaving the remaining players fixed. Let T, = N\{i, j} be a non

empty coalition and consider the game v;  defined by:

v (S)= 0 ifS=T,orS=9
ARt else

We obtain qﬁ,(vTo): Py, + p}o x;. Note that 6v; =v; , and by the

|TO|+1
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symmetry axiom we have ¢ (VTo ) = ¢; (vTO ) =pl+ ijO X

So py+ Py, xm: s+ P xmﬁ . Using (i), we obtain p; =p}
(iii).

For distinct players 7and j let @ be a permutation that interchanges 7 and j,
while leaving the remaining players fixed. Let T, c N\ j,i €T, and consider the

game V. defined by:

VT3

()= 0 ifS=T,orS=92
1 else

Wehave 4 (Vg )= p}+pi x

5 . Note that Ov; =V with
P+ Poh

T, = (T;\i)U j . By symmetry axiom we have

? (VTs):qﬁ'(Vfa): Ps + Py, X|T~3|+1'

Using (ii), we have ij3 = piT~3 (iv).

Once more, for distinct players 7/ and j, let € be a permutation that inter-
changes 7and j, while leaving the remaining players fixed. Consider the game V'
defined by

¢ (S):{|s|+1 if i #8,S #
0 otherwise

We have ¢ (\7): - pjy- Since V' =¥'. By symmetry axiom, we have
TlieT

¢'(AI) ( ) Z pT\J Le. Z PH = z ij\j-

TlieT T/jeT

So, Pyy+ 2. Pry=Piy+ 2, P Using (ii), (iii) and (iv), we ob-

TI/T#N,ieT TIT#N,jeT
tain Py, = pl{-l\j ().

Finally with (i), (ii), (iii), (iv) and (v), we have the proof.

Now we show that the converse of proposition 2 holds.

Proposition 3 Let ¢ be a ps-value on I" with a probability system p. If for
every jeN, ieN, TcN\j and ScN\i, (|S|=|T|):(pTJ = pis), then
¢ satisfies the symmetry axiom.

Proof We have VieN, ¢ (v)= Y py;A'(T). Consider 6,a permutation

T/ieT

on N. We should prove that forany ieN, ¢, (V)=4¢(6v). We have

qﬁl(ev)zT/EiE:Tp}\, T k;[av —ov(T\k)]
%(i)(v):ﬂ; pm o k;[v V(T \K)]

To prove that equality, denoteby A={T = N/ieT} and
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B :{T cN /9(i)eT} . Remark that @: j> j is a bijection from N to N, so
0:T > 6(T), seen as an application from P(N) to P(N) isalso a bijection.
Also, it is straightforward that VT eA , G(T) eB, while VT eB,
ot (T) € A . Therefore, 6, seen as an application from A to Bis also a bijection.
Let us first prove that for every T e A, T =0(T) satisfies (a) below:

1

p}\iF;[GV(T)—HV(T\k)}:p?fg(i)ﬁé[v(f)—v(f\kﬂ (@)

Indeed, pry ﬁ = pffig)(i) ‘?{ , due to the fact that "I:‘ = |T| and

(|S| = |T|) = ( ij = piS ) . We need to show that (b) holds:

Z[HV(T)—HV(T\k)}:é[v(f)—v(f\k)} (b)

keT

But 6:k+— H(k), seen as an application from 7 to T is also a bijection,
and forany keT, k=6(k) belongs to T and satisfies

V(TA)—V(TA\IZ)zav(T)—av(T\k) (c)
To check for (c),
v(F)=v(T1R)=v(o(T)-v(o(T)\o(K)
=v(0(T))-v(0(T \k))

—ov(T)-6v(T \K)

So, (c) is true, which leads to (b) being true, and therefore (a) is true. So,
iy (V) =6, (OV) .

The two propositions 2 and 3 lead to the following result:

Theorem 4 A ps-value ¢ on U with a probability system p satisfies the
symmetry axiom, if and only if for every jeN, ieN, TcN\j, and
ScN\i, (|s|=[T)=(pl=pi).

In the next section, we introduce the axioms of A-consistent player and

s-monotony. And we study their impacts on a value.

4. About the Linearity, the Solidarity Monotony and the
A-Consistent Player Axioms for a Value

The A-null axiom in Nowak and Radzik (1994) ensures that each A-null player
receives a 0 payoff. And what about a player for which the average marginal
contribution of each coalition containing him is a fixed non null real number?
One can understand that the A-null player concept can be generalized by consi-
dering any ¢ € R which is not necessarily equal to 0. And we state that a player
iis A-consistent at c for ve’ when VTN, ieT = A’ (T) =cC. So, being
A-null is the same as being A-consistent at 0. It is easy to verify that if two dif-
ferent players are respectively A-consistent at ¢, e R and c,eR for veTl,
then we have ¢, =c,.Indeed, we have A’ ({i, J}) =¢, and A’ ({i, j}) =c¢,.One
may wonder if it is possible to be an A-consistent player without being a null
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player. A glance at additive games provides an affirmative answer. Indeed, it is
easy to prove that if a game vis additive, then there exists an A-consistent player
if and only if all players are A-consistent, and this happens if and only if Vie N,
VjeN v(i)=v(]j)=c. So, for the additive game satisfying Vie N, v(i)=3,
all players are A-consistent at 3.

We introduce the A-consistent player axiom as follows:

Axiom 2 A value fon T satisfies the A-consistent player axiom when for
every VeI, for every player i and every CeR such that i is A-consistent at ¢
for v, we have f (v)=c.

We claim that if each coalition containing player 7 has a null or not average
marginal contribution ¢, then according to the A-consistent player axiom, player

Ireceives ¢ payoff from the game.
Note that the Shapley value fails to satisfy the A-consistent player axiom. In-

deed, for N :{1,2,3},consider the game vdefined by V(l):%,
v(2)=v(3)=1 and v({1,2})=v({L3})=v(N)=1 and v({2,3})=0. Player 1

1
is an A-consistent player at 3 for v; because every T < N with 1eT satis-

fies A'(T) :%, but Shap, (v) =g )

Lemma 5 The solidarity value satisfies the A-consistent player axiom.
Proof. For each vel , the solidarity value is defined by: VjeN ,

?; (V) = TZB‘; ij\j A (T) where

(n—[TPu(T]-2)!
n!
A-consistent at cfor v. So, VT <N, ieT, A’ (T)= ¢ . Furthermore, the so-

ij\j: .Let ieN and ceR such thatisan

lidarity value ¢ isaps-value.So VjeN, > pi, j =1. Thus,

(4 (V) = Z M\iAV (T)

TlieT

=c Yy p}, sinceieT = A'(T)=c

TlieT

=c since Y pp; =1

TlieT

and the solidarity value satisfies the A-consistent player axiom.

The A-consistent player axiom is new and by lemma 6 below, we easily see
that it differs with Nowak and Radzik’s A-null axiom.

Lemma 6 1) Ifa value fon T satisfies the A-consistent player axiom, then f
satisfies the A-null player axiom.

2) A value fon I' can satisfy the A-null player axiom, and fail to satisfy the
A-consistent player axiom.

Proof. 1) is obvious. For 2), take any family of real numbers

verifying Y a; #1, and consider the value fon I' defined

(af) .
(i,T)/ieN,TcN ieT =
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by VieN, f(v)= > aA'(T). It is obvious that if 7 is A-null in v then

T/Tsi
fi(v)=0.
But now, consider the additive game VeI, such that for each player ie N,
v(i)=1.Itisclear that VT <N, 1eT, A’(T)=1 holds. And

f.(v)= > ar =1.
T/T>1
So, we have the proof of 2).
Now consider the family of games (w; ) (where 2" ={T =N, T=Q})

defined by

Te2N

vl s

0 otherwise

Note that the family (w; );n is introduced in Nowak and Radzik (1994),
and shown to be a vector basis for I'. Let us recall the following result.
Lemma 7 Nowak and Radzik (1994) For any non-empty coalition T < N,

the game W, has the following properties:
() w, (T)=1; G)If TS and TS, then w, (s):ész(S\i) and
ieS

(iii) every player i€ N\T is A-nul/in the game W, .

The proof provided by Nowak and Radzik that (w; )TeZN is a vector basis

does not unveil the coordinates of any veI in that basis. From proposition 8
below, we show that the coordinate of any veI with respect to w,, Tz
is A'(T).
Proposition 8 Forevery vel', v= > A" (T)w
TITcN, T8

Proof. Let Vel. Since (W ), isa basis for I, there exists (o ) a

TeoN 2

family of real numbers such that v= )" o W . So, forany T,=J, T c N,
I#Tc<N

we have:
V(To)= D oW (Ty) and 3 apwe (Ty)= >, oW (Ty)+ay, - By

DTN D#T<N T#D,TCTy

the lemma 7, we have

VW)= Y o X[iz W, (To\k)]+aT0

T=,TCTy |To keTy

- [i > o v (T, \k)J+aT0

T

T@,TCT, KeTo
YA Y aw (T\K) |a
keTy |To| T#0,TCTy 0

_ [1 3 aTWT(TO\k)]+aTO,

|T0| T#0,TCTy\k

since w; (Ty\k)=01if keT,
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Therefore, V(T,)= {LV(T0 \k)J +oy ,because V=) a;w and

|To| DTN
[non(T =Ty \k) = w; (T, \k)=0]
1

Hence, v(T,)= |—
0

V(T, \k)+ e , which implies that
0 T

keTy

_ZV(To\k):AV(To)

0| keTp

Therefore, o = A’ (T, ), which shows that VT < N with T =@,
a; = A'(T) and ends the proof.

Now we investigate in the following result, the impact of the axioms of linear-
ity and A-consistent player for a value.

Proposition 9 Let fbe a value on T and v el. If fsatisfies both the linear-
ity and the A-consistent player axioms, then Yie N,

S fi(w)=1 and f,(v)= 3 f (w )A"(T).

TlieT TlieT

Proof. Since VeI, by proposition 8 we have v = Z A’ (T)w; . Furthermore
Te2N

fsatisfies the linearity axiom, thatleadsto Vie N, f(v)= > f(w )A"(T).

TN
By lemma 6, we know that fsatisfies the A-null player axiom. Due to lemma 7,
we know that for each non-empty coalition 7'not containing j player 7is A-null
in the game w;.Thus VT < N\{i}, f(w )=0.
So VieN, f(v)=> f(w)A"(T) impliesthat VieN,
N

Te2

f.(v) =TIZT fi (w ) A'(T).
Now consider the additive game V defined by: for every player jeN,
V(j)=c, ceR".
We have for each ieN, f (V)= f(w )A"(T). Note that every player ;

TlieT
is A-consistent at cfor ¥, since he verifies [VT cN,jeT=A(T)= C:| )

So, for each ieN, f (V)= > f(w )xc. And by the A-consistent player

TlieT
axiom, we have for each ieN , f(V)=c . That leads to VieN ,
> f.(wW )xc=c. Therefore for every ie N, > f (W )=1,and this ends the

TlieT TlieT
proof.

To motivate the monotony axiom, Weber (1988) points out that, player 7
knows that his joining a coalition never hurts it collectively, since for every
T N\i, v(TUi)-v(T)=0. So, the monotony axiom ensures that player /
receives at least 0 as his ultimate payoff. However in the solidarity context of
Nowak and Radzik, one can notice that for every game v; each player of a non
empty coalition T'receives A’(T). So in such a context, should the positivity of

a value not be defined with respect to all the average marginal contribution of

DOI: 10.4236/tel.2020.106085

1407 Theoretical Economics Letters


https://doi.org/10.4236/tel.2020.106085

S. B. Nlénd Oum, L. Diffo Lambo

non empty coalitions? That suggest us the solidarity monotony (or s-monotony)
axiom, which can be viewed as a solidarity variant of the monotony axiom.

Definition 2 A game VeI iss-monotonic when for every non empty coali-
tion T, AV(T)ZO,

We claim that in a s-monotonic game, the assistance of the needy players in
each non empty coalition does not create any debt for the wealthy ones. There-
fore by the s-monotony axiom, every player receives a non negative payoff. It is
obvious that any monotonic game VeI is s-monotonic. To see that the con-
verse is false, check that when T # N, w; is s-monotonic, but fails to be mo-
notonic.

Axiom 3 A value fon T' satisfies the s-monotony axiom when for every
player i and for every s-monotonic game v, we have f (v)>0.

The s-monotony axiom expresses a variant of the classic positivity in the sens
of the solidarity of Nowak and Radzik.

Now let us study the s-monotony axiom for a value.
Proposition 10 Let f be a value on T" such that Vv el, for every player
ieN, fi(v)=> fi(w)A(T) and D f(w )=1. If f satisfies the
TlieT TlieT

s-monotony axiom, then for every ie N, ( fi (W )) is a probability dis-

TCN,ieT
tribution on the subsets of N\i.

Proof It will be sufficient to show that VieN , VT <N ,
ieT = f(w )>0.Bylemma 7, we know that for every non empty coalition 7;
the game W; is s-monotonic. So, by the s-monotony axiom, we have VieN,
VTN, ieT, f(w)>0.

Due to proposition 9 and proposition 10, we have the following result which is
an axiomatic characterization of the whole class of ps-values:

Theorem 11 A value fon T satisfies the linearity, the A-consistent player
and the s-monotony axioms, if and only if, fis a ps-value.

Proof. 1f fsatisfies both the linearity and the A-consistent player axioms, then
by proposition 9, we have Vie N, f(v)= D f(w )A'(T) and

Tliet

z f, (WT )=1. And using proposition 10, we have that for each player ie N,

TlieT

the family (f, (w; )) is a probability distribution on the subsets of N\i,

TcN,ieT
where VieN, VTN, ieT, f(w )= p,, since fsatisfies the s-monotonic
axiom.

Conversely, assume that there exists a probabilistic system
p= (( p;\i) _ ) , such that for every vel,and forevery ieN,

TcN,ieT ieN
f.(v)= Y pryA'(T). It is easy to check that each application V> A’(T)
TlieT

from I' to R islinear, so fsatisfies the linearity axiom.

Furthermore, for each veI,let ie N such that /is an A-consistent player

for vat ceR,then VTN, ieT, A'(T)=c. Wehave > p;, =1, since

TlieT
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p' :(piT\i )T Vit is a probability distribution on the subsets of N \i. Hence

f.(v)=c and fsatisfies the A-consistent player axiom.
Now for every Vel such that vis a s-monotonic game, we have Vie N,
VTN, ieT, A(T)20.So VieN, f/(v)=0 since p;;>0. That ends

the proof.
In the next section, we characterize efficient ps-values and identify the soli-

darity value as a specific ps-value.

5. Characterization of the Solidarity Value in the Class of
ps-Values

Theorem 12 below presents a characterization of efficient ps-values based on the
probabilistic system p.

Theorem 12 A ps-value with probability system p satisfies the efficiency
axiom, if and only if;

> pwi =1 and VT ¢{@,N}, V(i,j)eNxN,

ieN
> P = > Py
= |T|+1 L{L=TFL LT jeL !
Proof. Let fbe a ps-value, for each VeI, there exists a probabilistic system

p:((m)TcN\i j, N suchthat VieN, f, (V)= Z piT\. T\k)]

TlieT

v(T \k)] . Explicitely, we ob-

i 1
We have > f(v)=> > pT\iF )

ieN ieN T/ieT
tain:
SHW=235 3 st 3 [WTUD)-v((TUIK)]
V)= Vv )=V 1
= ieN t=0 T{T|=tieT Pr |T|+1keTUi
And
2 fi(v)= X2 v(T) sz\l Zpﬂ\j +V(N) > Phui
ieN T+ T#N ieT |T|+1L\L\ T[L,LoT jel ieN

That leads to relation

2 HV)=v(N)Y pwi+ 2 v(T)| X pri— > 2phy |
ieN ieN T#0,T#N ieT |T|+1L\|_\ T+LLoT jeL

It comes out that if

{Z P =1and VT ¢ {@,N},V(i,j)e NxN,

ieN

épﬂl |T|+1L\L\ 'I;lLDTjg_pL\J:|

then fis efficient.
For the converse, following Weber (Weber 1988), for every non empty coali-
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tion 7, consider both games v; and V, defined by:

1 ifSoT 1 ifS ;T
()= o= ()= |
otherwise 0 otherwise

Consider the game V,, relation 1 becomes

S )= (NS phy+ 3 vN(s>[zp;\i L o

ieN jeN $22,5#N ies |S|+1 LJL=/S]+1LoS jeL
Thatis Y f(vy)=2. pg‘\j . Furthermore ) f, (v, )=1 since fis efficient.
ieN jeN ieN

Thus )" p},; =1.

jeN
Now for every nonempty coalition 7" such that T # N, consider the games
v; and V. Note that:

Vi (S)=0;(S) forS =T

It turns out that Y f,(v; )= > (V) =) P 1 3 pﬂ\j )

ieN ieN ieT WL:‘LHTHLLQT jeL
Furthermore ) f,(v; )= f;(V; ) =1, since fis efficient.
ieN ieN

Therefore Y pr; S > pl\; =0. That ends the proof.

ieT |T| +1 Lot et :
Now we can characterize the solidarity value as a ps-value.
Theorem 13 A ps-value f is the solidarity value, if and only if, f satisfies the

symmetry and the efficiency axioms.

Proof Wehave YWel, VieN, f(v)=> pA"(T).

TlieT

By Theorem 12 we have Y py, =1 and VT ¢{&,N},

ieN
ZT:p}\i :mﬁu 2 T; ply;- For every te{0,1,--,n—1}, since fis effi-
ic LT+ LT je

cient, we have:

z z I0+=Z Z P$="'=Z Z IO$=ZIO:W=1 ().

ieN T{T|=t,igT ieN T{T|=t+1,igT ieN T{T|=n—LieT ieN

n-1
Note that for every i€ N, there are [ |T| j coalitions 7" not containing j
n-1 _
and consequently |T| quantities p; = P - Thus, for the n players, there

n-1 . , n-1
are nx[ } quantities p;. Note that » > p; = nx[ th (**). Both
|T| ieN T:‘T‘:t |T|

relations (*) and (**) lead to nx[ th =1. Hence VieN, VT cN\i,

n-1
7|
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ti(n—t-1)!

Pr=p =

So, VieN, f(v)= z M

= n!

A"(TUi) or
VieN,

)= 3 O
TlieT n:

Conversely, using theorem 1, we have the proof.

Recall that the class of probabilistic solidarity values is a generalization of the
well known solidarity value of Nowak and Radzik (1994). So they intend to re-
flect some degree of solidarity among players. The next section focuses on an
intuitive solidarity behavior found in literature which we refer as the per-capita
productivity behavior. And we identify one subclass of ps-values that exhibits

this property.

6. Probabilistic Solidarity Values and the Per-Capita
Productivity Behavior

First of all, we present the per-capita productivity behavior through the follow-
ing example found in literature: the set of all playersis N = {1, 2,3} and vel
is given by:

V=Upy + 2. Uy

where u;, T # is the unanimity game. There are no synergies between the
players in coalitions {1} and {2,3} and the per-capita productivity in both
groups is the same, namely 1. So, by the per-capita productivity behavior, each
solidarity solution for v should reward players so that the per-capita payoff in
both groups is also the same. However, various solidarity solutions fail to do so.
This is the case for the generalized Solidarity values of Casajus and Huettner
(2014) including the Solidarity value of Nowak and Radzik (1994). In fact the

Solidarity value ¢ for vis given by ¢, (V)= % and ¢, (v)=¢;(v)= % and

the per-capita payoffin {1} and {2,3} is % and % respectively.

In contrast ps-values provide an infinite set of solutions satisfying the
per-capita productivity behavior. To see this, look at the following example:
N ={1,2,3} and vel isgivenby:

v({2.2}) = v({L}) + {2} v({2.3)) = v({2}) + {3} v({2.3}) = 2v({}).
One can easily checks that both groups {1} and {2,3} have independent

productivities and the same per-capita productivity. Now consider the set of all
ps-values ¢ satisfying:
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3
5 P2 3 Pug }v(3)

It is clear that 2¢ (V) - [qﬁz (V) + ¢, (V)] =0.So each ¢ satisfies the per-capita
productivity behavior. And by theorem 12, every ¢ described above is effi-
cient.

Now before characterizing symmetric ps-values which exhibit the per-capita
productivity behavior, we need to state the property.

Axiom 4 A value ¢ satisfies the per-capita productivity behavior when for
allgamesvand TcN, T#J,N:

If VScN, v(S)=v(SNT)+Vv(SN(N\T)) and %:% then
Zat) > o)
T N

Based on the example above, we consider vel', a symmetric ps-value ¢
and for each player 4 we express ¢ (V) accordingto Vv(T,), T, cTU(N\T),
T#N\T.

From now on, let us consider v and 7 as described in axiom 4, and ¢ a
symmetric ps-value. Moreover assume that |T| < |N \T|. Also for every ieN
and T,cTU(N\T), (4 (V))TO is the estimation of ¢ (v) on v(T,). And
due to theorem 4, p, denotes the probability to join a coalition of size ¢ where
t=0,1 2,-~,|N | —1. Notice that considering the definition of a ps-value and the
conclusion in axiom 4, it is sufficient for the payoff ¢ (v), to simply write terms

using probabilities from p, to Py ;.

Lemma 14 Let us consider Ty GT and ieT;:
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(AT
e,
(00, =) s Pt &y P

-

- Z p\T0\+k V(To)

IT\T|>1.

(M
1 [N\T| k
(40, =) Pros = P ™ & ek P

b) ,
INI=[T|
LR

-y 2 T
2 ke P |V(T)

T\T,|=1.

We must point out that in all the following proofs, we might write a quantity
other than V(T ), in order to make reading more comfortable.
Proof. Recall that ¢ (v)= > p;A'(TUi). So, excluding other quantities

TlieT

presentin A’ (T Ui), we obtain:

(4 V), = |T|pT0 i LTolv(To)]
+ 2 Py [(Tol+ V(T U{is}) -v(Ts) ]

LeT\Ty |T |+1
[NIT| B
VY Y Y e o [Tl k(T UT UG

heT\Ty k=1 T‘C‘N\T |T |+ k+1
k

NI 1

_V(TO):|+ kzi TCZN\T |T |+k
Fl=

pTO\{i}UT. [(|T0| + k)v(T0 Uf) —kv(T, )]

“ (V))TO " /(%) (|-|I—T|o_|w|LTi|) PV (To)
i (1= |)(|N|k Il

- kZ:; |-|- |+k+1 p\T0\+kV(To)

Ll

—_— To)
+ ~ |T0|+k p\T0\+k—lV( 0)
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(4 (), =ﬁ o [TV (T)]

PR |+1 Pl [ (Mol + ¥ (T U }) - (To)
b) +i1§‘TONkZT; 1f§\TmpT° st (Tl +k+)v (T, UT UL}
ffl=«
_V(TO)}‘N\ZWZ Lot [T+ KV (T, UT) ke (7,)

k=1 TeN\T |T |+k
[T

(¢‘| (V))TO = pTO—lv(TO)_m% p\TO\V(To)

e M

2, et P (To)

N|—T
NT|T0|[| |k| |j

+ g; Wp\TO\+k—lv(T0)'
Lemma 15 Consider Ty GT and ieT\T;:
INJ=IT]
1 Nk
a) (4 (V))To = Tl Py~ kZ:; mp‘%w v(T,), when [T\T|>1.
INJ=[T]
b B LK T,), [T\T,|=1
) (4 (V) = T T & ket Mol V(Ty)s [T\T[=1.

(MV))TO T+ 1pT0[(|T|+1)( U{i})_V(To)]

Proof.a)  |N7| 1 o
' kzl TCZN\T |T |+k+1 pTouf [(|T°|+k+1)V(T0 Ut U{I})_V(TO)J
[Tl=k
IN[=[T|
1 INJ-[T] k

thus (¢, (v)), = |T|+l P, v(To) - émp\To\+kV(To)-

(4(v ))TO |T| P [(lT [+2)v(T, U{i})_V(TO)]

b) N 1 o
£ 2 3 e [ (Tl kv (TLUT U -v(T)

k=1 TcN\T|T |+k+1
[Tk
IN|-[T|
L (IRt
or (¢(v)), = A PrV(To) - kZ:; mp\To\+kV(To)‘
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Lemma 16 For Ty=T and ieT;:

N(-|T
NT1|TU|{| |k| |j

; |TO|T Prrof+k-1

T,|-1
o ()

T
' ;) TI[NAT]+k+1] P |V(To)

(4(V);, =

) p\To\*l +

(4 (W), ﬁ B [Talv(To)]

INI-[T[-2 1 | )
IT|=k

Tol-2 1

NP

e P
k:O'I:gTO\{i}|N\T|+k+1 NATUT

[Tl

[(|N \T|+k+2)v(NATUTU{i})

(NI
N2 170 K
—(k+l)v(N\T)j=p‘TOHV(TO)+ g{ mehkfﬂﬁo)
INAT| [Tl -

k

_— NAT
+k:0fg§\{i} INAT[+k+1 p‘N\TMV( )

Proof [Tl
N{—[T
NT1|T°|[| |k| |j

(¢| (V))TO = p\TO\—lv(TO)Jr Z p\TO\+kf1V(T0)

Hence

T
' k=0 |T|[|N \T|+k+1:| p\N\T\+kV( o)

Lemma 17 Consider T)GN\T and ieT:

e
. T1|To|( k

(¢l (V))To = |T0| +1 p\To\ + Z m p\To\Jfk

k=1

a)

(T
)

&7 lke2 MmOy P v(T)

when (|N|—|T|—|T0|)>1.
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b)

(40, -| 2 N L N

7| et it P i 2P [T

when (|N|—|T|—|T0|):1

Proof a)
(¢l (V))TO |T | +1 pTo |:(|T |+1) (T U{I})_V(TO)]
+ZZ:TC; Fhﬁ oL [ (ol +k+2)v (T UT Ui}~ (k +0)v(T, ) ]

[Tl=

T2 1

+|e(r§)w kZ;TcTZ\ mpT‘JUTU [(|T|+k+2) (TOU{il}UfU{i})
T ek

1

‘V(TO)]Jf > mp;OU{i}|:(|T0|+2)V(T0U{il}U{i})_v(TO)]

ie(N\TIVT, | 1o

| | - 1|T |(|T|k 1)
(¢|( ))To |-|— |+l p\TO\ ( ) Z |T |+k+l p\T0\+k ( )
(- (T

Hence - kZ:; T k2 PrrgjekeaV (To)

_(INJ=[T]=[s )

ITo| +2

PV (To)

(60, = ez P [T 0T Ut -v(r)

+:z‘;;\: mpﬁw [(|To|+k+1)v(T0U'I:U{i})—(k +1)V(T0)J
b) \T\*

- By (2T

iy e(N\T)©\Tp k= OT‘C"I'\ |T |+k+2
7=k

Uii})-v(T)]

T|-1
|T| - 1|T0|[| |k j
(¢| (V))T |-|- |+1 p\TO\ ( ) Zm p\T0\+kV(T0)

0 k=1
[T[-1
[T|-2 Kk

ALY T
k=0 |T0|+k+2 p‘T°‘+k+1v( o)

Hence

Lemma 18 For Ty N\T and ie(N\T)\T,
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I |T|]
-1 [Tl (k
a) (¢ (v), = WP\TO\—ZWP\TO\+k v(To)» (IN[=[T]=[Tg[)>1

k=1]'g

7|
-1 m2 |k
b) (¢‘u (V))TO = |-|—0|_+1 P _kZ:; |To|+_k+1 Prroj V(To), (|N|_|T|_|To|):1'

45 g T Uf) v ]
Proofa) |

22 e P (T UT U ()

k=Lt
[Fl=k

(8, i o, [T+, U -,

b) [

+ z > i |+k+1 pr e | (ol +k+2)v(To UT Ui} ) - v(Ty ) |

PV (To) = by Emj

[Tl
To)-
k22;|T0| Fk+1 p‘T°‘+kv( 0)

=

1
Thus (¢| (v))To |T |+1

Lemma 19 Take T, S N\T and ieT;:
pierrp e
N T
(¢| (V))To = p\To\—l_Tlo o Z |T |+k p\TO\+k-1

a) o (8-l ) |

_kz:; ITo|+k+1

P [V(To)

when (|N|—|T|—|T0|)>1
b)

T PR S G, v G

o = p\To\l |-|-| 1p\TO\ Z |-|-| Tk p\T0\+k1 ZW p\T0\+k V(To)’

with (|N|—|T|—|TO|):1
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(4 V), =

0

|-|- | pTo UT |V( )]

*;%mnﬁww [T (T, U ()]
[Tl

Proof a) +ZI1ZI' |T |+k pTO\ U [(|TO|+k)V(T0 U'f)—kv(To)]
[Tk

"l

+ Z ZZ|T|+k+1pTO\ (IHUTULL) [(|T|+k+l) (T UfU{il})

iy e(N\T)©\Tp —lﬁ:T
k

-v(T, )}
(4 (V))T = pTolv(TO)_W p\TO\V(TO)

- -

Z |-|- |+|( p\T0\+k—1 (T) Z

= To|+k+1
(¢' (V))To |T | pTo\ UTU'V TO :|

. WLNE (v UG -v(r)]

it e(N\T)\Ty

PV (To)

Ll

b) +;T§ T | o pT(J ot [(|T0|+k)v(TOU'I:)—kv(TO)J

[Tl
. TzlleHkaTo oo | (ol +k+2)v(T, UT Uiy}

i e(N\T)©\To k 1"I"CT
k

-v(T, )}
| |T|
\T\

(¢|( )) = p\TO\ 1 ( |-|— :|I-+1 p\To\ ( ) = 1|T|T p\TO\Jrk -1 (T )

) [ITIJ
T|-1 k
N/ T
k=1 |To|+ k+1 p‘T0\+kV( 0)
Lemma 20 Consider Ty GT and ieN\T:

IN\T|-1
) mum[k

(¢| (V))To - |T0|+l Pro| ~ |T |+2 Propsa =i W Pt

NAT|-1
L

= ITo| +k+2

And

p\T0\+k+1 v (TO )
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when |T|—|T0|>1.

T ||N\T| -1
B |TO| ~ 1 ‘N\T‘ l—k
(A0, = ez ol a2 Mot & reker P

b) , with
IN\T|-1
[NAT|-2 k

k2 Propeic [V(To)

[TI=[To] =1
1

(4 (V))TO T+ 1pTo [(|T |+2)v(T, U{i})_V(To)]
+ 2 mpﬁ,u{a} [(|T0|+2)V(To U{il}U{i})_V(To)]

heT\Tp | 1o
[NAT|-1 1

Proof a) + kz_; - %; mpTOUT |:(|T0|+k+1)V(TOUT U{I})
\T\ A

\N\T\ -1 1

~(k+)v(Ty) ]+ X Z

ieT\T k—l Te(NT |T |+k+2
\T\:k
JUfi})-v(Ty) |

XDl g, [(|T|+k+2) (T, UT U,
T|)

(@00, =) -E-E g )

0

IN\T|-1
\N\T\-1| 0| k
i - 7 T,
That is + v |TO|+k+1 p‘Tng (0)

N\T|-1
N\Tl(|T|_|T0|)(| k| ]

T & T hkez (D)

1

(40, =7 P [ (T U -v(r)]
+ Z mpﬁu{h} [(|T0|+2)V(T0U{il}U{i})_V(To)]

ieT\Ty | 1o
[N\T|-1 1 ~ .
b) + é TC(% mpTOUT [(|TO|+k+1)V(TO UT U{l})
T|=

NAT]-2
\ \ 1

—(k+1)v ]+ >

i eT\Ty k =1 T(N\T)\{i} |To|+k+2

[T|=k
XPlutui [(|T|+k+2) (TonU{il}U{i})_v(To)]
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1
(¢i (v))TO = m p\To\V(TO)_W P\TO\HV(To)

So IN\T|-1 INAT|-1
[NAT]-1 |T0| k [NAT|-2 k

.\ * J T)— A
+ = |T0|+k+]_ p\Tonv( 0) kZ:‘I |T0|+k+2 p\To\+k+1V

Lemma 21 For T)=T(T,) and ie N\T:

INAT|-1
|T | N\T2|TO|( k |N\T|

(¢| (V))TO = |-|- |+1 Py + kZ:; |To|+k+1 Prrgf + |-|- | Pt

e MV ('T'J ™)

+ kZ:; W Parfis [V

(400, =577 (T2 ) ()]

[N\T|-2 1 i ) .
" fgawm\mmh—ku%w [(f+k+2)v(T,UTULi)
Proof. i .

~(k+1)v(Ty) |+ |N\T| Py [INAT[V(NAT)]

-

3PN rere

k= 1T<:T|N \T|+k

[Tl

o [(NATL V(AT UT) - (AT

N\T[-1
|-|- | \N\T\-z' 0|[| k| T
(¢ (V))TO T, +1 P V(To) + é WP\TO\JrkV( 0)
Hence |_|_|
Ll (T)+§—|N\T|( | )
|T| p\N\T\ -1 “ |T||:|N \T|+k:| p\N\THk—l 0

For the continuation, we need to introduce some notations with a view to

more easily present each payoff ¢ (v): for every Ty cT or S, N\T, we

write (¢ (v)), =(4 (V) v(To) or (4(v)), =(4(v), v(So) where
m and m are given by the related lemma above. Recall that we

have voluntarily forgotten probability p, ; in those lemmas. So we obtain:

vieN . g(v)= (W), v(T)+ X (4(v)v ||pnlAV N)

TocT SQCN\T
(E)
Furthermore we denote i, €Ty, i, eT\Ty, j€S;, j,e(N\T)\Sy, i;eT
and j, eN\T.
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Theorem 22 shows that the set of symmetric ps-values which satisfy the

per-capita productivity property is not empty.
Theorem 22 Let ¢ be a symmetric ps-value on N defined by a probability

system ( P )t:o,1,2,~-nn—1 ’
¢ satisfies the per-capita productivity property if and only if (pt )tzou o

is solution for the linear system defined by:
INVTITI (4, (), +N\TIT VT, @), ~TINATg, ), =0T =12,
INAT7](4, @), ~ITlSul{8, ), ~TION TN, (), = O8] =12, N [T -1

Proof. Consider a symmetric ps-value ¢ andagame veI such that:

¥ScN, v(S)=v(SNT)+Vv(SN(N\T)) and %:VFNN\\T-I—').Using (E,)

we have:

24 (V) 2 4(v)

ieT|T| _ieT’\\]\T|
_|N\T|§LC (/“TOV(TO)Z%\TWV(SO)}

1| SO0 3 W)

0 SpCN\T

- X [N ), -1 X (0], vir)

ieN\T

« 3 (IS0, - % 40, W)

SoGN\T ieT ieN\T

Due to different lemma above, we obtain:

Z¢(V) > (V)

IET IETI\\]\T|
%lwl.eo I+ % @00, -7l 2 0, b
+chN:\T[|N\T|§( (v))s, |T|( 2 (4 ( V))so+iE(N;)\S(¢.(V))SOHv(SO)
That is
2 30
T N\T]

= 3 [Nl W), +TVEl @, (), )TN, (), Jver)
« 2 [T, ), iS00, (), =006, 0], ) jvs)
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Consider the following linear system:
(E,):

|N\T|(|To|m TAT,|(4, ) TIINAT|(4, ) =0T, cT
INAT]TI(g, (V) ~ITI(1Ss |(¢h(v )),, +H(NAT) \s|( (6.(v)), )-0.8, EN\T

Once more using different lemma above, on can easily notice that for each
T,cT and S, GN\T, ( (v)) and W{ just depend on the size of
0

T, and S;. Consequently (E,) is equivalent to (E,) where:
(E3):

INATIT (4, (v)), +INATITAT| (4, (v), ~[TIINAT|(, (v)), =0T =12,,T]
INATITI (6, (v)), = TlSol(, (), ~[TIONAT)VS: (9, (v),, =0.[So| =22+ N =T -1

It is straightforward that p,=p, =---=p,, =0 is solution for (E,). Hence
for p,, =1, ¢ satisties the per-capita productivity property. More generally,
every solution (P, Py, Py.-++, Pyp) for (E;) such that Vt=012,--,n-2,

n-2

P20 and > p <1 induces a symmetric ps-value which exhibits the
t=0

n-2
per-capita productivity property, since we just have to take p, , =1- Z P

Conversely, consider a probability system (p, )t:O 15..n, and assume that

there exists T, T such that:

INAT[T, (4, (V))To +[NAT|[TAT| (4, (V))ro ~[TIIN\T|(4, (V))To #0. We de-
fine the game vel asfollows:
v(T,)#0,5=T,
v(T) |N|\|T| (N\T) and v(S)=40,Se2"\Tyor Sc N\T
V(SNT)+v(SN(N\T)) else

That implies:

o) X o)

ieT _ ieN\T

T INAT

= INATI 9, (), +INATIT AT (4, (), ~[TIINAT (8, (1), [v(T)
#0

That concludes the proof.
Example 1 With notations above, let us fix N ={1,2,3} and

v(12) =v(1)+v(2), v(13)=v(1)+V(3), v(1):"(§3) thatis T = {1} .

Player 1 payoff: Using lemma 16, we have
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Lemma 17 gives ((1),, =| 25 [v((2) and (&), =| 3 . u((3).

Thus

Player 2 payoff:
By lemma 20, we have (¢2 (V)){l} = [% p,+2 pl}v({l}) = [g pl}v({l}) .

And lemma 19 implies that
Lo
(¢2 (V)){Z} =| Po ) Py +7 Py V({Z}) =[ po]v({Z}) :

Due to lemma 18, we have (¢, (V)){a} = [—— pl}v({S}) .

Hence:

It is clear that

That leads to the linear system:
{2 Po—3p, =0

3
_po"'E p,=0

It comes out that each system (p,,p,) such that —p, +g p,=0, 0<p,,

0<p;, Py+P, <1 exhibits a ps-value (with p, =1—[p,+ p,]) satisfying the
per-capita productivity property.
Considering the game Vv =Ug, + 2”{2,3} :
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For pf%, p1=%, p2=%, we obtain ¢1(v)=¢2(v):¢3(v):% and
> 4 (v)=4>v(N).
ieN

When pozg, plzé, p, =0, we obtain ¢ (v)=4¢,(V)=¢(v)=1 and

5

2.4 (v)=3=v(N).
ieN

In a society M, it is clear that one can imagine various ways to express solidar-
ity among players. Whatever policy is put in place, we would like the resulting
sharing meets the intuitive rational behavior. One can underline two variants in
evaluating a value which expresses some solidarity: its solidary social behavior
and its configuration of the society N into coalitions. For the Solidarity value of
Nowak and Radzik (1994) the solidary social behavior is the evenly sharing of
the average marginal contribution of every formed coalition, and all coalitions
are likely to be formed with the same probability. However a social behavior
could not be suitable for any configuration of Nin any game v. In other words,
one can understand that the problem in some non intuitive payoffs under the

Solidarity value could find a solution in ps-values, as they allow a re-configura-
tion of the society N'by different probability systems. This way example 1, shows

that for p, = g , P :é and p, =0, we obtain for v=uy +2u,; a solution

which maintaining the social behavior implemented in the Solidarity value, sa-
tisfies the per-capita productivity property by a re-configuration of the society N

since it is not allowed the formation of the grand coalition with p, =0.

7. Concluding Comments

To understand how collectively produced income is individually shared is a
tough challenge, since the game only tells the capacity of production of every
coalition. The challenge persists, even when Shapley assumes for simplicity that
all players end up by cooperating as members of the grand coalition , and only
need to share its production V(N). He assumes equal chance of joining NV at
any given step of its constitution. Weber’s work on probabilistic values shows
that the information on how each player is likely to be picked at each stage en
route to building N plays a key role. Fair sharing formulae have been provided
by Shapley, and later generalized by Weber who also characterized the Shapley
Value. Our contribution on this paper investigates on how the Shapley and We-
ber’s combined setting works when Radzik and Nowak’s solidarity concern is
implemented. Our formulae for the transposed setting have been obtained, and
they disclose that the Radzik-Nowak solidarity value is to the probabilistic soli-
darity value what the Shapley value is to the probabilistic value.

It is worth remarking that many social environments for production do not
comply with Weber and Shapley’s assumption that a player joins a coalition at

random (be it with equality of chance or following a priori setting of probability
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distribution). For example in Aumann and Dreze (1974), Owen et al. (1977) and
Hart and Kurz (1983), the idea of coalition structures for players prevails fol-
lowing the argument that a group of players may find it to their advantage to
join forces in some situations, and to act separately in others, depending on the
opportunities that they may find with players outside the group. In Hellman and
Peretz (2018), players are located within a priori graph structure that limits coa-
lition formation. In many real-life contexts, a player’s individual choice matters
and gives him individual but partial influence to the picking of whom to admit
at a given stage into a coalition being built. So, the struggle for individual inter-
est in player interaction causes endogenous coalition formation issues, and must
result to serious impacts in individual shares if we assume that the grand coali-
tion N is attained, all players being rational. We may assume that all impacts of
players’ interest on the sharing outcome originate from the game itself with no
exogenous input and must be accounted for by processing the data that are
found in the function v that defines that game. Therefore, the probability of a
player being admitted is impacted endogenously by the rational behavior of
players. So for further work, it is naturally appealing to examine what becomes
the concept of ps-values when the probability system is a consequence of players'

interest in the game.
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