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Abstract

Asymptotic stability of linear and interval linear fractional-order neutral
delay differential systems described by the Caputo-Fabrizio (CF) fractional
derivatives is investigated. Using Laplace transform, a novel characteristic
equation is derived. Stability criteria are established based on an algebraic
approach and norm-based criteria are also presented. It is shown that
asymptotic stability is ensured for linear fractional-order neutral delay diffe-
rential systems provided that the underlying stability criterion holds for any
delay parameter. In addition, sufficient conditions are derived to ensure the
asymptotic stability of interval linear fractional order neutral delay differential
systems. Examples are provided to illustrate the effectiveness and applicability
of the theoretical results.
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1. Introduction

Fractional calculus is attracting more and more researchers in applied sciences
and engineering because of many advantages of fractional derivatives which
provide important tools in modelling natural phenomena, see, e.g., [1] [2]. There
are different types of fractional derivatives, those of Riemann-Liouville and Ca-

puto are the most popular in the literature [3] [4] [5] [6].

In their recent work, Caputo and Fabrizio [7] introduced a new fractional
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order derivative with a nonsingular kernel, hereinafter called the fractional Ca-
puto-Fabrizio (CF) derivative. This new fractional derivative is less affected by
the past compared to the Caputo fractional derivative, which may exhibit slow
stabilization [8]. The properties and numerical aspects of the CF derivative and
their corresponding fractional integrals have been studied in [9]-[15]. In this
paper, we are interested in linear and interval linear fractional-order neutral de-
lay differential equations described by the CF derivative. Recently, a great atten-
tion has been paid to fractional delay differential systems. One of the most im-
portant research topics of the theory of such systems is the stability analysis.
However, in the literature cited above, there are only few results (see, e.g., [8]
[16]) on this topic. In [17] the authors study the stability analysis of linear frac-
tional-order ordinary differential equations described by the CF derivative,
whereas the authors of [18] consider the stability analysis of linear fraction-
al-order systems with time delay, establish a characteristic equation using the
Laplace transform and provide some brief sufficient stability conditions. In [19]
the authors consider the asymptotic stability for uncertain singular neutral delay
systems and in [20] [21] [22] the authors study the stability analysis of interval
linear fractional ordinary differential systems, interval linear fractional neutral
differential systems described by the Caputo derivative and interval linear frac-
tional neutral differential-algebraic systems described by the Caputo derivative,
respectively. While being different, we extend the analysis carried out in the above
cited references. We apply a spectrum based approach to establish asymptotic sta-
bility criteria for fractional-order neutral delay differential systems and the novelty
of this work lies in the following aspects. Firstly, the CF definition of the frac-
tional derivative is applied to analyze linear and interval linear fractional-order
differential systems including neutral time delay. Secondly, by using the Laplace
transform, we establish a novel characteristic equation. Thirdly, we apply an al-
gebraic approach to establish sufficient asymptotic stability criteria ensuring that
all the roots of characteristic equation lie in open left half of the complex plane.
Fourthly, we present sufficient norm criteria to ensure the asymptotic stability of
such systems. A nice consequence is that these stability criteria avoid solving the
characteristic (transcendental) equation.

The rest of the paper is organized as follows: In Section 2 we formulate the
problem and introduce the notation that will be used throughout the paper. In
Section 3 we establish the main results for the asymptotic stability criteria for li-
near and interval linear fractional neutral delay differential equations. Finally,

some concluding remarks are given in Section 4.

2. Problem Formulation and Notation
We consider linear fractional-order neutral delay differential systems of the form
D [ y(t)-Cy(t—7)]= Ay(t)+By(t-7), t=0, (1)

y(t)=e(t), —z<t<0
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where O<a<l, y(t) is a real vector of size n (the state vector); A, Band C
are real Nxn matrices; 7 is a positive parameter (the time delay) and g¢isa
consistent initial function. The notation .. D”z(t) stands for Caputo-Fabrizio
fractional order derivative of order « of (£ defined by (see [7])

= D7z(t) =daz_(t)=ij';exp(— « (t—y)j dz(4) du

dt” l-«a l-«a dt

We study two cases. In the first case the matrices A4, B, and Care constant and

in the second case they are interval matrices, that is

A:{(au) aﬁ)sa <aIJ ,,j—lZ---,ﬂ}, (2a)
B={(b,): b <by <b.i,j=12--n}, (2b)
Cz{(cu) ¥ <c; <c’ ,,J—12---,n}, (2¢)

where a,(J),b,(Jk) and CIJ ,

constant and interval cases will be denoted respectively by (LFNDDE) and

k=12 are given. The equations associated with the

(ILENDDE). When a property applies equally to both cases (as in Definition 1
for example), the corresponding system will simply be referred to as system (1).

The following notation will be used throughout the paper. For a square com-
plex matrix X,

X" denotes conjugate transpose of X,

det(X) denotes the determinant of X,

p( X ) denotes the spectral radius of X,

|| X || denotes the spectral norm of X;

|| X || = (X "X ) ,where A isthe largest eigenvalue,

max
||X || =p(X ) (if Xis Hermitian, that is, if X = X")

u[X] denotes the logarithmic norm of X;

1

u(X)= Eﬂmax (X +X *) ,where A, is the largest eigenvalue,

p(X)= A (X) (if Xis Hermitian, that is, if X = X")

If X :(Xij)eC"X",we set | X| :(|xij|).lf X :(Xij)e R™ and Y :(yij)e R™,
the inequality X <Y means that X; <yy for i,j=L1--,n.

The following inequalities, which will be used in the sequel, can be found in
the literature, see, e.g., [23]. If U,V eC™ and W e R™ with |U|SW , then

p(U+V)<p(U+V])<p(U]+NV|)< p(W+V)),
Re(/I(U ))S,u(U) for any eigenvalue A(U) of [

#U V) <uU)+u(V),u(U)< V] p(U)<|U].

3. Main Results

Applying the Laplace transform to (1), we obtain
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1

i L(I _Ce—sr)(sy (s)-y(0))=AY (s)+Be ™Y (s),
l-«a

where Y(s) is the Laplace transform of y(t) for t>0, defined by
Y(s)= f: y(t)edt.
This leads after rearrangement to
P(s)Y(s)=(1-Ce™)y(0), (3)
where
P(s)=s(1-Ce™ —(1-a)(A+Be™))-a(A+Be™).

The characteristic equation of (1) is defined by
Q(s,z)=det(P(s))=0. 4)

As we will see, it plays an important role in the stability analysis of system (1).

Definition 1. The zero solution y(t)=0 of system (1) is said to be asymp-
totically stable if for any consistent ¢ e C([—r, 0], R”) its analytic solution
y(t) satisfies lim,_, y(t)=0 forany delay parameter z>0.

From Definition 1 we obtain the following theorem whose proof is similar to
that given in [24].

Theorem 1. System (1) is asymptotically stable if the roots of the characteris-
tic equation (4) lie in the open left half of the complex plane and are uniformly
bounded away from the imaginary axis.

Next, several sufficient conditions of stability of system (1) are given.

Lemma 1. If the family of matrices {A,B,C} defined in (LFNDDE) satisfies

the conditions

(C) det|s(s(1-a)+a) " (1-C)~(A+B)| =0, for Re(s)>0,

(G sup p[(s(s(l—a)m)‘l(l —C)—(A+ B))_l(B+s(s(1—a)+a)_lC)} <%

Re(s)>0
Then, forall seC such that Re(s)>0
(C3) Q(S,Z') # 0.

Proof. To simplify the notation, let us denote by
7(s)=(s(t-a)+a)",
K(s)=(sy(s)(1-C)~(A+B)) " (B+sy(s)C).

The condition (C,) can then be written
1
SupRe(s)zO p( K (S)) < E .

We have
P(s)=s(1-Ce™ ~(1-a)(A+Be™))-a(A+Be™)
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= (s;/(s)(l —Ce’s’)—(A+ Be’“))y(s)’l
(s7(s)(1-C)~(A+B))~(B+sy(s)C) (e ~1)(s)”
(s(s)(1-C)~(A+B))(1-K(s)(e* -1)).

The condition (Cy) ensures that sy(s)(1 —C)—(A+B) is nonsingular and the
condition (C,) ensures that p[K (s)(e’s’ —1)] <1 andhence | -K (s)(e’“ —1)

is nonsingular. Therefore, (C;) is satisfied.

Remark 1. Note that the condition (Cs) is a transcendental inequality, which
is difficult to solve. The sufficient conditions in Lemma 1 avoid this difficulty.
Since the spectral radius of a matrix is always less than or equal to any induced

norm of the matrix, Lemma 1 remains valid under the conditions (C;) and

, 1
(Cy) sup [k (s)|| <5

Re(s)=0

Now sufficient conditions for asymptotic stability of system (1) are given in
the following theorem.

Theorem 2. If the family of matrices {A, B,C} defined in (LFNDDE) satis-
fies the conditions (C;) and (C,), then the system (1) is asymptotically stable for
all values of the delay 7.

Proof. By Lemma 1, if the conditions (C;) and (C,) are satisfied, then the con-
dition (Cs) holds. This implies that Re(s)<0 for any root of the characteristic
equation (4). We need to prove that the roots remain bound away from the im-
aginary axis. Suppose the contrary. Then there exists a sequence of roots (S, ) of
the characteristic equation where Re(s,)<0 and Re(s,)—>0 as m—o.

As in the proof of Lemma 1, we use the notation
7(s)=(s(-a)+a) ",
K(s)=(s7(s)(1-C)~(A+B)) " (B+sy(s)C).
Since any eigenvalue 4, [ K(s)(e” ~1)] is a continuous function of s for

Re(s) >0, similar to [25] and from the condition (C,), there exists &>0 such
that

sup p[K(s)(e‘S’ —1)]: sup max|4, [K(s)(e‘“ —1)]‘:1—5.

Re(s)=0 Re(s)=0
Hence,

sup p[K(a))(e"‘” —1)]£1—5. (5)

Re(w)=0

For sufficiently large m there exists a positive constant ¢ (0<¢& <& ) and a
characteristic root S, such that |Re(sm )| is sufficiently small, Re(s,)<0

and

<&, (6)

max; ‘Aj [K(sm)(efsmr _1)]‘— sup p[K(a))(e*m _1)]

Re(w)=0

Then it follows from (5) and (6) that for large mand for j=1,2,---,n
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[ [K(sa) (e 1)) < sup p[K(@)(e™ ~1)]+&" <1-s+e <1,

Re(w)=0

That is, for Re(s,)<0 and Re(s,)—>0 as m—>o we obtain Q(s,,7)=0,
which contradicts the assumption that (S, ) is a sequence of roots of the charac-
teristic equation.

Lemma 2. Let {A,B,C} be the family of matrices defined in (LFNDDE) and
satisfying (C,). Assume that (I —C)—(A+B) is nonsingular and define the ma-

trices

F=((1-C)-(A+B)) " (B+C),

G- ((1-C)~(A+E))" (B-C).

~((1-C)~(A+B))*((1-C)+(A+B)).
If
41—
S(S(l—a)+a) :ﬁ for Re(s)>0 and |z|£1, (7)

then the following equality holds for Re(s)>0 and |Z|S1

(s(s(t-a)+a) (1 —C)—(A+B))il(B+s(s(1—a)+a)_1C)

=(1-2)" (F+26).

(8)

Proof. Note first that there is a z satisfying (7). Indeed such a z is given by

a(1-5s) ) .
z=————"— and since Re(s)>0 and O<a <1, it is easy to check that
2s+a(l-s)

|z]<1.
A simple algebraic manipulation yields

I—zJ_I—28+a ) ( ~(A+B)) ((1-C)+(A+B))

=2((1-C)-(A+B)) [( ~(A+B))y(s)"|(2s+a(t-s))",
where y(s)= (S(l— a)+ a)7 . Note that the condition (C,) ensures that | —zJ
is nonsingular.
Likewise, we have

F+2G=((1-C)-(A+ B))I(B+C+LS))(B—C)j

2s+a(l-s
=2((1-C)~(A+B)) " (B+sy(s)C)y(s) " (2s+a(l-s)) .
Combining the expressions of | -zJ and F+zG above leads to the desired
result.
In view of Theorem 2 and Lemma 2, we obtain the following

Theorem 3. If the family of matrices {A,B,C} defined in (LFNDDE)

satisties the assumptions (C,) and

(Cy) sup‘z‘ﬂp[(l ~2)(F +zG)J <=
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(Hy) u(A)++p*(B,)+p°(B)+

where the matrices F, G and J are defined in Lemma 2, then the system (1) is
asymptotically stable for all values of the delay 7.
Remark 2. Note that Theorem 3 remains valid if the condition for (C} ) is re-

placed by

(C7) sup

(I—zJ)_l(F+zG)“<%.

<1

In the following, we give other sufficient conditions ensuring asymptotic sta-
bility. For this purpose, we need the following lemma whose proof can be found,
for example, in [26].

Lemma 3. For BeC™,7>0,and Re(s)>0,

u(Be™) <" (B,)+ 0" (B)
where Bh=%(8+B*),Bk=%(B—B*) and i2=-1.

Theorem 4. If the family of matrices {A, B,C} defined in (LFNDDE) satis-
fies the following conditions

(Hy [C]+@-a)(|A]+]B]) <2
|cA+CB|+(1-a)[ 4]+ AB + BA|+ B[]

1-[lef+@-a) (Al +[8])]

where B, and B, are defined in Lemma 3, then system (1) is asymptotically

stable for all values of the delay 7.
Proof First, we show that the characteristic equation (4) has no roots on the
closed right half plane. Let swith Re(s)>0 and
R(s)=1-(Ce™ +(1-a)(A+Be™)). Since
p[Ce‘S’ +(1-a)(A+Be™ )J

<[ce™ +(1-a)(A+Be™ )| <[]+ (1-a) (A +[B]) <1

by condition (H,), we deduce that R(s) is nonsingular for all s with Re(s)>0

and

)

Jpeey|< ;

RS EESIEEEN

Let
s(1-Ce ™ —(1-a)(A+Be™))-a(A+Be ™) =R(s)T (s),
where
T(s)=sl-aM(s), M(s)=R(s)" (A+Be ™).
The eigenvalues of T(s) and T(s) are related by
A[T(s)]=s-at;[M(s)], j=L--.n. (10)

Using the formula R(s)f1 =1 +R(s)71(l —R(S)) , the inequality (9), the

properties of the logarithmic norm mentioned at the end of Section 2, and
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Lemma 3, we obtain for all swith Re(s)>0

Re(ﬂ,-[ws)])ﬂe(ﬂ [AvBe R(s)"(1- ><A+Be*“ﬂ)

A)+p? (B,)+ 27 (B,) +[R(s)™ (1 -R(s))(A+Be™)

and

[RGsy*(1 R(s))(A+ Be ™)

<[Res)I

(s))(A+Be™)

_llea+cel+(1-a) )[[2]+ (148 + BA|+ 8] ]
1-[lcl+@-a)(IAl+[el)]

Therefore from the condition (H,) it follows that

supRe(s)ZO man Re(/lj [M (S)]) < 0 (11)

In particular, (10) and (11) show that T(s) is nonsingular and therefore the
roots of the characteristic Equation (4) belong to the open left half of the com-
plex plane. The roots remain uniformly bounded away from the imaginary axis
since otherwise for ¢ >0 sufficiently small (so that
O<e<- sup MaX, i<, Re(ﬂ [M }) ), there would exist a sequence S, of
roots such that for large m, Re(s,)—0 and

max,. ., Re(ij [M(s, )])—Res(u? max,_ ., R (ﬂj (M (a))]) <e.
But then
maxRe(4; [M (s, )])
:(mjagn( Re(4,[M (s,)])- s(up max Re(4;[M (@ ])]

+ Sup max,. ., Re(/l [M(e })

Re(w)=0

<&+ sup maXy. <, Re(ﬂ“i |:M (w):l) <0,

Re(w)=0

contradicting the assumption that (S,) is a sequence of roots of the characteris-
tic equation.
Now we consider the stability of system (1) in the case (ILENDDE). From (2)

we have
AY <A<A® BY<B<B® cW<c<c?,
where
(k) _[ 4k K _[pk K) _[ alk) _
A - |:aij ]1si,jsn ' B - |:bij :|1si,jsn ' C - |:Cij :|1si,jsn ' k _1,2.
Let

A:

N |-

(A +A®), an=A-A A, =A"-A (12a)
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B =%(B“) +B?), AB=B-B, B, =B -8, (12b)
¢ :%(cuucw), ac=c-¢, ¢, =c? ¢ (12¢)

Then it is easy to see that
|AA < A, |AB|< By, [AC|<C,,. (13)
The following theorem gives sufficient conditions for the stability of (ILFNDDE).

Theorem 5. If the family of matrices {A, B,C} defined in (ILFNDDE) satis-
fies the following conditions

(P)) p(CM +‘é‘)<1,

() det|s(s(1-a)+a) 1 -(A+B)|+0.for Re(s)=0,

(S(S;(l—o:)—i—oz)f1 I —(A+ é))il

(Ps) sup p|:

Re(s)=0

K} <1,
where

= {1-(e [ e-dfem, )

+C, ( A+ A, +3(|8]+B, )))+AM +38,, +2§

then system (1) is asymptotically stable for all values of the delay 7.
Proof. As in the proof of Theorems 2 and 4, we first show that the characteris-
tic Equation (4) has no roots on the closed right half plane. Let s with Re(s)>0.

Since

p(Ce’S’ ) < p(‘(AC + é)e’”

)£ p(|AC|+‘(§D < p(CM +‘é‘) <1
by condition (P,), we deduce that |—-Ce™ is nonsingular for all s with

Re(s)>0 and

‘(I —ce*)’ s(l —(CM +‘é‘))71. (14)

It is straightforward to verify that
s(1-Ce™ —(1-a)(A+Be™))-a(A+Be™ ) =(1-Ce™)T(s),

where
T(s):(sy(s)l —(I —Ce’“)_l(AJr Be’s’))y(s)’l,
7(s)=(s(l-a)+a) ",
and that
T(s)=R(s)(1 -R,(s))7(s) ",
where

R.(s)=s7(s)1 -(A+B),
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R,(s)=R.(s)"[AA+AB+B(e™ -1)]
+R (s)*(1-Ce™) " Ce [ A+B+AA+AB+B(e™ -1)].

The condition (P,) says that R, (S) is nonsingular. From (12), (13) and (14) we
obtain

R (s)”

IR, ()| < [AM 3B, +2‘é‘+(| -(cu +‘é‘))_1 Ru }

where
Ry, =|CAl+3|C8|+[C| (38, + A, ) +Cy, (‘A‘erw +3(|8|+8, ))
It follows from the condition (Ps) that p(R,(s))<1 and hence |-R,(s)
and T(s) are nonsingular. Thus, the roots of the characteristic equation (4)
belong to the open left half of the complex plane. The proof that the roots re-

main bounded away from the imaginary axis is a simple repetition of the proof
of Theorem 2.

4. Numerical Examples

Example 1. Consider a system (LFNDDE) with o =0.97 and the matrices
-10.00 0.27 0.52

A=| 059 -10.00 058 |,

0.45 0.09 -10.00

021 029 041 0.03 0.01 0.02
B=032 081 0.17|,C=|0.01 0.02 0.01]|.
0.40 0.62 0.61 0.00 0.02 0.01

A simple calculation shows that

[Cl+@-a)(|Al+[B]) = 0.4 <1,

u(A)+\/p2(Bh)+pz(Bk)+|

=-0.41<0.

[CA+CB| +(1-a)[ | A7) + [ AB + BA| + |B?|]

1-[Jel+@-a)(|Al+[Bl)]

We deduce form Theorem 4 that the system is asymptotically stable.
Example 2. Consider a system (ILFNDDE) with o« =0.5 and the matrices

A _[12 0 o (08 0O
0 -13/ 0o -07)

g _[0 08) Lo _(0 14
0o o) 0 0)

co (01 0) 5 _(02 0
0 01) 0 03

< (—1 oj [0.2 o] ~ (o 1] [o o.4j
A= A, = B= B, = ,
0 -1 0 03 00 0 0

Then
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-~ (015 O 005 ©
C= ,Cy = .
0 02 0 o1
We verify that

o The eigenvalues of C,, +‘é‘ are equal to 0.2 and 0.3. Hence, the condition
(P,) is satisfied.

The equation det {Z—S:LI —(A+ é)} =0 has the unique solution s=-1/3.
S+

-1
Hence, the condition (P,) is satisfied. So that (Z_Sll —(A+ E:)] exists and
S+

s+1 s+1[°

[25 |—(A+|§)) _| 1B+l f3s+1 |

s+1 s+1
3s+1

-1
A oA 11
2| _(A+8) ,
s+1 01

2s ~ )T
(—1 - ( A+ B)j is a matrix formed by taking maximum magnitude

S+
2s
of each element of (

-1

= 1-(A+B for Re(s)>0.
s+1 ( )j ( )

For condition (P;), The matrix Kis given by

= {1-{cu ) (658,

+Cy, (‘A‘+AM +3(‘é‘+ By )))+AM +3B,, +2‘I§‘

where

We have

. (02 32
AM+3BM+2‘B‘:( J

0 03
(1250
(1=(cu+/c]) :( 0 1.4285)

Gal_[015 0

‘ ‘_[ 0 o.2j

3‘65‘; :[0 0.45}
0 0

‘é‘(3BM PA,)= (0.03 018]

0 0.6
i+ aa(l8 e )= *0° 0]

0 013
0.5 4.25
So that K = . For Re(s) >0 we have
0 0.85

1239
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05 51
K=
0 085
2s <)
and the eigenvalues of (—1I —(A+ B)j K are equal to 0.5 and 0.85. Hence
S+

2s ~ AT
—I1—-(A+B K<l
P (s +1 ( )J
We deduce form Theorem 5 that the system is asymptotically stable.

5. Conclusion

This paper is concerned with the asymptotic stability of linear fractional-order
neutral differential delay systems described by the Caputo-Fabrizio derivative.
The systems matrices can be constant or interval matrices. Using the Laplace
transform, we have derived a new characteristic equation for such systems. This
characteristic equation, though interesting in theory, involves a transcendental
term which makes it difficult to use in practice and in particular to study the
asymptotic stability of such systems. To overcome this difficulty, sufficient alge-
braic criteria have been given to ensure the asymptotic stability of such systems
in the case of constant matrices (Lemma 1 and Lemma 2). We have successfully
shown that under these algebraic criteria, asymptotic stability holds (Theorem 2
and Theorem 3). Also, norm-based criteria have been given to ensure the
asymptotic stability. In particular, in case of constant matrices, Theorem 4 in-
volves easily verifiable criteria based only on matrix norm computations. Finally,
sufficient conditions are derived to ensure the asymptotic stability of such sys-
tems in the case of interval matrices. We have shown that this system is asymp-
totically stable for any delay parameter (Theorem 5). The effectiveness of the

theoretical results has been illustrated by numerical examples.
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