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Abstract

In this paper, we investigate the nonlinear neutral fractional integral-differential
equation involving conformable fractional derivative and integral. First of all,
we give the form of the solution by lemma. Furthermore, existence results for
the solution and sufficient conditions for uniqueness solution are given by the
Leray-Schauder nonlinear alternative and Banach contraction mapping prin-
ciple. Finally, an example is provided to show the application of results.
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1. Introduction

The theory of fractional calculus has played a major role in control theory, fluid
dynamics, biological systems, economics and other fields [1] [2] [3]. It serves as
a valuable tool for the description of memory and hereditary properties of vari-
ous materials and processes. In recent years, plenty of interesting results have
been observed for the Riemann-Liouville and Caputo type fractional derivatives.
The definition of the conformable fractional derivative and integral was in-
troduced in 2014 by Khalil et a/ [4]. Compared with Riemann-Liouville and
Caputo type fractional derivatives, the conformable fractional derivative satis-
fies the Leibniz rule and chain rule, and can be converted to classical derivative
[5]. This is of great help to study fractional differential equations. In the past
few years, the conformable fractional derivative has been used in the field of frac-
tional newtonian mechanics, heat equation, biology and so on, and the results are
abundant. The conformable fractional optimal control problems with time-delay
were studied, which proved that the embedding method, embedding the admiss-

ible set into a subset of measures, can be successfully applied to nonlinear prob-
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lems [6]. Alharbi et al utilized the homotopy perturbation method to solve a
model of Ambartsumian equation with the conformable derivative and gave the
approximate solution of equation [7]. The conformable fractional derivative was
utilized to solve the time-fractional Burgers type equations approximately [8].
Over these years, there has been a significant development in fractional func-
tional differential equations. Among them, Li, Liu and Jiang gave sufficient con-
ditions of the existence of positive solutions for a class of nonlinear fractional
differential equations with caputo derivative [9]. Guo et al studied fractional func-
tional differential equation with impulsive, then they obtained existence, unique-
ness, and data-dependent results of solutions to the equation [10]. The existence
of positive periodic solutions was given by Zhang and Jiang, for n-dimensional
impulsive periodic functional differential equations [11]. In addition, the frac-
tional stochastic functional system driven by Rosenblatt process was investigated
by Shen et al, and they obtained controllability and stability results [12].
Time-delay is part of the theoretical fields investigated by many authors, includ-
ing unbounded time-delay, bounded time-delay, state-dependent time-delay and
others. In 2009, the existence and uniqueness of solutions of the Caputo
fractional neutral differential equations with unbounded delays were dis-
cussed [13]. In 2011, Li and Zhang considered the Caputo fractional neutral
integral-differential equations with unbounded delay, which used the fixed
point theorem to study the existence of mild solutions of equations [14]. The
caputo fractional neutral integral-differential equations with unbounded delay
were discussed in 2013 [15]. The paper used Monch’s fixed point theorem via
measures of non-compactness to study the existence of solutions of equations.
Based on the above research background and relevant discussions, we found
that few people used conformable derivative to study fractional differential equ-
ations with time-delay. In 2019, Mohamed I. Abbas gave the existence of solu-
tions and uniqueness of solution for fractional neutral integro-differential equa-
tions by the Hadamard fractional derivative of order « € (0,1) and the Rie-
mann-Liouville integral [16]. In this paper, we will discuss the nonlinear neutral
fractional integral-differential equation in the frame of the conformable deriva-
tive of order a e (1, 2) and the comformable integral. Then we make the
condition 3 weaker to improve feasibility. Considering the following equation:
(-2 ) [ 6. 10,01
i1

W(t):t//(t), te[—u,O],

where T“ denotes the conformable fractional derivative of order «, 1<a <2,

(1.1)

1% denotes the conformable fractional integral with order £, S € (0,1) ,
i=1,2,3,---,p, PeN,. p,o>0 are constants. And for any te[O,p] , we de-
note by W, the element of C([-v,0],R) and is defined by w, (6)=w(t+6),
6 [-0,0]. Here W, () represents the history of the state from time t—v up
to the present time £ I,u; :[0, p]XC([—U,O], R) — R are continuous functions
that satisfy some hypotheses given later, y & C([-v,0],R).
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The rest of this paper is organized as follows: In Section 2, we introduce the
concepts and basic properties of conformable fractional integral and derivative.
In Section 3, we give existence results for the solution and sufficient conditions
for uniqueness solution by Leray-Schauder nonlinear alternative and Banach
contraction mapping principle. In Section 4, the numerical simulation is showed
to illustrate the results.

Notations: C ([O p], R) denotes all continuous functions that mapped from
[0, p] to R and R denotes all real numbers. R™ denotes all positive real num-

bers.

2. Preliminaries

In this section, we present some necessary definitions and lemmas to establish
our main results.

Definition 2.1. ([5]) For a function W:[a,+oo) — R, the conformable frac-
tional integral of order a(n<a <n+1LneN) of the function wis defined as

follows:

1 et

w(t) =137 (t=a) " w(t) [= = [ (t=x)" (x=a)" " w(x)dx

nl-a
If a=0, I7w(t) canbe writtenas 1“w(t).
Definition 2.2. ([5]) For a function W:[a,+oo) — R, the conformable frac-
tional derivative of order a(n<a<n+LneN) of the function wis defined as
follows:

Wt (t-a) T )l (1)
TSw(t) =lim :

a &0 &

where [a] denotes the smallest integer greater than or equal to « . If a=0,
TJw(t) canbe writtenas T“w(t).

Lemma 2.3 ([4]) If function /is « times differential at a point t>0 for
n<a<n+1l, ne N, then

1) Tl (t) =0, for all constant functions | (t) =A;

2) Zis n+1 times differential simultaneously, then T<(I)(t)=t“ 11l (t).

Lemma 2.4. ([5])

1) For a function W: [a, +oo) -S> R,if w" (t) is continuous, then forany t>a,

we have
TAZw(t)=w(t), a e(n,n+1];
2) For a function W: [a,+oo) —> R, if wis n+1 times differentiable, then for
any t>a, wehave

n w (a)(t-a)
Tow(n) = wir) -3 2N

. ,ae(nn+1].
i=0 .

Lemma 2.5. ([4]) If ae(O,l], functions W,, W, are « times differentia-
ble at a point t >0, then
1) T (aw+a,w,)=aT*(w)+a,T"(w,);
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2) T(t°)=pt";

3) T (W, ) =wWT* (W) +w,T (w,);

4) Ta(ﬂjzsza(Wl)_vl’lTa(Wz)_
W, (w,)

Lemma 2.6. ([17]) (The nonlinear alternative of Leray-Schauder type) Let C

be a Banach space, C, be a closed, convex subset of C, and Pbe an open subset
of C,, 0eP.If A:P —C, isa continuous, compact map. Then

1) A has a fixed point in P, or

2) There is a we dP (the boundary of Pin C;) and A€ (0,1), such that
w=AA(w).

Lemma 2.7. Let |(t) be a continuous function, then the fractional differen-

tial equation

(2.1)

T[w(t)-n(t)]=1(t),te[0,p].1<a <2,
{W(O) =y, W (0) =g,
is equivalent to the integral-differential equation
w(t) =y, —7(0)+[wg—n'(0)Jt+n(t)+ [ (t-s)s“ P (s)ds,  (22)

where w, =w(0), v, =w(0).
Proof. Consider Equation (2.1), for any te [0, ,0] ,

T [w(t)-n(®)]=1(1).

Transforming « times conformable fractional integral on both sides of the

equation and using Lemma 2.4, since 1< a <2, we have
w(t) =y, —7(0)+[wg 7' (0) Jt+n(t)+ [ (t—s)s“ 2 (s)ds,

where y, =w(0), w; =w'(0). The proof is completed. O

3. Main Results

In this section, we give several results about the fractional integral-differential
Equation (1.1).
If X= {W| We C([—U,p],R)} is Banach Space, the norm is defined as
[ =sup{|w(t)].t e[-v. o]} -
Let n(t)= Zp: I”u; (t,w, ) . Giving the definition of the operator A: X — X,
i1

wo+[wg—n’(0)]t+g|ﬁiui (tw)+ [ (t=5)s“ I (s,w,)ds, te[0, p]
w(t), te[-v,0].

where ¥, =w(0) , w;=w(0) , w,=w(0+8)=w(0) , Oe[-v,0],

n(O)zglﬂiui(t,wt) - 0.

t=0

Aw(t) = (3.1

It should be noticed that Equation (1.1) has solutions if and only if the opera-

tor A has fixed points. So as to achieve the desired goals, we impose the follow-
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ing assumptions for the Equation (1.1).

(H)) There exist functions y(t),d(t):[0,0] >R" and continuous non
decreasing functions ¢ (t),¢ (t):[0,0] »>[0,0], such that, for any (t,w,)e
[0,p] xC ([—U,O], R) ,

HEwo) < 7 (¢ (Iwl),
Jus (6w )| <8, (1), ()

(H,) Functions I,u, :[O,p]xC([—u,O],R)—> R are continuous. There exist
positive functions 4, u with bounds ||ﬂ,I ||,||,u||, i=12,---,p, peN,, respec-
tively such that

Ju: ()=, (& y) < 4 (D],
1(t) =1 (6 y)| < a(O)x =y}
(H5) There exists constant M >0, v, <v, such that
M

Z —>1
bl 0l o)y sblcta

(HL)
p a
p’ _r
3 e,

We give an existence result based on the nonlinear alternative of Leray-Schauder
type applied to a completely continuous operator.

Theorem 3.1. Suppose that the assumptions (H,)-(H;) are satistied, then the
Equation (1.1) has at least one solution.

Proof. The operator A is defined as (3.1). Define

D={WeC([—u,p],R):||Wt||SUl}.

Firstly, we prove that operator A is uniformly bounded. For any (t,w)e
[O,p] XC([—L),O],R) , i=12,---,p, peN,,and we D, by (H,), we have

wo+[wo—n'(0)]t+ Zp: Py, (s,w, )+ j;(t —s)s“?I(s,w, )ds

A -

< |wo|+ |¢//O )|t+2|ﬂ'|u sw| jt s) “2| (s,w,) |ds

<ol +ws—n )|t+Z"" ) () + [ (t=s)s* 27 (1)< () ds

<|wo|+ws -7 |t+2||5 I# () Is”“lds+||y||§(ul)j;(t—s)s“’2ds
ta

<yl +|wo -1 |t+Z||5||¢ v) +||7||C(Ul)ﬁ

<[+ |‘/’0 |p+Z||5||¢ U _+"7’"§ v,) (Z—l)<M'

Forany te [—L), 0] and we D, we have
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[Aw()] = (0] <[]
Denote M, = max{M , ||y/||} , then
|Aw ()] <My, te[-v, p],we D.
This implies that the operator A is uniformly bounded in D.

Besides, we need to prove that AD is an equicontinuous set. Let W" be a se-
quence such that limw" =w in D. Then, for any t &[0, p], we have

n—oo
IimAW”(t):y/0+[y/(’,—77’(0)]t+|imzp:j;5”i’lui(s,ws”)ds
n—e N=%hia

+!|_r)r010jt 5)s“ 7?1 (s,w{ )ds.

By (), functions |,U; are uniformly continuous, thus, we have

lim AW" (t) =y, +[wg -7 t+ZJ' lim s” 1y, (s, w? ) ds

n—owo

+j lim(t-s)s “‘Zl(s,w )ds

=y, +[w-n t+ZJ' s 7u; (s, w; )ds
+I;(t—s)s“‘zl(s,ws)ds
= Aw(t).
Forany te[-v,0], itis obvious that
lim Aw" (t) =y (t) = Aw(t).

Therefore, AW(t) is continuous and uniformly continuous for te[-v,p],
which implies that AW(t) is equicontinuous for te [—U, p] , A is continuous in
C([—U,p], R).
Furthermore, we consider |AW(t2 )— Aw(t, )| ,forany t,t, e[-v,p], t <t,.
Case 1. If 0<t, <t,<p, for any (t,w)e[0,p]xC([-»,0],R) and weD,
i=12,---,p,wehave

|AW(tz)_AW(t1)|
=y, +[y/g —77’(0)]t2 +§;Jézsﬂilui (s,w;)ds
+I §%” 2| (s,w, )ds—y, —[t//(; —77’(0)Jt1

_éjolsﬂi—lui (s.w,)ds— [ (t,~s)s° I (s,w, ) ds

s|wg—n'<o>|<tz—u>+ir2s"‘*lui<s,ws>
s>s“‘2|l<s,ws>
<=7 (O]t 1)+ 2[4 () s

#JE ()5 2 (04 () ds+L (t,-5)s" 27 ()¢ (| ) s

+It— |sw
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<lvs = (Ot ~t)+ 2ol () [ o s
IS ()]} (6 )5 s+ () [ (1, —5)s* s

ty -~ t7 -t
ﬁi +||7"§(Ul)a(a_1)'

<l (O)(t, =)+ 2l ()

If t,—t, =0, then |Aw(t,)—Aw(t) —0.
Case 2. If —v<t <0<ty <p, for any (t,w)e[0,p]xC([-v,0],R) and
weD, i=12,--,p, Aw(ti)zy/(tl) holds for any —v <t <0, we have

[Aw(t,) - Aw(t)

o[ = ()]t + ' 0 (s, ) s
NCEDEICUAL(Y

<[vi-n O]t w6 ) 2 5 fu (s
+ 3 (t=5)s" 1 (sw,)[as

<[wo-n'(0)]t, +|ya —V/(tl)|+2||5i [ () J; " s
7l (@) (t -s)s*“ds

<[wo-n'(0) ]ty +lwo —w (t)|+ 2"5‘ 4 (01)%

ds

G
a(a-1)
Since (t) is a continuous function, if t, -0, then we have v (t,) >y, . If
t,—t, >0, then |Aw(t,)-Aw(t,)—0.

Case3.If —v<t <t,<0,forany —-v<t <t,<0 and weD,

[Aw(t,) - Aw(t,) =l (t,)-v (8]

Since (t) is continuous function, if t, —t, — 0, then |AW(t2 ) - Aw(t, )| —0.
From what has been discussed above, AD is equicontinuous. By Arzela-Ascoli

+[o]¢ ()

theorem, ANis compact, then A4 is completely continuous on X.
Forany (t,w)e [O,p]xC([—u,O], R) and te [O,p] , 1=12,---,p, wehave

w(t) =y, +[ vy —77’(0)]t+zpllf"ui (s,ws)+j;(t—s)s“‘zl(s,ws)ds,
i1
Forany te [0, p] , by assumption (), we have
+[o(t-s)s" 2|1 (s.w,)

<lyol s = (O34 () () + [ =9)s" 7 ()¢ )

ds

W) <[]+ lwrg 7 (O)t+ 217 |u, (.,
i=1

<yl +lve ~'(O)t+ 26114 (v0) [;5" s+ () (£ )™ *ds
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<ol +vs -7 |t+Z||5||¢ (1) —+||7||é“ (v1)

ta

a(a1)
pa

—+ 71¢ (v)——.

o e ()

Consider the assumption (/), there exists M # ||W(t)|| . Define set

P= {We C([—l) P R)Z"W(t)" <M } We can show that A:P — D is conti-

nuous and completely continuous. Assuming there exists we 6P and 4¢€(0,1),

<|wo| +|ws —77'(0)|p+§||5i I ()2

such that W= AA(W). Then we have |/1| ||J ” ”
By Lemma 2.6, A has a fixed point in 2, which implies that there exists at least
one solution to the Equation (1.1). The proof is completed. U
We will give the uniqueness result of solutions of Equation (1.1):
Theorem 3.2. Suppose that the assumptions (H,) and (H,) are satisfied, then
the Equation (1.1) has a unique solution.
Proof. The operator A is defined as (3.1). Forany te [0, p] and
whw? eC ([—z),p], R) , by (i), we have

A (1)~ Ao (1)

0)Jt+ 317 (s.ws)
+ [, (t=5)s 1 (5,8 )ds =y =[yrg =’ (0) ]t
=3 (s.ws) = [ (-5)s" 1 s s
<31y (5.98) v, (5.9 )| [ (1)

<318, (1) e+ [ (t-5)5

=wo+[wo—7'(

t)"wl —W2||dS
<l o S5 e+ [1-9)s el
<o Sl il

a(f,_l)}

| AW (t) = AW (t)| = |y (1) =y (1)] = 0.

By (H.), A is a contraction mapping, then Equation (1.1) has a unique solu-

<o v ]| SHALE -+l

Forany te [—U, 0] R

tion. The proof is completed. U

4. An Illustrative Example

This section presents an example where we apply Theorems 3.1 and 3.2 to some

particular cases.
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Example 4.1. Consider the fractional integral-differential equation
3

2 3t [ _ 1 w| .1
! {W(t)_i_ll (20i+6t)(1+|wt|)}16—t2(3(1+|wt|)+§]’ teo2]
w(t) =y (1), te[—%,O}.

3 i
el 3 _
where T2 denotes the conformable fractional derivative of order —, 14 de-

(4.1)

notes the conformable fractional integral of the order i, i=123.1If

W(t) : [—%, 2} — R, then forany te [0, 2] , we define W, (9) = W(t + 6’) ,
1 .

e [—5,0} . Functions

||
(20i +6t) (1+|W |)

1 w| 1
I(t,w) = =
(tw) 16—t2(3(1+|wt|)+5j

The continuous function (t) satisfies the condition that (0) = l//'(O) =0.
For any (t:Wt) € [0,2]XC[|:—%,0:|, RJ , 1=1,2,3, we have

Ui (tw) =

20i +6t)(1+|w, ) |<20|+6t 20

I | |1 1

Forany (t,w,)e[O0, Z]XC( % j we have
I, | w| 1 <£.
‘ 1+|w| 45
For any (tw)e[0,2]x cﬂ %, R, p(0)=p'(0)=n(0)=r(0)=0, if
M >0.659, we have
M >1i=123.

i 3
120, 2 2
F201 453 3_1j

4 2\ 2

Consequently, by Theorem 3.1, the Equation (4.1) has at least one solution.
For continuous functions column u, (tvvtl) , U (t, Wt2 ) : [O, 2]><C ([—%,O} , Rj s
i=123, we have

2 _| | | |
i (e ) v (1.6 = ‘(20i +6t)(Le[w]) (201 +6t)(1+]w])
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S |w - w]
(20i+6t)(1+|wf|)(1+|wf|)

1
20i + 6t

[ -w]

For continuous functions | (t, W,l) | (t, w2 ) :[0,2]xC ([—%,0} , RJ, we have

) |1 |"th| 1] 1 |Wt2| 1
‘|<tlwtl) I(t,Wt)—‘lG_t2 3(1+|W§|)+5 16—t? 3(1+|Wtz|>+5
v
3(16— ) (L+|wf ) (1 [w? )
vl
3(16-t*)

Forany (t,w)e [O, 2]>< C ([—%O} , RJ , we have

3

124 1 22

3
——+————<0596<1,i=123.
=l 363(3_1)
4 2\ 2

Thus, by Theorem 3.2, the Equation (4.1) has a unique solution.

5. Conclusion

The conformable fractional derivative brings great convenience to the study of
fractional functional differential equations due to its unique properties. This pa-
per uses conformable derivative to study the fractional neutral integro-differential
equations, and obtains the results of the existence of the solution and the suffi-

cient conditions for the uniqueness of the solution.
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