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Abstract

In this paper, we consider the Neumann initial-boundary value problem for
the Keller-Segel chemotaxis system with singular sensitivity

u, =d,Au —;N«[%ij,

v, =d,Av -V +u,

(0.1)

is considered in a bounded domain with smooth boundary, Q cR"(n>1),
where d, >0,d, >0 with parameter y e R. When d, =d, + y, satisfying
for all initial data 0<u, c® ((_2) and 0<V, eWh” (Q) , we prove that the

problem possesses a unique global classical solution which is uniformly
bounded in Qx(0,).
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1. Introduction

The Keller-Segel system is used to model chemotactic movement in biology [1].
The mathematical study of the system has attracted great interest in recent years
[2]. In this paper, we consider the Neumann initial-boundary value problem for

the chemotaxis system with singular sensitivity
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ut:dlAu—;(V(%ij, xeQ,t>0

v, =d,AVv-v+u, xeQ,t>0 (1.2)
a_uzo,ﬂ:Q Xeo,t>0

ov ov

u(x,0)=uy(x),v(x,0)=v,(x), xeQ

in a bounded domain QcR"(n>1) with smooth boundary, where d, >0
and d, >0 are diffusion coefficients of cell density and chemical stimulus, re-
spectively. The Keller-Segel systems were introduced to describe the aggregation
of cellular slime molds, u represents the density of the cells and v represents the
concentration of a chemical substance secreted by themselves. The chemical
substance is an attractant, they sense a gradient of the chemical substances and
move towards higher concentrations. The function y is called a sensitivity

function, and expresses the relation between the chemical concentration and the

0
cells response, the symbol v denotes differentiation with respects to the outward

normal v on O0Q and the initial data u, and v, are sufficiently smooth

functions. For system (1.2) with d, =d,, the global existence and boundedness of
classical solution is proved under the assumption 0< y < \/z see [3] [4] [5].
n

Lankeit [6] extended the range of y in the two-dimensional case. Also the ge-
neralized solutions with large y are constructed in [3] [7] [8]. More results on
the related model with general sensitivity can be found in [9] [10] [11] [12]. In
this present paper, we prove the existence of global bounded classical solutions
for (1.2) without assumptions on the space dimensions or the smallness assump-

tion on the initial data in the case d; =d, + y . Our main result reads as follows.

2. Preliminaries

Lemma 1.2. (Poincaré inequality) [13] Let Q < R" be a bounded domain, then
there is exists a constant C =C(n, p,Q), such that for all u eWtp (Q)

D "u"vvlvp(g) =C ("vu"LP(Q) +||u||Lq(Q))' vp>1q>0.

2) sC||Vu||Lp(Q), V1< p< 4o,

LP(Q)

u—ﬁfﬁu(x)dx

Theorem 1.1. Let Q< R"(n>1) be a bounded domain with smooth boun-
dary and let the parameters d, >0,d, >0 and y eR satisfy d, =d, + y . Then
for any nonnegative function u, € C°(Q) and positive function v, eW"” (Q),
the problem (1.2) has a unique global classical solution which is bounded in
Qx (O, oo) .

3. Proof of Theorem 1.1

As a preparation to the proof, we first state one result concerning local-in-time

classical solution of the problem (1.2), which can be proved by standard contrac-
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tion mapping arguments and parabolic regularity theory (see ([11], Proposition
2.2) and the references therein).

Lemma 3.1. Suppose that u, € C° (5_2) is a nonnegative function and that
v, €W (Q) is a positive function in Q. Then there exist the maximal exis-
tence time T, <co and a uniquely determined pair (u,v) of positive func-

tions

ueC®(0x[0,T,,))NC* (2x(0,T,,)).
Ve C(Qx[0,T,0))NC* (2(0, Ty )) N Lig ([0, T )W (€2))

that solves (1.2) classically in Qx[0,T,, ). In additions, for the second compo-

nent vof the solution one can find 7 >0 such that

infv(x,t)zn forallte(0.T,,)

Furthermore, if T, <o, Then
o)y gy > 358 T

The following lemma is a generalization of the maximum principle, which plays
a major role in the proof of the main result.

Lemma 3.2. Suppose that Q< R"(n>1) is a bounded domain with smooth
boundary, d >0 isa positive constant and is a positive continuous function sa-
tisfying ["a(t)dt<eo . Let zeC(Qx[0,0))NC*(Gx(0,)), 220 in
Qx [O, oo) VI

z,<dAz+a(t)z, xeQ,t>0

01
E
7(x,0)=17,(x), xeQ

xeoQ,t>0 (1.3)

then zis bounded in Qx(0,).
Proof. Set

y(t)=max,_; z, (x)-ef‘;e‘(s)CIS forallt > 0.

By simple calculations we can show that yis the solution of

{y': a(t)y(t), t>0,

(1.4)
y(0):=max, g 7, (X),

and it is bounded in (0,20) by our supposition. Therefore, by the comparison
principle, we see that zis bounded in Qx(0,).

We are now in the position to prove global boundedness of solutions for (1.2).
4. Proof of the Main Result

u
Motivated by [14], let us introduce the function W=—. by using this assump-
v

tion d, = y+d,, we shall transform the system (1.2) into
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w, = d,Aw+ Zdlv_zAV-AW+(1—W)W, (%) e Qx(0,T )

v, = d,AV -V + W, (1) € Qx(0,T )

ow ooV _ 5 (1.5)
Pl 0, (x,t) € 0Q%(0,T,y ),
w(x,O):UO(X),V(X,O)zvo(x), xeQ

and then, by the comparison principle we will obtain

t
—If (k1) ex(0,T,,)

1)<
W(X) Yoe' — Yo +1

. Hence, the second equation in (1.5) implies that

yo_

v, <A, Av+—0
Yo — VYo +1

v, (X,t)eQx(O,Tmax) (1.6)

If y, <1, we deduce that

v(x,t)<max, g VoX, (X,t) e Qx(0,T )

by using the maximum principle. For y, >1, Let V= g oty Through direct
computation we establish that

_ Yo (yo _1)(et _1)_

v, <d,AV V, (x1)eQx(0,T,.)-
AT T (X €0 (0T,)

We shall also use the maximum principle for the second time, it follows that

V(x,t)smax, 5 VoX, (x,t)eQx(0,T,,.),
which implies that

v(xt) e max, 5 vox, (xt)eQx(0,T,)-

xeQ
Along with this, the Lemma 3.1 guarantees that v(x,t) is global in time. Then
the integral
b
0

T dt < oo,
Yo& — Yo +1

we apply the Lemma 3.2 to (1.6), it follows that vis bounded in Qx(O,oo) , and

hence U=ww isboundedin Qx(0,%0) with smooth boundary, Q< R"(n>1),

Thus we complete the proof.

5. Conclusion and Remarks

In the paper, we presented that the Neumann initial-boundary value problem for
the chemotaxis system with singular sensitivity in problem (0.1) is bounded in
Qx(0,:0) with smooth boundary, QCR”(H 21). Then we established that
the problem (1.2) has a unique global classical solution which is bounded in
Qx(0,). And we showed that QCR”(n Zl) is a bounded domain with

smooth boundary, d >0 is a positive constant and a is a positive continuous
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