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Abstract

A steady-state Poisson-Nernst-Planck model with 2 ion species is studied
under the assumption that n-1 positively charged ion species have the
same valence and there is only one negatively charged ion species. By re-scaling,
this model can be viewed as a standard singularly perturbed system. Based on
the explicit formulae for the solutions of its limit slow system and singular
perturbation methods, the existence of the solutions is analyzed.
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1. Introduction

The Poisson-Nernst-Planck model is a well-known model of ion transport,
which plays a crucial role in the study of many biological and physical problems,
such as ion channels in cell membranes [1] [2] and semiconductor devices [3].

A steady-state Poisson-Nernst-Planck model [4] [5] [6] is

1 d do 0
s {Femean)
7, . . 1 A o o
d_x_o’ Ji = T Dh(x)c (x) ax =12,

where @ is the electric potential; ¢, is the concentration for the ith ion spe-

cies; Z

is the valence; Q(X) is the permanent charge of the channel; z;(X)
is the electrochemical potential; h(X) is the area of the cross-section of the

channel; J; is the flux density; D,

. is the diffusion coefficient; &, is the rela-

tive dielectric coefficient; ¢, is the vacuum permittivity; & is the Boltzmann
constant; 7'is the absolute temperature; and eis the elementary charge.

The boundary conditions are, for i=12,---,n,
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®(0)=V, ¢ (0)=L; ®(1)=0, ¢ (1)=R. (12)
4 (x) in the classical Poisson-Nernst-Planck model takes the following form
4 (X) = ziep(x)+KT In@ (1.3)

0

with ¢, isa constant.

Migration of charges for ionic flow through ion channels is often described
mathematically by the Poisson-Nernst-Planck model (1.1), which can be viewed
as a simplified version of the Maxwell-Boltzmann equations [7] [8] and the
Langevin-Poisson equations [9] [10] by focusing on the key features of biological
functions. Recently, the model (1.1) has been greatly studied [11]-[17]. In [18],
the author obtained the existence and uniqueness of solutions for systems (1.1)
and (1.2) under the assumption that Q(x)=0 and n=2.In [19], the authors
completely solved the existence and uniqueness of solutions for the boundary
value problems (1.1) and (1.2) under the assumption that Q(X) =0 and nions
with the different valences are involved. However, the analysis of the dynamics
of Poisson-Nernst-Planck model with nonzero permanent charges Q( X) is
much more difficult. In [20], the authors justified the existence of multiple solu-
tions for the boundary value problems (1.1) and (1.2) under the assumption that
Q(X) is a piecewise constant function and n=2. For the case that n ions with
the arbitrary valences are involved and Q(X) is a piecewise constant function,
the general geometric framework for analyzing the dynamics of systems (1.1)
and (1.2) is provided in [21] based on the geometric singular perturbation theory
[22] [23] [24]. In this paper, we intend to study the dynamics of the classical
Poisson-Nernst-Planck model under the following hypotheses.

(H1). zy=2,=--=2,,=2>0 and z,<0.

(H2). Q(x)=0 for 0O<x<a, Q(x)=Q for a<x<b and Q(x)=0
for b<x<1, where Qis a constant.

By re-scaling,

ot Ty, oG T
KT KT e’ ' D

The model (1) is reduced to a standard singularly perturbed system of the fol-

lowing
2 d

P TN I

d d
h(x)[d—c)”(lJr zcld—fj =-J,,

. 1.4
h(x)(dcz(1 +zcn_ld—¢j:—\]n_1, (14)
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with the boundary condition, for j=1,---,n.
#(0)=V, ¢;(0)=L,;, 4(1)=0, ¢;(1)=R;. (1.5)

Actually, for the case n=2, system (1.4) and (1.5) corresponds to the equa-
tions studied in [20]. Additionally, due to the above hypothesis (H1), system
(1.4) and (1.5) is a special case of the equations studied in [21], but in this special
case, the explicit formulae for the solutions of its limit slow system can be ob-
tained, which is crucial for the analysis of the existence of solutions for systems
(1.4) and (1.5) in this paper by combining the technique of the geometric singu-
lar perturbation theory.

2. Limiting Fast Orbits and Limiting Slow Orbits on [0, 1]
Let u= gdiyﬁ , T =X.System (1.4) becomes
X

ep=u, eli=-[z¢++12¢+2,,+Q(x)]-eh™(z)h (r)u,

&€, =—zcu—eh, (7)J;,

2.6
&€, =-12¢,,u—¢h_ (7)J ., 26)
g€, =-z,cu—ch (7)J,,
J;=0,-,J, =0, £=1
By using the rescaling X =&& , one has
¢'=u, u'=-[zc++2¢,,+7,C,+Q(x)]-eh™(r)h, (r)u,
¢ =-zcu—ch (7)J,,
' (2.7)
Chy =—2¢,u—eh (7)J,,
¢, =-z,cu—¢h (7)J,,
J/=0,---,3,=0, 7'=e¢
Define
B, :{(\7,u,L1,---, Ly, .+, 3,,0) € R*" arbitrary u,Jl,--‘,Jn},
(2.8)

B, :{(O,U,Rl,---,Rn,Jl,'-- J, 1) e R* :arbitraryu,Jl,'--,Jn}.

1Y

Due to the fact that Q(X) is a piecewise constant function, therefore, we
identify the limiting fast and slow orbits on three intervals [0,a], [a,b] and
[b,l] respectively.

2.1. Limiting Fast Orbits on [0, a]

Let ¢(a)=¢a’ cl(a)zcla, S cn(a)=c§, where ¢a,clay--.,c

knowns to be determined later. Let

a

. are un-

B, :{(¢a,u,cla,...,c;j,\]l,---,Jn,a)eRz”+3 :arbitraryu,Jl,--~,Jn}.

We will identify the limiting fast and limiting slow orbits connecting B, to
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B, on the interval [0,a], where Q(x)=0. Letting £=0 in (2.7), one gets
the limiting fast system

¢'=u, U =-z2¢,—--—12C, ,—2,C,,
Cc, =—zCU,
o (2.9)
C,, =—2C, U,
C, =—-2,C,U,
J/=0,3"=0, '=0.
By letting £ =0 in (2.6), we obtain the critical manifold
Z ={u=0,zc +--+12¢,, +7,., =0}, (2.10)

which is normally hyperbolic.

The flow of B, under system (2.9) in forward time is denoted by M, and
the flow of B, under system (2.9) in backward time is denoted by M. Then
the following results can be established [20] [21].

Lemma 2.1. System (2.9) has the following n+1 nontrivial first integrals:

1
Hl ZeZ¢C1,--~, anl :ez¢cn—1v Hn :ezn¢cn! Hn+1 :Cl+.“+cn —EUZ.

Proposition 2.2. (i) The stable manifold W* (Z,) intersects B transver-
sally at points
(\7'u0,Lll...,Ln’\]ly...,‘]n,o),
and the o -limitsetof N =M NW*(Z) is
o(NL)={(45,0,¢5 .05, 35,0+, 3,,0)},
where J; for i=1,---,n arearbitrary, and

R S

z-z, z(L+-+L,,)

Zn

L _ZnLn F L _ZnLn Fh
Y PR S OOt I . S
g LlL(LiJF“""Lnl)} |:Z(Ll+“'+|‘nl):|

Uy :sgn(¢L —\7)\/2[L1+---+ Ln—(cf +---+an)]

(i) The unstable manifold W" (Z,) intersects B, transversally at points
(¢a,ul (a),cf,...,cs,‘]l,...,\]n’ ),
and the o -limit set of N} =M NW"(Z,) is
a(NF)={(¢™,0,8" e et 3,3, ),
where J; for i=1,---,n arearbitrary, and

¢a‘l =¢a _ 1 In _Zn(;r€:1 ,

-1, Z(Cla+"'+cr?71)
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Zn

a 7-7, a 7-2
al _ ~a _ZnCn ! al _ .a _ZnCn "
G =0 o oy on Gt =0 e '

z(cf 4+l y) z(cf 4+ y)

U (a)=59n<¢a —¢a'l)\/2[cf +eetCl —(Cf" 4ot c?! )]

Remark 2.3. At x=0, the limiting fast orbits T° — N, are a segment con-
necting (\7,u0,L1,-- Ly d -,Jn,O) to a)(N,_), and at X=a the limiting
fastorbits T} < N} are a segment connecting
(¢a,u,(a), TR AN ~,Jn,a) to a(Nf‘).

2.2. Limiting Slow Orbits on [0, a]

Now we identify the limiting slow orbits A, on the critical manifold Z, . By
using a rescaling
u=¢p,zC +---+2C,, +2,C, =—&0q.
System (2.6) becomes
d=p, ep= q-¢h™(z)h.(z)p,
eq=[2(z2-2,)(c,++C 1) -2, p+[2(I, ++3, 1)+ 2,3, |h (),

Cl :—chp—th’l (T),"',Cn_l :_ch—]_p_‘]n—lhi1 (T)’
J=0-J,=0 7#=1

(2.11)

—26, —-+ = 26, , — &4
Z

n

where C, = , and its limiting slow system is

W (2)[2(3y++ 3, 1)+ 2, ]
z(z—zn)(cl+~-+cn1)

¢, =-zc,p-Jh* (7). ¢ =-2¢,,p-J,,h 7 (7), (2.12)

J; =03, =0, 7=1.

#=p, =0, p=-

For system (2.12), the critical manifold is

={q=0, pz_hl(z-)[z(J1+...+Jnl)+szJ}’

2(z-z,)(c,++C,4)

—2C, —++—12C,
z

n

where ¢, =

It follows that the limiting slow system on & is

W () z(dy++ 3, y) + 2, ]

2(z-z,)(c,+-+¢Cyy)

(
h (o) 2(;++ 3, 4)+ 2,3 ]cl—Jh

Cl =
(t—2)(e++c.2) )
: (2.13)
. W () z(dy++3,4)+ 2,3, ],y .
C ,= —
"t (z-2,)(c,+++Cpy) (0.
J,=0,---,J,=0, z=1.
DOI: 10.4236/jamp.2020.89145 1934 Journal of Applied Mathematics and Physics
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For convenience, we denote
2, (3, +-+J,)

(z-2,)(cr +-+cry)

H (x) :jox h™(s)ds, B(x)=1+

I
—

x
~—

and
) ca! _CLeZ("”L’“’a")
i i i H
A = — J=1--,n-1
4.4 Li.ogct ez(¢ - )
1t F G (G e+ Gy

Lemma 2.4. There is a unique solution
(¢(X),cl(x),-~,cnfl(x),Jl,u-,Jn,r(X)) 0f(2.13) such that

(#(0)..(0).++,6,4(0).7(0)) =(¢" cr ¢4, 0) e (N, )
and (¢(a),cl(a),-n,cnil(a),r(a))=(¢a",cfv',...7csjl,a) ea(Nla),

where ¢L,01L,---,C#_1,¢a",Cf",---,C,?‘_'l are given in Proposition 2.2. It is given by
Coz(dy e+ 3 )+ 2,3,
= — I P y
#(x)=¢ 22, (3, +--+3,) "R (%)
ClL (J2 Feeet ‘]n—l)_(cé_ +'"+Cr|1_—1)‘]1 2(3++Ina )+ 2030
= P 20 (Jy+++dp)
Cl(x) J1+'”+‘Jn—1 [ |(X):| !
et )d
+(Cl n—l) 1 PI (X),
Ji++Jd
Cr|1_—1 (‘]1 R ‘Jn—z)_(clL S Crll_—z)"]n—l 2(Jp++3n1)+203p
= P 20 (Ip+-+Jp)
Cn—l(x) J1+"'+Jn_1 I: |(X):| !
v )d
+(01J n—1) n-1 Pl(X),
1+’”+‘]n—1

_ClL+'”+CrI1:1_(ClaJ+"'+Cri|1) Z(¢L_¢avl)

= 1— !
' H(a) Incla'l+"’+C§L|1 g
Cl +eHChy
Al A |
ClL+"""'Cr|1_-1_(c1é1 +"'+C:-1) Z(¢L_¢a ) N1
1= 1-—— — A, (2.14)
H(a) Gt e
Ch+e+Cry
I ) AU
" an(a) In Cla’|+...+cs’_|l '
et
7(x)=x.
Proof. By system (2.13), it follows that
DOI: 10.4236/jamp.2020.89145 1935 Journal of Applied Mathematics and Physics
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¢ (X)+E (X)++¢ 4 (X)= %n (I 4+ 4+ 3,)h ™ (x).

z-1,

Therefore,
G (X)+C, (X)+-++C, 1 (X)

:clL+ch+~~-+cn{1+z—”(\]l+‘]1+---+Jn)H(x).
7-1

n

By inserting the above formula for Cl(X)-l-C2 (X)+~'+Cn71(x) into system

(2.13) and using the variation of constants formula, the formulas for
Cl(x)""’cn—l(x)’¢(x)’le""‘]n

in the statement can be obtained. O

2.3. Limiting Fast Orbits on [a, b]
Let ¢(b):¢b, Cl(b)ch, e G (b):Cs, where ¢°,¢0,---,c0 are unknowns
to be determined later. Let
By = {(¢°,u,cl,+, €}, 3y, 3,,b) € RO cabitrary u, 3y, -+, 3, .
We will identify the limiting fast and limiting slow orbits connecting B, to

B, on the interval [a,b], where Q(X)=Q. The limiting fast system is ob-
tained by letting £=0 in (2.7):

¢'=u, u=-z¢,—--—12C,,-2,C,-0Q,
Cc, =-zeU,
, (2.15)
Cha =—ZC U,
c, =-z,CU,
J,=0,---,J,=0, 7'=0.
By letting £ =0 in (2.6), we obtain the critical manifold
Z, ={u=0,2¢ +--+2¢,, +7,c,+Q =0}, (2.16)

which is normally hyperbolic.

The flow of B, under system (2.15) in forward time is denoted by M, and
the flow of B, under system (2.15) in backward time is denoted by M . Then
the following results can be established [20] [21].

Lemma 2.5. System (2.15) has the following n+1 nontrivial first integrals:

1
H, =e”c,,H,,=e“c, ,,H,=e"c ,H,,=c++cC, —Euz -Q¢.

Proposition 2.6. (i) Letting ¢ =¢*" be the unique solution of

a_ a_ .
2656 r gt & g e g 2,
and letting
nym = Clan((ba_lﬁavm) 17T Cr?LT = Cs,1e2(¢a_¢avm) y Cs’m = Csezn (¢a_¢a'm) ,
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Uy (2) =50n(9°" ¢ ), 2+ —(cf" - cd")-Q(g —¢") |
The stable manifold W*(Z,)) intersects B, transversally at points
(4.0, (3) ¢ 0€2, 3,000, 9,,0),
and the o -limitsetof N, =M:NW*(Z,) is
a,(N;):{(¢a,m,o,cfvm,...,c§vm,le...,Jn,a)},

where J; for i=1,---,n arearbitrary.
(ii) Letting ¢ =¢™" be the unique solution of
b b b_
zclbez(¢ (. zcrﬁ’_lez(¢$ N znc;’ez"(ﬁ) ’ +Q =0,
and letting

b_ b.m b__b.m b__bm
Clb,m _ C]l_)ez(¢ ¢ ),"',C:’_T _ C:_lez(¢ ¢ ),C:,m — C:eln(¢ ¢ )’

0.(0)=son(¢" ¢ ) o[ w6 (&" e 7) Qe 4]
The unstable manifold W" (Zm) intersects B, transversally at points
(4"t (). 2.6, 3y, 3, b),
and the a -limit set of N2 =MW" (2,) is
a(Nr';):{(¢b,m,0,cf,m’...,csvm’\]1,...,Jn’b)}’

where J; for i=1,---,n arearbitrary.
Remark 2.7. At X=a, the limiting fast orbits T'; — N}, are a segment con-
necting (¢*,U, (), .3, 3.+, 3,.a) to @(Ny), and at x=b  the limit-

ing fast orbits T° — N° are a segment connecting
(#°.u, (0),C0, -0, 0y, 3,,b) to a(NP).

2.4. Limiting Slow Orbits on [a, b]

Now we identify the limiting slow orbits A, on the critical manifold Z_ . By
using a rescaling
u=¢p,2¢ +---+2¢,,+2,c, +Q=—
System (2.6) becomes
$=p. ep =q—eh‘1(r)h,(f) P
eq=[2(z-2,)(¢,++¢4)-2,Q-52,q]p
+[z2(3,++3,4)+2,3, ]h (), (2.17)
Cl =-ICp- ‘] h ( ) ’Cn—l =-2C,,p- ‘]n—lhi1 (T)’
J,=0,---,J,=0, =1,
—-2¢, —---—12¢,_, —Q—¢&q

z

n

, and its limiting slow system is

where ¢, =

DOI: 10.4236/jamp.2020.89145 1937 Journal of Applied Mathematics and Physics
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Y[ 2(3y e+ doy)+ 2, ]

. h~
$=p. 4=0 p=- z(z—zn)(cl+---+cnfl) zQ

¢, =-zc,p-J;h*(7), .6y =—2¢,,p-J, ;7" (7), (2.18)
J,=0,---,J,=0, =1

For system (2.18), the critical manifold is

] __h’l(r)[z(Jl+---+JM)+szn]
Sm—{q—o,p— 2(z-z,))(c,++¢,4)-72,Q }’

-2¢,—---—12¢,, —Q
z

n

where ¢, =

It follows that the limiting slow system on S, 1is

W (2)[2(3 +++3,1)+ 2,3, |

$=- 2(z-z,)(c,+-+¢,4)-2,Q
h™ (3, 4+ z.J |c
C1= (T)[ ( 1+ + n—l)+ n n] l—thil(T),
(z-z,)(c;+--+c,1)-2,Q
(2.19)
.- h () [2(3,++3,5)+2,, ]y 3 (o),
(z-2z,)(c +--+¢,)-7,Q
J,=0,--,J,=0, #=1
Following the idea in [20] [21], system (2.19) can be transformed to
diy¢=—[z(31+-~+\] )+2,3, ],
diycl:[z(Jl+~.-+J )+2,3, |26, -2(2-2,) 3, (¢, +++-+¢,, )+ 2,QJ;,
(2.20)
d. =[z2(3++3,)+2,3, ]z, —2(2-2, (c,++Cy)
dy n-1 1 n—l n-1
+2,QJ, 4,
dilezo,---,dianzo, (;j—yr= 2(2-2,) (6, +++,1)-2,Q]N(z).
The solution of (2.20) is
=" —[2(I++3, )+ 2,3, ]V,
¢ (‘]2+"'+‘]n71)_(cz +"'+C§LT)‘]1 QJ
- D(y)o— %1
a(y) J++d, () z(J,+-+J,)
J 4t
- cf~m+...+cj;T+—Q( 1+t do) D, (y).
J++d, 2(J,+--+13,)

DOI: 10.4236/jamp.2020.89145 1938 Journal of Applied Mathematics and Physics
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Cr?,_T(Jl_i_..._h]n_z)—(cf'm+---+Cr?'_2)-]n_1 QJ
) D (v)o— 1
Cn,l(Y) Jl+...+‘]n_1 1(y) Z(‘]1++‘]|’1)
Jfl a,m a,m Q(‘]1+"'+Jnfl)
\]1+-~+Jn,1 a e Z(J1+’”+‘]n) Z(y),
| e
P 1-D 2.21
e ey (00 -
(2-2,)Q(3 ++3,,)
J 447,
-1, Ji+-+
J(2z2)QU )y g (1 gy,
2z, (3, +-+3,)

where
Dl (y) _ eZ[Z(J1+‘“+Jn4)+Zan]V D2 (y) _ ezzn(J1+--~+Jn)y.
It can be seen that there exists a Y, >0 such that 7(Y,)=b, which implies
that ¢(y,)=¢"" and c,(y,)=c", -+, C,4(Yy)=Cr7, then it follows that
#m =" =[2(3++3,10)+ 2,0, Yo
o (e 3 )= (S5 2T ),

mo_ D _
G J++d (%)

‘]1 a,m a,m
[ S— g : — - 7D
+\]1+“‘+Jn1{C1 i +Cn71+ Z(J1+"'+\]n) i| Z(yO),

. Cﬁ;T(J1+-~-+Jn72)—(cf'm+~--+C§f2)JH QJ,,
Cly = ] Dl(YO)_
Lo+ d 2(3 +--+3,)
‘]n—l a,m a,m Q(‘]1+”'+‘Jn—1)
—_—| C B+———— D , 2.22
+Jl+...+\]nl{cl HoetCyl 2(3,++d,) ,(Yo) (2.22)
7-2)| @™+ 42T — ()™ - CPT am_ ghm
J1+---+Jn=( n)|:Cl n-1 (Cl nl):| Q(¢ ¢ )

~2,(H (b)-H (a)) H(b)-H(a)’

2.5. Limiting Fast Orbits on [b, 1]

In this section, we will identify the limiting fast and limiting slow orbits con-
necting B, to B on the interval [b,1], where Q(x)=0. The limiting fast
system is obtained by letting ¢ =0 in (2.7):

¢'=u, u=-z2¢,—--—12C,_,—7C,,
C, =—zCU,
. (2.23)
Cha =—2C 4,
c, =-2,C.U,

3/=0,,3"=0, 7'=0.

By letting £ =0 in (2.6), we obtain the critical manifold
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Z ={u=0,2¢c ++1¢,, +27,c, =0}, (2.24)

which is normally hyperbolic.
The flow of B, under system (2.23) in forward time is denoted by M?, and

the flow of By under system (2.23) in backward time is denoted by M . Then

the following results can be established [20] [21].
Lemma 2.8. System (2.23) has the following n+1 nontrivial first integrals:

1,
H,=e"c,---,H,,=e“c, ,,H, =e2“¢cn,Hn+l=cl+---+cn—§u .

Proposition 2.9. (i) The stable manifold W*®(Z,) intersects B, transver-

sally at points
(¢b1ur(b)1cf1“"ckn]1Jl""1Jn!b)1
and the o -limit setof N? =M;W*(Z2,) is
o(N2)={(#7 .07 02" 3, )
where J, for i=1--,n arearbitrary, and
1 -z,Cp
z-1, z(cf+~~-+c;’_1)

Zn

z
b -z b 7-1,
br _ b _chn ! cb,r _ Cb _chn "
Cl - Cl b b ' Yo T Mn b b '
Z(C1 +"'+Cn—l) Z(Cl +"'+Cn—l)

ur(b):sgn(gzﬁb'r—¢b)\/2[cf+---+c:—(cf‘+~--+c§”)}.
(ii) The unstable manifold W" (Z,) intersects By transversally at points
(0,u,, R+ Ry, 3y, 3,00),

and the a -limit set of Ng =M NW"(Z,) is
a( ) {(¢ 0 Cl " n"]l!"'!‘]n!l)}!
where J; for i=1---,n arearbitrary, and

R 1 -z,R
— I n-'n ,
¢ -1 nz(R1+~--+Rn_1)

Zn

R _Zan Fn R _Zan £
=R|— "0 . cR=R | "%
“ RlI:Z(R1+..-+Rnl):| G n{Z(R1+...+Rn1)} ’

U =sgn (- \/2 R1+ +R (e et )}

Remark 2.10. At x =b, the limiting fast orbits T — N} are a segment con-
necting (¢b,ur (b),clb, . ,cn,.] . ,Jn,b) to a)(N ), and at x=1 the limiting

fast orbits T* = Ny are a segment connecting (0,u,R,,~+,R,J;,--+,J,,1) to

a(Ng).
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2.6. Limiting Slow Orbits on [b, 1]

Now we identify the limiting slow orbits A, on the critical manifold Z, . Just

as in sections 2.1 and 2.2, it can be shown that the limiting slow system is

h () z(3,+-+ JH)+ZHJ"],

h=- 2(z-2,)(c ++Cypy)
. h’l(r)[Z(Jl+"'+Jn—1)+Z"J”]cl _J h_l(T)
(2-2,)(c,+-+C, ) ' ’
: (2.25)
hfl
Cra = (T)[Z(Jl+ +J"71)+Zn\]n:|cn71—‘]n71h71(T)y

(2=2,)(c,+-+C,1)
J,=0,--,J,=0, =1

For convenience, we denote

and
br__R
¢t —cf’"ez(¢ )

A= ———i=1-n-1.
ClR +"'+C:_1—(C1b'r +"'+Crt:’_r1)ez(¢ ¢ )

Lemma 2.11. There is a unique solution
(¢(X),Cl(x),---,cn_l(x),Jl,~--,Jn,z’(X)) 0f(2.25) such that
(¢(b)'cl(b)""’cnfl(b)vf(b))=(¢b'r7Cf'r,"',Csfl,b)ea)(Nb)

and (40,6 (0) 00, (1.7 (1) = (47,0 cFa 1) (N ).

where ¢°", Clb‘r e C:fl, #°, ClR e CL are given in Proposition 2.9. It is given by
2(I ++3,,)+2,d

— br n nI P '
#(x)=¢ 22, (3, +--+3,) NP ()
Cle (J2 et \]nil)_<clzjvr 4t Crt:'—rl)‘:ll 2(Jg++dng )+ 2pdp
= P Zn(‘] +-~~+Jn)
Cl(x) ‘]1+“'+‘]n—1 I: l’(x)] !
b,r+”'+cb,r J
+(C1 n—1) 1 Pr(X),
Ji++Jd
Co (I 4o+ .]nfz)—(clb’r +---+Crt]”f2)Jn7l 2(3g++3n 1} 20
c0- e 1] 5
(e vt )3,

+

R (%),

Ji++J

O Gl Gttt Y| U o)
l H(1)-H(b) e |

b,r b,r
QY
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;o _arerat(derl)l (060 |
H(2)=H (b) e |
C1 "4 +Cn1

(2.26)
] _Z[CIR +...+C:71—(clbvf +...+c:f1):| ) Zn<¢b,r_¢R)

" z,(H(1)-H (b)) c1+ +cnl '
7(x)=x.

3. Results

Based on Propositions 2.2, 2.6, 2.9 and formulas (2.14), (2.22), (2.26), we get

N TR SRR B

O TR 2 B A

wie—r) TR

=sgn(¢*" —g7) 2 o1+ vl (27 442" Q¢ -7 ) |
sgn (¢ 4" ) 2+ cl (7 ot b)) -Q(8 g7 )]
=sgn(g7 —g") 2 o+ al —(¢P el

Ji++Jd

() o)

H(a) _I !

Cf 4+ HChy

R e Ny
- H(1)-H(a) & e

Gt ot ] A )

" z,H(a) In !+ +cnl
Ch +e+Cry

[cl+ ey (e +cn1) . 2, (¢ —4°)

z,(H(1)-H(a)) nu’

Cl +- +Cnl

¢ =" [ 2(Iy++3,4)+ 2,3, | Yoo

b,m
¢ 0y
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:_M_}_ Cla'm+...+cs'7T +
2(J,+-+17))

QI +--+J,4)

Z(Jl+...+Jn) Dz(yo)’

(Z—Zn)[claym 4ot —<Clb’m +...+CSLT )J Q(¢a,m _¢b,m) (3.27)

~2,(H(b)-H (a)) ~ H(b)-H(a)’

Ji++J, =

and

=+ -+ A =+ 43 Ay = (I ++ 30 A,

: (3.28)
Joa=(d -+ A =+ I AT = (3 + -+ 3 ) A
where
- b,m_ am Z(¢a,m_¢b,m)
A= G G ° —__i=1-n-1
cf'm+---+c,?‘_T—(cf“"‘+---+c§’_T)ez(¢ ol
Now, we consider a special case that z=-z, =1, and
a=1/3,b=2/3,h(x) =1. Following the idea in [20], let
((:1a +---+c§‘_l)cr",‘ = A%, (clb +~--+c;’_1)cf]’ = B?
and
(L++Ly)L, =L (R++R )R =R? Q=2Q,
Then system (3.27) reduces to
QL1 (4 +3,.)]
F(A)=e"W| JQ2+A? - i i
() % 6(L-A)
(3.29)

+QO[Jn —(J1+...+Jn,1)]_\/Q§+78z:O,

6(L-A)

where

JQZ+B? — Q2+ A2 +L-A
QI -(+++3,4)]

K(A)=-6(L—A)

and system (3.28) reduces to

_
J++3
- 1 L 1 @
a V-¢2-ZIn n +=In n
Ca Cn _ I—n a ¢ 2 L+tetlyg 20 ofagcdy
1 a a
Cl++Cy L+-+L
a
\7—¢a—éln Ln +2in < Cn o
A_Le 2 L+e+lng 20 cfyqcdy
b.b
ClCn
(I +-+31)

JQZ+B? +Q,
¢‘"‘—<z>"+|n(“Qg+B2 ) Ch )

JQs +B* -Q, _(\’Qo2 + A —Qo)e R
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(«[Qg +B? Qo j(of +---+Cﬁ,1)
[\/Q§+A2 -Qo)(of +‘“+Crt\)—l)

aa #2—¢%+In
C
(Bt dy ) e
JQ + AT +Q,
o Y0 k)

\/Qoz"'iB2 -Q - (m -Q )e (\/%277% )(CP +“'H’L)

1 1 Ra
¢ 2|ol+ ey ZIFRﬁ “+Rnq
R1+ +R Y+t Ch

cn

i
R—Be¢ 2 P +c,?1 2 R1+ +Rn-i
‘Jn—l
Ji++Jd
L (cf +-+ch.
RN
a Cn n 2 cA(y+tlyyg)

V-g- b 1,
A—Le 2 '—1Jr Hlpa 20 oftverchy
b b
C,4C
n-1-n
(I +-+3.)

JQ. +B* +Q,
(W—Qo)(cf*‘*cﬁa)
Qi +B7 -0, -(Ji + A -y Je

2 =4 +In
o (\ QOZ +A? —on(of 4o .+CE,1)

Ry e
—¢°+In
(\/QSH\Z -Qo)(of +“'+0271)

a a
(I +-+3.) Cn1n

G
JQo +A* +Q,

(\/Qg +B? —QO)(cla +“'+Cr?71)

¢a_¢b+|n( 2. A2 ](h b)

VQG+A” Qo || o+ ++Cng

2 2 2 2

VQ +B _Qo_(\/Qo +A _Qo)e (3.30)
b p Lt Ly F

R, b C, e¢ 2" P rrchy 2 RibtRg
n-1 n-1 b b
R +-+R,; C, +-+Chy

CR .l Ry

¢ ——I b In
R - Be 2 Pyicdy 2 Rpt+Ryg

Additionally, it is demonstrated in [20] that F(A)=0 has solutions, there-
fore, it follows that the following unknowns
¢ C1+ +Cn1' n'¢ Cl+ +C—1’Cn"]+ +‘]n1"]n!y0

can be determined. The remaining unknown

a

a b b
Cl "“'Cn—Z'Cl"“'Cn—Z"]1"""]n—2

will be determined by Equation (3.30).
By solving (3.30), we get
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L+-+L
AR +++R = (L 4+ L )e |

(Cla+"""Cn71)(R1_|-1e )
R+ +Ry—(L++L,,)e"

(Cf“‘"""cr?-l){l_m } (m Qo)
AR +B7 - Q|[Ri++ Ry (Lo Ly )e' |

(e ey ) (Ri-Le')
R ++R, (L1+ +L, )V

a

oo (LR R,
e

b

(Cla +‘“+C:_1)|:Lnl(R1 +- 4 Rnl)—Rn_l:|LeT1
L+t Lo

a

¢, = —
A[R1+---+Rn_l—(L1+---+Ln_1)eVJ
(Cf +"'+C§—1)(Rn—1 - Ln-1e\7)
Rl+~-+Rnfl—(L1+m+Lnfl)e‘7'
3.31
b b Ln—l(R1+"'+Rn—l) 2, a2 T (31
(0 +mmtch,) ~Ros |L(VQE+ A7 Qe
@ L++ly
AR B )[Rt Ry (Lt r L )e ]
(e +-+cp,y (Rnl L,.€")
R+ +R—(L++L,,)e"
where
T1:\7—¢a—lln L +Lin i
2 L+-+L, 2 c+---+c)
and
_ 1 L(errer,) (e +c_1)(\/Qo+B2 Qo)
T,=V-¢"-=In— +In
2 Cn(L1+"'+Ln—l) (C]_ 4. +Cn,1)( 'Qo +A2 QO)
Remark 3.1. Once cf,---,c,?_l,cf,---,cr?_l are determined, then J,,---,J,

are also determined. Therefore, all unknowns involved in Equations (3.27) and
(3.28) are determined.

Therefore, a limiting fast and limiting slow orbit is identified as follows, see
Figure 1 for an illustration.
rPUA UM UL UA, UT, UTR UA, UT
By employing the Exchange Lemma [20] [21] [22] [23] [24], it can be verified
that

Theorem 3.2. For & >0 sufficiently small, there exists a unique solution of
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Figure 1. A limiting fast and limiting slow orbit connecting B, to B, where

o T3,T2,1°,T° are limiting fast orbitsand A,,A,,A, are limiting slow orbits.
system (1.4) and (1.5) near the limiting fast and limiting slow orbits.

4. Conclusion

In this paper, a steady-state Poisson-Nernst-Planck model with n ion species is
studied under the assumption that n—1 positively charged ion species have the
same valence and there is only one negatively charged ion species. By using the
geometric theory for singularly perturbed system, the existence of solutions for
systems (1.4) and (1.5) is justified. As we know, it can be seen that the results in
[20] correspond to those in this paper in the case that n=2. Also, this paper
shows that the number of solutions for systems (1.4) and (1.5) essentially is de-
termined by the number of solutions for the algebraic Equation (3.29), that is, an
increase in the number of positively charged ions with the same valence does not
change the number of solutions for systems (1.4) and (1.5). Generally, for the
case that there are more than two species ions involved in the Poisson-Nernst-
Planck model, the dynamics become more subtle and complicated. Moreover,
the mixture of multi-species ions, such as sodium (Na*), potassium (K*), calcium
(Ca’), chloride (CI'), plays the very important role in many vital biological
functions, for instance, opening and closing of ionic channels. In [25] [26], it
was shown that the Poisson-Nernst-Planck model with three or more ionic spe-
cies of different charge may admit multiple steady state solutions, and the exis-
tence of multiple steady state solutions is important to study transitions between
such states which may be related to the gating (switching between open and

closed states of ionic channels) and selectivity of ion channels.
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