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Abstract 
In this paper, we present a theoretical investigation as a function of tempera-
ture of a critical anomaly find in InAlAs hetero-structure of two-dimensional 
electron gas. This study has shown the presence of a large and continuous 
anomaly. This anomaly is explained through a theory based on the general 
assumption. The present theoretical research is based essentially on the cha-
racteristic of specific heat capacity extending over a large temperature, but we 
underline a good agreement with results of the relation with chemical poten-
tial and Broadening parameter as a function of temperature. It is found that 
the specific heat capacity observed by a peak at low temperature, at a critical 
temperature, is directly linked to Schottky anomaly and unveiling the exis-
tence of phase transition in InAlAs. Our results are completed by the study of 
the dependence of the heat capacity on the spin as a function of temperature. 
This study confirms the same behavior with result without spin. 
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1. Introduction 

Electron in a Two-dimensional gas (2DEG) continues to be of interest in physics 
since they exhibit non classical behavior and are readily realizable in semicon-
ductor hetero-structure [1] [2]. These last year’s investigations on 2DEG (Two- 
dimensional electron gas), are the object of many news research for example 
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(Quantum Hall effect) [3] [4], and the Haas-van Alphen effect or the magnetiza-
tion oscillations [5] [6] [7], and in the studies of the chemical potential [8] [9] 
[10] [11], and in the studies in the coupling between 2DEG and Spins [12] [13] 
[14] [15] [16]. 

On the side of theorical investigation, the general trend is attributed to the 
presence of Landeau levels. These Landeau levels are indicated by broadened 
energy levels, characterized by phenomenological broadening parameter Γ, which 
is represented in the density of states (DOS) [17] between eigenvalues En. These 
En, known as Landeau levels, are the quantized energy spectrum (E) obtained 
when a strong electric field (V) is applied to the system’s plane [18] [19]. 

These striking behavior of En broadening, from which other exotic features 
arises, has been attributed to disorder due to the presence of impurities, defects 
and other inhomogeneity’s in the system [20] [21] [22]. These overlaps have 
been analytically confirmed in the presence of weak disorder [23]. But this deri-
vation has no localization effect and contains parameters related to the impurity 
configuration, namely its density and distance from the 2DEG plane. Such con-
ditions make quantitative comparison with experimental results difficult. 

In our work, we present a numerical calculation of a new specific heat capacity 
Sheat anomaly, characterized of InAlAs devices, for different chemical potential µ, 
as a function of temperature T. The purpose of the present papers is to give 
furthers study for 2DEG. We show the presence of a large and continous ano-
maly at low temperature with the increase of chemical potential. Then we finish 
by a summary, that we have compared our results with other references. 

2. Numerical Model 

During the early part of the nineteenth century, studies on the heat capacity of 
materials tended to indicate that it was rather uninteresting property somewhat 
independent of temperatures. Heat capacity is one of the most fundamental 
physical properties as it directly probes thermodynamic quantities such as en-
tropy [24] [25] [26] [27] [28]. In the case of two dimensional electrons gas 
(2DEGs) heat capacity can be a powerful probe of single and many body proper-
ties such as the Landau quantized density of states and the Quantum Hall effect 
(QHE). Both integral and fractional [29], measurement of the 2DEG heat capac-
ity, however are among the most challenging experiments because of the very 
small electron contribution. 

Thermodynamic properties of each device that can be described by the inde-
pendent or free particle model are determined by their single particle energy 
spectra depending on the confinement and the size of the system. 

For such system, the specific heat capacity of a substance Sheat of 2DEG was 
studied as a function of temperature T [30] [31] [32]. At constant volume of an 
electron gas, heat capacity Sheat, in the Debye model [33] [34] [35], can be calcu-
lated directly from differentiation of the internal energy U, with respect to tem-
perature [36] [37]. 

Specific heat capacity is one of the fundamental thermodynamic properties of 
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a substance. It is defined as the energy that has to be transferred to or from a 
unit of mass or amount of substance to change the system temperature by one 
degree. The heat capacity of material is a property that indicates the amount of 
thermal energy the material must absorb to achieve a specified temperature rise. 
Specific heat capacity is generally sensitive to phase change. Different materials 
of a given mass require different quantities of heat to rise their temperature by 
specified value since different materials absorb energy in different ways. Speci-
fied heat capacity of material is obtained from expression: 

( ) ( ) ( ) ( )heat , , d
U T

S f E T E D E E
T T

µ µ
+∞

−∞

∂ ∂
= = ⋅ − ⋅

∂ ∂ ∫          (1) 

where µ  the chemical potential, ( )D E  is the density of states, and ( ), ,f E Tµ  
is the Fermi Dirac distribution function giving by: 

( ) 1, ,

1 exp
B

f E T
E
K T

µ
µ 

 


−
+



=



                    (2) 

where BK  is the Boltzmann’s constant, T is the absolute temperature, E is the 
energy of the single particle state, µ  is the chemical potential and ( )D E  is 
the density of states DOS. The temperature derivation in Equation (1) then acts 
only on ( ), ,f E Tµ . heatS  behavior of can be determined once the density of 
electron N and the chemical potential µ  are known. 
where:  

( ) ( ), , dN f E T D E Eµ
+∞

−∞
= ⋅∫                    (3) 

To calculate the density of electron at each Landau level we need to know the 
density of states function for electrons. 

Ideally, the DOS of a non-interacting 2DEG is given as a series of delta func-
tion [18], that is:  

( ) ( )0 nnD E D E Eδ= −∑                     (4) 

where 0D  is a constant which depend on devices mass, And 
2 2

2n
h KE

m
= , 

where nK
a
π

= , is the energy of the nth Landeau level. Such a DOS structure can  

be used to model actual materials with a very narrow distribution of energy car-
rier [38] [39] [40]. The delta—like density of states in Equation (4) is deformed 
due to scattering of electrons by impurities. As result the density of states be-
comes broadened. 

Usually, the actual shape of the density of states of a 2DEG is determined by 
making theoretical fits to the heat capacity data from experimental measure-
ments. There are many form of the DOS used in literature [41] [42] [43] [44] [45] 
such as Lorentzian, Gaussian with a constant back ground. A derivation of the 
level broadening Γ is given by Ando and Uemura [41] where they found a Lo-
rentzian by of broadening type of broadening, are also suggested [18] [32] are a 
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widely used. On Thermodynamic properties of 2 DEG systems, theoretical stu-
dies use a Gaussian Function of DOS given by: 

( ) ( )2

0 2

1 exp
22

n
n

E E
D E D

 −
 = −
 ΓπΓ  

∑               (5) 

where, Γ is the broadening is taken into account by the parameter. 
When the chemical potential is temperature dependent [2] [46] [47], we can 

calculate the derivation of the chemical potential. This will yield two terms in the 
specific heat capacity as giving in [48] [49] [50]. But aside from Fermi function 

( ), ,f E Tµ , the specific heat capacity has also an explicit dependence on 
T
µ∂
∂

. 

Evaluating the temperature derivative in Equation (1) results into: 

( ) ( ) ( ) ( ) ( )heat

, ,
d , , d

f E T
S E D E E f E T D E E

T T
µ µµ µ

+∞ +∞

−∞ −∞

∂ ∂
= ⋅ − ⋅ − ⋅ ⋅
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Using in this expression the derivative equation of the Fermi function, we can 
obtain the general equation for the specific heat capacity. 

3. Quantitative Interpretation of the Temperature  
Dependence of Heat Capacity as Function of Chemical  
Potential 

In the Framework of the effective mass approximation in two-dimensional elec-
tron gas system, the Schrödinger equation in the effective mass is giving by: 

( ) ( ), , , ,H x y z E x y zψ ψ=                   (7) 

With Hamiltonian subjected with an electrical potential, in a Cartesian system, 
written in this form:  

( )
2

*   
2

H V z
m

= − ∆ +


                     (8) 

where ( )  V z  is the self-consistently calculated potential energy which includes 
contribution arising both from dopant charges and electrons localized in the 
quantum well and it is expressed as ( ) eV z A

c
=



, *m  is the effective mass,   
is Planck’s constant divided by 2π, and E is the energy eigenvalue. 

By computing the solution of the Schrödinger equation, we can assuming that 

the Landeau levels, of the nth energy level is 
2 2

2n
h KE

m
= . This result is clearly 

represented by the different states of energy for different point in the band gap 
(Figure 1). 

Assuming a Gaussian distribution of defect states in the gap, broad distribu-
tion of the  density of states was found  in InAlAs devices. This result can be 
represented by Figure 2, which shows the presence of three peaks in the case of 
five states. The resolution of Schrödinger equation and density of states DOS 
and Fermi Dirac distribution can help us to establish the specific heat capacity 
equation.  
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Figure 1. States of energy for different point. 

 

 

Figure 2. Density of state DOS. 
 
The obtained distribution of density of states can now be used to calculate the 

temperature dependences of the heat capacity in a wide temperature range, for 
the case when the chemical potential µ is varied between 0 meV to 0.7 meV in 2 
DEG semiconductor III-V, and with a  fixed value of parameters Γ = 0.4 meV. 
This result was represented by Figure 3. We note that for various μ, Sheat exhibit 
a single peak at the low temperature (as it is clearly shown in the insert of Figure 
3). As shown in this Figure, the value of T when the Sheat is maximum, Tpeak, is 
equal to (12.7 ± 1.2) K. Let’s us note that the peak temperatures of the heat ca-
pacity are shifting with chemical potential μ. This is expected, since we are 
computing the Specific heat capacity. If we computed the total heat capacity of 
the system, these peaks would occur at the same temperature. 

Sheat increase with the increasing of T, then display a sharp peak at Tpeak, before 
the decreasing at high T. The maximum values occurs at a temperature very 
closed to that shown in this figure indicating that the observed features are likely 
related to Schottky behavior. This behavior happens when the heat capacity of 
the nuclei is comparable to that of the electron. 
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While the temperature at which the peak in Sheat appears is about (12.7 ± 1.2) 
K, there is no charge of the peak temperature for a further increase of chemical 
potential μ. Another point in support of this is the observation of the broadening 
of the peak become strengthen when μ increase; add the width of the peak be-
come more large with the μ decrease. 

The peak in Sheat vs. T observed at low temperature is dependent of µ. Whereas 
the insert of Figure 3 shows that the intensity of the peak temperature Tc 
strongly depends on μ. The origin of the peak at very low temperature T is dis-
cussed in relation with a phase transition in the electronic system. 

This phenomenon is also observed in the same device but at another value of 
parameter Γ equal to 0.1 meV (Figure 4). On the plots of this figure we carried 
out the peak at the temperature around about (12.85 ± 1.25) K, which have been 
clarified in Ref. [51]. We would also like to show that heat capacity is affected not 
only by temperature, but also by chemical potential and Broadening parameter. 

These results obtained at Γ = 0.1 meV are in good agreement with those at Γ = 
0.4meV, with a monotonous increase of Sheat with the increasing of temperature. 
This exothermic peak proves the presence of anomaly behavior in InAlAs. Tak-
ing into account the thermodynamic properties and structural measurement, we 
propose that the presence of this anomaly is clarified on the basis of the idea of 
the Schottky anomaly. 

The presence of peaks at different value of the chemical potential µ, and in a 
wide temperature range, correspond to anomaly is an observed effect where, the 
specific heat capacity shows an exothermic peak. These anomalies are likely re-
lated to Schottky anomaly behavior which confirms the presence of defect in 
semiconductor. The shape and the sharpness of the peaks are suggestive of a 
phase transition in InAlAs, which we propose that they are in reality states of 
trapped defect [52].  

Specific heat capacity for a fixed value of chemical potential (µ = 0.5 meV ) 
and at two different broadening parameter Γ, one equal to 0.1 meV and the other 
fixed at 0.4 meV, are compared in Figure 5. This result make sure that the spe-
cific heat capacity at a fixed µ value have the same peaks at the same temperature 
T = 11.6 K, for different broadening parameters Γ. Figure 6 confirms our results 
for another value of chemical potential µ at 0 meV. This curve shows the same 
behavior. 

Now, we discuss the relation between specific heat capacity Sheat vs. critical 
temperature Tc of the maximum of peaks observed at low temperature in our 
devices, at 0.1 meV and at 0.4 meV parameters Γ, and for a large scale of chemi-
cal potential µ varying between 0 meV to 0.7 meV. The relation between heat 
capacity and critical temperature are studied by different auteurs [53] [54].  

Specific heat capacity is linear proportional to the maximum of peak temper-
ature as shown in Figure 7. The increasing flattening of Sheat peak with the in-
creasing of temperature is clearly visible. The magnitude of specific heat capacity 
jumps at the transition temperature Tc. 

The strong and non-monotonic dependence of Tc on chemical potential µ 
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(Figure 8) is a clear evidence for the fact that whichever physical effect is re-
sponsible for the peak in heat capacity, it finds its origins in a critical phenome-
non, and probably a phase transition, occurring in the 2 DEG. 

 

 

Figure 3. Temperature dependence of specific heat capacity Sheat at temperature depen-
dence of the InAlAs of the specific heat capacity at different chemical potential μ, for a 
fixed Broadening parameter, Γ = 0.4 meV. 

 

 

Figure 4. Temperature dependence of specific heat capacity Sheat at temperature depen-
dence of the InAlAs of the specific heat capacity at different chemical potential μ, for a 
fixed Broadening parameter, Γ = 0.1 meV. 
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Figure 5. Specific heat capacity Sheat at constant chemical potential (μ = 0.5 
meV) and for different Broadening parameter Γ as a function of temperature. 

 

 

Figure 6. Specific heat capacity Sheat at constant chemical potential (μ = 0 meV) 
and for different Broadening parameter Γ as a function of temperature. 

 

 

Figure 7. Specific heat capacity Sheat peaks as a function of critical temperature Tc. 
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Figure 8. Critical temperature Tc of peaks in Sheat vs. T, is plotted as function of 
chemical potential μ. 

 
The linear decrease of critical temperature Tc with the increase of chemical 

potential μ in our device is confirmed in Figure 8. This confirms that Heat ca-
pacity increase with temperature, due to the increasing number of excited de-
grees of freedom, requiring more energy to cause the temperature rise of peak. 
Specific heat capacity of critical temperature peak, also, decreases with the chemi-
cal potential μ, as shown by Figure 9. 

To complete the discussion on the heat capacity, let us discuss the dependence 
of the heat capacity on the spin size on the InAlAs devices as a function of tem-
perature [55]. Figure 10 shows that when the spin size is charged from 1/2 to 5/2. 
The position of the peak in the heat capacity, along with its height and width, is 
shifted to higher temperature. 

Notice that with increasing of spin size the peak structure shifts to higher 
temperature due to the increased interaction energy that leads to a larger gap in 
the energy spectrum. Also, the insert of Figure 10 confirms the importance of 
the coupling between the 2DEG and spins. These results have the same behavior 
with or without spin. 

4. Conclusion 

We have studied the cardinal behavior of the specific heat capacity Sheat of 
two-dimensional electron gas (2DEG) systems which are performed on InAlAs 
hetero-structures electron layers. Specific heat capacity has been simulated for 
different chemical potential and for different broadening parameter. This study 
exhibits remarkable peaks temperatures, which are shifting for different para-
meters varying in our studies. The magnitude of the specific heat capacity jumps 
to the critical temperature Tc and the exponentially vanishing specific heat at low  
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Figure 9. Specific heat capacity peaks as a function of chemical potential μ for different 
Broadening parameter Γ. 

 

 

Figure 10. Specific heat capacity for μ = 0.5 meV and for different values of the spin va-
ried from 1/2 to 5/2. 

 
temperature, unveiling the existence of phase transition in InAlAs device, occur-
ring the 2DEG. We suggest that this anomaly deduced from the specific heat ca-
pacity is directly related to Schottky anomaly. The study of critical temperature 
Tc, is also made with different chemical potential μ and at 0.4 meV and 0.1 meV 
broadening parameter Γ. Our data underscore the importance of the coupling 
between the 2DEG and spins. These results, with spin, have the same behavior 
without spin. 
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