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Abstract

Although it is considered to be vital to stop the businesses and reduce the
overlaps of people in order to fight off the new coronavirus, firms are not
willing to shut their businesses unless they receive the compensation for the
losses in their businesses. In the present paper, we attempt to develop meas-
ures to induce firms to shut their businesses as a result of their maximizing
problem. More precisely, we examine how much the government should
compensate the firms for their losses during the business closure periods. We
reveal that if the uncertainty or the government’s budget increases, the gov-
ernment should increase the compensation per period for the losses in busi-
ness and shorten the length of the business closure period.
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1. Introduction

Although it is considered to be vital to stop the businesses and reduce the over-
laps of people in order to fight off the new coronavirus, firms are not willing to
shut their businesses unless they receive the compensation for the losses. In Ja-
pan, for example, although the government repeatedly calls for the business clo-
sures to firms, the firms are reluctant to obey, claiming this should go together
with the compensation, which ends up with not so much reduction of the over-
laps of people. Since the government is not strong enough to force the firms to
close their businesses, it is necessary to develop some measures to induce firms

to shut their businesses voluntarily as a result of their optimizing problem.
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In the present paper, we examine how much the government should compen-
sate the firms for their losses during the business closure period, by building a
stochastic model based on the optimal stopping theory. The optimal stopping
theory is a theory which deals with the problem of determining the optimal time
to take a particular action in a stochastic environment, where the optimal time
refers to the time to maximize an expected profit or minimize an expected cost.
One of the most distinguished studies is McDonald and Siegel (1986), which
demonstrated the value of waiting, followed by Dixit (1989), Farzin, Huisman,
and Kort (1988), Fujita (2007, 2016) and so on. The present paper, by pushing
forward these works, shows the usefulness of the optimal stopping theory in
tackling the current coronavirus problem.

The most related work is Fujita (2020), which examined when the government
should start the lockdown and how long it should be, by constructing a stochas-
tic model where the government makes a decision as a central planner. The
present paper is different from Fujita (2020) especially in that this paper pays at-
tention to the strategic interaction between the firm and the government and
formulates such an interaction as the second stage game. That is, in Fujita (2020),
the government decides both the start time of business closure and its length; in
the present paper, the firm decides the start time of business closure, while the
government, taking into account the firm’s decision, determines the length of
the business closure period and how much money to pay the firm per period
while it is closed. In the present paper, we reveal that if the uncertainty or the
government’s budget increases, the government should increase the compensa-
tion per period for the losses in business and shorten the length of the business
closure period.

The structure of this paper is as follows. After constructing a basic stochastic
model in section 2, section 3 formulates the firm’s objective function and deter-
mines when the firm should shut its business. Based on these analyses, in section
4 we consider how long the business closure period should be and how much the
government should pay to the firm during the business closure period. Con-

cluding remarks are made in section 5.

2. Basic Model

Let us consider an inter-temporal economy that consists of households, repre-
sentative firm and government, where the new coronavirus continues to spread
over the economy. We assume that time passes continuously and the time hori-
zon is infinite. The firm determines when to close its business given the sequen-
tial decline of its revenues; the government, taking into account this firm’s deci-
sion, determines the length of the business closure period and how much to
compensate the firm for its losses during the business closure periods

We let N, n(f) and a denote the total number of households, the number of
households who are infected with the coronavirus in period ¢ and the rate of

newly infected households to the total number of households, respectively. If we
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assume the initial value of n(?) is 0, motion of (%) is expressed as
dn
O ()N -n(r) <1>
dt

and by solving this differential equation, we have the number of infected house-

holds in period ¢ n(#), as
n(t):N(l—e"’"). 2)

As in Fujita (2020), throughout this paper, we assume that a(#) follows the

geometric Brownian motion of Equation (3).

da = padt + cadz, (3)

with initial value of a being a,. ¢ and o are parameters of drift and volatility,
with both 4 and o being positive constants. Larger y means that a(?) increases
more quickly; larger o means that the growth of a(# is more uncertain. dz is
Wiener process that expresses random movement, which has several real-world
applications such as stock market fluctuations, exchange rate fluctuations and so
on.

We assume that the profit of the firm goes down as the number of infected

households, n(#), increases and specify the amount of profit in period # ¥{9), as
Y(t)=Y-0n(1), (4)

where Yis the profit with no infected households and &is a positive constant. By

substituting (2) into (4), we have the profit in period tas
Y(t)=Y—-6ON +ONe ", (5)

as a function of a(?).

3. Objective Function of the Firm and Its Optimal Decision

The firm in the present paper closes the business if a(#) reaches « by incur-
ring the cost K. We assume, for the simplicity of the analysis, the profit drops to
zero at the moment of the business closure and it continues to stay at zero dur-
ing the business closure periods; the government pays m amount of money to
the firm in compensation for the losses in business. This sequence of the move-
ments of the government and the firm is formulated as the second stage game
where the first mover is the government and the second mover is the firm. We
also assume that longer period of business closure removes more coronavirus

and brings about more profits after the business closure. In order to simplify the

. . . . 4
analysis, we specify the profits after the business closure is constant at Y E

where cis a positive parameter and S'is the length of the business closure period.

Following the standard procedure, let us solve the problem backward and
consider first the firm’s behavior. Letting r denote the discount rate, and assum-
ing the firm to maximize sum of the expected present value of profit minus ex-

pected present value of the cost K, we can express the firm’s objective function V'
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as follows.

v=[e" (Y —ON +ONe " )dt + L”S ¢ mdt

e (v s
7+S S

We assume that the firm maximizes V with respectto o .

(6)

In order to simplify (6), let us calculate the expected present value of one unit
of profit at the moment when a(#) whose initial value is a, reaches o . If we let
G(a,) denote this value, we can express the general solution to G{«a,) as

G(ao) = A(ao )ﬂ1 +B(a0 )ﬂ2 R (7)

1
where B <0 and S, >0 are solutions to 50'2x(x—1)—r:0. Since G(a,)

satisfies G(0)=0 and G(a*)zl, it follows that A=0 and B=—0F.
a

153
a
Since substituting these Equations into (2) yields G ((ZO ) = (—2) , We obtain
a

G(a){“zjﬁ, ®

o

by letting B denote f,. Thus, we can rewrite (6) as

1 a / 1 a /
V==(Y-6N) 1—( Eij + ON 1—( 2) a
r a n+r a
B B B
+(a‘i) ﬂ(1—6:’5)+[0!2j e"sl[Y—ij—[QZJ e K,
a r a r S a

by making use of (8).

)

Since the firm in the present paper maximizes V with respect to o, from the

- ov
first order condition, s we have
a

1 1 1 m
——(Y-6ON)—-— —Bala P =(1-e
r( )GN u+r pega r( ¢ )

wpo 1 s
- paga”” 1—(Y—§J+ﬂaoﬂa FK =0,
r

which yields the optimal value of «" as

1

p+1
{rK—m—e"rS (Y—;—m)}ﬁaoﬂ

a = T . (10)
(Y-6N)—+——
ON u+r

4. Optimal Amount of Money the Government Should
Compensate

Based on the above analyses, in this section, we consider how long the business
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closure period should be and how much the government should pay to the firm
during the business closure period, by assuming that the government minimizes
the expected costs for the business suspension subject to, firstly, the firm’s deci-
sion on the start time of business closure, i.e. (10), and, secondly, the budget
constraint B = mS, where B is a positive constant that denotes the budget of the
government.

As is obvious from the budget constraint B = mS, m is determined if S'is de-
termined. Thus, in the following, in order to simplify the analysis, we solve the
minimization problem of the government with respect to S.

Since the expected costs for the business suspension C are expressed as
C= LHS ¢ "mdr , which reduces to

B

c=| % __ B(l—e"‘s) (11)

)7

a R

S

by making use of (8) and mz? that is derived by the budget constraint.

Therefore, by calculating i—g =0, we have

H s (1+rS)—1}ers—'B+l[l—lj}£
25 +1 26+1\B (s

—rS
+{rK —6N + i—1+e’sj£ efser—HN,
B S|l-e™

(12)

as the relationship to determine the optimal S.
If we let £5) and g denote left hand side and right hand side of (12) respec-
tively, we can determine the optimal S as the intersection of AS), downward

sloping curve, and g; horizontal line as in Figure 1.
1
Since Bis a positive solution of Eozx(x—l)—r =0, increase in o reduces g,

which shifts £$) downward keeping g unchanged, to reduce Sto § as is shown
in Figure 2. Since the budget Bis a positive constant, we see that decrease in Sis
equivalent with increase in m from the budget constraint B = mS, Thus, we have
the following proposition.

Proposition 1: If the uncertainty increases, the government should increase
the compensation per period for the losses in business and shorten the length of
the business closure period.

Similarly, increase in B shifts {S) downward keeping g unchanged, to reduce §
to S as is shown in Figure 3. Since decrease in $ means increase in m from the
budget constraint B= msS, we have the following proposition.

Proposition 2: If the governments budget increases, the government should
increase the compensation per period for the losses in business and shorten the

length of the business closure period.
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Figure 1. Determination of .
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Figure 2. Effect of increase in oon the optimal .
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Figure 3. Effect of increase in Bon the optimal S.

5. Conclusion

The present paper combined the game theory and the optimal stopping theory
to formulate the strategic interaction between firm and government, and based
on this formulation, examined how much the government should compensate
firms for their losses during the business closure period so as to induce the firm
to shut its businesses voluntarily as a result of its maximizing problem. The op-
timal length of the business closure period Sis shown graphically as in Figure 1,

which in turn determines the optimal amount of money the government pays to

. . . . . B
the firm in compensation for the losses in business per period as rh where B

is the budget of the government. We also revealed that if the uncertainty or the
government’s budget increases, the government should increase the compensa-
tion per period for the losses in business and shorten the length of the business
closure period.
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In the present paper, we made simplifying assumptions such as that profit
drops to zero at the moment of the business closure and it continues to stay at

zero during the business closure periods, profits after the business closure is

4 . . . . pe
constantat Y g where Yis the profit with no infected households, cis a positive

parameter and Sis the length of the business closure period. Thus, it is necessary
to improve the model by relaxing such simplifying assumptions and examine the
robustness of our results in a more general framework. It is also of interest to
make other assumptions on the government’s objective than minimization of

expected costs. We will undertake such analysis in future research.
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