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Abstract

The Stirling numbers of second kind and related problems are widely used in
combinatorial mathematics and number theory, and there are a lot of research

results. This article discuss the function: Y ATAS? --- A%

(C,+C,+---+C, =N-K, C, 20), obtain its calculation formula and a series
of conclusions, which generalize the results of existing literature, and further
obtain the combinatorial identity:

3 (-1) " #C(K-LK -i)C(A-1+i,N-1)=C(A N -K).
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1. Introduction

Stirling number of the second kind S, (n, K) [1] is defined as

=38 (N K[, (1)
It has attributes:
[1] S,(N,K)=>192%...K* (C,+C,+--+C, =N-K, C;>0) (29
K-1 i K N
1 s, (000G Z ey [ o oY
. . 1 K ¢ a\K-i K-1) 4 N
Let j=K-i — SZ(N,K)——(K_l)!ZH( 1) (K—jjj (4%)
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It is similar to the expansion of

(x-¥)™ (59
$,(0,0)=1, S,(N,0)=0 (N>0)
s,(N,1)=1
S,(N,2)=(2""-1"")
SZ(N,3)=(3”‘1—2*2N'1+1N'1)/21
Sz(Nv4)=(4N_1—3*3N'1+3*2N‘1—1N‘1)/31
SZ(N,5)=(5“‘1—4*4”‘1+6*3N‘1—4*2N-1+1N-1)/4!
S,(N,6)= (6" —5%5"" +10%4" 1 —10+3" 1 +5x2" 1 —1" ) /51

SZ(N,N—l):(’:j (6*)

2. Main Conclusion and Proof
Definition: The generalization of Stirling number of the second kind
If {a}={A,A, A}, AcZ, A <A, (i<]), then
G(N,K,{a})=Y A"A?---A* (C,+C,++C, =N-K, C =0)
G, (N.K,A)=G(N,K,{A A+L-,A+K-1}) — S,(N,K)=G,(N,K,1)

The function has been discussed by many papers [2] [3] [4], including defini-
tion, recursive relation, generating function and so on. This article will not nar-
rate.

G(N.K.{a})=G(N-LK-L{A, - A })+ A *G(N-LK,{a})
=G(N-1K-1{A,~ A})+A*G(N-LK,{a})
Proof: By definition.
The first equation corresponds to S,(n,K)=S5, (n -1k —1)+ k*S,(n-1,K).
G(N.K-1{A, -~ A})-G(N.K-L{A - A_})
A—A

1)

2) G(N,K,{a})=

Proof: From the second equation of 1).
3) G(N 1, {A}) = AV, corresponds to S, (N,1)=1

4) G(N,2{A,A})= A2A2:2 —= /A&AI—AZ ’ AzAZ_Ai

S,(N,2)=2""1—1=2"1 11,
Proof: G(N,Z,{Ai,AZ}): AV AN o AR

5) G(N,K,{a})=zr1%

Proof: Induce by 2), 3), 4).

, corresponds to

, this is the calculation formula.
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The form is symmetrical, for example:

ANI . AZNfl . ABN_l
SN2 = A A =A) (A -A)A-A) (A-A)A-A)

[2] obtains it by generating function.

Lemma 1: if {a} is an equal difference sequence {A, A+d,---, A+ ( K —1)d} R

Hi_m,iith -A) dK(‘I?*: jl)!(KK rﬂ

1 _ 1 1
Hi:m,i:tj(Ai_Aj) i= mJ<m(A1 AJ) i= mj>m( )
11 ()
Proof: dK 1(m 1) (K—m)l
()" " (K -1)!

d'“(K 1)I( ~1)!(k—m)

)N
K-1
dKlKlle

6)If {a}={AA+d, -, A+(K-1)d},
1

G(N,K.{a}) ZWZL(—l)H [E:lj A

J
Proof: By 5) and Lemma 1.

o . N-L .
It is similar to the expansion of (X —Y) , in particular:

1 K L K-1 aN-1L
7) G1(N,K,A):mzi:l(—l)K (K_ij(A—lﬂ)N ' similar to (4%), (5*)
8) G,(N,K,1)=S,(N,K)= ! ZK (—1)K_i K- i"™ equal to (4%), (5%)
1\ T 2\ (K—l)! i=1 K —i ’

9) G(N,K,{d,2d,~~-,Kd})z%z:(l(—l)K'i[E:ﬂi’“‘l=dN'KSZ(N,K)

10) G(K+LK,A)=A+(A+1)+--+(A+K-1)=K *A+(I;] corresponds

to (6%)
Theorem 1: G,(N <K,K,{a})=0; G (K,K,{a})=1.
Proof:
1 K k-i[ K=1)
7) - Gl(l,K21,A)—(K_1)!Zi:1(—1) (K_ij_o

) > G(22A)=1
Suppose G, (X,K -1,A) match the theorem:
G, (N <K-1K,A)
3 > G(NK-L{A, - A})-G(N.K-1{A, - A,}) 0-0
A - T K-1

=0
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G (N=K-1K,A)

A - K-1
G, (N=K,K,A)
_Gi(NK-1{A, - A}) -G (N K-1{A, " A})

A-A

K K
(Kl)(A+1)+(l2<J1(K1)*A(2j1

Induction proved.
q.e.d.
The theorem verify the definition, A can be any integer.

Definition: AcZ, G,(N,K,A)=Y" (-1)*" [E _::-J(A[\TI_;__I]

Theorem 2: G, (N +K,K,A) =[£j
Proof:
Let F(N)=(N-1)!G,(N,K,A)=3" (-1)*" (E j)[A-Hi]N_1 :

Substitution (1*) to 7), use Theorem 1:

G,(LK,A)=0,K>1 - F(1)=0 — G,(LK>1A)=0

G,(2K,A)=0K>2F(1)=0 —» F(2)=0 - G,(2K>2,A)=0

G (K. K{a})=1 - F(K)=(K-1)! — GZ(K,K,A):lz(AJ

0
10) —
K K,K)F(K+1 K,K-1)F(K
G, (14K, K, A) = K 5 A 1| S KV (K DS, (KK DPK) -
(K—l)!
A
F(1+K)=A*K!—> Gz(l+K,K,A)=A=[1J
AE RN St
= + -
N+1 N N+1
GZ(N+1+K,K,A):GZ(N+K,K,A—1)+G2(N+1+K,K,A—1) —
A
GZ(N+K,K,A)=( j
N
q.e.d.
Record in [5]:
-k-1 n-1
m-1 _1k m)m+n — *%
oY) k n m-1 9
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G(K=1)(A-1+i
Let A=n-1,m=K-1,i=K-k — left=)" (-1)" . .
=0 K-i)l A+l

Let K+N-1=A+1 —

(K=1) A-1+i n-1 A A

left=>"" (-1)¢" - _ _ _
20 (o) (=[5 )-8
(**) has 2 variables (m, n), itis G, (K +A+2,K, A) actually.

Theorem 2 has 3 variables, is promotion of (**).

11) G,(N+K,K,A): The Inclusion-Exclusion Principle.
A L
G,(N+K,K,A)= [Nj is independent of K.

Choice Nfrom A, one way is:
A A-1) (A-1 A-1) (A-2 N-1
= =+ = + 44
N N-1 N N-1) (N-1 N-1
A A+l A
= - =G,(N+2,2,A)
N N+1 N+1

smoaervyss =L H )

=G, (N +33A)

G(N+K,K,{a})- (> A)G(N+K-1K,{a})
12) +(XAA)G(N+K-1K {a})+
+(-1)“ (AA, -~ A)G(N,K,{a})=0

Proof:

0=G,(N,0,{a})=G(N +11{a})- AG(N,L{a})
={G(N+2,2,A)-AG, (N+12,A)}-A{G(N+12 A)-AG (N,2,A)}
=G(N+22,A)—(A+A)G,(N+12 A)+AAG (N,2,A)

Induction proved.
q.e.d.
This is similar to the Inclusion-Exclusion Principle,in particular:
13)
S, (N, K)=S, (K+LK)S, (N -1, K)+--~+(—1)K S (K+11)S,(N-K,K)=0
S, is unsigned Stirling number of the first kind.

14) G,(N,K,A)=3"" s, (N —1,t)(t+lA_ KJ[K]M_K

Proof:
Substitution (1*) to 7), use Theorem 2:
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1 K-1

G,(N,K,A) =m2i1(—1)K_i {K _I](A—1+i)N'l

1

_ mziil(_l)"*i (E :ﬂzl“_olsz (N-Lt)[A-1+i]
SIEYUEED) Sl it (] e

t+1-K

=3 0S, (N-11)G, (t+1LK, A)[K]

=Y s, (N —1,t)(t+lA_ KJ[K]MK

q.e.d.
—S,(N,K)=G;(N,K,1)=K=*S,(N-1,K)+S,(N-1LK-1)

3. Conclusions

This paper starting from (4*), (5%), discusses the problems from different pers-
pectives.

The introduced function has good characteristics, can be further studied.
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