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ABSTRACT

The present note consists, the effects of thermal diffusion and chemical reaction on MHD flow of dusty viscous incom-
pressible, electrically conducting fluid between two vertical heated, porous, parallel plates with heat source/sink. The
plate temperature is raised linearly with time and concentration level near the plate to C,. The variable temperature
and uniform mass diffusion taking into account the chemical reaction of first order. The series solution method is used
to solve the mathematical equations. Effects of various parameters like chemical reaction (K), thermal diffusion (St)
and magnetic field (M) etc. on velocity profile, skin friction, concentration profile and temperature field are displayed
graphically and discussed numerically for different physical parameters. The analysis developed here for thermal diffu-

sion, bears good agreement with real life problems.

Keywords: MHD Flow, Thermal Diffusion (Soret Effect), Heat Source/Sink, Skin Friction

1. Introduction

Many transport processes exist in nature and industrial
application in which the transfer of heat and mass occurs
simultaneously as a result of combined buoyancy effects
of thermal diffusion and diffusion of chemical species. In
the last few decades several efforts have been made to
solve the problems on heat and mass transfer in view of
their application to astrophysics, geophysics and engi-
neering.

Chemical reaction can be codified either heterogene-
ous or homogeneous processes. Its effect depends on the
nature of the reaction whether the reaction is heteroge-
neous or homogeneous. A reaction is of order n, if the
reaction rate is proportional to the n™ power of concen-
tration. In particular, a reaction is of first order, if the rate
of reaction is directly proportional to concentration itself.
Experimental and theoretical works on MHD flow with
thermal diffusion and chemical reaction have been done
extensively in various areas i.e. sustain plasma confine-
ment for controlled thermo nuclear fusion, liquid metal
cooling of nuclear reactions and electromagnetic casting
of metals. Chambre and Yang [1] have worked on ther-
mal diffusion of a chemically reactive species in a lami-

Copyright © 2010 SciRes.

nar boundary layer flow. Dusty viscous and visco-elastic
fluids have been discussed by Saffman [2], Micheal and
Norey [3], Raptis and Perdikis [4]. Singh [5] proposed
the study of free convection and mass diffusion of a
dusty visco-elastic (Walter’s Liquid Model-B) fluid flow-
ing between two heated porous plates in porous media in
presence of magnetic field. References [6,7] focused on
the study of convective heat and mass transfer incom-
pressible, viscous Boussinesq fluid in presence of che-
mical reaction of first order. References [8-10] discussed
the effects of thermo diffusion (Soret effects) and diffu-
sion-thermo (Dufour effects) on MHD mixed convection
heat and mass transfer of an electrically conducting fluid.
Mahantesh ef al. [11] studied the boundary layer flow
behavior and heat transfer characteristic in Walter’s lig-
uid model-B fluid flow. Sharma et al. [12] discussed the
unsteady MHD free convection heat and mass transfer of
viscous fluid flowing through a Darcian porous regime
adjacent to a moving vertical semi-infinite plate under
Soret and Dufour effect.

Recently Kumar and Srivastava [13] examined the ef-
fects of chemical reaction on MHD flow of dusty visco-
elastic (Walters’s liquid model-B) liquid with heat source/
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sink. The interest of present investigation is to obtain
analytical expressions for various profiles like velocity,
skin friction for dusty fluid as well as dust particles and
also temperature, concentration for dusty fluid. The ef-
fects of thermal diffusion parameter (Soret number), che-
mical reaction parameter etc. are discussed for different
profiles.

2. Nomenclature
By. Magnetic field

m: Magnetic field Parameter

C: Species concentration in the field

P,: Prandtl Number

Cy: Concentration of the plate

S.: Schmidt Number

Cp:  Initial uniform concentration at T

Ty: Plate temperature

Cp: Specific heat at constant pressure

T,:  Initial temperature

G: Acceleration due to gravity

t Time

G,: Thermal Grashof number

u,v:  Velocities of dusty fluid and dust particle re-
spectively

S : Source/sink parameter respectively in the

x-direction
Gp: modified Grashof number

y Co-ordinate axes as in normal to the plate
K: dimensionless chemical reaction parameter
A Decay factor

K: Chemical reaction parameter

Dy: Thermal diffusion coefficient
3. Mathematical Formulation

We consider the effects of thermal diffusion and chemi-
cal reaction on the unsteady dusty flow of an incom-
pressible, slightly conducting, visco-elastic fluid between
two heated porous infinite parallel plates (distance 2 h
apart) under the influence of uniform magnetic field
normal to the flow field in presence of heat source/sink.
We assume x-axis along the flow in the mid-way of the
plates and y-axis perpendicular to it. Let u, v be the ve-
locities of dusty fluid and dust particles respectively in
the direction of x-axis. The present analysis is based on
the following assumptions:

1) The flow is in the direction of x-axis and is driven
by a constant pressure Op/ox with negligible body
forces.

2) The dust particles are non-conducting, solid, spheri-
cal, and equal in size, uniformly and symmetrically dis-
tributed in the flow field and their number density N, is
constant throughout the motion.

Copyright © 2010 SciRes.

3) There is no externally applied electric field and the
induced magnetic field is negligible.

4) Initially, whent <0, the channel, walls as well as
dusty fluid are assumed to be at the same temperature T,.
The foreign mass is assumed to be present at low level
and it is uniformly distributed such that it is everywhere
Co.

5) When t > 0, the temperature of the walls is instan-
taneously raised to Tw and the species concentration is
raised to Cyy.

6) There exists a chemical reaction in the mixture.

Under these assumptions and Boussinesq’s approxi-
mation with concentration, the equations governing the
flow are:

Ou ,
5=gﬁ(T—To)+gﬁ (C=C)+
(D
*u KN,
v(l—Kog)a—L;+ 0 (v—u)—ngu—Lu
ot Oy K
m@=1<'(u—v) )
ot
or K, o'T
L LY 3 )
o pC,0y pC,
2 2
E=D62C —KI(C—C0)+DT82—T 4
ot o’y o’y

(where the symbols have their usual meaning), at t = 0,
the temperature and concentration level changes accord-
ing to the following laws:

T=T,+(T,-T)(1-e")
C=C,+(C,—-C)H(1-e™)
The initial and boundary conditions relevant to the
problem are:

t=0:u=0=v,T=T, ye(-d,d)
t>0:u=0=v, T=T,+(T, -T)(1-e"),
C=C,+(C,~C)(1-e™) fory=—d

u=0=v, T=T,+(T,-T,)1-¢e"),

C=C,+(C,—C)(1-e) fory =d )
We introduce the following non-dimensional quanti-
ties,

* * * T_T
y :X’u :lﬂv :lﬂT: 0 2
d d d T, -1,
. C-C . vt a*_d_za
c,-C,’ d*’ v

Introducing these non-dimensional quantities, Equa-
tions (1), (2), (3) & (4) reduce to

JEMAA
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ou_ GT+G,C+
ot ©
2
I ALY S B VE W
ot oyt w K,
= (u-v) ™)
ot
2
9T p sr-9 8)
0’y ot
2 2
7C 5% kscvs, 2 =0 ©)
oy ot o’y

Now initial and boundary condition (5) according to
new system become,
T=0u=0=v,T=0 ye(-11)

= Dy @,~1) (Thermal diffusion parameter)
D (Cw - CO)
4. Method of Solution

To solve the Equations (6) to (9) subject to the boundary
conditions (10), according to I. Pop [14], we assume

u(y,t) =uy(¥) + e, (y,0) € + oo
v(p,0) =vy(V)+ev,(y,0) e + i
T, 0O=T,(»)+ T, (y,0)e™™ + .
C(, ) =Cy(M)+EC,(y,0)e™™ + e

Substituting the equations like (11) into the Equations
(6) to (9) and equating harmonic and non-harmonic terms,
we get the following set of equations.

t>0u=0=v,T=1-¢",C=1-¢", fory=-1 . 1 R (12)
u=0=v,T=1-¢* C=1-¢" fory=1 (10) ty = et My == G 1y = G, G,
mN, . . A
where, A= (mass concentration of dust particle) (+aEyu +Zu, -
P | A (13)
M (Hartmann number) = B,d g (—+M -ayu, —=v, =-GT,-G,C,
1 K, w
W (relaxation time parameter for particles) = n?vz Uo = Vo & uy = vy (1-aw) (14)
Kd T, - ST, =0 (15)
d(T,-T,) .
G; (grashof number) = gﬂ(f" T - (S-aPr) T, =0 (16)
) 'd(C -C C,-KS.C,+S,T, =0 17)
Gy, (Modified grashof number) = gBd(C, -C) 0 oo )
4 C, - (K-a)S.C,+S,T, =0 (18)
hmidt number) =— . i,
Sc (Schmidt number) = D Where dashes represents differentiation w. r. to y.
2 Boundary conditions are reduced to:
S (heat source/sink parameter) =Q— uy=vy=u, =v, I, =C; =1,
T
1
2 I,=C=——,at y=-1
K (Chemical reaction parameter) = Kid ! ! & 4
X v . Uy =vy=u, =v, I, =C, =1,
_ BV . : _K (19)
E= e (Visco-elastic parameter), K| 77 P, L-C - _l’ at y=1
£
(Prandtl number) = HE, Solutions of the Equations (12) to (18) under the boun-
K dary conditions (19) after substituting in (11), we have:
CoshM CoshA CoshA,y CoshM Cosh4 CoshA a
”(yat):(A11+A12) Y _ 11 Y _ 12 AO + _(A13 +’414) 2t 13 2 14 2 e
CoshM, CoshA CoshA, CoshM, Cosh4, CoshA,
Viy.n)=
CoshM CoshA Cosh 1 CoshM CoshA CoshA a
(An +A12) 1Y 11 Y _ 12 Aoy"‘( j _(A13+A14) 2y+A13 1Y 14 2 e
CoshM, CoshA CoshA, l—aw CoshM, CoshA4, CoshA,
Cosh hA A4
COn)=(-4,) oshA,y ] CoshAy (4, —1) Coshd,y ) Cosh4,y o
CoshA, CoshA CoshA, Cosh4,

Copyright © 2010 SciRes.
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_ Coshdy Cosh4y o

T(y,t)=
) CoshA  Cosh4,

4.1. Skin Friction

Let 7,and z,be the skin friction for dusty fluid and
dust particles respectively then we have:

ou
Oy -
A, A, tanh 4 +[—(A4; + 4,)M, tanh M, +

A Atanhd, + A, A, tanh 4,]e™

T, = =(4, +4,).M, tanh M, — 4, Atanh 4 -

T, = ? = (4, +4,)M, tanh M, — 4, Atanh 4 -
g
A, 4, tanh 4, J{l—awj[_(Al} +A,)M, tanh M, +

A Atanhd, + A, A, tanh 4,]e™
4.2. Appendix
A:\/§ ’AO = VKSL ’Al :\/S_al)y ’AZ :\/(K_a)S(r >

ST _ DT(TW _TZ)) ’MIZ :|:M2 +L:| ,
D(CW_CO) Kl

M: = ! M%Lz—a— a_|
1+akE K l1-aw

_S,.A _S,.A G, +G, .4,
m - > n > 11 _—’
A -4 A -4 A - M}
A _Gm(l_Am) _Gr+Gm'An _Gm(l_An)
“ A02 _M12 T A12 _M12 ' N A22 _M22

5. Results & Discussion

Numerical solutions for velocity profile, skin friction for
dusty fluid as well as dust particles and also temperature
field, concentration profile for dusty fluid have been cal-
culated. The values of different parameters and their ef-
fects on velocity, Temperature, concentration and skin
friction have been displayed through graphs.

A temperature field has been represented in Figure 1,
which indicates the effects of heat source/sink parameter
and Prandtl number.

5.1. Temperature Field for Different Values of S
and P, (t=1,a2=0.2)

It is observed that increasing values of heat source/sink
parameter and Prandtl number decreases the temperature.
Also we see that the temperature is minimum at the centre
of the channel (y = 0) and increasing towards the plates.

Copyright © 2010 SciRes.

0.16 -
T 0.14 -
o 012 ]
é‘ 0.1
£ 005 4 e Graph-1
§ 0.06 - —a— Graph-2
0.04 7 ---#--- Graph-3
0'0(2) ] —— Graph-4
0 0.1 0.2 0.3 0.4 0.5
Y —>

Figure 1. Temperature filed for different values of S and Pr.

0.2 -
0.18 4
0.16 -
0.14 -
0.12 4

0.1 -
0.08 3
0.06 1 }
0.04 - e —-Xe=-K =15, ST =045
0.02 -

0

—+—K=04,ST=0.9

--a--K=04,ST=1.8

Concentration

—+—K=12,ST=045

Figure 2. Concentration profile for St.

5.2. Concentration Profile for the Different
Values of K and Sy (a=0.2,S=0.2,t=1, P,=
0.71,S.=0.6,D=1)

Observation of Figure 2 is increasing value of thermal
diffusion parameter (Soret number) and chemical reac-
tion parameter decreases the concentration. Concentra-
tion is minimum at the centre of the channel (y = 0) and
increasing towards the plates.

5.3. Velocity Profile for the Different Values of K
and Sy (a=0.2,S=0.2,t=1,P,=0.71, S, =
2,D=1,w=05E=1,K;=10,G, =5, G, =
10)

From Figures 3 and 4 we observe that increasing value
of thermal diffusion parameter (Soret number) increases
the velocity of dusty fluid and dust particles while che-
mical reaction parameter decreases the same. Also Fig-
ures 3 and 4 bears that the velocity is maximum at the
centre of the channel and decreasing towards the plates.

5.4. SKkin Friction Profile for Fluid and Dust
Particles:(a=0.2,S=0.2,t=1, P, =0.71, S,
=2,D=1,w=05E=1,K, =10, G, =5, G,
=10)

Skin friction for different values of St (M = 3, K = 0.4,

JEMAA
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0.3
0.25
0.2
2 0154 --+--K=04,ST=03
2 —=—K=04,ST=27
< 0.1 -
> —=*—K=0.6,ST=1.8
il --%-=K=08,ST=18
0
-0.05 -
0.1 -
y
Figure 3. Velocity profile for dusty fluid.
03 -
0.25
02 4
0.15 -
A N T -+ K=04,ST=03
g 005 —a—K-04,5T=27
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0054 0 02 04 06 \Qy*... K=08,5T=1.8
0.1 A
0.15 -
-02 -
y
Figure 4. Velocity profile for dust particle.
=
2
2
=
£
=
(%2}
0.9 12 L5 1.8 2.1
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Figure 5.1. Skin friction for St.
6 .
------ Fluid
4 &
g | TTteesalll ——=&— Particles
Lo O
B —
E 2 A .
-z
wn
0 -
e
09 0.8 1 12
3. S
Figure 5.2. Skin friction for S.
S=0.3):

Copyright © 2010 SciRes.

585

Skin friction for different values of S, M =3, K =1,
Sr=1.4):

Skin friction for different values of K (M = 3, St =
2.7.4, S = 0.3): Skin friction for different values of M (St
=14,K=1,S=0.4):

The results displayed in Figures 5.1-5.4 are as, the in-
creasing value of thermal diffusion parameter and heat
source/sink parameter decreases the skin friction of dusty
fluid and dust particles. Increasing value of chemical re-

=1
=}
=
S
=
g
vl
= 35 —=a— Particles

3 *

0.6 0.8 K 1 1:2
Figure 5.3. Skin friction for K.

7 -

6.5
£
S 6 1
i
£ 55 4
w0

5 —=&— Particles

>
4.5
3 4 5 6
M

Figure 5.4. Skin friction for M.

action parameter and magnetic field parameter increases
the skin friction of dusty fluid and dust particles.

6. Conclusions

The theoretical and numerical solutions are obtained for
different profiles. From graphical representations, we have
the following observations:

1) Velocity and skin friction of the dust particles be-
haves same as dusty fluid.

2) Increasing value of y increases the temperature,
concentration while decreases the velocity of dusty fluid
and dust particles.

3) Velocity of dust particles is less than velocity of
dusty fluid and skin friction of dust particles is greater
than that of dusty fluid.

4) Increasing values of thermal diffusion parameter
(Soret number) decreases the concentration, skin friction

JEMAA
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while increases the velocity of dust particles and dusty
fluid.

5) Increasing values of magnetic field parameter in-
creases the skin friction for both the dusty fluid and dust
particles.

6) Increasing values of heat source/sink parameter de-
creases the skin friction for the dusty fluid as well as dust
particles.
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ABSTRACT

We consider a pair of nonidentical mechanical pendulums. The bob of each pendulum in addition to its own mass elec-
trically is charged. The pendulums are hung from a common pivot in a vertical plane forming a slanted asymmetric
A shaped figure. For arbitrary initial swings that are not necessarily confined to small angles, we analyze the dynamics
of each bob under the influence of gravity’s pull as well as the mutual repulsive Coulombian internal force. The equa-
tions describing the motion of the system are a set of highly, supper nonlinear coupled differential equations. Applying
Mathematica we solve the equations numerically. For nonidentical parameters describing the pendulums, namely,
{t,m,q,9} we show the system behaves chaotically; i.e. the angular position of each pendulum leaves a non-repeat-

able, chaotic pattern in time. For this coupled two-particle interactive system we show also by folding the time axis, the
angular position of one of the pendulums vs. the other traces a Lissajous type curve. Our report includes various tradi-
tional phase diagrams and a set of newly designed, useful, phase-type diagrams as well. For a comprehensive under-
standing about the dynamics of the problem at hand, we provide Mathematica codes conducive to animating the chaotic
motion of the system. The generic format of the codes allows adjusting the relevant parameters at will and addressing

the “what-if”’ scenarios.

Keywords: Nonlinear Motion, Electrostatic Interaction, Deterministic Chaotic Motion, Mathematica

1. Introduction

In search of realistic, practical, nonlinear physics phe-
nomena in our previous work we envision a coupled
two-particle system [1,2]. In short, we consider a system
composed of a pair of mechanical, electrically charged
pendulums with a common pivot allowing oscillations in
a vertical plane. The design of the system allows an
adaptive investigation of the nonlinear oscillations. The
mutual electrostatic interaction of the charged pendulums,
irrespective the oscillation amplitudes make the oscilla-
tions nonlinear by itself. To make the analysis somewhat
general, we consider large amplitude oscillations result-
ing from gravity pull and electrostatic interaction; appro-
priately we called the system “super nonlinear oscilla-
tions”. For sake of transparency, however, we assume
identical pendulums. Meaning, we assign the same pa-
rameters to each pendulum, such as {{,m,q}. Further-
more, we apply the same initial conditions such as the
initial swing angles and velocities, {4,,V}to both pen-
dulums. Under these conditions, intuitively, it is plausi-
ble to conclude the pendulums are to oscillate coherently.
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And each pendulum is to trace a repeatable trajectory in
time. And indeed we were able quantitatively confirm
our intuitive predictions.

To generalize the analysis, in our current work we re-
lax the aforementioned restrictions; we consider two non-
identical pendulums. We also select nonidentical initial
conditions. Under these conditions, softly speaking, our
intuition is not strong enough to predict and envision the
motion of the individual pendulum.

We show, these asymmetries result unpredictable, non-
repeatable chaotic motions in time. Each pendulum under
the influence of the Coulombian electrostatic force, and
depending on the initial conditions traces a unique cha-
otic trajectory. Different initial conditions result different
behavior; this is a signature of chaotic behavior. To
quantify the issues of interest conducive to a better un-
derstanding of this nonlinear, chaotic system, we craft
this paper as follows. In the analysis section we develop
the analytic expressions describing the fundamentals of
the coupled two-particle nonlinear system. In numeric
section, we deploy Mathematica and for a host of char-
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acteristic parameters and initial conditions we analyze
the problem numerically; we showcase the results. To get
a feel for the chaotic motion utilizing Mathematica ani-
mation we bring the chaotic motion of the system alive.
We also display a few traditional phase diagrams. More-
over, we introduce a set of fresh, useful phase-type plots
as well. We conclude the paper with a few closing re-
marks.

2. Analysis

Figure 1 shows the system of interest. It is composed of
two asymmetric pendulums. Geometrical, mechanical,
and electrical properties of each pendulum is given by
the respective set of parameters, namely, {/,,m,,q;,$},
with i=1,2. The 6, is the angular position of i pendulum
from the common vertical reference. The pendulums have
a common pivot and are allowed to swing in the vertical
plane under the influence of the gravity and their mutual
repulsive electrostatic force. The weight, tension and the
electrostatic forces are designated by {w;,T;,F;}, for i,j =
1,2, respectively.

We consider a case where the movement of the pen-
dulums is confined to a 2-dimansional space. Figure 1
displays a snapshot scenario where each pendulum has
assumed an angular position 0; with respect the vertical
reference. The relevant mechanical forces, namely weight
and tension are depicted. We also assume the point-like
particles are positively (negatively) charged, so that the
mutual electrostatic force as shown is repulsive. We
swing the pendulums to arbitrary initial positions to
within the lower half plane and release them freely. It is
the goal of our study to investigate the consequent mo-
tion of each bob.

We begin with Newton’s law of motion, namely,
F . =ma . Applying this equation to the 2™ particle

net

along the x and y axis yields, (F,), =m,x, and

0
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Figure 1. Display of a coupled two-particle system and their
relevant mechanical and electrostatic forces.
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(F“net)zy =m,, . Here over-dots indicate the second order
derivative with respect to time. The x-axis equation yields,
—T,sin6, — F, cos¢ = m, x2 1)

Here the mutual electrostatic Coulomb force that par-

ticle 1 exerts on 2 is F,= /12 , where =k q; q; with k =

12

1/(4ng,) =885 1072 in MKS units; noting the dimen-
sion of is [A] = M L’ T? The auxiliary angle shown in
Figure 1 is subject to cos¢ = (X;-X»)/r1,. The abscissa of
the Cartesian coordinate of the second mass can be sub-
stituted in terms of the respective angular positions; util-
izing Figure 1, {x,,x,}={(,sin6,,/,siné,}. Therefore,
in terms of the polar coordinates, cos¢ and x-component
acceleration of the second particle reads, cos¢g=1/#,
(¢,sin —(,sin@,) and ¥, =/,(f,cosb, -6, sinb,) .
Substituting these quantities in Equation (1) and rearrang-
ing the terms yields,

. 14 . l, .
T, sin 6, = —[A(sin 6, —g—zsm 0,)+
" 1 (2)
f2 3, A '2 .
m, /—r12 (6, cos 8, -6, sinb,)
71
Similarly we utilize (F,,,), , =m,,, this gives,
—T,cos0, + Fy, sing+m,g =m,, 3)
Following the steps similar the ones outlined in the
previous paragraph, utilizing Figure 1, we write,
{y,y,} =1{{,cos6,,l,cosb,}. These yields,sing =1/#,
(¢, cos6,— 1, cosb) and 3, = —(,(6,sin 6, + 6, cosb,) .
Substituting these in Equation (3) and rearranging the
terms gives,
T, cos0, = Z—g[/l(f—zcosez —cosd)+
Uv! £ @)
& Lo 32
myn, [f_ + g—(&z sind, + 6, cosb,)
1 1
and because {x,,y,}={{,sin§,,¢, cos6} and {x,,y,} =

{¢,sind,,l, cosd,} the distance between the particles
i.e. r;p conveniently can be written in terms of the rele-

vant angular position angles, 7, = \/(xl -5+ -,
=02 +0.2=20,0,c08(6,-6,) Now we divide Equa-
tion (2) by Equation (4). After some tedious, laborious
algebraic manipulations we arrive at,
0, sin(6, —6,)
TR ( :
P+ (M) =2t cos(6, —6,))?
l, 1

2

éz-i—ésinﬁ2 + 3
l, myl,

&)
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The author based on his own experience is convinced
manipulating the ratio Equation (2)/Equation(4) yielding
Equation (5) is more efficient manually, rather than de-
ploying Mathematica symbolic manipulating utilities!
Now we apply FM = ma for particle 1. Following the
steps similar to what we have already exercised for parti-
cle 2 we derive the equation describing the motion of par-
ticle 1,

O+ L sing -2 } Lz
2 ml;” L,

sin(6, - 6,)

Uy o0, 2
[1+ ()" —2—*cos(4 - 6,)]?
gl gl
=0
(6)
The set of Equations (5) and (6) are to describe the
motion of the coupled two-particle system. Each equa-
tion of the set is a second order, homogeneous and highly,
super nonlinear ODEs. More over, these equations are
coupled via a nonlinear, uneven trigonometry function, if
[sin(8, — &), {1, €5, cos(6, — 6)]. Before we attempt
solving these equations, we make a few observations.
First, it is assuring to realize the lengthy algebraic ma-
nipulations of the equations yielding Equations (5,6)
have the correct features. Meaning, Equation (5) yields
Equation (6) for identical pendulums; i.e. for ¢, = ¢, , m,
=m, and 6, =—6,,. This means under these assump-

tions, the description of the motion of the system is given
by only one equation instead of two. Moreover, this one
equation is the equation we derived to describing the
motion of the symmetrical pendulums in our previous
work [1,2]. Second, as we discussed, the non-linearity of
the motion has mechanical and electrical origins; these
nonlinearities are distinctively separated in Equations
(5,6). More specifically, the second and the third coeffi-
cients of Equations (5,6) are the strengths of the me-
chanical and electrical nonlinear terms, respectively. The
coefficient of the electric nonlinear term is composed of
two distinct elements; A and the rest of the parameters.
The value of A as we defined previously is A =k q; qp. Its
value depends on the product of the charges. Assigning
different charges to individual particle changes the over-
all value of the A, however, A contributes evenly to both
equations. This is not true for the rest of the charge inde-
pendent parameters. Meaning, different values of lengths
and masses do contribute unevenly. Therefore, the over-
all value of the coefficient of the electric nonlinear term
is different in Equations (5,6). Third, since the electro-
static interaction is the cause of the coupling one expects
by stripping the charge(s) the equations describing the
motion should reduce the one describing the oscillations
of a mechanical nonlinear pendulum. For this scenario
we set A = 0; Equations (5,6) yield é,+€£sm0i =0, for

i=1,2. The latter for small angle approximation i.e. for a
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linear oscillator yields the classic linearized equation of
motion of a simple pendulum, éi+£9,~ ~0,fori=1,2.

Now that we have confidence in the correctness of the
format of the derived equations, we step forward at-
tempting solving them. Because the equations include
generic parameters describing the individual pendulum,
we have the option of assigning a wide range of parame-
ters to characterize each pendulum. For instance, one
may consider two pendulums with two different lengths
but the same parameters otherwise. Since the third coef-
ficient of Equations (5,6) depends on the ratio of the
lengths of the pendulums, then for instance in one sce-
nario one may study the subsequent impact of assigning
rational or irrational and real values to the ratio. Practic-
ing one such option would open the “Pandora box”. Ana-
lyzing the impact of one such scenario maybe addressed
in another research project. For time being in the follow-
ing section we study a subset of such options showcasing
our findings.

3. Numerical Analysis

In the previous section we applied fundamentals of phy-
sics principles and developed a set of equations describ-
ing the motion of the system. These equations of motion
are given with a set of coupled homogeneous highly,
super nonlinear ODEs, namely Equations (5,6). To pin
point the angular position of each bob at a given time t,
one needs to solve these equations expressing angular
positions as explicit functions of time, namely {01(t),
02(t)}. In our first attempt to solving these equations we
apply various standard symbolic methods. The super
non-linearity of the equations come about from the elec-
trostatic coupling term, the third terms of Equations (5,6).
These are complicated trigonometric two variable func-
tions. No wonder we fail solving these equations sym-
bolically. We then apply Mathematica DSolve command;
it is also unable producing any output. As a last resource
we pursue solving these equations numerically. We begin
with selecting a set of physically reasonable parameters
describing the pendulums, such as {l,m,q}. Then we set
the initial conditions, i.e. the initial swing angles of the
pendulums. With these parameters on hand, we apply
Mathematica NDSolve; it solves the equations. Accord-
ing to the aforementioned description the code reads:

In MKS units the pendulums are characterized by,
values = {£1—1.0, m1—>8.¥107, m2—8.%107 ql— 1.*
1.¥10%,g2—1.% 10°,k—9 *10°,g—9.8};

In this example the pendulums are nonidentical; their
initial swing angles are different. One is set at w/4and the
other one is at 1.2 /4.

{£2,011nit,02init,tmax} = {1.0,1.2 ©/4,71/4,100.};

JEMAA



A Study of Super Nonlinear Motion of Electrostatically Coupled Two-Particle System 591

The coefficients of the second and the third terms of
Equations (5,6) contain the mechanical and the electro-
static coupling parameters and are defined by {a’s,b’s};
{al,bl} for the first and {a2,b2} for the second pendu-
lum.

{{al,b1},{a2,b2}}={{g/t1,(k q1 q2)/(m1 C1°)},
{g/02,(k q1 q2)/(m2 €2°)}}/.values;

The denominators of the third terms in Equations (5)
and (6) are noted by p21 and pl2, respectively. Noting,
p21=p12/.{L1>L2, (2—>L1}

p21=(1+(€2/L1)*2 £2/¢1Cos[01[t]-02[t]])/.values;

p12=(1+(01/€2)*-2 £1/2Cos[01[t]-02[t]])/.values;

We form the ODE’s given by Equations (5,6), these are,

eqnO1=01"[t]+al1Sin[01[t]]-b1£2/£1Sin[01[t]-02[t]]/

3

0,2 /.values;
eqn02=02"[t]+a2Sin[02[t]]+b2£1/£2Sin[01[t]-62[t]]/
3

P2 /.values;

Utilizing NDSolve we assume symmetrical initial con-
ditions and drop the pendulums freely, evenly about the
vertical reference through the common pivot. When in-
voking NDSolve, we imply the option MaxSteps —o0
otherwise for most of the cases of interest the default
numeric solution routine search stops after 1000 itera-
tions without searching the desired time span.

soleqns=NDSolve[ {eqn6110,eqn6210,01[1x
10®10001init,01'71*10™170,02[1*10*]1102init,02' 1*
101000}, {01[t],062[t]}, {t,1*10° tmax},MaxSteps—>oo];

Utilizing the suppressed output of the numeric solu-
tions we evaluate the kinematic quantities of interest such
as, position, speed and acceleration of the individual pen-
dulum. These set are characterized by Kin61 and kin62.

kinB1={positionB1,speedB1,accO1}=Table[D[61][t]/.s0
leqnsIT1]],{t,n}],{n,0,2}];

kin62={position02,speedd2,accO2 }=Table[D[02[t]/.s0
leqnsIT1]],{t,;n}],{n,0,2}];

The next couple of lines are used to animate the mo-
tion of the swinging pendulums.

x1y1:={€1Sin[01[t])/.soleqnsI11]]/.values,-L1
os[01[t]/.soleqnsI11]]/.values}

x2y2:={£2Sin[02[t]/.soleqnsI11]]/.values,-{2
Cos[02[t]/.soleqnsIT1]]/.values}

tabxlyl=Table[x1yl,{t,0,tmax,0.05}];

tabx2y2=Table[x2y2,{t,0,tmax,0.05}];

Applying Manipulate we display an alive movement of
the pendulums. This helps to gain a visual understanding
about how the proposed system behaves for the chosen
set of parameters. The display panel includes also addi-
tional helpful diagrams such as the time series of the an-
gular positions of the pendulums, phase profile of the pen-
dulums, and the parametric plot of the angular position of
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one of the pendulums vs. the other.

Manipu-
late[ { {Show[Graphics[ {Line[ {{-2,0},{2.0,0} }],Line[ { {0
,-2},{0,2.5} }1,{Hue[0.7],Line[ {{0,0} ,tabx1y1TIn]}]},{P
0intSize[0.025],Hue[0.0],Point[tabx 1y1TIn]]},
{Hue[0.],Line[ {{0,0},tabx2y2I1n]}]},{PointSize[0.025],
Hue[0.],Point[tabx2y2I1n]]} } ], ImageSize—250,PlotRan
ge—>{{-2,2},{-2,1}}],Plot[ {180/nEvalate[61[t]/.soleqns
I11]],180/nEvaluate[02[t]/.soleqnsIT1]]},{t,1
107 tmax-10.},AxesLabel—{"t,s","01,02"},PlotStyle—{
Blue,Red} |}, {ParametricPlot[Flaten[ {kin62IT1]],kin62IT
21111, 4t,1%107® tmax-50}, AxesLabel— {" 6,","6,"},Aspe
ctRatio—1,PlotRange—All PlotStyle—Red],

ParametricPlot[Flatten[ {kinO1111]],kin01112]]}], {t,1*
10" tmax-50.},AxesLabel— {" 6, "," 6, "},AspectRatio—

1,PlotRange—All,PlotStyle—Blue],

ParametricPlot[Flatten[ {kin01111]],kin02IT1]]}],{t,1*
10'8,tmax-50},AxesLabel—>{”91","92"},AspectRatio—>1,
PlotRange—AllPlotStyle—Black]

H
1,{{n,1,"frame"}, 1,Length[tabx1y1],1}]

To show the impact of the initial conditions on the be-
havior of the system, in Figure 4 we display plots similar
the one shown in Figure 3. The only difference parame-
terizing the system is the initial swing angle of the left
side pendulum; it is set atf,, =—1.27/4. For instance
the phase profile of the first pendulum displaced by the
first graphs of the Figures 3,4 are quite distinguishable.
Also the difference between the left lower graphs, the
parametric plots of the angular position of the second
pendulum vs. the first one is drastic. These very much
resemble the Lissajous curves.

Note, a classic Lissajous curve is referred to a closed
curve that is being traced by one particle subject to si-
multaneous harmonic motions in two perpendicular di-
rections. In our study the Lissajous curves are traced by
combining the oscillations of two particles subject to
oscillations with a relative arbitrary phase difference.

Reviewing Figures 2-7 reveals for the chosen set of
initial conditions the motion of the each pendulum is
chaotically deterministic. That is to say there should be a
relation such as 6., = /;(6,,n) for i = 1,2. Where 0i,n
is the angular position of one of the pendulums at a sam-
pled time and f is the mapping procedure. In its simplest
form we explore the existence of one such possibility
following procedure outlined in [3] i.e. we plot Oi,n+1 vs.
0i,n, these are shown in Figure 8. According to these
plots and according to our speculations, indeed the time
series depicted in Figure 2, are not noise, rather under-
line a deterministic chaotic behavior. Interested reader
utilizing the embedded code may explore similar plots
for various possible characteristic parameters some have
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frame ﬂ=.

Figure 2. Top row from left to right: a snapshot of the ani-
mation, the time series of the pendulums. Second row: the
phase profile of the left (Red) and the right (Blue) pendu-
lums, the parametric plot of the angular positions of the
second pendulum vs. the first.

Figure 3. An extended graphic version of the plots of Figure
2. The second and third plots of the first and the second row
are fresh additions to our classic/traditional plots.

1
20 30 40 50

Figure 4. The impact of the initial angle on the characteris-
tic behavior of the system. The initial angle for the left par-
ticleis setat 6, =-1.27/4.
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02 04 06 08

Figure 5. Same as Figure 4, with the exception of instead of
identical masses we assumed m; = 12/8 m,.

Figure 6. Same as Figure 4, with the exception of the length
of the left side pendulumis /, =1.2/7, .

Figure 7. Two totally different pendulums with different
initial conditions: ¢, =1.4¢,,6,, =-1.26,,, m =12/8m,.

Xn 12

Figure 8. Plots of 0., ,vs. 6, fori=1,2. The left graph
depicts the first pendulum and the right graph shows the
second pendulum. Parameters are as the same used in Fig-

ure 2.
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been discussed in the text.
tab01=Table[ {N[t],01[t]/.soleqnsIT1]]},{t,1*¥10® tmax,
0.15}7;
tab02=Table[ {N[t],02[t]/.soleqnsIT1]]}, {t,1*
107 tmax,0.15}];
tabO1n=Table[tab61I1n,2]], {n,Length[tab61]-1}];
tab02n=Table[tab62I1n,2]], {n,Length[tab62]-1}];
tabO1nplus1=Table[tabO1TIn+1,2]], {n,Length[tabO1]-
1}
tab02nplus1=Table[tabO2TIn+1,2]], {n,Length[tab62]-
1}];
transposeNNplus1=Transpose[ {tabO1n,tabO1nplusl}];
transposeNNplus2=Transpose[ {tab02n,tab02nplusl}];
s1=ListPlot[transposeNNplus1,PlotStyle— {Blue},Plot
Range—All,AxesLabel—> {"(x,)1"," (Xp+1)1"} 1
s2=ListPlot[transposeNNplus2,PlotStyle— {Red},Plot
Range—All,AxesLabel— {"(x,),"," (Xn+1)2"}1;
GraphicsArray[{sl,s2},ImageSize—400]

4. Conclusions

It is the objective of our analysis to explore real-life cases
conducive to nonlinear physical phenomena. We suggest
a system composed of a pair of charged pendulums that
are free to oscillate in a vertical plane under the gravity
pull and mutual electrostatic interaction. In addition to
the large angle oscillations which by itself is a source of
nonlinear oscillations we include the electrostatic inter-
action. As we show, the latter contributes strongly to the

Copyright © 2010 SciRes.

non-linearity of the oscillations. We formulate the prob-
lem at hand symbolically for a general case. The system
under the consideration describes a general setting of its
kind. This is a major modification vs. our previous work
where only symmetrical, identical pendulums were con-
sidered. Applying Mathematica we analyze the problem
numerically. From this analysis we gain a valuable in-
sight about the chaotic motion. For a comprehensive un-
derstanding we showcase our findings. We conclude the
paper pointing to the deterministic chaotic behaviors of
the system. The plot of angular position of one of the
pendulums vs. the other traces a Lissajous type curve.
We show the chaotic behavior of the system underlines
an attractor. The paper includes a series of Mathematica
codes assisting the interested reader to investigate the
problem further.
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ABSTRACT

This communication reports a novel method of analyzing pericardial fluid and finding blood traces present based on the
measurement of the dielectric properties at microwave frequencies. The experiment was performed by cavity perturba-
tion method in the S-band of microwave frequency with the pericardial fluid from healthy persons as well as from pa-
tients suffering from pericardial bleeding. It is noted that considerable variation in the dielectric properties of patient
samples with the normal healthy samples and these measurements were in good agreement with clinical analysis. This
measurement technique and the method of extraction of pericardial fluid are simple and both are non invasive. These
results give light to an alternative in-vitro method of diagnosing onset pericardial bleeding abnormalities using micro-

waves without surgical procedure.

Keywords: Pericardial Fluid, Pericardial Bleeding, Cavity Perturbation, Clinical Analysis

1. Introduction

The survival rate is increased in heart patients based on
the earlier detection of heart abnormalities or rhythm.
Numerous diagnostic techniques are available for detect-
ing heart abnormalities and most of the techniques are
either invasive or noninvasive and most of them are time
consuming procedures. These concerns augment the
search for new techniques that can find other physical
tissue properties at the onset of heart abnormalities.
Pericardial fluid is secreted by the serous membrane
on the pericardious sac on the outside of the heart. The
pericardial cavity contains between 15 and 50ml of peri-
cardial fluid. It is similar to the serous fluid that is found
in the brain for cushioning and ability to move semi-
freely. In pericardial bleeding there is the presence of
pericardial fluid with blood and is an abnormal condition
and there will be accumulation of fluid in the pericardial
cavity. Because of the limited amount of space in the
pericardial cavity, this fluid accumulation will lead to an
increased intrapericardial pressure and can negatively
affect heart function. When there is a pericardial bleeding
with enough pressure to adversely affect heart function,
this is called cardiac tamponade. While small bleeding
occur in many clinical scenarios and are not necessarily
dangerous, large and rapidly accumulating bleeding may
cause cardiac tamponade, a life-threatening complication.

Copyright © 2010 SciRes.

Ben-Horin et al. studied the composition of pericardial
fluid in patients undergoing open heart surgery [1]. Di-
agnosing the onset pericardial bleeding abnormalities are
crucial to increase the survival rate and the present study
reports a new method of detecting the onset of pericardial
bleeding based on the measurement of the dielectric
properties of pericardial fluid using cavity perturbation
technique in the S-band of microwave frequencies.
Medical science has advanced greatly in the last cen-
tury, there is still much that is not understood about the
way the human body interacts with many things, includ-
ing microwaves. The potential for medical uses of mi-
crowaves lies in two areas therapeutic and diagnostic
field and many new medical microwave devices are also
developed [2,3]. All the known therapeutic uses of mi-
crowaves involve the heating of tissue. Carefully con-
trolled, microwave-generated heat can have a therapeutic
effect on a number of ailments. Microwave medical de-
vices ability depends upon how far microwaves can
deeply penetrate into living tissues. The depth to which
microwaves can penetrate tissues is primarily a function
of the dielectric properties of tissues and of the frequency
of the microwaves. Lower the water content of the tissue
the deeper a wave at a given frequency and lower the
frequency the deeper is the depth of penetration into tis-
sues with given water content. Thus, there is a need to
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study the interaction of microwave with tissues espe-
cially its effect on biological materials. The key element
in the microwave study is the determination of the ab-
sorbed energy. The amount of energy absorbed is a func-
tion of the complex permittivity of a material [4]. Hence,
it is crucial to know the dielectric properties of biological
materials and the various constituents thereof. Exhaustive
studies of dielectric parameters of various human tissues
and body fluids at different RF frequencies have been
reported [5-7]. Different measurement techniques are
used to measure the complex permittivity of a material
and the chosen technique depends on various factors
such as the nature of the sample and the frequency range
used [8-11]. When only very small volumes of the sam-
ple are available, the cavity perturbation technique is an
attractive option as it requires only minute volumes for
the measurement [12]. This makes it suitable for the di-
electric study of pericardial fluid, as only very small
volumes can be only be extracted by procedure. The rec-
tangular cavity perturbation technique has been em-
ployed for the measurement of the dielectric parameters
of pericardial fluid samples obtained from healthy per-
sons as well as from patients with pericardial bleeding in
this work, in the frequency range 2 to 3 GHz. It is no-
ticed that a remarkable change in the dielectric properties
of bleeding samples with the normal healthy samples and
these measurements were in good agreement with clini-
cal analysis. This microwave measurement procedure is
simple and extraction of pericardial fluid from persons is
least painful and nonsurgical in nature. These results
prove an alternative in-vitro method of detecting the on-
set of pericardial bleeding based on the measurement of
the dielectric properties of pericardial fluid using micro-
waves without surgical procedure.

2. Sample Preparation

The skin of the chest will be cleaned with antibacterial
soap and a small needle is inserted into the chest between
the ribs into the pericardium, which is the thin sac that
surrounds the heart, and a small amount of fluid is with-
drawn. Then the samples were filled in the sample holder
and kept at 1°C. Measurements were carried out on sam-
ples which were less than one day old.

3. Material and Methods

The experimental set-up consists of a transmission type
S-band rectangular cavity resonator, HP 8714 ET net-
work analyser. The cavity resonator is a transmission line
with one or both ends closed. The numbers of resonant
frequencies are determined by the length of the resonator.
The resonator in this set-up is excited in the TE,o, mode.
The sample holder which is made of glass in the form of

Copyright © 2010 SciRes.

a capillary tube flared to a disk shaped bulb at the bottom
is placed into the cavity through the non-radiating cavity
slot, at broader side of the cavity which can facilitate the
easy movement of the holder. The resonant frequency f,
and the corresponding quality factor Q, of the cavity at
each resonant peak with the empty sample holder placed
at the maximum electric field are noted. The same holder
filled with known amount of sample under study is again
introduced into the cavity resonator through the non-
radiating slot. The resonant frequency of the sample
loaded cavity is selected and the position of the sample is
adjusted for maximum perturbation (i.e. maximum shift
of resonant frequency with minimum amplitude for the
peak). The new resonant frequency f; and the quality
factor Q;are noted. The same procedure is repeated for
other resonant frequencies.

4. Theory

When a material is introduced into a resonant cavity, the
cavity field distribution and resonant frequency are chan-
ged which depend on shape, electromagnetic properties
and its position in the fields of the cavity. Dielectric ma-
terial interacts only with electric field in the cavity

According to the theory of cavity perturbation, the
complex frequency shift is related as [12]

— *
(€r—1)Vj E.E-dV

0
_dQ 5 s @
Q 2
2| Lav
AL
But4Q do  J| 1 __1 )

Q 7 o2 {QS B Q(J
Equation (1) and (2) and separating real and imaginary
parts results
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Here, Erzgl/,_ jg/ / s & is the relative complex

/

r
relative complex permittivity, which is known as dielec-

/
r

complex permittivity associated with the dielectric loss
of the material. V§ and V. are corresponding volumes of
the sample and the cavity resonator. The conductivity can
be related to the imaginary part of the complex dielectric
constant as:

permittivity of the sample, ¢ is the real part of the

tric constant. g/ is the imaginary part of the relative
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5. Results and Discussions

The microwave studies of pericardial fluid samples were
done using cavity perturbation technique collected from
healthy donors as well as from the patients and the re-
sults are shown in Figures 1,2. These results are novel
using microwave techniques for the case of pericardial
fluid. Clinical evaluation of the pericardial fluid samples
is also done and the results are tabulated in Table 1.
They found it was relatively rich in lactate dehydro-
genase, low in protein and high in lymphocytes and
monocytes. From Figure 1 it is noticed that the bleeed-
ing samples exhibit a higher dielectric constant than that
of the normal samples. In Figure 2 the variation of con-
ductivity of normal and bleeding samples are plotted. It
can be found that distinct variation in the conductivities
of normal samples and the bleeding samples. The in-
crease in conductivity in bleeding samples is due to the
presence of higher level of protein contents such as al-

Table 1. Variation of constituents in normal pericardial
fluid samples as well as pericardial bleeding samples.

Lactate

ho- Proteins(gm/dL)
Sample  Colour Dehydro- cytes(10%/ M03c yees N Globu-
genase mm®) (10°/mm”) Albumin obu-
(10¥mm’)
PN-1 Clear 2.2 0.5 1.4 3.5 34
PN-2 Clear 1.9 0.4 1.2 4.2 2.9
PN-3  Cloudy 2.6 0.6 1.5 3.8 3.1
PN-4 Clear 2.1 0.5 1.3 4.9 2.3
PE-5 Bloody 2.2 1.8 43 139 141
PE-6  Bloody 2.1 1.9 4.0 12.8 103
PE-7  Bloody 2.7 1.3 3.9 162 134
PE-8  Bloody 3.1 1.4 4.2 144 15.6
Variation of Dielectric Constant in Normal
Pericardial and Pericardial Bleeding samples
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Figure 1. Variation of dielectric constant in normal peri-
cardial sample and pericardial bleeding samples.
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Figure 2. Variation of conductivities in normal pericardial
sample and pericardial bleeding samples.

bumin and globulin as well as blood traces. Thus in the
specified band of frequencies, normal pericardial and
pericardial bleeding samples were studied and exhibit
distinct variation of dielectric constant and conductivity
with frequency.

6. Conclusions

The microwave characterisation of the pericardial sam-
ples is done using cavity perturbation technique. The
cavity perturbation technique is quick, simple, and accu-
rate and it requires very low volume of sample for meas-
uring the dielectric properties of tissue samples like pe-
ricardial samples. It is observed that a remarkable change
in the dielectric properties of pericardial bleeding sam-
ples with the normal healthy samples and these meas-
urements were in good agreement with clinical analysis.
This measurement technique is simple and the extraction
of pericardial fluid from persons is least painful and
nonsurgical in nature. These results prove an alternative
in-vitro method of diagnosing onset pericardial bleeding
abnormalities using microwaves without surgical proce-
dure.
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ABSTRACT

We synthesized ZnggFe,,0, ferrite powders by coprecipitation and hydrothermal techniques and analyzed the mor-
phology and magnetic properties. The morphology and structure of the Zn ferrite powders were investigated using
Scanning Electron Microscopy (SEM) and X-ray Diffraction (XRD) identifying the crystallization planes. Magnetic

hysteresis curves were obtained for the Zn ferrites samples.

Keywords: Zn Ferrites, Hysteresis, Morphology and Structure

1. Introduction

Ferrite nanopowders have scientific and technological
importance in recent years due to their magnetic proper-
ties and have a broad range of applications such as mag-
netic recording, ferrofluids, magnetic resonance imaging,
biomedicine, catalyst, etc. [1,2]. They have been used for
high-frequency transformers cores, rod antennas, radio
frequency coils and more recently as radar-absorbing
materials [3,4]. Spinel ferrites are materials with good
magnetic and electronic properties, which depend strongly
on the cation distribution among the tetrahedral and oc-
tahedral sites [5]. Ferrite materials can also absorb elec-
tromagnetic radiation in the microwave bands when cast
in various forms, e.g., sheets, paints, films, ceramic tiles,
powders, and loads in matrix composites or mixed with a
conducting material [6-11]. Among the spinel ferrites, Zn
ferrites are utilized as electromagnetic wave absorbing
materials [12,13].

In this work we analyzed the morphological and mag-
netic properties of ZnggFe,,0, powders synthesized by
the coprecipitation and hydrothermal techniques.

2. Experimental Procedure

The ZnggFe,,0, ferrite powders were prepared by copre-
cipitation (sample S1 in Figure 1(a)) and hydrothermal
technique (sample S2 in Figure 1(b)) using iron nitrate,
zinc nitrate and sodium hydroxide as reaction agents.

To obtain Zny gFe,;,0, ferrite powders using the copre-

Copyright © 2010 SciRes.

cipitation method we have mixed iron nitrate, zinc nitrate
and sodium hydroxide with bidistilled water. The solution
was heated to 90°C during 5 hours on a Magnetic Agita-
tor at 400 rpm. To obtain the final zinc ferrite powder the
solution was then cleaned with bidistilled water and al-
chool, filtered for 5 hours for neutral pH and calcinated in
a Nabertherm Oven at 200°C for 2 hours.

Using the hydrothermal method for synthesing zinc
ferrite we combined iron nitrate and zinc nitrate with
bidistilled water and sodium hydroxide and introduced it
in an autoclave for 5 hours at 200°C in an Heraeus 6060
UT Stove. To obtain the zinc powder the final solution
was cleaned and filtered with bidistilled water for 5 hours
to obtain neutral pH and then dried.

3. Morphology and Structure
Characterization

3.1. SEM Analysis

Performing Scanning Electron Microscopy (SEM) with
an FEI Company microscope, type Inspect S we analyzed
the structure of ZnggFe,,04 powder and show typical
micrographs in Figures 1(a),1(b). For the sample S1
shown in Figure 1(a) syntesized by the coprecipitation
method the surface has compacted shapes with round
particles, while for sample S2 shown in Figure 1(b) ob-
tained by the hydrothermal method the particles exhibit
elongated shapes. For both samples the micrographs ex-
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Figure 1. SEM micrographs of ZnggFe,;,04 powders for
sample S1—coprecipitation (a) and sample S2—hydro-
thermal (b).

hibit compact structures with smallest particles sizes ty-
pically less than 100 nm. Thus we observed structural
differences in the aggregation of the material for the two
synthesis techniques.

3.2. XRD Analysis

Figure 2 shows typical X-ray diffraction patterns of
ZnygFe; ,0, powder analysed with a Philips difractome-
ter, type X Pert PRO MPD.

The measurements were done in the 20 range of 20°-
90° for samples of zinc ferrites obtained by the two tech-
niques. The calculated distance between the main crystal
planes was 0.2 nm. Well defined diffraction peaks corre-
sponding to the characteristic planes (311), (511) and (440)
apear at 35°, 57° and 64°. The intensity of the peaks re-
veal that the sample S2 obtained by the hydrothemal me-
thod has bigger particles then the sample S1 obtained by
coprecipitation. Other wide diffraction peaks correspond-
ing to (220), (442), (553) and (731) planes are also pre-
sent with low relative intensities asumed to arise from an
amorphous structure. Using the Scherrer Equation [14], the
measured size of zinc ferrites particles was bellow 100 nm.

Intensity [Counts/sec]

0 1 1 1 1 1
20 30 40 50 60 70 80 90
20 [deg]

Figure 2. XRD graphs of Zn,gFe,,0, obtained by two syn-
thesis methods for sample® Sl—coprecipitation (a) and
sample S2—hydrothermal (b).

Copyright © 2010 SciRes.

4. Magnetic Hysteresis Measurements

We analyzed the magnetic behavior of the zinc ferrite
obtained by coprecipitation and hydrothermal methods
by measuring the magnetization as a function of an ap-
plied 50 Hz, AC magnetic field amplitude up to 160
kA/m [15].

In Figures 3(a),3(b) the M-H curves of the sample S1
and S2 obtained by the two synthesis methods are given.

In the case of the sample S1 obtained by coprecipita-
tion a superparamagnetic-like behavior was observed,
with a maximum magnetization of 200 A/m at 160 kA/m.
The maximum magnetization of the sample S2 obtained
by the hydrothermal method is 750 A/m for a maximum
applied field of 160 kA/m, the magnetic remanence was
70 A/m and coercivity about 6.40 kA/m.

5. Discussion

The analysis of the morphology and structure by electron
microscopy for zinc ferrites shows that the powders are
composed of particles with diameters bellow 100 nm for
both S1—coprecipitation and S2—hydrothermal samples.
From the x-ray diffraction measurements we observe for
both synthesis methods the crystal planes (311), (511)

1200 4
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4 a
-12004, , i i
-160000 -80000 0 80000 160000
HIAm'
1200
600
g
g o
=
-600
b
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-160000 -80000 0 80000 160000
HIAm™]

Figure 3. Hysteresis curves of the Zn,gFe,,0, powders for
sample S1—coprecipitation (a) and S2—hydrothermal (b).
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and (440) though the intensity of the peaks of the zinc
ferrite obtained by the hydrothermal method gave bigger
particles by about 10% as compared to the coprecipita-
tion method. These diffraction peaks correspond to the
main diffraction planes in zinc ferrites although some
amorphous material structure is observed also by the
wide and small peaks of planes (220), (442), (553) and
(731). We also observed that the structure for the sample
S2—hydrothermal is more crystalline while for the sam-
ple Sl—coprecipitation the surface structure is more
homogenous.

From the hysteresis measurements the ZnggFe,;,04
powders obtained in this investigation we obtained a fer-
romagnetic behavior [16] with stronger hysteresis for the
sample S2—hydrothermal wich means that they can be
stronger magnetized.

6. Conclusions

Two synthesis methods were investigated to obtain the
zinc ferrites with magnetic properties usable for shielding
applications.

The zinc ferrite nanopowder synthesized by the hy-
drothermal technique shows a higher magnetic behavior
as seen from the hysteresis curves. From x-ray diffraction
measurements the zinc ferrite particles for sample S2—
hydrothermal have bigger sizes compared to the samples
S1—coprecipitation. The ferrite nanopowder obtained by
both methods show small particles with diameters typi-
cally bellow 100 nm resting on a more planar structure.

We conclude that the synthesis method has important
influence on the morphology, structure and magnetic be-
havior of the zinc ferrite nanopowders and in our case the
hydrothermal method gave superior magnetic results.
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ABSTRACT

An analysis is made of interference of two plane waves which in turn give rise to subsequent diffraction phenomena.
This is done using two different approaches. One of them is straight forward but is difficult to interpret. The second is
less conventional but more intuitive thus giving more insight into the process. The geometry is kept very simple to focus
on the process itself. Both approaches give rise to the same results thus offering a choice in tackling such problems.

Keywords: Electromagnetic Wave Analysis, Diffraction Phenomena, Interference

1. Introduction

Interference and diffraction theory have been developed
as a result of the realization of the wavelike nature of
light. This has led to the thousands of successful applica-
tions, ranging from the many forms of interferometers to
the development of optical components such as Fresnel
lenses and other Fourier transform components, making
possible the wide field of present day Photonics.

The basics of interference and diffraction theory can
easily be obtained from textbooks [1,2]. To get a better
insight into these phenomena, however, would require a
closer examination, such as, by looking at them from di-
fferent perspectives.

The purpose of this paper is to provide such an insight
by looking at a simple situation comprising an interfer-
ence situation, which in turns gives rise to a diffraction
phenomenon. The problem is then solved using two dif-
ferent approaches. Although the first is more straight-
forward, the results are difficult to interpret. The second,
is less conventional but more intuitive. The geometry is
kept very simple to focus on the process itself. It consists
of a wall on which two plane waves intersect to form
interference fringes, a slit in the wall through which the
interference wave passes and a screen at a distance be-
hind the wall which exhibits the resulting diffracted wave
that was produced by the slit. Waveforms are calculated
at the wall and at the screen for each of the two ap-
proaches and compared. The second approach is then
used to offer an insight for the solution obtained by the

Copyright © 2010 SciRes.

first approach. The power transfer is calculated for each
approach to ascertain that the process obeys conservation
of energy.

As an example, we shall discuss how two beams in-
tersecting and thus interfering at a point behave as they
move away from it.

As both approaches give rise to the same results, a side
benefit of this analysis is that it provides a choice in
tackling such problems depending on the type of initial
information that is supplied.

2. Configuration Selection

Referring to Figure 1, we assume two infinite plane wa-
ves with amplitude E, and E, polarized in the Y direc-
tion (which is perpendicular to the paper), with their nor-
mals in the XZ plane approaching an infinitely large wall
in the XY plane at Z = 0. Their normals make an angle i
and —i with the Z-axis respectively. It is further assumed
that the wall has an infinitely long slit in the Y direction
of width “a” along the X-axis centered at X,, = 0. On the
right of the slit, a large screen, parallel to the wall, is
placed at a distance “d” from it.

For discussion purpose, we have chosen the distance d
so that the geometrical overlap of the two beans entering
the slit and reaching the screen has a width a/2 along the
X, ordinate.

It is to be expected that there will be an interference ef-
fect at the wall due to the superposition of the two waves
which will result in fringes on the wall. In particular, this
interference field will penetrate the slit and end up on the
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wall
Figure 1. Two plane waves E; and E, intersect on a wall at Z = 0, enter through a slit of width and are projected on a screen
atZ=d.

screen. We shall calculate, using two different approaches,
the resulting field at the screen and compare the results.

2.1. Approach 1

Starting with what we consider the most straightforward
approach, we shall calculate first the interference field at
the slit. Since, on entering the slit, it is being sliced by its
edges, which we assume to be very thin, we expect dif-
fraction to take place. We shall then use diffraction the-
ory to calculate the resulting field at the screen originat-
ing from this interference field.

2.2. Approach 2

We follow each plane wave separately, obtain their field
strength at the slit, noting that each wave has been sliced
by the slit, and calculate the resulting field at the screen
as caused by diffraction. We end up with two separate
diffracted fields at the screen originating from the two
original plane waves. We then calculate the interference
field resulting from their superposition. We compare the
results with those of Approach 1 to ensure that they are
the same.

3. Relevant Theory

Following Approach 1, let the two plane waves approa-
ching the wall have a functional representation given by

(31,

A(x, V.2, t) — Aej(wl—kz)e—j(kxsin[+kycosi) (1)

B(x, V.2, t) — Bej(a)l—kz)ej(kxsini—kycos[) (2)

where 4 and B are amplitude constants proportional to
the fields £;and E, respectively. They will be evaluated
later. Since we want to calculate the interference field at
the wall (including the slit), we know that z, =0. Also,

Copyright © 2010 SciRes.

screen

since the field amplitude is invariable along the Y direc-
tion, we let y = 0. Adding Equations (1) and (2) we get
the amplitude of the interference field at the wall to be,

Cw(x,t) _ Am ej(wt—kxsini) (1+Rezjkxsini) (3)
where R = B,/A,,.

To relate A,, and B,, to the actual field, we shall re-
sort to the conservation of energy principle. To do this
we note that the intensity at the wall of this interference
field is given by the time average of the square of Equa-
tion (3) which is well known to require a factor of % to
the result. The intensity is therefore given by,

@ 4l
I, 5 . [1+R*+2Rcosy | )
where y =2kxsini. The total power entering the slit per
unit length in the Y direction is therefore,
al2 A 2 a
P= | dex:L[l+R2]+sin(kasini)/ksini 5)
—al2 2

To simplify our interpretation, we want to examine
only whole fringes. This will occur when the last term,
which is associated with partial fringes, is made equal
to zero. This occurs when kasini=nz  where
n=0,1,2,3... or

a, =nA/(2sini) 6)

With # representing the number of whole fringes. The

total power per unit length at the slit is,

P,(n) =%[1+R2] %)

We are now prepared to relate A,, and By, to the fields.
Looking back at field E, in Figure 1, its related intensity
is defined as the energy transmitted per sec per unit area
normal to the direction of propagation. It is proportional
to E,%/2. But the wall is not normal to the direction of the
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plane wave. The intensity along the wall is spread out
over a larger area by a factor of 1/cos i. The power asso-
ciated with plane wave E, per unit of Y is therefore pro-
portional to E] cosi/2 . Similarly, the power associated

2
with E, is E_Zcosi. The total power entering the slit
2

from both waves per units of Y is thus
2

E,
lTOl"(1+R2)cosi (8)

Comparing Equations (7) and (8) which should be equal
for conservation of energy, we must have,
A’ =E} cosi and B =E; cosi ©)]
Before we can calculate the field at the screen using
diffraction theory, we need the amplitude and phase of
the field at the slit. We obtain it from Equation (3) by
rewriting it as,

C,(x)=4,|D(x)|e” (10)
where |D(x)| = 1+Re”| and Q(x) = B(x)—kxsini,
and f(x) is the argument of D(x), or the angle the
phasor D(x) makes with the X-axis. The term e has
been omitted since it is common to all the expressions
and is of no importance to calculate the amplitude at the
screen. Since the field at the slit is being clipped by the
edge of the slit, we shall use the Fresnel-Kirckhoff for-
mulation of diffraction theory [1]. We assume that the
two plane waves have their field polarized in the Y direc-
tion so that E, = E, =0. Further, the slit at the wall is as-
sumed to be infinite in length in the Y direction. This sim-
plifies somewhat the mathematics since the field should
be invariable in that direction. Consequently, we shall
use the simplified one-dimensional expression [4],

C(x)=

. a,/2
LT et 1fpleose, +d 1 p, Jis,
—a,/2

where C; is the field disturbance resulting from that at the
slit, d is the distance between the wall and the screen,
P, =ld* +(x,—x,)’1"*, @, is the angle between the
wavefront at x,, and the wall normal. It can be obtained
from the relation

sing = %GQ(x) /().

Equation (11) is a good approximation provided that d
>a,a> 1, and the angle i is small.

Other approximations would provide similar results [5-
71.

4. Numerical Calculations

For definiteness we leti=10° E; =1,a= 72 and d = 102
both in wavelength units. This will ensure the geometry
given in Figure 1.

Copyright © 2010 SciRes.

4.1. Approach 1

In this approach, we calculate first the amplitude of the
interference field present at the slit. It is the resultant of
the superposition of the two plane waves. It can be ob-
tained from Equation (3) by taking its absolute value,

C, ()| = 4,[1+ R* +2Rcos 7}”2 (12)

This is the interference field, which is responsible for
the visible fringes, given by Equation (4).

Plotting the interference field at the slit as a function
of xy, which is the normalized distance along the slit, we
obtain waveform shown as curve (a) in Figure 2. we note
first that there are 25 peaks present at the slit as should
be expected, the slit extends in the range -36 < x,, < 36.
for a total width of 72 wavelengths. The amplitude varies
from 0 to 2 A,,.

We can now use the interference field Equation (3) at
the slit to calculate how it is transformed when it reaches
the screen. For this we use the appropriate diffraction
expression Equation (11) since the field is sliced by the
edges of the slit. It turns out that for R = 1, ¢,, = 0 for all
values of x,. Using computer numerical calculations, we
obtain the field at the screen which is plotted on the same
graph in Figure 2 as curve (b) for comparison purpose.

We observe that around the central portion of the
screen, the waveform pattern is very similar in shape and
amplitude to that at the slit. As we move away from this
region, the field amplitude falls down to a level some-
what half-way down until around X; = 50 when it de-
creases very quickly in amplitude towards zero. Also, the
distance between peaks increased compared to that at the
slit. To explain quantitatively the behaviour of the wave-
form from this approach is not simple. On the other hand,
when Approach 2 is used, a much more intuitive deriva-
tion will permit a better understanding of the process.

4.2. Approach 2

In this approach, we follow each plane wave separately
as they reach the slit. Since they are sliced by the slit, we
can use diffraction theory to calculate their resulting
fields at the screen. We then add these fields (which are
phasors) to obtain the combined field. The results are
then compared with that of Approach 1.

Starting with plane wave E,, we notice that when it
reaches the wall, its amplitude is obviously a constant,
although its phase varies with X,,. C,, simplifies now to,

C,(x)=A,e /2™ (13)

This is shown in Figure 3-curve (a).
Since in this case ¢ =i = 10°, using Equation (11) we
obtain the diffracted field amplitude at the screen shown
as curve (b). As should be expected, this is a typical wave-
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Figure 2. Field amplitude in arbritrary units of two plane waves E; and E, meeting at a slit as a function of position in wave-
length units. (a) interference field at wall slit along Xw; (b) diffration field at screen along Xs.
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Figure 3. Field amplitude in arbitrary units of plane wave E; meeting at a slit as a function of position in wavelength units.
(a) field at wall slit along Xw from plane wave E{; (b) resulting diffration field at screen along Xs.

form of Fresnel diffraction by a slit. It is, however, dis-
placed by 10°to the left of center. Obviously, a similar
waveform is produced by plane wave 2, except that it is
displaced by the same amount to the right. Its function at
the wall is,

CW (x) _ Awe‘/Z”stmi ) (14)

If the two diffracted fields are added, the end result is
shown in Figure (4) as curve (d). A comparison with
Figure 2 curve (b) shows that they are identical.

To get an intuitive understanding of that curve, we
now plot on the same graph the waveforms of plane
wave E; shown in Figure 3 as curves (a) and (b). For
reference purpose, curve (¢) is added and is the interfer-
ence field the two plane waves shown in Figure 2 curve
(a). Finally, we recall that in Section II we have selected
the distance d so that the geometric overlap of the two

Copyright © 2010 SciRes.

waves at the screen covers only half the width of the slit.
This is shown as region (e). We thus observe that, for the
main diffraction curve (d):

1) At the edge of the waveform, on the left of the Fig-
ure, away from region (e), where there is no overlap, the
shape follows almost exactly the waveform of a single
plane wave - curve (b).

2) In region (e), the center portion where there is over-
lap, the shape is essentially that due to the sum of the two
incoming waves.

3) In between those two regions, the wave progres-
sively changes in shape and amplitude to blend from the
overlap to the single wave region.

4) We should be gratified that our results show that in
the region, away from (e), where there is no overlap, the
waveform reverts to that of single plane waves. This is
because we know from intuition, that if two beams cross
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Figure 4. Field amplitude of plane wave(s) as a function of position for situations: (a) field at wall slit from plane wave E,
along Xw; (b) diffraction field as a result of (a) at sceen along Xs; (c) interference field at wall slit along Xw resulting from
both E; and E,; (d) diffraction field at screen along Xs resulting from adding curve (b) from E; and its counter part from E,;

(e) geometric overlap of E; and E, at the screen.

one another, they will eventually carry on as if the inter-
ference region was not there. It should be emphasized, of
course, that this is only true if the interference takes place
in a vacuum where no other interaction takes place.

Approach II thus allows us to see why the shape of the
diffracted wave derived in Approach I can be evolved
from the diffracted waves produced by the two individual
plane waves.

5) Power Transfer Considerations

We have shown, so far, that Approaches 1 and 2, al-
though quite different, give out the same results as far as
final waveforms at the screen are concerned. As a final
check, we would like to ascertain that the power entering
the slit is equal to the power reaching the screen for both
Approaches for conservation of energy.

The initial power from the two incoming waves enter-
ing the slit per unit length in the Y direction is given by
Equation (7). The intensity at the screen is given by

C(x,)
2

(15)

where C; is the total field obtained from Equation (11)
for each of the approaches, while ¢; is the angle between
the resulting field at x, and the Z-direction. The total
power per unit length in the Y direction in each case is
then obtained by integrating,

P =j I, (x,)dx
s X N s s

s

(16)

Where x;; is taken far enough from x; = 0 that the field
is negligible.

When the calculations are performed, it is found that
the difference in power between the incoming power at
the slit and that at the screen for both Approaches is of

Copyright © 2010 SciRes.

the order of 1%. This is well within the approximations
expected from Equation (11).

6. Conclusion

We have considered interference theory resulting from
two plane waves meeting at a slit, and on entering it, be-
ing subjected to the diffraction phenomenon. This was
done using a simple geometry to focus on the process
itself. Two approaches were selected, one more intuitive
than the other. We have seen that they provide essentially
the same results. Approach 2 which is more intuitive
helps to understand the former which is more conven-
tional but more difficult to visualize. It also demonstrate
that interference effect in a vacuum, although manifest-
ing itself mainly in a region of beam overlap, does not
carry a permanent effect on the beams which revert back
to their original behavior once they move far enough
away from the overlapped region.

As a corollary to the calculations for both approaches,
we have demonstrated, by an example, that the interfer-
ence field which is made up of the superposition of two
or more fields can be used as the starting source to cal-
culate further diffraction effects caused by obstacles. On
the other hand, if the components of the interference field
reaching the obstacle are known, each of the components
can be used to calculate its diffraction effect. The sum of
the diffracted fields will then give rise to the same results
as in the first case. Consequently, this suggests that a cho-
ice can be made in solving such problems based on the
type of initial information that is supplied.

As a final remark, although we have considered in this
paper only cases where R = 1 and 0, it can be shown that
similar conclusions can be obtained for other values of R.
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