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Abstract

It is generally accepted that the history of the expansion of the universe can
be exactly described by the concordance model, which makes specific predic-
tions about the shape of the Hubble diagram. The redshift-magnitude Hubble
diagram in the redshift range z = 0.0104 - 1 seems to confirm this expecta-
tion, and it is believed that this conformity is also valid in the high redshift
range. However, this belief is not undisputed. Recent work in the high red-
shift range of up to z = 8.1 has shown that the shape of the Hubble diagram
deviates considerably from the predictions made by the Lambda cold dark
matter model. These analyses, however, were based on mixed SNla and
gamma ray burst data, and some astronomers argue that this may have biased
the results. In this paper, 109 cosmology-independent, calibrated gamma ray
burst z/u data points are used to calculate the Hubble diagram in the range z
= 0.034 to z = 8.1. The outcome of this analysis confirms prior results: con-
trary to expectations, the shape of the Hubble diagram turns out to be expo-
nential, and this is difficult to explain within the framework of the standard
model. The cosmological implications of this unexpected result are discussed.

Keywords

Redshift, Gamma Ray Bursts, Hubble Diagram, Exponential Slope, Hubble’s
Law, ACDM Model

1. Introduction

The basic premise of Big Bang cosmology is that the universe is expanding. Im-
portant evidence for this expansion is that it follows from general relativity (GR)
[1], which has been successfully tested both in the solar system and on the cos-

mic scale.
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Besides GR, the Hubble constant (H,) [2] is probably the most fundamental
cosmological parameter. It is considered to be the most convincing evidence for
universal expansion, and the universe expands with a velocity determined by the
Hubble constant.

At the same time, however, we have to keep in mind that neither GR nor
Hubble’s constant is a real proof for expansion. GR when applied to the universe
as a whole represents only a theoretical framework and allows the construction
of numerous basically different cosmological models such as Einstein’s static
universe [1], the Einstein-deSitter model [3] and the dynamic, expanding or
contracting, universe of Friedmann [4], for example. All these models are ma-
thematically correct and none of them is preferred by GR. The presently pre-
vailing inflationary ACDM model seems to confirm expansion and provides an
excellent fit to most cosmological observations. However the price is high. The
model rests on a large number of hypotheses, dark matter, dark energy, inflation,
for example, which can either not be proved experimentally, or though theoreti-
cally provable, could not be proven, yet. Recently, a number of papers appeared
in peer reviewed journals proposing new models without DM or DE or both [5]
[6] [7] and without inflation [8].

And even the interpretation of Hubble’s constant as recession velocity is hy-
pothetical. Hubble never measured velocity; the expansion of the universe can-
not be measured experimentally. The Hubble Law is a RS/distance relation, and
the Hubble recession law is in reality a working hypothesis.

The question must be asked: how sure can we be that the universe really ex-
pands with velocity of the Hubble constant? Different tests based on observa-
tional data have been proposed to provide evidence for the expansion hypothe-
sis. A critical review of these tests shows that convincing evidence for the uni-
versal expansion is still lacking [9] [10]. The static universe model fits the obser-
vational data better than expansion models [10] [11] [12].

A promising tool to confirm expansion is the Hubble diagram test. We expect
that in the high RS range it should be possible to check more precisely whether
the Hubble diagram follows the linear H)D/c (expanding models) or the expo-

nential z+1=e"

(tired light) relation, an effect that is perceptible only
slightly in the z < 1 region. The Hubble diagram (HD), calculated on the basis of
a SN1a supernovae redshift (RS, z)/magnitude () data, gives an excellent fit to
the predictions of the concordance model [13] [14] [15]. However, a hint of un-
certainty remains. The fit of the Lambda cold dark matter model (ACDM) to the
SN1a z/u data applies only within the narrow range of z= 0 - 1. One reason for
this is experimental difficulties; at RSs > ~1.3, the optical light emitted by su-
pernovae becomes increasingly dimmed with distance, probably due to gray dust
extinction, and accurate observations become difficult. However, cosmologists
are not concerned with this RS limitation and consider the RS range of z> ~1 - 8
to be uninteresting. At higher RSs, the universe is matter-dominated, and the

lambda term in the high RS region does not affect the universal expansion. It is
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assumed that the HD at high RS would merely confirm the concordance cos-
mology [16]. In recent years, a number of papers appearing in peer-reviewed
journals have drawn the conclusion that the shape of the HD is exponential over
the entire RS range of 0.0104 - 8.1, in clear contrast to the specific predictions of
the ACDM model [17] [18] [19]. These analyses were performed with mixed
SN1la und gamma ray burst (GRB) data, and some astronomers argue that this
may have biased the results.

The best way to confirm or disprove the exponential shape of the HD is to use
exclusively GRB data to calculate the HD over the whole RS range of z= 0.034 -
8.1. In previous papers, several attempts have been made to utilize GRB data to
calculate the HD [16] [20] [21] [22] [23] with varying degrees of success. The li-
mited number of data points and the large scatter of the data do not allow for
safe conclusions. However, thanks to Swift (The Neil Gehrels Swift Observatory,
NASA), the main features of GRBs have become better known in recent years.
On the basis of more accurate observations of GRBs, the expectation has arisen
that these objects could prove to be suitable distance indicators. Many hundreds
of bursts have been observed in the range 0.034 < z < 8, which opens up the pos-
sibility of measuring the expansion history back to the formation of the first
stars. It is expected that the maximum clearly observable RS could approach 10
or even larger. This could place significant constraints on the different models of
universal expansion.

The aim of the present work is to perform an improved HD test based on a
larger number of calibrated GRB RS/y data points. The reliability of these data

was verified using statistical tests before the analysis was carried out.

2. Experimental

A total of 109 calibrated, cosmology independent GRB z/ i data points collected
by Wei [24] from the 557 Union2 compilations were used as the starting data
set. From these 109 data points, three low RS data points 050416A (u = 41.44 +
1.2), 080319B (i = 43.07 + 1.24), 061121 (u = 46.18 £ 1.01), (zz = % 0.41; aver-
age error in u for 50 low RS GRB data points) and three high RS data points
040912 (u =43.27 + 2.06), 09120 (1 = 47.58 £ 1.96), and 080913 (u = 50.45 £
1.74), (zz = £1.55; average error in u for 59 high RS GRB data points) were ex-
cluded from the following refinement process due to their unusually large error
bars, which indicate observational difficulties in terms of magnitude determina-
tion.

For the remaining 103 data points, best fit curves were calculated, which are
more accurate than those used in any previous work, using the empirical poten-

tial function
u=axz", (1)
with a = 44.1097 and b = 0.05988, which was determined in earlier publications

for SN1a gold set and for GRB data to be the best mathematical approximation
for describing the slope of the z/u diagram [25] [26] [27].
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2.1. Elimination of Outliers

In view of the experimental difficulties in determining the z/y data, it is likely
that large data sets taken from different observations and from different sources
will contain outliers. If these outliers are not removed from the refinement pro-

cedure, they will dominate the fit and bias the results.

2.2. Identification of Outliers: The Grubbs Test

The well-known Grubbs test [28] was used for the identification of erroneous
luminosity indicators. The Grubbs test is used to detect outliers in a data set of N
values that are nearly normally distributed. Assuming a normal distribution of
the sample, as confirmed by the very low skew in Table 1, the test is performed
by computing x;, which is defined as:

Gg *STABW + X

N
N-1

Xo > Mean (2)

where:

X, is the suspected outlier;

Xyean 18 the absolute value of the mean of the NV data points;

Nis the number of data points;

STABW is the standard deviation of Nvalues; and

G is the Grubbs number. G, can be found in statistical tables for different le-
vels of confidence and numbers of data points. For 103 data points, for example,
Gis 1.956 at 95% confidence level.

If the X, calculated from (fcasured - HMearcuiaed) 1S found to be greater than the
numerical value of the right-hand side of Equation (1), the data point in ques-
tion must be discarded; on the basis of the reduced data set, new a and b coeffi-

cients, the mean and the new STABW must be calculated, and so on.

2.3. Preparation of the Hubble Diagram

The Hubble diagram is a linear plot of the measured distance (usually Mpc)
versus the measured RS, which is often represented on the less sensitive loga-
rithmic w/RS scale.

Since the differences between the measured and the calculated trend lines be-
come more pronounced on the linear scale, a plot of the photon flight time (?)
versus RS was used for representation of the HD. The photon flight time was

calculated from
D 10( u+5)/5

t=—=—"— %3085+1018 (3)
C  (z+1)*3x10%0

Table 1. Fit results from the starting data set. Descriptive statistics z/ .

Raw data Valid cases a b R? STABW s - Heate SKEW lop - Heate
109 103 44.049 0.0595 0.9066 0.7384 0.4221
DOI: 10.4236/ijaa.2019.91001 4 International Journal of Astronomy and Astrophysics
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In Equation (2), ¢ represents the flight time of the photons (in sec) from the
co-moving radial distance D to the observer, which is proportional to D (Mpc)
as used in the Hubble law.

2.4. Hubble Diagram Representation

The Hubble diagram as originally presented by Hubble [2] is a distance
(Mpc)/velocity (v) representation where v = cz Recently it becomes increasingly
common to use the logarithmic z/ ¢ diagram as presented in Figure 1 and Figure
2 instead of the linear distance/redshift scale.

The presentation #/(z + 1) as used in this paper is essentially equivalent to
Hubble’s depiction, with Mpc = ¢ x ¢ (abscissa) and z = v/c (ordinate) and the
two diagrams differ only in the scale of the axes. The advantage of the #(z+ 1)
representation is, as can be seen in Figure 3 and Figure 4, is that the slope of the

best fit line can be fitted exactly with the exponential function z+1=g"".

2.5. Luminosity Distances

Luminosity distances were calculated using the cosmological calculator de-
scribed by Wright [29].

2.6. Excel and Excel Solver

Excel and Excel Solver were used for the data fitting, refinement, analysis and

data presentation.

3. Results

The results of the fit procedure based on 103 raw data points are shown in Fig-
ure 1 and Table 1.

As can be seen from Figure 1, the data are affected by considerable scatter,
resulting in large variability of the data and a relatively poor goodness of fit in-
dicator of R” = 0.9066.

A representative result of the iterative refinement process is shown in Figure
2 and Figure 3. The corresponding descriptive statistics are summarized in
Tables 2-7.

50
45 4
Vi y = 44.04950.05%5
W £° R? = 0.9066
40
35 2 .
0 5 10

Figure 1. Best fit curve for the initial 103 GRB data points.
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50 :

M??xom
45 S R?=0.9683
w S
40

35 T T T T 1
0 2 4 6 8 10

Figure 2. Best fit curve based on 84 statistically verified GRB z/ u data points.

1
0 a b
8 [
Exponential best fit, line b
6 y = g0:0002209 p

R?=0.9990207 g

0 5000 10000

Figure 3. Representative Hubble diagram based on 84 statistically verified GRB z/y data
points.

0 t;x107-14 sec. '
0 5000 10000

Figure 4. Redshift of type I a supernovae as a function of = D¢/c. Squares (dashed line):
t/z data inferred from the potential best-fit curve of the observed z/u diagram. Triangles:
t/z relationship derived from the ACDM model with H, = 72.6 km-s™-Mpc™}, Circles: #/z
relationship derived from the ACDM model with H; = 62.5 km-s™-Mpc™' (data are taken
from [26]).

Table 2. Results of regression with g = a x 2. Descriptive statistics z/y; one iteration.

Variance
Valid cases a b R? X
(Hobs - Heard) (Hobs - Hearc)
920 43.999 0.0592 0.9557 0.2538 0.4920
M . Deviati E-T
ean Std. Deviation Error in Std. D. Skew est P
(Hobs - Hearc) (Hobs = Heatd) (Hobs = Heatd) Hobs! Healc
0.00073 0.5038 0.0531 0.0733 0.8281 1

DOI: 10.4236/ijaa.2019.91001 6 International Journal of Astronomy and Astrophysics
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Table 3. Results of regression. Descriptive statistics #/z + 1; one iteration.

Variance
Valid cases H, R? X
(Zobs - anlc) (zobs - an.lc)
0.0002147 0.0032
90 o 0.99942 0.099
(2.147 x 107 s7) (Zobs = Zeatc)
Mean Std. Deviation Skew F-Test
Error in Std. D. P
(Zobs = Zeat) (Zobs = Zeatc) (Zobs = Zeatd) Zobs! Zealc
0.0374 0.0569 0.006 1.028 0.7575 1

Table 4. Results of regression with g = a x 2. Descriptive statistics z/y; two iterations.

Vari
Valid cases a b R? arlance Y
(,uoba - ,ucalc) (,uobs - ,uca.lc)
84 43.977 0.0589 0.9683 0.181 0.3287
Mean Std. Deviation Error in Std. D. Skew F-Test P
(Hobs - Hearc) (Hobs = Heatd) (Hobs = Heatd) Hobs! Healc
0.00158 0.4254 0.0464 —-0.01075 0.8867 1

Table 5. Results of regression with #/z+ 1. Descriptive statistics; two iterations.

Variance
Valid cases H, R? X
(Zobs = Zeatd) (Zobs = Zealc)
0.0002209
84 . 0.9990 0.0018 0.04279
(2.209 x 107'%s71)
Mean Std. Deviation Error in Std. Skew F-Test P
(zobs - an.lc) (zobs - an.lc) D. (Zobs - anlc) (Zoba:zca.lc)
0.00035 0.4255 0.0046 1.1519 0.8536 1

Table 6. Results of regression with = a x 2. Descriptive statistics z/y; three iteration.

Variance
Valid cases a b R? X
.uobs:,ucalc ,uobs:.uca.lc
80 43.976 0.0589 0.9732 0.1489 0.2593
Mean Std. Deviation Error in Std. D. Skew F-Test P
(Hobs - Hearc) (Hobs - Heard) (Hobs = Heatd) Mo fheate
0.001927 0.3859 0.0043 -0.174 0.9074 1

Table 7. Results of regression with #/z+ 1. Descriptive statistics; three iteration.

Variance
Valid cases H R? X
(Zobs = Zeatd) (Zobs = Zealc)
0.0002208
80 181 0.999 0.00176 0.03997
(2.208 x 107"%s7")
M Std. Dviati Sk F-Test
can viation Error in Std. D. ew s P
(Zobs - anlc) (zobs - an.lc) (Zobs - anlc) Zobs* Zealc
0.0007 0.042 0.0047 1.449 0.8549 1

(a) HD calculated on the basis of the currently most accurate LJA z/y data
with best fit parameters H, = 70 km-s™"-Mpc™', Q,, = 0.295, w = —1.104 [25]; (b)
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measured best fit line. The results of the two iteration steps are shown in Table
5:

As can be seen from Figure 3, the shape of the HD is exponential or (more
critically) very close to exponential, whilst the ACDM model shows systematic
deviations from the exponential best fit curve (Zy* best fit, line 6 = 0.04279; 31
ACDM model, line a = 0.3671).

This result is in perfect agreement with earlier findings [18] that ACDM mod-
els show poor agreement with observation (Figure 4).

The HD diagram on basis of the ACDM model with Hy = 62.5 km-s™-Mpc™
(line b in Figure 3) deviates below the trendline of the best-fit curve for z+ 1 <
6.5 to the bottom, and above it for z + 1 > 6.3. These deviations are of a
non-statistical nature and thus the model does not reflect the observed exponen-
tial slope.

For H, = 72.6 km-s-Mpc™" (line a in Figure 4) the ACDM model departs
considerably from the observed exponential function (line c), and in the range
z> ~ 2, a sharp increase is shown in the slope. A 3y’ test shows a statistical signi-
ficance between the observed #u and the calculated ACDM data of P = 0.053,
and fails to describe the observed z/u data completely.

Tables 2-7 show that after only two iteration steps, the further removal of
outliers does not result in a substantial improvement in terms of either shape or

goodness of fit indicators.

4. Discussion

The results presented here show that the Hubble diagram #/(z + 1) calculated on
the basis of GRB z/u data follows a strictly exponential slope in the range 0.0331
< z< 8.1, in excellent agreement with observation. The exponential slope of the
Hubble diagram provides a clear indication of an energy decrease in the emitted
spectral lines with a constant rate. At RSs > ~2, the ACDM model does not fit
the data well (dashed line in Figure 3). This unexpected result leads to a logical
contradiction between theory and observation, which cannot be solved within
the frame of the concordance model. We consider it certain that the universe
(spacetime) expands, and the expanding space causes a RS in the photons that is
proportional to the extent of expansion. The shape of the HD should follow the
explicit predictions of the concordance model, which cannot be exponential.

The question arises of how to interpret these contradictory results in light of
the expansion hypothesis. If we exclude the static universe model, the most rad-
ical answer explaining this disagreement would be that something is wrong with
the basic assumptions of the underlying cosmological model. The results pre-
sented here require that the HD is completely determined by an energy decay
process that is as yet unknown, which most cosmologists are not ready to accept,
since this would require the most important evidence for universal expansion to
be discarded.

It is not the aim of this paper to identify a specific new energy decay mechan-
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ism (although some promising alternatives have been proposed in the recent li-
terature [26] [27] [30] [31] to explain these contradictory results); however, it
should be pointed out that the disagreement between the predictions of the
concordance model and the strictly exponential slope of the HD is a real prob-
lem that requires an explanation. In view of this, the HD test may prove to be the
most important cross check in determining the expansion history of the universe
and the physical meaning of H,. Increasingly accurate high-RS GRB z/y data
may turn out to be the key to this important cosmological issue. There is hope
this could be done in the near future.

“We are now at an interesting juncture in cosmology. With new methods and
technology, the accuracy in measurement of the Hubble constant (from high RS
GRB data) has vastly improved, but a recent tension has arisen that is signaling
as-yet unrecognized uncertainties. The key pillar of the standard cosmological
model becomes shaky” [32] [33].
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Abstract

The one time presence of short-lived radionuclides (SLRs) in Cal-
cium-Aluminum Rich inclusions (CAIs) in primitive meteorites has been de-
tected. The solar wind implantation model (SWIM) is one possible model
that attempts to explain the catalogue of SLRs found in primitive meteorites.
In the SWIM, solar energetic particle (SEP) nuclear interactions with gas in
the proto-solar atmosphere of young stellar objects (YSOs) give rise to
daughter nuclei, including SLRs. These daughter nuclei then may become en-
trained in the solar wind via magnetic field lines. Subsequently, the nuclei, in-
cluding SLRs, may be implanted into CAI precursors that have fallen from
the main accretion flow which had been destined for the proto-star. This
mode of implanting SLRs in the solar system is viable, and is exemplified by
the impregnation of the lunar surface with solar wind particles, including
SLRs. X-ray luminosities have been measured to be 100,000 times more ener-
getic in YSOs, including T-Tauri stars, than present-day solar luminosities.
The SWIM scales the production rate of SLRs to nascent SEP activity in
T-Tauri stars. Here, we model the implantation of "Be into CAls in the
SWIM, utilizing the enhanced SEP fluxes and the rate of refractory mass in-
flowing at the X-region, 0.06 AU from the proto-Sun. Taking into account the
radioactive decay of “Be and spectral flare variations, the "Be/’Be initial iso-
topic ratio is found to range from 1 x 10 to 5 x 107°.

Keywords

Radio-Nuclide, "Be, Early Solar System, Solar Wind, CAI, Solar Wind
Implantation Model, X-Wind

1. Introduction

Studies report evidence for the one-time presence of SLRs, through decay prod-
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uct systematics, including '“Be, **Al, **Cl, *'Ca, and *Mn, in CAls in primitive
carbonaceous meteorites at the nascence of the solar system [1]. The possible
origins of these SLRs are widely varied and include stellar sources (AGB Stars,
Wolf-Rayet stars, nova, and super nova) and energetic particle interaction, from
either SEPs, or galactic cosmic rays (GCRs). Bricker & Caffee [2] [3] proposed
the solar wind implantation model (SWIM) for the incorporation of "Be and
*Cl into CAls early in primitive meteorites.

In the SWIM, the SLRs come into existence via SEP nuclear reactions in the
proto-solar atmosphere of the young Sun, characterized by X-ray emissions or-
ders of magnitude greater than main sequence stars. Studies of the Orion Nebu-
lae indicate that pre-main sequence (PMS) stars exhibit X-ray luminosity, and
hence SEP fluxes on the order of ~10° over contemporary SEP flux levels [4].
The irradiation produced SLRs are then trapped by magnetic field lines, and
these solar wind SLRs eventually impregnate CAI precursors. This mode of
production of SLRs, entrainment of SLRs in the solar wind, and implantation of
SLR into solar system material is seen in the implantation of solar wind particles,
e.g. "’Be [5] [6] and C [6] [7], on the Moon.

'“Be is produced via SEP spallation reactions, with oxygen serving as the chief
target particle in the SWIM. Similar to '’Be, "Be, half-life of 53 days [8], is also
primarily produced through SEP nuclear reactions with oxygen as the primary
target particle, and “Be has also recently been detected in stellar photospheres [9]
In addition, the one-time presence of 'Be has been measured in CAls in primi-
tive meteorites (through the study of Li, the decay product of "Be, systematics)
[10] [11]. Owing to the 53 day half-life, local irradiation is the only possible op-
eration pathway for “Be production. As such, the large difference in half-lives
between "Be and '’Be is of interest in terms of chronological processes associated
with early solar system and CAI formation and evolution.

In this work, we consider the possible incorporation of 'Be into CAls in pri-
mitive carbonaceous meteorites in the SWIM. Table 1 below characterizes beryl-

liumisotopes found in CAls.

2. Solar Wind Implantation Mode
2.1. Synopsis
In the SWIM, SLRs are produced in the solar nebula via SEP nuclear reactions

on gaseous target material in the solar atmosphere ~4.6 Gyr, during the formation

Table 1. Beryllium isotopes found in CAls.

. . Initial Radionuclide
Nuclide Half-life i . o
Isotopic Ratio (g™
1.2 x 107 [10] 1.0 x 10%
B 53 d: 8
¢ ays [8] 6.1x 1072 [11] 53 % 10"
e 1.36 x 10° yr [12] 9.5x107*[13] 6.4 x 102

Note: Radionuclide content in g™ calculated from initial isotopic ratio and °Be content in ppb. The *Be
content in CAlIs is estimated 100 ppb [14] [15].
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of the solar system. These newly produced nuclei are incorporated in the solar
wind. The SLRs flow along magnetic field lines in the solar wind, and this par-
ticle flow intersects with materials which have fallen out of the main accretion
flow, which was headed to hot-spots on the Sun. At the intersection of outflow-
ing SLRs, and inflowing fallen CAI precursor material, the SLRs may become
impregnated into the inflowing materials. The fundamental geometry for the
implantation process described above and transportation of implanted CAls to
the asteroid zone can be gleaned from the X-wind model of Shu ez a/ [16] [17]
[18]. Figure 1 below illustrates of the basic magnetic field geometry, "Be production
via SEP flaring activity, and subsequent implantation into CAI-precursor material

from the main funnel flow onto the proto-Sun.

2.2. Refractory Mass Inflow Rate

The effective refractory mass inflow rate, S, ie. the refractory mass that falls
from the main funnel flow which was accreting onto the star at the X-region, is

calculated from equation (1):
S=M,-X,-F (1)

where M, is disk mass accretion rate, X; is the cosmic mass fraction, and Fis
the fraction of material that enters the X-region from the main funnel flow [19].
For M 5> we adopt 1 x 107 solar masses year™". Disk mass accretion rates range
from ~1077 to ~107" solar masses year ' for T Tauri stars from 1 - 3 Myr [20],
whereas embedded class 0 and class I PMS stars have mass accretion rates of
~10"° to ~107° solar masses year™' [21]. Here we adopt for M, a rate 1 x 1077
solar masses year™', corresponding to class II or III PMS stars. From Lee et al.
[19] we utilize a cosmic mass fraction, X, and fraction of refractory material
fraction F, of 4 x 107 and 0.01, respectively, in our model. X, represents the frac-
tion of refractory content in the inflowing material, and Frepresents the fraction

of inflowing mass that does not accrete onto the proto-sun. The choice 0.01

Figure 1. SWIM magnetic field geometry for SLRs production via SEP nuclear reactions.
The gray area represents the main accretion flow onto “hot spots” on the PMS star. SLRs
produced close to the proto-solar surface are incorporated into CAI precursor material
which has fallen from the accretion flow (figure after Shu et al [17]).
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maximizes F, and corresponds to all the mass which comprises the planets fall-
ing from the accretion flow. F = 0.01 is the preferred value of Lee ef al [19] in
their model. (See Lee et al. [19] for a detailed discussion of X, and F) Employing
Equation (1) and the parameters detailed above, we find the rate at which this
refractory material reaches the x-region, called here the refractory mass inflow
rate, S, is 2.5 x 10" g s7'. In consideration of the extreme values of, S, S could be
two orders of magnitude greater if the accretion rates of ~107 to ~107° solar
masses year ', or S could also be four orders of magnitude less if the mass accre-

tion rate was ~107® to 107'"° solar masses year ' and F~0.0001.

2.3. Effective Ancient Production Rate

The effective ancient "Be outflow rate, Pin units of s, is given by:

P=p-f @)

where p is the ancient production rate and fis the fraction of the solar wind "Be
that enters the CAI-forming region; £= 0.1. (See Bricker & Caffee [2] [3] for a
discussion of factor £). The “Be production rate is calculated assuming that SEPs
are characterized by a power law relationship:

dF o

€ KE (3)
where rranges from 2.5 to 4. For impulsive flares, i.e. r= 4, we use *He/H = 0.1
and *He/H = 0.3, and for gradual flares, ie. r = 2.5, we use *He/H = 0. For all
spectral indices, we assume a/H = 0.1. Contemporary SEP flux rates at the
Sun-Earth distance of 1 AU are ~100 protons cm >s™! for £> 10 MeV [22]. We
assume an increase in ancient particle fluxes over the current particle flux of ~4
x 10° [2] [4], yielding an energetic particle flux rate of 3.7 x 10" protons cm s~
for £> 10 MeV at the surface of the proto-Sun.

The production rates for cosmogenic nuclides can be calculated via:

dF(E
p=3 N for, 1) e @
! i

where 7 represents the target elements for the production of the considered nuc-
lide, N, is the abundance of the target element (g-g™'), j indicates the energetic
particles that cause the reaction, oy (E) is the cross section for the production
of the nuclide from the interaction of particle j with energy £ from target 7 for

dF (E)
dE

]

the considered reaction (cm?), and dE is the differential energetic particle

flux of particle j at energy E (cm™>s™") [22]. We assume gaseous oxygen target
particles of solar composition [23].

The cross-section we use to calculate ’Be production from protons and *He
pathways is from Sisterson et al. [24], and the cross-section we use for produc-
tion from *He is from Gounelle ef al [25]. The Sisterson et al. [24] cross-section
is experimental obtained, and the Gounelle et al [25] cross-section is a combina-

tion of experimental data, fragmentation and Hauser-Feshbach codes. The un-
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certainty associated with model codes are at best a factor of two. Taking into ac-
count both target abundance and nuclear cross-sections, the reaction with oxy-
gen as the target is the primary production pathway. Any other nuclear reaction
would add little to the overall "Be production rate. Table 2 shows the nuclear

reactions considered in the calculations.

3. Results

The content of "Be found in refractory material, in atoms g™', predicted by
SWIM is given by:
N7Be = E = p—f (5)
S My-X,-F
where Pis given atoms s™' and Sis given in g-s™".

Using the refractory mass inflow rate, S, of 2.5 x 10" g-s™' from Equation (1),
and calculations of P, the effective ancient "Be outflow rate, from Equation (2) &
Equation (4), we determine the content of "Be in CAls in atoms g~' using Equa-
tion (5), and find the associated isotopic ratio for different flare parameters giv-
en in Table 3. Figure 2 depicts the "Be isotopic ratio predicted by the SWIM
from SEPs.

4. Discussion

Similar to '°Be, the primary target for SEP production of Be is oxygen. As such,
the SEP origin of "Be and '“Be are uniquely intertwined. The estimated "Be/'’Be
production ratio from MeV SEPs in the early solar system is estimated to be ~70
[14]. Using the production rate from Equation (4) and the production rate for
"“Be from Bricker & Caffee [2] from SEP interaction with oxygen targets, we ob-
tain a production ratio of ~50, which is similar to Leya [14]. It would then be
expected that the original ratio of "Be/’Be found in CAIs would be ~50 times
greater than the '’Be/’Be ratio, assuming the simple SWIM mechanism described
above. Using 9.5 x 107* [13] as the canonical '"Be/’Be ratio, the "Be/°Be ratio
would scale to 4.8 x 1072, We find this ratio is reproducible within a factor of ~5,
the uncertainty associated with SWIM, for spectral indices r > 3.2. The SWIM
can account for the scaled up "Be/’Be ratio. Figure 3 below details the ratio of
"Be/’Be from SWIM to 4.8 x 107

Experimentally obtained measurements for the original "Be/’Be ratio in CAls
are limited and a matter of considerable debate. Limited experimentally deter-
mined values for the ratio range from about 1.2 x 107 [11] to 6.1 x 107 [10].

The experimentally obtained ratios are at least a factor of 10 less than SWIM

Table 2. Nuclear reactions considered in this paper.

“O(p, x)’Be
1%0(*He, x)"Be

180(*He, x)"Be
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Table 3. Predicted “Be content in CAIs.

Flare Parameter atoms g™' (in CAls) Isotopic Ratio
p=27,°He/H=0 1.1 x 10' 16
p=4,He/H=0.1 3.8 x 10" 5.7 x 1072
p=4,He/H=0.3 1.1 x10% 1.6 x 107!

'Be content vs spectral index

% T T T T T 1.2 10%
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- 110"
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Figure 2. Predicted 'Be content in CAls from energetic protons as a function of solar
flare parameter.

SWIM relative ratio vs spectral index
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Figure 3. Ratio of "Be/’Be found from SWIM.A ratio of one indicates exact match, a ratio
greater than one indicates overproduction, and a ratio less than one indicates underpro-
duction.

calculations, and also a factor of at least 10 less than the scaled up "Be/’Be found
from scaling the canonical '’Be/’Be ratio to ‘Be and '’Be production rates. Figure
4 depicts the ratio of SWIM obtained ratio to the canonical "Be/’Be ratio.

Clearly, some other mechanism is needed to explain the overproduction of the
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Relative ratio vs. Spectral Index
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Figure 4. Ratio of SWIM °Be/"’Be ratio to canonical "Be/’Be ratio. A factor greater than

one indicates overproduction relative to canonical.
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Figure 5. Days to canonical ratio vs. spectral index.

’Be/’Be ratio, both in terms of SWIM calculations and the scaling of the '’Be/’Be
to relative “Be and '°Be production rates.

An assumption of SWIM is that radionuclides are produced via SEP interac-
tion and then immediately incorporated into CAI precursor materials. With a
half-life of 53 days, it is possible that some temporal evolution occurs before
’Be becomes implanted. Figure 5 shows days to canonical ratio for spectral
index.

Figure 5 shows that with a delay on the order of ~100 days from the time of
production of Be to implantation in to CAI precursor materials, the canonical

ratio is replicated. Taking into account the time from production of the radio-
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nuclide to implantation into CAI precursors, i.e., two half-lives of "Be, explains
the deficit in "Be/'’Be measured ratio in comparison to the ’Be/'°Be production
ratio. It is possible and likely for nuclei to have some finite residence time in the
photosphere. Calculations of this residence time have not been performed and
are beyond the scope of this paper. Our ad hoc choice of two half-lives of resi-
dence time for "Be was to explain the "Be/'’Be measured ratio in comparison to

the "Be/'Be production ratio.
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Abstract

The paper deals with the existence of the coplanar libration points in the re-
stricted three-body problem when the smaller primary is a triaxial rigid body
and the infinitesimal body is of variable mass. Following small parameter
method, the coordinates of collinear libration points are established whereas
the coordinates of triangular libration points are established by classical me-
thod. It is found that the mass reduction factor has small effect but triaxiality
parameters of the smaller primary have great effects on the coordinates of the
libration points.

Keywords

Restricted Three-Body Problem, Jean’s Law, Space-Time Transformation,
Triaxiality, Mass Reduction Factors, Libration Points

1. Introduction

Restricted three-body problem with variable mass has an important role in ce-
lestial mechanics. The phenomenon of isotropic radiation or absorption in stars
was studied by the leading scientists to formulate the restricted three-body
problem with variable mass. The two body problem with variable mass was stu-
died by Jeans [1] regarding the evaluation of binary system. Meshcherskii [2]
assumed that the mass is ejected isotropically from the two body system at very
high velocities and is lost to the system. He examined the change in orbits, the

variation in angular momentum and the energy of the system. Shrivastava and
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Ishwar [3] derived the equations of motion of the circular restricted three-body
problem with variable mass with the assumption that the mass of the infinite-
simal body varies with respect to time. Singh and Ishwar [4] showed the effect of
perturbation due to oblateness on the existence and stability of the triangular li-
bration points in the restricted three-body problem.

Das et al. [5] developed the equations of motion of elliptic restricted three-body
problem with variable mass. Lukyanov [6] discussed the stability of libration
points in the restricted three-body problem with variable mass. He has found
that for any set of parameters, all the libration points in the problem (Collinear,
Triangular) are stable with respect to the conditions considered by the Mesh-
cherskii’s space-time transformation. El Shaboury [7] had established the equa-
tions of motion of elliptic restricted three-body problem (ER3BP) with variable
mass with two triaxial rigid primaries. He has applied the Jeans law, Nechvili’s
transformation and space-time transformation given by Meshcherskii in a spe-
cial case.

Singh et al. [8] have discussed the non-linear stability of libration points in the
restricted three-body problem with variable mass. They have found that in
non-linear sense, collinear points are unstable for all mass ratios and the trian-
gular points are stable in the range of linear stability except for three mass ratios
depending upon the mass variation parameter [ governed by Jean’s law. Has-
san et al. [9] studied the existence of libration points with variable mass in the
R3BP when the smaller primary is an oblate spheroid. They found that Jacobi
constant C=1,C =2 shows no effect in the position of libration points, but for
C =3, slight shifting of libration points is found due to oblateness only not due
to the mass reduction factor « .

In present work, we have established coordinates of five libration points
L (i =12,3,4, 5) in the R3BP with variable mass when smaller primary is a tri-
axial rigid body by small parameter method [10] and the method used by Hassan
etal [9].

2. Equations of Motion

Let the two primaries of non-dimensional masses  and 1-u be moving on
the circular orbits about their centre of mass. In Figure 1, we consider a
bary-centric coordinate system (O, XYZ) rotating relative to the inertial frame
with angular velocity . The line joining the centers of P, and P, of the
primaries is considered as the x-axis and a line lying on the plane of motion
and perpendicular to the x-axis and through the centre of mass; as the y-axis
and a line through the centre of mass and perpendicular to the plane of mo-
tion as the z-axis. Let (1,0,0) and (x—1,0,0) respectively be the coordi-
nates of P, and P, and (X,y,z) be the coordinates of the infinitesimal
body of variable mass m at P.

The equation of motion of the infinitesimal body of variable mass m can be

written as
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P(xy,2)

P,(p1-1,0,0)

(a#b#c)

Figure 1. Configuration of R3BP when smaller primary is triaxial.

d( drj
R m_
datl dt
3u(20, -0 3 A -
:—Gm{ #,q+£3pz+#pz+—’g{(al—az)yj+alzk} (1)
o P> 2, P
15
> !7‘{(0_1_0_2))/2_‘_0_122}/)2]
the differential operators are given by the relations
d o dr _or
—=—+4ox and —=—+awxr
dt ot dt ot
r=xi+yj+k, ,q:(x—y)f+yi+zlz, p=(x- ,u+1) + V) + 2k,
a’-c’ b* —c? (2)

o* :1+§(20'1—02), o, =

—_— o, = —
5R? 2 BR?
where a,b,c are the semi-axes of the triaxial rigid body, R is the dimensional

distance between the centre of the primaries. Thus using Equation (2) in (1), we get

mi +m (F + o x r)+2ma)xr—a)2m(xf+ y])

:_Gm{ u, 20m0) | 15

T At {(O‘l—O'Z)y2+O'lZZ}pZ

P P 2p; 2p;

3 P ~
+—’I;l{(0'1 -0,)yi+ alzk}}.
P>

{ (x— a)Y)—Zma))'/—ma)zx}f
+{my +m(y+wX)+ 2mox—me?y} j+(mz+mz)k
3 3 - -
=Gm { —Zﬂs(20'1—0'2)p2—p—'le{(O'l—Gz)yj—l—Glzk} (3)
2 2
l
2 6{( Uz)y +0,Z }pz}
2

Choosing units of mass and distance in such way that G=1 and R=1,

then the equations of motion of the infinitesimal body in cartesian form can be
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written as:
m 10U
X+—(X-—oy)+20%=———,
m( y) m ox
m 10U
V+—(y+oX)-20y =———, 4
Vi rex)=20y == (4)
, m, 10U
I+—2=——,
m m oz
where
mo’ 1- u(20,-0,) 3ui(o,-o0,)y* +0,7°
U=-——(xX"+y*)-m £ 2 ( — ) { 3 i +(5)
P P 2p, 2p,
10 o () (xmp) p(x-pl) 3u(20,-0y)(x—u-l)
m ox P o 2p;
JrlSy(o'l—zJ'z)(x—y—l)y2 +15,uo-1(x—y—1)z2
2p, 2p; '
LA e ()Y py 3u(oi-y)y 15u(oym0y)y’ 15u0y o
m dy AP 2p; 2p, 2p,
and
_1laov __(1_f“)z_ﬂ_z+31“(20'1_0'2)2+15ﬂ(0'1_‘72)y22+15ﬂ0'123
m oz P 25 2p, 2p;
By Jeans law, the variation of mass of the infinitesimal body is given by
LILY ie, 0= _gm™, (7)
dt m

where « isa constant and the value of exponent ne[0.4,4.4] for the stars of
the main sequence (from Observational facts).
Let us introduce Meshcherskii’s space time transformations [2] as:
x=&, y=ny " {=zy", dt=y"dr,

- . m 8)
p=ty "t pp=ny? where y=—<1,
o

m, is the mass of the infinitesimal body when t=0 and 7 isthe pseudo time.

From Equation (7) and Equation (8), we get

d_7/__ n-1
e Br, 9)

where S =am)™ = constant .
Differentiating X, Y,z with respect to ¢ twice and using fourth equation of
(8), we get
=&Y+ pagy",
y =0y "+ pany",
2=¢Y 0+ pagy"™

10
X = ényzk—q +ﬂ§,(2q _ k)}/mk—q—l _’qué;(n _ q _1)7/2n—q—2’ ( )
y _ nn}/Zk*q +'B77,(2q _ k)}/mqu—l —ﬂ2q77(n —q _1) 7/2n—q—2’
7= é’ﬂka—q +ﬂé"(2q _ k)7n+k—q—l _'qu;(n _ q _1)7/2n—q—2’
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where dot (-) represents differentiation with respect to real time ¢ and prime
(') represents the differentiation with respect to pseudotime 7 .
Also,

m B . m _
_:—am” 1 :—a(moy)n __amg 17/n - e, _:_ﬂyn l‘
m m

Replacing the values of Equation (10) in Equation (4) to obtain

"+(20-k-1) BEY" T —20n'y ™ —(n—q) BPa&y "
20-2k-1 g

_ 2 _1 nqulz_j/ ,

(29-1) pony T o

+(2q —k _1)ﬂn!7n—k—l + ngr}/—k _(n _ Q)ﬂzquz(n_k_l)

2q-2k-1
+(29-1) Bogy" " = —7m—%, (11)
0
2q-2k-1 6U
+(2 k-1 1 n-k-1 n— (n—k-1) _ ¥ oy
£ +(20-k=1) By = (n—q) BPagy™ —.
where
U=-— (f +7 ) 12q+1 ﬂyq+l+ﬁ}/q+l+#(201_0-2)7/3q+1
n r 2r;
_Bu(o -0’y Buoi gty
2r, 2r}

As the mass of the infinitesimal body is variable, so only the variational factors
but not the non-variational factors should be taken into consideration in the eq-
uations of motion of the infinitesimal body. Thus to avoid the non-variational

factors, we have

n-k-1=0, 2g-k-1=0, n=1€[04,44],

. 1 (12)
i.e, k=0,q:5, n=1and f=a.
Thus the Equations (11) reduced to
2
i.e, 5”—2@77':—iﬂ e g,
b 05 4
10U @af
" 2wf =-—4 % g 13
n 4 mon 4 n (13)
y 10U o
gty
m, o5 4
where
1- 8 2 2
U=-m, 1(52_’_772) 2+( r/”)}/ +,u]/ + ( ‘;3 0-2)
1 2 2 (14)
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_(1—;1)(5—#\5)

ulé- ﬂﬁﬂf) 3

10U ,
2w
m, 6&

3
r1 r.2

3u(20,-0,) (éz /1\/;"'\/7)

2r;
Bu(e+y-mly) 1
+ ( o )72 {(01_0'2)772771‘*0'1?27}:
2
RESVR S L B R VLA LY
m, On r1 ry 2r;
15/“7 2 -1 2
20 oy =o'y + ol
3 3 5 (15)
_LQZ_M w5 3u(20-0)¢
m, 0¢ |’13 I’23 2r25
15
2#747 {(o1=0) 'y " +0:8 ).
The Jacobi integral in Meshcherskii’s space is
§!2+77!2+4112
1-u 3 2 u(20,-0,) 3 )
=2 ((f +n ) ,Uyz +ﬁ72+(;32)72{(0'1—0'2)772}/1+O'1§27} (16)
r r, 2|'2
+“—2(§2+q2+g2)+c
4

whereas the Jacobi integral in the rotating frame (O, XYZ) is

X +y*+2° =2Q(x,y,2,a,0,0,,0,)+C,

where
_o l-p,
Q= > (x2+y2) -
+a72(x2+y2+22).

3. Libration Points

u, #(20,-0)

o,—0,)y +0,7°
pz 2/72 {( ' 2) ' }

Since in the vicinity of the libration points (Lagrangian points), no translatory

motion exists, only vibrational motion exists, hence velocity and acceleration

components must vanish at these points i.e.,, &'=n'=¢{"=¢&"=

77”:4;’”:0‘

Thus from Equations (15), we have

—#)(5—#\/;)73_

#(f—ﬂ\/;*'\/;)y%

T

3 3
h I,

_3/“(2(71_02)(5_,”\/;"‘\/;)7/;

5
2r,

550, ey )

o)’y o’y )} =0,
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4 r? 2 2ry
15u¢ ! B} ;
+%yz {(o:=0,)n'y t +0:8%r ) =0,
2

For solving the above equations in the rotating frame (0, XYZ), we apply the
inverse transformation &= \/;X, n= \/; ¥, = \/;Z in the above equations to

get
[a_z_i_wzjx_(l—#)(s)(—,u)_,u(x—:1+l)+3,u(20'1—0'21(x—,u+1)
4 Pi P 20,
15 - 1
+#(X—7'u+){(0'1—0'2)y2+0'122}:0,
2p, (17)
i 1- 3u(20, -
[a__%wz]y_&_ﬂ_g*_ Iu( 2 50-2)y+15ﬂ7y{(o-1_o-2)y2+O—122}:0,
4 P P2 2, 2p,
2 1-u)z uz 3u(20,-0,)z 15uz
[Q—Jz—%—ﬂ—s+ “( L )2, Fol(o-0,)y? + 0,22} =0.
4 P P2 2p; 2p,

4. Collinear Libration Points

As we know that all the three collinear libration points lie on the x-axis (the line
joining the centre of the first and second primary) so y=0,z2=0 and hence
from Equation (2)
2 2
pL=(x=p) ps =(x=pu+1)" = p =|x-pl,p, =|x-pu+1.
Thus from Equations (17), we have

(a—2+w2]X_(1‘ﬂ)(X—,U)_/”(X_'“J’l)+3#(201_O-2)(X_'u+1)=0-(18)
4

|X—,u|3 |X—,u+1|3 2|X—,u+1|5

Let L (£,0,0) be the first collinear libration point lying to the left of the
second primary P,(#-1,0,0) ie,& <pu—1 then & <u
=& -u+l<0and & -u<0,
=& —p+l=—(x—pu+1) and |& — | =—(& - ).

Thus from Equation (18),
2 _ _
(oorfe- ot AR oy
4 (é:l_:u) (51_/1"'1) 2(51_/1"'1)

As & <u-1,s0let & =u—-1-p where p is a very small positive quan-
tity.
From Equation (19)
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[T N (1-p) o 3u(20,-0,)
(4 +o J(,u 1-p) —(—1—p)2 p2+—2p4 =0, (20)

05_2 2 1 4 2 _ 4 2 2
2(4 +w j(,u 1-p)p*(1+p) —2(1-p) p* —2u(l+p) p o1

+3p(20,—0,)(1+ ,0)2 =0,
06_2 2 | 7 a_z 2 _ 6 a_Z 2 — 5
B
2
+{(a7+w2}(1—u)+2}/’4 tapp' - uf3(20,-0,)-2fp*  (22)

—6u(20,-0,)p—3u(20,-0,)=0.

Equation (22) is seven degree polynomial equation in p, so there are seven

values of p .If weput u =0 then from Equation (22), we get

2 2 2 2
{2(%+a)2jp3 +6[%+w2]p2 +4(%+a)2]p+2[%+a)zj+2}p4 =0.(23)

Here p* =0 gives four roots of Equation (23) when xz=0 but we know

that £ #0 so p*#0, so there must be some order relation between p* and
1

U e, p* can be expressed as the order of 1 ie, p= 0[#4] =o(v) where

L
v=ut.

Thus the Equation (20) reduces to
2 2 2
o 2| 7 a 2 4\ 6 a 2 4\ 5
(7+20) Jp +(7+2(0 ](B—U )p +(7+2(O ](2—1) )p

2
+{[%+ 2a)2](1—u4)+2}p4 +4U4p3—{3(201—0'2)—2}l)4p2 (24)
-6(20,-0,)v*p-3(20, -0, )" =0.
As p=0(u) so o can be expressed as
p=av+a,u’ +a0’ +a,0" +a’ +ag’ +au’ +-o
where a,,a,,8,,8,,8;,8,,8,, -+ are small parameters [10], then
p’ =alv” +2a,3,0° + (8 +2a,3, v’ +2(aa, +a,8,)v°
+(a32 +2a,3; +28,a, )0° +2(8,a; + 8,8, + 8,3, )v +---,
p* =av’ +3ala,0" +3(a,a; +afa; ) +(a] +3ala, +6a,a,a, )0°
+3(a1a32 +aja, +a’ay +2a1a2a4)u7 +eee,
p =a/v' +4ala,0® +2(3a7a] + 2a%a, )u° +4(a,a; +afa, +3afa,a, )u’ +--,
ps=afus+5afa206+5(26fa22+a14a3)u7+-~-, (25)
P’ =a’ v’ +6a'a,0" +--,
p7 :aIU7 +.u-.

DOI: 10.4236/ijaa.2019.91003 28 International Journal of Astronomy and Astrophysics


https://doi.org/10.4236/ijaa.2019.91003

M. R. Hassan et al.

Using above quantities of Equation (25) and u=0" in Equation (24) and
equating the coefficients of different powers of v to zero, we get the values of

small parameters as

3(20,-0,)

aﬁﬁ : az:Q{3(201—02)—2(a72+a)2}af},

Z ot +1
4

a, :—Q{S[%Zﬂozjaf —10(%2+a)2]afa2 +{(%2+a)2]+1}afa§
+{3(201_‘72)_1}312 _3(201_0'2)‘32]

a, =Q{3(20-1—02)a3 —(%Zﬂozjaf —3(%2+w2jafa2
—20(%2+w2j(2afa22 +a,8,)-2a; +{3(20, - 0,) -2} a3,

2
_4{[%+ w2j+1}(a1a§ +3a’a,a, )}

as,85,8,, -+ and so on,
1

]

Therefore the first coordinate of the first libration point L, (&,0,0) is given by
G=pu-1-p

= y—l—(aiu+a21)2 +a,0’ +a,0" +a’ +ag’ +)

= u-1-faivay (Vi) v (Vi) (Vi) s (Vi) () o
§1=y—1—§1aﬂ (Vu)" 27)

Here & depends upon the mass parameter u of the primaries, the small

(26)

where Q =

parameters a,,a,,a;, -, mass variation parameter «, angular velocity @ and
triaxiality parameters o, and o,. It is to be noted that each small parameters
a, depends upon the preceeding small parameters &;,a,,8;,:--,8, ; and other
parameters like «,,0,,0, etc.ie, a,=f, (ai,az,---,anfl,a,a),al,az).

Thus from Equation (27), it is clear that in the classical case the coordinate of
libration point L, depends upon the mass parameter x only but under per-
turbation it depends upon the parameters x aswellas a,,,,®,0,,0,.

Let L, (52,0,0) be the second collinear libration point between the two pri-
maries P, and P, then pu-1<¢&,<u.

=& -—pu+1>0and & —u<0.

=& —pu+l =& —p+land |&, -y =—(& - n).
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Thus from Equation (18), we have

(Frarfg-dotp )y
: G (& uel) 2(g-ur)

Since &, > u—1 hencelet & =u—-1+p,thus & -u=-1+p, p isavery

small quantity so it can be chosen as some order of 1 .

In terms of p , the Equation (28) can be written as

2 - 3u(20, -
(a_+w2](y_1+p)_ 1 ﬂz _iz_i_ /1( 014 02)20,
4 (p-17 »p 2p

05_2 2 _ 40 0 1\ _ _ 4 2( o 1\?
2( 1 +w j(y 1+ p)p* (p-1) —2(1-u) p* —2pup* (p-1) (29)
+3,u(20'l—0'2)(p—1)2 =0,

2 2

2
2(%+a)2}p7 —2[%+a)2](3—y)p6 +2[%+a)2j(4—2y)p5

2
—2{1—[%+ a)zJ(l—,u)}p4 +4up° +,u{3,u(20'1 —02)—2} p? (30)
—6u(20,-0,) p+3u(20,-0,)=0.

The Equation (30) is a seven degree polynomial equation in p, so there are
seven values of p in Equation (30).

If weput =0 in Equation (30), we get

2 2 2 2
a 2| 7 a 2| 6 a 2| 5 a 2 4
2| —+ -6/ —+ +8| —+ =2:1-| —+ =0.(31

Here also p* =0 gives four roots of Equation (31) for =0, so as earlier
case let
p=bo+b,0* +b,0° +bv* +bv° +b® +bv" +---,
where b,b,,b,,b,,b,,bs,b,,--- are small parameters.
Putting the values of p',p°, p°,p* and p=0" in Equation (29) and

equating the coefficients of different powers of v, we get
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+80,b; +24b’b,b, +4b, —4bb, —6b, (20, - o, )}
b,,bs,b, and so on,

1

{[-F]

Similar to Equation (27), the coordinates of the Second libration point is given by

where S =

&, = u—1+bo+b,v* +b® +b,v* +bv® + b’ +bv’ +--
1 1 3 5 3

= p=Lbypt 4, u? + byt +b, 8t + bt b p? -
& =u=-1+ 3 but. (32)
n=1
Let L, (53 ,0, 0) be the third libration point right to the First primary, then

&G>&=u-1-p =>&>u-1+p

Let & =u—-1+2p then §—pu=2p-1 and & —-u+l=2p.
Thus from Equation (18), we have

a 1-p p 3u(20,-0,)
(T+w ](y—l+2p)—(2p_l)2 _(2p)2 + 2(2p)4 =0,

2(“72+ a)zJ(Zp—l-i- 1) (2p-1) (2p)" =2(1- u)(2p)" ~8up? (2p 1)’ )
+3u(20, - 0,)(2p-1)" =0.

when g =0, then Equation (33) reduced to
2
32(“7+ a)Zj(Zp—l)a p*—32p* =0.

As in Equation (33) let p=cu+C° +C° +¢,0" ++++, whereas ¢,c,,C,

are small parameters. Thus Equation (30) reduced to
8(c” +40° )(2p-1+0*)(2p-1) p* -32(1-0*) p* ~80*p (2p-1)°
~3*(20,-0,)(2p-1)" =0.

By putting values of o0 5t 0 p% p .- and w=0" in Equation

(33) and equating the coefficients of different powers of v, we get

1
_| _80i-cy) [
a= 8(a2+4w2+4) ’
¢, =T[12(20, -0, ), - 48(a* + 40? ) |,
¢, =T[(a? +40%)(240c]c, - 96¢} ) - 48(a” + 40 + 4)cfc,

~12(20, - 0, )(c? ~¢,)-8¢7 |,
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c, =T |:(a2 +4wz){64017 —576c5c, +240(2¢c] +cfc, )}
—32(0:2 +4a? +4)(01C§ +3C1zcz°3)
+32¢) ~16¢,¢, +12(20; — 0, ) (2¢,, - 1),
andsoon ‘-,

1

where T = .
32(052 +40° +4)013

Similar to Equation (27), the coordinates of the third libration point is given
by

& =pu-1+2> cv" = u-1+2> ¢, ut. (34)

n=1 n=1

5. Triangular Libration Points

For triangular libration points, X#0,y#0 and z=0 then from the system
(17) we have

(052 2J)(_(l—,u)(x—,u) ,u(x—,u+1)+3,u(201—02)(x—,u+1)

4 L P 2p; (35)
15u(x—pu+1
Sl url)
2p,
2 1- 3u(20, 15u(20, — 2
[O‘_Jra)z]_( :‘)_%Jr 24 615 0"2)+ #(20, 70'2)3’ ~0,  (36)
4 P P> 2p, 2p,
where from Equation (2)
pf:(x—y)2+y2 and pzzz(x—y+1)2+y2. (37)
Now Equation (35) —(x—x+1)x Equation (36) gives
2
i3=a—+a)2 (38)
P 4
and Equation (35) —(X—,u)>< Equation (36) gives
2 3(20, - 15(o, - 2
1o (29, 02)+ (01-2)y . (39)

p; 4 2p; 2p;

For the first approximation, suppose o, =0, =0, then @’ =1 and from
Equation (38) and Equation (39), we get
1 1 a’ . a’
—=—=1+— le, =p,=1-— (axkl).
For better approximation let o, #0, o, # 0, then the above solutions can be

written as

2 2

[04 [04
=l-—+¢, and p,=1-—+«
P 12 1 P 12 2

where O< o, 0, <1.
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From Equation (37) pf — pf =2(x—u)+1,
. 1
ie, XZ,U—E-FO!l—C{l. (40)

Also from the first equation of (37), we have
2
Py :(X_’u)z_,’_yz, ey’ :%+al+a2 _%!
NI a?
and y=+—|1+—(a, +a, ) —— |.
=55 3( 1+ ) 9

From Equation (37), we have

1 a* , 1-»°

— =t = aq = .
3 4 1

PL

So from Equation (38) and Equation (39), we get

2
[%+ 2a)2jp27 -2p; +3(20,-0,)p; +15(0, - 0,)y* =0,

2 2
[%"‘2‘02}/927 —2p; +3(20,-0,) p; +15(O'1_0'2)(%+0‘1+0‘2 _%J =0.

Neglecting higher order terms and coupling terms of ¢, &, , we have

1
a1=—§(20'1—0'2),
2—%0:2—97?0'1+%962
==
50124-6+690'1—420'2
Thus
7 , 93 69
1 2—§a —ZGI+ZO'2 1
Lys = Hoot g +=(20,-0,),
—a®+6+690, - 420,
2
G 5 7a2 93O_+690_
3 21537 4t 421
i? 1+§ 3 4 4 _5(20-1_0-2)

%az +6+690, —420,

are the triangular libration points.

6. Discussions and Conclusion

We have studied the existence of coplanar libration points in the restricted
three-body problem with variable mass and smaller primary as a triaxial rigid
body as shown in Figure 1. By taking the mass ratio ¢ =0.019 and the mass
variation parameter o =0.1 as the fixed quantities, the variation of mass re-

duction factor y of the infinitesimal body is taken into consideration and stu-
died the effect of y on the existence of coplanar libration points.

In Figure 2, the classical case has been discussed for ¢ =0,y =1,0, =0,0, =0
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in which all the five libration points exist. The triangular libration points L,
and L, form equilateral triangle with the primaries. In Figure 3, taking per-
turbing parameters a =0,y =10, =0.1,0, =0.01, then only three collinear li-
bration points L,L,,L, exist and no triangular points exist. The libration
points L, and L, arelocated at the extreme points of the loop of the lamnis-
cate shaped oval and this oval is again enveloped by a bigger loop. This devel-
opment of loops is due to the non-zero values of triaxiality parameters o, and

o,.

Figure 2. Locations of libration points for a =0,y =1 (classical case).

Figure 3. Locations of libration points for a =0,y =1 (perturbed case).
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In Figure 4, two collinear libration points L, and L, exist when
a=0.1y=0.98 and o, =0.01,0,=0.1, which contradicts theoretical evolu-
tion of the existence of the five libration points. In Figure 5, four coplanar
points L,,L,,L, and L, exist for ¢ =0.1,y=0.96,0,=0.1,0, =0.01 where
L, and L, are collinear and L, and L, are non-collinear which don’t form
the equilateral triangle with the primaries. The existence of L, and L to the
right of the origin is a contradiction to the theoretical evolution of the existence

of libration points in the classical case of Figure 2 (Theory of Orbits [11]).

Figure 4. Locations of libration points for « =0.1, =0.98 (perturbed case).

Figure 5. Locations of libration points for « =0.1,7 =0.96 (perturbed case).
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In Figure 6, when o =0.1,y=0.94,0, =0.1,0, =0.01, all the five libration
points exist with a difference. In Figure 6, the angular displacement of L, and
L, relative to L, is more than that in Figure 5. Further when » =0.92, an-
gular displacement of L, and L relativeto L, is more in Figure 7 than that
in Figure 6 and similar case is repeated in Figure 8 for y =0.9. Thus due to the
variational parameters «,y and triaxiality parameters o, and o,, the location

of triangular libration points L, and L; has been shifted from left to right and

Figure 6. Locations of libration points for « =0.1, =0.94 (perturbed case).

Figure 7. Locations of libration points for « =0.1, =0.92 (perturbed case).
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Figure 8. Locations of libration points for « =0.1,y =0.9 (perturbed case).

the angular distances of L, and L; relative to L, increase with the decrease
of y. From the above discussions, we conclude that for a¢=0.1 and for
0.94 <y <0.9, all the five libration points exist with an increase in angular dis-
placement of L, and L relative to L, with the decrease of y and shifting of
L, and L; from positive to negative side of the x-axis.
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Abstract

Star-forming regions are often associated with nebulosity. In this study, we
investigated infrared diffuse emission in Spitzer IRAC images. The infrared
nebula L1527 traces outflows emanating from a low-mass protostar. The ne-
bular color is consistent with the color of a stellar photosphere with large ex-
tinction. Nebulae around the HII region W5-East are bright in the infrared.
These colors are consistent with the model color of dust containing polycyclic
aromatic hydrocarbon (PAH). The strength of ultraviolet irradiation of the
nebulae and the small dust fraction were deduced from the infrared colors of
the nebulae. We found that the edges of the nebulae are irradiated by strong
ultraviolet radiation and have abundant small dust. Dust at the surface of the
molecular cloud is thought to be destroyed by ultraviolet radiation from an
early-type star.

Keywords

Interstellar Medium, Dust, Extinction, HII Regions

1. Introduction

Dust is one of the most fundamental solid materials in the universe. It is ubi-
quitous, but dust grains have diverse sizes. It is widely believed that small dust is
abundant in the interstellar medium. Interstellar extinction increases with de-
creasing wavelength in the ultraviolet (UV) and optical wavelengths, with a cha-
racteristic bump at 2175 A [1] claimed that this wavelength dependence of the
extinction is well reproduced by graphite dust with a power law size distribution
between 0.005 and 1 um in diameter with an exponent of ~—3.5. On the other

hand, an overabundance of large dust has been observed in dense regions. [2]
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found that the Lupus 3 dark cloud shines in near-infrared wavelengths. They at-
tributed the nebular emission to scattering of starlight by dust. The observed
near-infrared color was reproduced by an interstellar dust model with a higher
number density for a larger size regime. [3] conducted polarimetric imaging ob-
servations of a T Tauri star, UX Tau. With a spatial resolution of 0.1” (14 AU),
they detected a strongly polarized circumstellar disk surrounding UX Tau A. It
extends to 120 AU with a polarization degree ranging from 1.6% to 66%. The
observed azimuthal profile of the polarization degree was not consistent with
dust models using Rayleigh scattering or Mie scattering approximations. A thin
disk model with nonspherical dust having a diameter of 60 um reproduced the
observed azimuthal profile.

Polycyclic aromatic hydrocarbon (PAH) is a major component of dust. PAH
has many broad emission features in the near- and mid-infrared wavelengths.
The strength of the PAH features depends on the number of molecules, degree
of ionization, and strength of the UV radiation. [4] conducted Spitzer Infrared
Spectrograph (IRS) observations of NGC 7023, a reflection nebula irradiated by
a Herbig Be star, HD 200775. They observed a 72” x 54” region northwest of the
exciting star in the slit-scan mode. This region contains a photodissociation re-
gion (PDR) and a molecular cloud. They detected PAH emission bands between
5 and 15 pm and fitted them by model spectra to determine the size, charge,
composition, and hydrogen adjacency of the dust. The boundary between the
PDR and the molecular cloud showed a distinct discontinuity in the PAH cha-
racteristics. In the molecular cloud, small, neutral PAHs account for the emis-
sion, whereas stable, large, symmetric, and compact PAH cations are abundant
in the PDR. They also found enhancement of the 6.2 and 11.0 um emission
close to the exciting star, indicating PAH photodehydrogenation and frag-
mentation.

The fluxes and shapes of PAH features can be obtained using an infrared
spectrograph. However, the two-dimensional distribution of PAHs cannot be
obtained except by slit-scan observations or the use of a three-dimensional spec-
trograph. Instead, we investigate the spatial distribution of PAHs by imaging
observations. [5] (hereafter DL07) synthesized the infrared emission spectra of
dust heated by starlight. They considered mixtures of amorphous silicate and
graphitic dust. Small carbonaceous dust has PAH-like properties. The PAH mass
fraction, starlight intensity, and fraction of the dust heated by starlight were pa-
rameters in the calculation. The results indicated that small dust has high radia-
tion efficiency at short wavelengths. They presented model emissivities for
Spitzer Infrared Array Camera (IRAC) and Multiband Imaging Photometer
(MIPS) photometry. [6] constructed the spectral energy distributions (SEDs) of
65 galaxies using Spitzer IRAC and MIPS photometry and James Clerk Maxwell
Telescope Submillimetre Common-User Bolometer Array photometry. They fit-
ted the dust model spectra of DL07 to the SEDs and found that small dust with

PAH emission is abundant in galaxies with high metallicity.
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We investigate the infrared colors of nebulae irradiated by a nearby star using
archival Spitzer IRAC data. By comparison with the model colors, we consider
the properties of dust in molecular clouds. In this paper, the phrase “small dust”
is used for dust with less than 10° C atoms, which corresponds to a diameter of
~13 A, as it is used in DL07.

2. Data

Infrared data were taken from the Spitzer Archive Center. We used the reduced
data [post-basic calibrated data (PBCD)] of 3.6 um images, 4.5 um images, and
5.8 um images (PI: Fazio Giovanni). The spatial resolution of the data is about
1.8 arc seconds. We measured the average and standard deviation of the sky re-
gion or the HII region adjacent to the nebula and then subtracted the average
count from the image. Next, we made three types of mask images. The first mask
image was designed to reject low signal-to-noise regions. We made it from the
sky-subtracted image by replacing counts more than 100 above the sky count
with one and counts less than 100 above the sky count to zero. The second mask
image was designed for point source rejection. Point sources were identified on
the sky-subtracted image by the DAOFIND task in the IRAF software, and the
flux of each source was measured by aperture photometry. A mask was created
for each source, as a large aperture mask was made for a bright object. The mask
regions were set to zero, and the other regions were set to unity. We also made
another point source mask image using Sextractor with the SEGMENTATION
option in the CHECKIMAGE_TYPE parameter. These three types of mask im-
ages were multiplied by the sky-subtracted image so that only diffuse emission

appears in the final image.

3. Results
3.1.L1527

We investigate the infrared color of a nebula without PAH emission. L1527 is a
reflection nebula associated with the low-mass protostar IRAS 04368 + 2557 in
the Taurus molecular cloud. It is seen in edge-on geometry with bipolar outflows
toward the east and west. Strong UV radiation is not expected from the central
star; thus, PAH is not expected to be excited. Figure 1 shows the color-color di-
agram of L1527. We measured the nebular flux of 5 x 5 pixels (3.0” x 3.0”) in
each band. Error bars in the figure indicate the average values of standard devia-
tions of the 5 x 5 pixel regions. The error may be overestimated because uni-
form color is assumed in each 5 x 5 pixel region. In the figure, the colors of
dwarfs and giants are located around (0, 0) [7]. The nebular colors are plotted
along the interstellar extinction vector [8] with the origin at (0, 0) and are
around the colors of blackbodies. Those colors are consistent with the colors of
Class I and Class II sources [9]. The PAH model (DL07) does not reproduce the
color of L1527. We conclude that the nebula L1527 is a reflection nebula and

does not contain strong PAH emission features. We also claim that the color-color
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Figure 1. Infrared color of reflection nebula L1527 (filled circles). The nebular colors are
measured for every 3.0”x 3.0” region. Stellar photospheres are located close to (0, 0) for
any spectral type. A solid red line from the origin indicates the direction of interstellar ex-
tinction. Filled red squares correspond to A, = 100, 200, and 300 mag, respectively. Filled
blue triangles show colors of blackbodies with temperatures between 1000 and 500 K. The
PAH colors predicted by the model are also shown at bottom right. The color of L1527 is
consistent with the colors of Class I and Class II sources.

diagram distinguishes between a reflection nebula and an emission nebula con-
taining PAH features.

From the figure, the amount of extinction is estimated. The photospheric col-
or of the protostar IRAS 04368 + 2557 is assumed to be (0, 0), the same color as
dwarfs and giants. We consider that the distance from the points of the nebular
color to the line perpendicular to the extinction vector and through the origin
corresponds to the extinction in the path from the central star through the ne-
bula to us. Figure 2 shows the extinction map of the nebula L1527. The outflows
sweep up the material in the envelope of the protostar, forming a cavity. The
wall of the cavity or the residuals in the cavity reflects the light from the central
star. Near the central star, the extinction is as large as 150 mag in the V band.
The extinction of the eastern outflow is slightly less than that of the western out-
flow. This estimate is consistent with a near-infrared image showing that the
eastern outflow is brighter than the western outflow [10].

3.2. W5-East

W5 is an intensively investigated HII region. It is located at a distance of 2.2 kpc

in the Perseus arm and constitutes a chain of molecular clouds with W3 and W4.
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Figure 2. Extinction map of protostar in L1527. The field of view is 179” x 123”. A pro-
tostar is located at the center of the image. A, = 20 mag and A, = 150 mag are shown in
black and white, respectively. Near the protostar, the extinction is as large as 150 mag in
the V'band. Outflows are located to the east (left) and west (right) of the central star and
sweep up the material in the envelope of the protostar. The extinction of the eastern out-
flow is slightly less than that of the western outflow. In near-infrared wavelengths, the
eastern outflow is brighter than the western outflow.

[11] searched for point sources in this region using Spitzer IRAC and MIPS im-
ages. They identified 2064 young stellar objects on the basis of their infrared
spectral energy distributions. The majority of young stellar objects with infrared
excess belong to clusters with more than 10 members.

W5 consists of two circular H II regions, W5-East (W5-E) and W5-West. The
ionizing star in W5-E is an O7V star, BD +59° 0578. We investigate the diffuse
emission of the nebulae in the northeast region of W5-E. In this region, two
bright rim clouds (BRCs) have been identified [12]. BRC 13 is classified as a
Type B cloud, and BRC 14 is identified as a Type A cloud according to their
morphology. It is believed that a BRC evolves from Type A through Type B and
then Type C [13]. A cluster of massive young stars, AFGL 4029, is located in
BRC 14. [14] revealed sequential formation of low-mass stars in this cluster.
Figure 3 is a pseudo-color map of the northeast region of W5-E. Nebulae facing
the HII region are bright in the IRAC 3 bands. We selected several small regions
to investigate the nebular color (Figure 4). Figure 5 shows a color-color dia-
gram of the selected regions of W5-E. The colors of the nebulae are not consis-
tent with the color of the photosphere with extinction or with blackbody radia-
tion. The [4.5] - [5.8] colors of the nebulae are redder than the colors of the
photosphere and a blackbody.

DLO07 calculated the IRAC colors of interstellar dust irradiated by starlight.
They considered a mixture of amorphous silicate and graphitic dust. The size
distribution of the silicate and graphitic dust follows the power law distributions
presented by [15]. In this distribution, the volume ratio of silicate dust to gra-
phite dust is 1.44. In addition, DL07 included two populations of small carbona-
ceous dust; both follow lognormal distributions with peaks at 4.0 and 20 A. They
constructed seven models of the Milky Way with various mass fraction of small
dust (0.47% < q <4.58% ). Small carbonaceous dust has PAH-like properties.
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Figure 3. Pseudo-color image of northeast region of W5-E constructed from IRAC 3.6,
4.5, and 5.8 um images. The field of view is 22.1’ x 14.3’. The regions whose colors are
discussed on the color-color diagram are indicated by boxes (red: BRC 14, green: bay-like
region, blue: B- and C-like BRCs). The exciting star is located outside the frame below the
bottom of the figure.

Figure 4. Close-up view of the marked regions in Figure 3. The field of view of both im-
ages is 2.7” x 3.6’. The bay-like region is indicated by a green box, and B- and C-like BRCs
are indicated by blue boxes.

Heating of dust by starlight is considered. Its strength is parameterized by the
factors of the interstellar radiation field (U g, [16]). They presented infrared
spectra of dust with various mass fractions of small dust and starlight intensities.
The vibration modes of PAH produce strong emission features at 3.3, 6.2, 7.6,
8.6, and 11.3 um. The intensities of these features change with the temperature
of the dust. A small dust grain is easily heated by absorption of a few UV pho-
tons or a single UV photon and then emits strong PAH features at short wave-
lengths. Thus, the ratio of the PAH emission feature and the color of specific
photometric bands is a function of the fraction of small dust and the intensity of
the UV radiation.

The observed colors of the nebulae are consistent with the model colors of
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Figure 5. Infrared colors of the marked regions of the nebulae in W5-E. Colors of differ-
ent nebulae are shown by different symbols. Over plotted are the model color of dust
containing PAH. The solid lines show the model colors of various small dust fractions (g
= 0.47%, 1.12%, 1.77%, 2.50%, 3.19%, 3.90%, and 4.58%). The nebula containing abun-
dant small dust is bluer. The dotted lines indicate the model colors with various UV radi-
ation levels between 10* times and 3 x 10° times the interstellar UV radiation in steps of
0.5 on a logarithmic scale. The nebulae are bright with PAH emission bands.

DLO07 (Figure 5). The nebulae are emission nebulae. The colors at different posi-
tions in the nebulae are located at different loci in the diagram. The colors of the
bay-like region are located at the top-left position representing a part of BRC 14
in the color-color diagram. This indicates that the small dust fraction is small
and the UV radiation is strong in the bay-like region compared to those in BRC
14. The colors of the B- and C-like BRCs are located below and to the left of the
color of BRC 14 in the diagram. This indicates that the B- and C-like BRCs have
an abundant population of small dust irradiated by or a single UV photon and
then emits strong PAH features at short wavelengths. Thus, the ratio of the PAH
emission feature and the color of specific photometric bands is a function of the
fraction of small dust and the intensity of the UV radiation.

The observed colors of the nebulae are consistent with the model colors of
DLO07 (Figure 5). The nebulae are emission nebulae. The colors at different posi-
tions in the nebulae are located at different loci in the diagram. The colors of the
bay-like region are located at the top-left position representing a part of BRC 14
in the color-color diagram. This indicates that the small dust fraction is small
and the UV radiation is strong in the bay-like region compared to those in BRC
14. The colors of the B- and C-like BRCs are located below and to the left of the
color of BRC 14 in the diagram. This indicates that the B- and C-like BRCs have
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an abundant population of small dust irradiated by strong UV radiation.

The strength of the UV radiation is estimated from the nebular color. We
calculated the mean color of 5 x 5 pixel (3.0” x 3.0”). The observed colors of the
nebulae are compared with the model color of DL07. The model-calculated PAH
fluxes for single UV strengths are up to 3 x 10° times the interstellar value. We
excluded a pixel if its observed color did not match the model color of DL07. We
also ignored pixels near the bright stars, which are masked in the data reduction
procedure. Figure 6 shows the spatial distribution of the UV strength. As ex-
pected, the edge of the nebulae facing the HII region show colors indicating
strong UV radiation. At the inner part of the nebulae, the colors are consistent
with the model color with weak UV radiation. Most of the UV photons from the
exciting star are thought to be absorbed and scattered by dust in the molecular

cloud. We also estimate the small dust fraction as described above. Figure 7 shows

Figure 6. UV irradiation of the nebulae. log(U)=5.15 magand log(U)=5.30 mag

are depicted in black and white, respectively. The edge of the nebulae facing the HII re-
gion are irradiated by strong UV radiation.

Figure 7. Spatial distribution of small dust fraction. =1.5% magand =3.0% mag
are depicted in black and white, respectively. The map indicates a large small dust frac-
tion at the edge of the nebulae.
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the spatial distribution of the small dust fraction in W5-E. The distribution is
not uniform in the nebulae. At the inner part of the nebulae, the small dust frac-
tion is small, and at the edge of the nebulae, it is large. This inhomogeneity is
especially obvious for BRC 13, a Type B BRC.

The fact that small dust is more abundant at the edge of the nebulae than in
the inner part of the nebulae indicates that large dust grains at the surface of the
molecular clouds are reduced to small dust grains by UV radiation from the ear-
ly-type star.

4. Discussion

Our claim that dust grains at the surface of the molecular cloud are destroyed by
UV radiation emanating from an early-type star is deduced from the nebular
color in the flux-calibrated images. To estimate the precise flux of the nebulae,
we subtracted the flux of the HII region adjacent to the nebulae. We examined
whether the uncertainty in the flux of the HII region challenges our claim. We
added or subtracted a flux representing 5 times the standard deviation of the flux
of the HII region and then estimated the strength of the UV radiation and frac-
tion of small dust. Even after we added or subtracted the flux, the claim that
small dust is abundant at the surface of the molecular cloud remained valid.
Diffuse emission appears even in the HII region (see Figure 1 of [11]). Even if
the UV strength and dust population are estimated using the original PBCD im-
ages, the spatial distribution of the dust population does not change; i.e., small
dust is abundant at the surface of the molecular cloud.

The overabundance of small dust at the surface of the molecular cloud is de-
duced from the “blue” infrared colors at the edge of the nebula. Nebulae have
different infrared colors not only with different small dust fractions and different
UV radiation strengths but also with different amounts of extinction. The blue
color at the edge of the nebula is naturally thought to be produced by the low ex-
tinction. At the edge of the nebulae, the small dust fraction is as high as 4%,
whereas at the inner part of the nebulae, the fraction is as low as 2% and reaches
1.5% locally. The [4.5] - [5.8] color difference between the edge and the region
with q=1.5% is about 0.2 mag (Figure 5). These observations can be repro-
duced if the inner part of the nebulae has an extinction of 30 mag in the V'band.
[14] conducted a near-infrared imaging survey of the AFGL 4029 cluster in BRC
14. They detected 605 sources, most of which are classified as background stars.
The visual extinction of a star can be estimated from the color difference be-
tween the observed color and the intrinsic color of a dwarf or a giant. The col-
or-color diagram of the sources detected in [14] indicated that the largest visual
extinction is ~20 mag. The average extinction of the sources in the AFGL 4029
cluster and between the cluster and the bright rim is 7.8 mag in the V band.
Thus, the visual extinction does not produce the infrared color difference be-
tween the edge and the inner part of the nebula. Note that our line of sight and
the incident direction of UV radiation from the early-type star to the molecular

cloud are different. Nevertheless, there is no robust evidence that the observed

DOI: 10.4236/ijaa.2019.91004

47 International Journal of Astronomy and Astrophysics


https://doi.org/10.4236/ijaa.2019.91004

Y. Itoh, Y. Oasa

color difference of the infrared nebula is totally reproduced by the difference in
the extinction. We think that the observed color difference is caused, at least
partially, by the spatial inhomogeneity of the small dust fraction.

The process of dust destruction has been intensively investigated. [17] claimed
that thermal evaporation of dust due to strong radiation from an exciting star is
likely to be unimportant even in an HII region. Similar arguments were given in
[18]. On the other hand, recent observational studies indicated spatial variation
of the physical or chemical state of PAH. [19] observed the M17-Southwest
photodissociation region with the Infrared Space Observatory Short Wavelength
Spectrometer. They found that all the PAH features peak at the boundary of the
HII region and the molecular cloud, indicating spatial variation of the PAH ab-
undance. From the flux ratios of the PAH features, they concluded that most of
the PAHs are ionized and almost fully hydrogenated in the HII region and at the
boundary. [20] constructed a radiative transfer model of ionized hydrogen re-
gions and fitted it to the infrared spectra of the HII region RCW 120. From the
spatial variation of the PAH emission features, they concluded that PAHs are
destroyed in the ionized region on a timescale of 30 Myr. Observational study of
spatially resolved dust size distributions in molecular clouds under different UV

environments will conclusively identify the dust destruction process.

5. Conclusions

We investigated the infrared colors of nebulae associated with star-forming re-

gions using Spitzer IRAC images.

e The color of the diffuse emission of L1527 is consistent with a photospheric
color with large extinction. The central source of the emission is a low-mass
protostar, which does not emit strong UV radiation that excites PAHs.

o The nebulae in W5-E facing the HII region are bright in the infrared. Their
color is not uniform. A comparison with the model color of small dust emis-
sion revealed that the nebulae are bright in PAH emission features. The ne-
bular color indicated that the nebulae facing the HII region are irradiated by
strong UV radiation and contain a large population of small dust. We claim
that the dust grains at the surface of the molecular cloud are destroyed by UV

radiation from an early-type star.

Acknowledgements

We thank the editor and the referee for their comments. This work is based on
observations made with the Spitzer Space Telescope, which was operated by the
Jet Propulsion Laboratory, California Institute of Technology under a contract
with NASA. This work was supported by JSPS KAKENHI Grant Number
JP24540231.

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this paper.

DOI: 10.4236/ijaa.2019.91004

48 International Journal of Astronomy and Astrophysics


https://doi.org/10.4236/ijaa.2019.91004

Y. Itoh, Y. Oasa

References

(1]

(2]

(4]

(5]

(6]

(7]

(8]

(10]

(11]

[12]

(13]

(14]

[15]

Mathis, J.S., Rumpl, W. and Nordsieck, K.H. (1977) The Size Distribution of Inters-
tellar Grains. Astrophysical Journal, 217, 425-433. https://doi.org/10.1086/155591

Nakajima, Y., ef al (2003) Deep Imaging Observations of the Lupus 3 Cloud: Dark
Cloud Revealed as Infrared Reflection Nebula. Astrophysical Journal, 125, 1407-1417.
https://doi.org/10.1086/367913

Tanii, R, et al (2012) High-Resolution Near-Infrared Polarimetry of a Circumstel-
lar Disk around UX Tau A. Publ. of Astronomical Society of Japan, 64, Article ID:
124. https://doi.org/10.1093/pasj/64.6.124

Boersma, C., Bregman, ].D. and Allamandola, L.J. (2013) Properties of Polycyclic
Aromatic Hydrocarbons in the Northwest Photon Dominated Region of NGC 7023.
I. PAH Size, Charge, Composition, and Structure Distribution. Astrophysical Jour-
nal, 769, Article ID: 117. https://doi.org/10.1088/0004-637X/769/2/117

Draine, B.T. and Li, A. (2007) Infrared Emission from Interstellar Dust. IV. The Si-
licate-Graphite-PAH Model in the Post-Spitzer Era. Astrophysical Journal, 657,
810-837. https://doi.org/10.1086/511055

Draine, B.T., et al (2007) Dust Masses, PAH Abundances, and Starlight Intensities
in the SINGS Galaxy Sample. Astrophysical Journal, 663, 866-894.
https://doi.org/10.1086/518306

Megeath, S.T. et al (2004) Initial Results from the Spitzer Young Stellar Cluster
Survey. Astrophysical Journal, 154, 367-373. https://doi.org/10.1086/422823

Chapman, N.L. and Mundy, L.G. (2009) Deep JHKs and Spitzer Imaging of Four
Isolated Molecular Cloud Cores. Astrophysical Journal, 699, 1866-1882.
https://doi.org/10.1088/0004-637X/699/2/1866

Hartmann, L., ef al. (2005) IRAC Observations of Taurus Pre-Main-Sequence Stars.
Astrophysical Journal, 629, 881-896. https://doi.org/10.1086/431472

Tamura, M., et al. (1996) Interferometric Observations of Outflows from Low-Mass
Protostars in Taurus. Astrophysical Journal, 112. 2076-2085.
https://doi.org/10.1086/118164

Koenig, X.P., et al. (2008) Clustered and Triggered Star Formation in W5: Observa-
tions with Spitzer. Astrophysical Journal, 688, 1142-1158.
https://doi.org/10.1086/592322

Sugitani, K., et al. (1989) Star formation in Bright-Rimmed Globules—Evidence for
Radiation-Driven Implosion. Astrophysical Journal, 342, L87-L90.
https://doi.org/10.1007/BFb0119459

Miao, J., et al (2009) An Investigation on the Morphological Evolution of
Bright-Rimmed Clouds. Astrophysical Journal, 692, 382-401.
https://doi.org/10.1088/0004-637X/692/1/382

Matsuyanagi, I., et al (2006) Sequential Formation of Low-Mass Stars in the BRC 14
Region. Publications of the Astronomical Society of Japan, 58, 1L29-1L34.
https://doi.org/10.1093/pasj/58.4.L29

Weingartner, J.C. and Draine, B.T. (2001) Dust Grain-Size Distributions and Ex-
tinction in the Milky Way, Large Magellanic Cloud, and Small Magellanic Cloud.
Astrophysical Journal, 548, 296-309. https://doi.org/10.1086/318651

Mathis, J.S., Mezger, P.G. and Panagia, N. (1983) Interstellar Radiation Field and
Dust Temperatures in the Diffuse Interstellar Matter and in Giant Molecular
Clouds. Astronomy & Astrophysics, 128, 212-229.

DOI: 10.4236/ijaa.2019.91004

49 International Journal of Astronomy and Astrophysics


https://doi.org/10.4236/ijaa.2019.91004
https://doi.org/10.1086/155591
https://doi.org/10.1086/367913
https://doi.org/10.1093/pasj/64.6.124
https://doi.org/10.1088/0004-637X/769/2/117
https://doi.org/10.1086/511055
https://doi.org/10.1086/518306
https://doi.org/10.1086/422823
https://doi.org/10.1088/0004-637X/699/2/1866
https://doi.org/10.1086/431472
https://doi.org/10.1086/118164
https://doi.org/10.1086/592322
https://doi.org/10.1007/BFb0119459
https://doi.org/10.1088/0004-637X/692/1/382
https://doi.org/10.1093/pasj/58.4.L29
https://doi.org/10.1086/318651

Y. Itoh, Y. Oasa

[17] Salpeter, E.E. (1977) Formation and Destruction of Dust Grains. Annual Review of
Astronomy & Astrophysics, 15, 267-293.
https://doi.org/10.1146/annurev.aa.15.090177.001411

[18] Draine, B.T. and Salpeter, E.E. (1979) Destruction Mechanisms for Interstellar Dust.
The Astrophysical Journal, 231, 438-455.

[19] Verstraete, L., et al (1996) SWS Spectroscopy of Small Grain Features across the
M17-Southwest Photo Dissociation Front. Astronomy & Astrophysics, 315,
L337-L340.

[20] Pavlyuchenkov, Y.N., Kirsanova, M.S. and Wiebe, D.S. (2013) Infrared Emission
and the Destruction of Dust in HII Regions. Astronomy Reports, 57, 573-585.
https://doi.org/10.1134/S1063772913070056

DOI: 10.4236/ijaa.2019.91004 50 International Journal of Astronomy and Astrophysics


https://doi.org/10.4236/ijaa.2019.91004
https://doi.org/10.1146/annurev.aa.15.090177.001411
https://doi.org/10.1134/S1063772913070056

International Journal of Astronomy and Astrophysics, 2019, 9, 51-62
http://www.scirp.org/journal/ijaa

ISSN Online: 2161-4725

ISSN Print: 2161-4717

A New Analytical Solution for the Distance
Modulus in Flat Cosmology

Lorenzo Zaninetti

Physics Department, via P. Giuria 1, Turin, Italy

Email: zaninetti@ph.unito.it

How to cite this paper: Zaninetti, L.
(2019) A New Analytical Solution for the
Distance Modulus in Flat Cosmology. In-
ternational Journal of Astronomy and
Astrophysics, 9, 51-62.
https://doi.org/10.4236/ijaa.2019.91005

Received: January 11, 2019
Accepted: March 11, 2019
Published: March 14, 2019

Copyright © 2019 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

A new analytical solution for the luminosity distance in flat ACDM cosmolo-
gy is derived in terms of elliptical integrals of first kind with real argument.
The consequent derivation of the distance modulus allows evaluating the
Hubble constant, H;,=69.77+0.33, Q,, =0.295+0.008 and the cosmo-

logical constant, A =(1.194+0.017)x10™% iz
m
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1. Introduction

The release of two catalogs for the distance modulus of Supernova (SN) of type
Ia, namely, the Union 2.1 compilation, see [1], and the joint light-curve analysis
(JLA), see [2], allows matching the observed distance modulus with the theoret-
ical distance modulus of various cosmologies. In this fitting procedure, the cos-
mological parameters are derived in a scientific and reproducible way.

We now focus our attention on the flat Friedmann-Lemaitre-Robertson-Walker
(flat-FLRW) cosmology. A first fitting formula has been derived by [3] and an
approximate solution in terms of Padé approximant has been introduced by [4].
The presence of the elliptical integrals of the first kind in the integral for the lu-
minosity distance in flat-FLRW cosmology has been noted by [5] [6] [7]. As a
practical example the luminosity distance can be expanded into a series of or-
thonormal functions and the two cosmological parameters turn out to be
H, =70.43+£0.33 and Q,, =0.297+0.002, see [8]. This paper first introduces

in Section 2 a framework useful to build a new solution for the luminosity dis-
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tance in flat-FLRW cosmology, which will be derived in Section 3.

2. Preliminaries

This section reviews the adopted statistical framework, the ACDM cosmology,
and an existing solution for the luminosity distance in flat-FLRW cosmology.
2.1. The Adopted Statistics

In the case of the distance modulus, the merit function #* is

Zz ZN: (m_M)i _(m_M)(Zi)th

2

: (1)

i-1 O

where N is the number of SNs, (m—M )i is the observed distance modulus

evaluated at redshift z;, o; is the error in the observed distance modulus eva-

luated at 7z, and (M—M)(z), is the theoretical distance modulus evaluated

at 7, see formula (15.5.5) in [9]. The reduced merit function y2, is
Xow = 2°NF, )

where NF =N -k is the number of degrees of freedom, N is the number of
SNs, and & is the number of parameters. Another useful statistical parameter is
the associated Q-value, which has to be understood as the maximum probability

of obtaining a better fitting, see formula (15.2.12) in [9]:

1 N-k 2
Q=1 GAMMQ( 5 '2]' (3)

where GAMMAQ is a subroutine for the incomplete gamma function.
The goodness of the approximation in evaluating a physical variable p is eva-

luated by the percentage error &

S :leoo, (4)

where P, isanapproximation of p.

2.2. The Standard Cosmology

We follow [10], where the Hubble distance D,, is defined as

C
D,=—. 5
““h (5)
The first parameter is Q,,
8nGp,
=, 6
" (©)

where G'is the Newtonian gravitational constant and p, is the mass density at

the present time. The second parameter is Q,

Ac?
Q, =—"0, 7
A 3H2 @
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where A is the cosmological constant, see [11]. These two parameters are con-
nected with the curvature Q, by
Q,+Q, +Q, =1 (8)

The comoving distance, D, is
2 dz’

Dc =Dy |, ) 9)

where E (z) is the “Hubble function”

E(z):\/QM (1+2) +Q, (1+2)" +Q,. (10)

The above integral does not have an analytical solution but a solution in terms

of Padé approximant has been found, see [12].

2.3. A First Formula for a Flat-FLRW Universe

The first model starts from Equation (2.1) in [4] for the luminosity distance, d,

: (11)

dL(z;c,HO,QM)=L(1+z) Y da
H, H\/Q,\,la+(1—QM)a4
where H, is the Hubble constant expressed in km-s™-Mpc™', c is the speed of
light expressed in km-s™, zis the redshift and a is the scale-factor. The indefinite
integral, ®(a), is
da

CD(a’QM):I\/QMaJr(l—QM)a“ '

(12)

The solution is in terms of £ the Legendre integral or incomplete elliptic
integral of the first kind, and is given in [13].
The luminosity distance is

dL(z;c,HO,QM)=SR(HL(1+Z)(<D(1)—<D(LDJ, (13)

0 1+z

where R means the real part. The distance modulus is

(m=M)=25+5log,, (d, (z:c,Hy, Q). (14)

3. A New Formula for a Flat-FLRW Universe

The second model for the flat cosmology starts from Equation (1) for the lumi-
nosity distance in [14]
c(1+2) 1

d (z;c,Hy, Q)=
(76 Ho )= " JQ, (1+1) +1-0,,

dt. (15)

The above formula can be obtained from formula (9) for the comoving dis-
tance inserting ), =0 and the variable of integration, ¢, denotes the redshift.
A first change in the parameter (),, introduces

QM
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and the luminosity distance becomes

dL(z;c,Ho,s):Hic(lJrz)J'OZ ! dt. (17)
0

3
\/(2:)1 +1—(s3 +1)71

The following change of variable, t = 5=

u
, is performed for the luminosity

distance which becomes

S

~(1+ z)(s%l)Lﬁ

d (zic,Hy,s)=-

H,s

Up to now we have followed [14] which continues introducing a new function
T (x); conversely we work directly on the resulting integral for the luminosity

distance: which is

d, (z;c,Hy,9)

_yptlr )L [ { V 5+1+Z[1/4x/—f+1/4\/— (19)

\/EHO 3+s+z+1

{ JBLED L p s, 1/4IB
s+1+sf

where sis given by Equation (16) and F(¢,k) is Legendre’s incomplete elliptic
integral of the first kind,

sing dt
F(¢.k) (20)
'[ V1-t3V1-k?t?
see [15]. The distance modulus is
(m=M)=25+5logy, (d, (z;¢c,H,,s)), (21)
and therefore
1+2)3* (F - F, Vs’ +1
(m-M)=2545— o -2EQFDSTRRNS A - o)
In(10) | 3 JsH,
where
./ s+1+z f
F = [ J,/4f\f+1/4fJ (23)
3+s+z+1
and

S+1+ \/_

with sas defined by Equation (16).

F, _F{ IV s+1) 1/4ff+1,/4f] (24)

Data Analysis

In recent years, the extraction of the cosmological parameters from the distance
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modulus of SNs has become a common practice, see among others [8] [16] [17].
The best fit to the distance modulus of SN is here obtained by implementing the
Levenberg-Marquardt method (subroutine MRQMIN in [9]). This method re-

quires the fitting function, in our case Equation (22), as well the first derivative
M , which has a simple expression, and the first derivative M ,
oH, oQ,,
which has a complicated expression. A simplification can be introduced by im-
posing a fiducial value for the Hubble constant, namely H, =70 km-s™-Mpc™,
see [2] [18]. We call this model “flat-FLRW-1”, where the “1” stands for there
being one parameter. Table 1 presents H, and Q,, for the Union 2.1 compi-
lation of SNs and Figure 1 displays the best fit. The reading of this table allows
to evaluate the goodness of the approximation, see (4), in the derivation of the
Hubble constant in going from the supposed true value (H, =70 km-s™-Mpc™)

to the deduced value (H, =69.77 km-s™-Mpc™), which is §=99.67%. The

Table 1. Numerical values from the Union 2.1 compilation of 7°, z2, and Q, where &

stands for the number of parameters.

2

Cosmology SNs k parameters V4 P Q

H,=69.77+0.33;
flat-FLRW 580 2 562.55 0.9732 0.66
Q,, =0.295+0.008

H, =70;
flat-FLRW-1 580 1 ° 563.52 0.9732 0.669
Q,, =0.295+0.008

H,=69.81; Q,=0239;
ACDM 580 3 562.61 0.975 0.658
Q, =0.651

Figure 1. Hubble diagram for the Union 2.1 compilation. The solid line represents the
best fit for the exact distance modulus in flat-FLRW cosmology as represented by Equa-
tion (22). Parameters as in first line of Table 1; Union 2.1 compilation.
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JLA compilation is available at the Strasbourg Astronomical Data Centre (CDS),

and consists of 740 type I-a SNs for which we have the heliocentric redshift, z the

apparent magnitude mg in the Bband, the errorin m; , o . , the parameter X1,
B

the error in X1, oy, the parameter C the error in G o, and log,, (Mg ) -
The observed distance modulus is defined by Equation (4) in [2]:
M—M =-Cf+ Xla—M, +m. (25)
The adopted parameters are « =0.141, f=3.101 and

 [-19.05 if Mgy, <10°M,
T -19.12 if M, 210°M,

stellar

(26)
stellar
see line 1 in Table 10 of [2]. The uncertainty in the observed distance modulus,
O,_u » is found by implementing the error propagation equation (often called
the law of errors of Gauss) when the covariant terms are neglected, see Equation
(3.14) in [19],

Opm = \/azail +pPoi +O';é . (27)

The parameters as derived from the JLA compilation are presented in Table 2

and the fit is presented in Figure 2.

Table 2. Numerical values from the JLA compilation of *, 2, and Q where & stands

for the number of parameters.

Cosmology SNs k parameters 7 P Q
H,=69.65+0.231;
flat-FLRW 740 2 627.91 0.85 0.998
Q,, =0.3+0.003

Figure 2. Hubble diagram for the JLA compilation. The solid line represents the best fit
for the exact distance modulus in flat-FLRW cosmology as represented by Equation (22).
Parameters as in first line of Table 2.
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As an example the luminosity distance for the Union 2.1 compilation with
data as in the first line of Table 1 is

d, (z)=8147.04(1.0+2)

3.1188+1.33542z2 (28)
x| —0.637664F | 2.63214 \/ - ,0.965925 (+1.75322 |Mpc
4.64846+z
when 0<z<1.5
and the distance modulus is
m—-M =25.0+2.17147In [8147.04(1.0 + z)
(29)

x(—0.63766F (2.6321

J3. .
3.1188+1.33542 ) 96502 |41.7532 ||.

4.6484 +z

when 0<z<15
We now derive some approximate results without Legendre integral for the
flat-FLRW case and Union 2.1 compilation with data as in Table 1, first line. A
Taylor expansion of order 6 around z = 0 of the luminosity distance as given by
Equation (19) for the flat-FLRW case and Union 2.1 compilation gives

d, (z) =0.000423646 + 4296.577 +3344.137% ~1186.942°

(30)
+979.403z* — 42078.62° Mpc

when 0<z<0.197.
The upper limit in redshift, 0.197, is the value for which the percentage error,
see Equation (4), is 6 =1.16%. The asymptotic expansion of the luminosity
distance with respect to the variable zto order 5 for the flat-FLRW case and Un-

ion 2.1 compilation gives

! +14283.5-7901.01Wz*

N (1)

+1975.25(2 " Mpc

d, (z)~14283.5z2 -15802

when 1.27<z<15.

At the lower limit of z=1.27 the percentage error is & =0.54% . The two
above approximations at low and high redshift have a limited range of existence
but does not contain the Legendre integral as solutions (28) and (29) which cov-
er the overall range 0<z<1.5.

A Taylor expansion of order 6 of the distance modulus as given by Equation
(22) around z=0.1 for the flat-FLRW case and Union 2.1 compilation gives

m-M )=236.0051+23.17772-109.604(z—-0.1)" + 724.464(z-0.1
2 3(

32)
~5429.06(z-0.1)" +43429.8(z - 0.1)°

when 0.1<z<0.197.
The upper limit in redshift, 0.197, is the value at which the percentage error is
6 =0.14% . Figure 3 reports both the numerical and the Taylor expansion of

distance modulus in the above range.
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Figure 3. Distance modulus in flat-FLRW cosmology as represented by Equation (22) with
parameters as in first line of Table 1 (full red line) and Taylor solution (dash-dot-dash line)
(blue line).

The asymptotic expansion of the distance modulus with respect to the variable

zto order 5 for the flat-FLRW case and Union 2.1 compilation gives
(M—M) ~ 45.7741+2.17147In(z) - 2.402312"* +0.8426257""
+0.221081(z )" ~0.5700862 7 ~0.150471(21 )" (33)

+0.3578497° +0.491842(z°* )7/ ? £0.1799897°*

when 1.27<z<15.
The lower limit in redshift, 1.27, is the value at which the percentage error is
6 =0.54% . The ranges of existence in z for the analytical approximations here
derived have the percentage error <2%, see Equation (4).
We now introduce the best minimax rational approximation, see [20] [21]
[15], of degree (2, 1), for the distance modulus m,,(z),

a+bz+cz’
(8=

In the case in which the distance modulus is represented by Equation (29)

(34)

and given the interval [0.001,1.5], the coefficients of the best minimax rational
approximation are presented in Table 3; the maximum error for the fit is
~2.2x107°. Figure 4 displays the data and the fit.

4. Conclusions

We have presented an analytical approximation for the luminosity distance in

terms of elliptical integrals with real argument. The fit of the distance modulus
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Table 3. Maximum error and coefficients of the distance modulus for the best minimax
rational approximation for the flat-FLRW case and Union 2.1 compilation. Interval of ex-
istence [0.001,1.5] .

Name value
maximum error 2.28881836 x 10~°
a 0.981622279
b 19.6473351
C 1.08210218
d 0.0309164915
e 0.462291896

Figure 4. Distance modulus in flat-FLRW cosmology as represented by Equation (22)
with parameters as in first line of Table 1 (full line) and minimax rational approximation
(empty stars); Union 2.1 compilation.

of SN of type Ia allows finding the parameters H, and Q,, for the two com-
pilations in flat-FLRW cosmology
H, =(69.77+£0.33)km-s™*-Mpc™, Q,, =0.295+0.008 (35)
flat-FLRW-Union 2.1,
H, =(69.65+0.23)km-s™-Mpc™, Q, =0.3+0.003 (36)
flat-FLRW-JLA,

A first comparison with [8] in the case of the Union 2.1 compilation gives a
percentage error p =0.93% for the derivation of H, and p=0.67% for the
derivation of Q,,. A second comparison can be done with Equation (13) in [22]

H, =(67.27+0.60)km-s™-Mpc™, Q, =0.3166+0.0084 (37)
Planck 2018.
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Figure 5. Distance modulus for ACDM cosmology (full line), flat-FLRW-1 (dot-dash-dot-
dash line) and flat-FLRW cosmology (dashed line). Parameters as in Table 1 and interval
of existence [1.2,1.5].

In the case of the Union 2.1 compilation, the percentage error p=3.71% for
the derivation of H; and p=6.82% for Q,. A Taylor expansion at low
redshift and an asymptotic expansion are presented both for the luminosity dis-
tance and the distance modulus. A simple version of the distance modulus is de-
termined through the best minimax rational approximation. Adopting the cos-
mological parameters found here, the cosmological constant A turns out to be,

for the Union 2.1 compilation,

A= (1.194571“0.017)><10’52$ (38)

flat-FLRW Union 2.1,

or introducing ¢=1 and the Planck time, t,,

A = (3.12046£0.0462042) x 1022 1 (39)
p

flat-FLRW Union 2.1.

The statistical parameters of the fits are given in Table 1 and Table 2 where
the other two models are presented. The values of the 4 in the above table say
that for the Union 2.1 compilation the flat cosmology produces a better fit than
the ACDM does, but the situation is the reverse for the JLA compilation. As a
concluding remark we point out that, thanks to the calibration on the distance
modulus of SN, the differences between the solutions here analyzed are mini-
mum. Therefore a restricted range in redshift should be adopted in order to vi-

sualize the diverseness, see Figure 5.
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Abstract

Following the idea of our previous paper we distinguish also in the case of
Newtonian gravity as in the electrodynamics between extensive and intensive
field quantities. Between both, a “material” quantity produced e.g. by vacuum
polarisations induced by the gravitational field strength itself is mediated. It
acts in such a way that it amplifies the field strength in weak gravitational
fields and reduces the field strength in strong gravitational fields following
Lenz’s rule. Newton’s gravity is valid only in a very large intermediate range
of middle field strength F ( |F0| < |F| < |F1| ), F, and F, critical field

strengths. In this way dark matter and black holes may be avoidable.

Keywords

Flat Rotation Curves, MOND, Tully-Fisher Law, Avoiding Singularities,
Vacuum-Polarisations, Lenz’s Rule

1. Introduction

In a previous paper [1] we have proposed in view of the dark matter problem a
modification of the Newtonian gravity theory in such a way that the assumption
of the existence of dark matter is not necessary. In detail we have given a theo-
retical explanation of MOND [2] following the structure of the electrodynamics

assuming also in the case of Newtonian gravity a difference between intensive

and extensive field quantities. The intensive field quantity described by F, ob-
eys the homogeneous field equation'
F—Fi=0=>F =-¢, (1)

where ¢ is the gravitational potential; simultaneously F. determines the

'We use the tensor calculus including the sum convention and restrict ourselves to Cartesian coor-

. 0
dinates for simplicity; |i means the partial derivative x

DOI: 10.4236/ijaa.2019.91006 Mar. 19, 2019

63 International Journal of Astronomy and Astrophysics


http://www.scirp.org/journal/ijaa
https://doi.org/10.4236/ijaa.2019.91006
http://www.scirp.org
https://doi.org/10.4236/ijaa.2019.91006
http://creativecommons.org/licenses/by/4.0/

H. Dehnen

gravitational force on a massive point particle (mass m) at the position X; (t)

d
di t =
according to ( dt )

% =F (2)

using the weak equivalence principle. Thus F, is the field strength. In conse-
quence of (1) and (2) energy conservation is guaranteed for ¢ = 0. On the other
hand there exists the extensive field quantity G; determined by the mass density
p of the matter distribution according to the inhomogeneous field equation

G =—4nGp (3)

(G Newtonian gravitational constant). Accordingly G; is the field excitation,
because it is determined by the excitation Equation (3). Between both quantities

the “material” equation is mediated:

F =G, (4)

with the “material” quantity y, which may depend on the field strength itself in
consequence e.g. of induced vacuum polarisations. In our previous paper we

have assumed

_IFy
y= ﬁﬂn (5)
where |F0| is a critical field strength, under which the value of y increases
drastically, so that the field strength |F| increases compared with the Newto-
nian case (¥ =1), and the assumption of dark matter will be superfluous.

In the present paper we show that the ansatz (5) can be enlarged in a very
simple way in such a direction that the field strength F, can also not be larger
than a critical field strength |F1| also in consequence of vacuum polarisations
so that singularities (e. g. black holes) may be avoided. Doing this we enlarge re-
lation (5) to

FIY
with |F| > |Fy|. (6)
Fl

This procedure corresponds exactly to the idea of Born and Infeld in the elec-
trodynamics [3] avoiding there electromagnetic field strengths larger than a
critical value. Similar impressive influences of vacuum polarisations and fluctua-
tions on the classical physics are e.g. the Casimir effect [4] and the Scharn-
horst-Barton effect [5].

According to our proposal (6) we assume that the gravitational field strength
will be weakened by increasing field-strength and enforced by decreasing
field-strength in consequence e.g. of vacuum polarisations induced by the gravi-
tational field-strength itself following Lenz’s rule. Herewith Lenz’s fundamental

rule is implemented in the whole range of field strengths.” The Newtonian grav-
"Usually Lenz’s rule is connected with time-variable electromagnetic fields. But it has a deeper
meaning for all physical systems. If induced quantities, induced by time-variations or variable field
strengths in space, would reinforce the original cause, the system would be unstable. Thus Lenz’s
rule is rather a general stability law.
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ity is valid in the very large intermediate range |FO| < |F| < |F1| where y~1
is valid and where also the Newtonian gravitational constant G is determined.’
The value of |F0| amounts to 2 x 10~° cm/sec” in view of the flat rotation curves
of the spiral galaxies (see discussions in [1] and footnote 5), whereas the value of
|F1| may be of the order of 10*° cm/sec’, where the vacuum will be unstable e.g.
with respect to spontaneous particle-antiparticle generations.* Of course an exact
theoretical derivation of the ansatz (6) does not exist until now because a quan-
tum theory of gravity is missing. In a quantum theory of gravity vacuum polari-
sation effects would be included, so that a relation like (6), comparable with the
running coupling constant in the non-Abelian QCD, would be expectable in the
classical limit. In the electromagnetic case Heisenberg and Euler could show that
the Born-Infeld ansatz follows from the quantum electrodynamics [6]. In the
same sense we consider also our proposal as a phenomenological extension of

gravity taking into account expectable quantum effects on the classical level.

2. The Integration Procedure

For solving the equation of motion (2) for a point-like test particle the know-
ledge of the field strength F is necessary. For this we find from the field Equa-
tion (1) and Equation (3) with the use of (4) for the potential ¢ the differential

equation:
i
B - ¢ =4nGpy. (7)

Herein y is given by (see (6))

IRl

Now we restrict ourselves for simplicity to the centrally symmetric case of a

(8)

mass-sphere of mass A with constant density p and radius R and consider at
first the area outside the sphere, Ze. r > R. Than the field Equation (7) reads

._ 0\
(_6r)'

25 =Ly ©
r vy
with the first integral:
#'r? = Ay, A=const. (10)
(A integration constant). With
_IFy
y= e + (11)

according to (8) we obtain from (10) the following quadratic equation for ¢'2 :

*General Relativity would be also valid only in this intermediate range.
“By this acceleration an electron reaches approximately a distance of a Compton wave length during
a Compton time necessary for spontaneous electron-positron pair creation.
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2 2
(¢'2I’2—|F0|A) = A2 [1_|z_|zJ (12)

with the solution:

L 1A 2RAr i AR At)  AfR[
¢ == - —| - - (13)
2 vy AIR[ 4L+ A% rt+ A2/|Fy
For r > o we obtain
¢ = A|F0|%, (14)

so that the flat rotation curves of the spiral galaxies are guaranteed with the con-
stant orbital velocity V(r —o0)= (A|F0|)1/4 . This is in accordance with our
previous paper and confirms also the Tully-Fisher law [7]. The exact value of the
constant A can be only determined by the connection of the solution (13) with
the inner one for r <R, see Equation (28).

Thus we consider now the case r < R. With the abbreviation

C=4nGp (15)
we obtain from (7) the differential equation

ﬂni -

%

. ¢,~-Cy =0, (16)

which goes over in the centrally symmetric case into:
’ ! 2 ’
(ﬂ] +—ﬂ:C. (17)
4 ry

We solve this inhomogeneous differential equation by the method of the vari-
ation of the constants. The solution of the homogeneous equation belonging to

(17) is already known and given by (10) as
¢ ==L (18)

where A is now the integration constant, which is to vary for solving (17). This

gives the differential equation for A
A =cr? (19)

with the solution

~ 1 3

A==Cr’+B (20)

3
(B new integration constant), so that Equation (18) goes over into:
1 4
'=|ZCr*+B |4, 21
¢ ( 3 j -z (21)

where 7 is finally given by (11). Herewith we obtain once more a quadratic

equation for ¢ with the solution:

SHerewith the value ‘FO‘ can be estimated, c.f. (28) and [1].
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(lcﬁ + B)(2|Fo|r2 +lory Bj
3 3
1 ? 2
rt +(?’Cr3 + Bj AFJ

1.5 ? 2, 1.3 ’ 2(1. 5
~Cri+B | | 2|R|r*+ZCr’+B |F| | ZCr+B
113 3 3

Z 2 - 2
{r4+£1Cr3+Bj2ﬁF |2] r4+(lCr3+Bj ﬁFlr
3 ! 3

Setting C=0 we obtain the solution (13), where B plays the role of A. Ac-

!2_1
¢ 2

, ]° @

cordingly Bhas the meaning of
B=M,G, (23)

where M, is the mass value of an additional central point mass (see Equation
(28)). For r — 0 one gets for the case B#0

¢'2(r—>0)=%|F1|2[1+ 1_4|F0|2/|F1|2}' (24)

Obviously this is the solution for an additional point mass at =0, where
the field-strength possesses no singularity but reaches its maximum possible
value |F1| for |F0|/| F1| <1 independently of the mass value M,. Therefore
also the existence of black holes should be avoidable.

Avoiding in the following this central point mass we have to set B =0. He-

rewith it follows from (22):

1Cr3(2|Fo|r2+1Cr3j
¢/Z :13 3

2
2 r4+(1Cr3j ﬁFlr
3
2 2 2
(1Cr3j (2|F0|r2+1Cr3) (lCr3|Fo|j
113 3 B 3

EISSTS R Ew oy
r+§Cr IR 3 1

4
Now we obtain for I — 0 after inserting of Caccording to (15) (M = ?n pR?)

V2 (25)

+

12
MG
¢,(r—>o):(_R3 ||:O|j Jr, (26)
which means that the orbital velocity vhas the value

ya r .
v(r —0)=(MG|R) (Ej : (27)

ya
F|R?

This is greater than the Newtonian one by the factor [%} . Therefore
r
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the high star velocities near the center of the galaxy should be discussed newly
avoiding the assumption of a black hole in the galaxy center.

Finally we have to determine the meaning of the integration constant A4 in the
solution (13). It follows from the condition, that the solution (25) for r <R
goes steadily over into the solution (13) for r >R at r=R. On this way one

finds immediately

A=MG. (28)

Now we can give the complete solution for the massive sphere of radius R and
mass M. Itisvalid for r <R (see (25)):

r r
.1 MGR3(MGR3+2|F0|j

¢ 3 2
r
1+(MGRSAF1|]
roy r : r 2 @)
1(MGR3) [MGRB+2|FO|J (MGRB|FO|j
+ — —
4 ; 2\2 r 2
[1+(MGR3AF1|) J 1+(MGR3AF1|]
and for r >R (see (13)):
MG ( MG
l r2 ( r2 +2|F0|j
"3 MG /_ YV
1+(r2ﬂFl|)
y2 (30)

2 2
MG ([ MG MG
rz ( |’2 +2|F0|j ( rz |F0|j

1
4 MG (_ ¥ | . (MG [_ )
1+(r2ﬂFl|j 1+(rzﬂF1|j

The square root of (29) and (30) is given by (32) and (33). In the case of
R — 0 the solution (29) results in the finite value (compare (24))

+

97 =|R[" for|F)|/|F|<L (31)

so that black holes may be avoided, although the field strength is very high. But
for confirming this consequence finally a general relativistic investigation of the

situation may be necessary.

3. Alternative Solution of the Centrally Symmetric Case

Considering the Equation (4) and Equation (6) one can solve these with respect
to F in the centrally symmetric case, 7e. with respect to ¢'. After that one
can insert for G the Newtonian expression |FN| according to (3). In the cen-
trally symmetric case the condition (1) is fulfilled as one can test easily. In this

way one finds:

DOI: 10.4236/ijaa.2019.91006

68 International Journal of Astronomy and Astrophysics


https://doi.org/10.4236/ijaa.2019.91006

H. Dehnen

12

o 5 Ll (Ful+2IF),__[FulF
2
L (RUFD (R R

" (32)

E|FN|(|FN|+2|F0|)_ FullFo|

2 1 (RIRD (Rl R

For the mass-sphere with constant mass density p and radius R one has to

insert

for r<R: |Fy|= Gr and for r>R: |FN|—NIG (33)

Squaring of (32) results into (29) and (30).

We mention however explicitly that this procedure is in general only applica-
ble in the centrally symmetric case because of the condition (1) and in the case,
where the mass density distribution o is not determined by the gravitational
field strength F, itself. For the latter case, where p is determined e.g. by the

Euler equation
P(Vin F ViV ) =pF-p (34)

( p( p) pressure of the substratum) as e.g. in stars and galaxies or polytropic gas

spheres the procedure of chapt. 2 is to be used.

4. Conclusion

Considering induced vacuum polarisations we could show in the framework of
Newtonian gravity, that the assumption of dark matter and the existence of gra-
vitational field singularities can be avoided. However our proposal discussed in
this paper should be translated finally into a general relativistic form. This is not
possible in an immediate way, because in the general theory of relativity the dis-
tinction between extensive and intensive field quantities is impossible. Therefore
the modification of the theory has to start from the very beginning by a modifi-
cation of the Lagrangian in the form of a f (R) -theory [8] as it is done also in

the Born-Infeld electrodynamics. This will be our further aim.
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