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Abstract

I found that when the Debye theory calculates the far-field scattered light in-
tensity of bubbles, the forward scattered light intensity is quite different from
the result calculated by the Mie theory due to the convergence problem, so
the expression of the Debye coefficient has been revised. I derived the Debye
reflectance and transmittance according to the physical meaning of Debye
theory and compared them with Fresnel’s formula. I modified the Debye
coefficient expressions for bubbles based on the differences between the
Debye reflectance and transmittance from the Fresnel formula. Finally, com-
pared with the far-field scattered light intensity calculated by the original
Debye theory, the far-field scattered light intensity calculated based on the
modified Debye coefficient can obtain more accurate forward scattered light
intensity with fewer sub-waves.

Keywords

Debye Series Expansion, Mie Theory, Bubble, Forward Scattered
Light Intensity

1. Introduction

Light scattering of particles is very valuable for the study of metasurfaces [1] and
optical tweezers [2]. It has been used widely in various subject areas, such as en-
vironmental science, biomedicine, and chemical industry, and applied in envi-
ronmental monitoring, cell detection, and other technologies [3]. The Lo-
renz-Mie theory (LMT) proposed a century ago by Mie [4] provides a rigorous
way to describe the scattering of a linearly polarized plane wave by a homoge-
neous sphere. On this basis, Gouesbet [5], Lock [6], Gouesbet, and Gréhan [7]
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proposed the generalized MLT (GLMT) for the scattering of shaped beams by a
spherical particle. However, both LMT and GLMT, which are rigorous electro-
magnetic theories, give the total effect of scattering, and cannot give the contri-
bution and the physical explanation of various scattering processes. It turns out
that writing each term of the Mie infinite series as another infinite series, known
as the Debye series, clarifies the physical origins of many effects that occur in
electromagnetic scattering [8]-[13].

In ray theory, when a geometrical light ray is an incident upon a dielectric
sphere it is partially reflected by the sphere surface, partially transmitted through
the sphere, and partially transmitted after making an arbitrary number of inter-
nal reflections. Analogously, each term of the Debye-series decomposition of an
individual TE or TM partial-wave scattering amplitude may be interpreted as the
diffraction of the corresponding spherical multipole wave or its reflection by the
sphere surface (p = 0) or as transmission through the sphere (p = 1) or transmis-
sion after making p—1 internal reflections ( p > 2 ). But in the bubble, Debye
theory cannot get the correct forward scattered light intensity when the p,_,, is
relatively small like geometric optics. This is because the Debye coefficient con-
verges very slowly when n > mx. According to the localization principle, we de-
duce that the Debye reflectance and transmittance are opposite to the Fresnel
formula when the total reflection occurs in geometric optics. Accordingly, we
modify the expression of the Debye coefficient to obtain a relatively accurate
forward scattered light intensity when p,_,, is relatively small.

The main structure of this paper is as follows. First, the localization Principle
is briefly introduced, which explains the relationship between the order n of the
spherical Bessel function and the angle of incidence &, in geometric optics.
Next, 1) The expressions of Debye reflectance and transmittance are derived and
compared with Fresnel’s formula. 2) The convergence of Debye coefficients is
discussed. 3) Compare the scattered light intensity calculated by Mie theory (this
is the exact result) with the Debye scattered light intensity and the geometric
scattered light intensity. The expression of Debye scattered light intensity is
modified according to the difference between Debye reflectance and transmit-

tance and the Fresnel formula. Finally, this work is summarized.

2. The Localization Principle

Debye’s progressive equation proposed in 1908 actually implied the principle of
localization principle [14], the localization principle means that in the Mie

theory, the light beam containing the n order Bessel function can represent

1) 4
the light incident at the center point (n +§)2— in the equatorial plane. Debye
T

did not explain the relationship between the Debye series and geometric optics,
but after the advent of quantum mechanics, people gave a semi-quantum expla-
nation. The wave equation analogous to the collision of electrons with the per-

turbation center is the Schrodinger equation, whose solution is in the form of a
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series with an integer value / (angular momentum quantum number). Electronic

de Broglie wavelength is A = L where m is the mass, vis the velocity, A is the
mv

Planck constant. If we assume the electron as localized and passing the center at

h
a distance d, the angular momentum ,/I(1+1)— must be equalto mvd . This
g VI(1+1) o q
gives d = I(l +1)Zi. Actually, no exact localization prevails, but the average
T

value of dis (I +%jzi On this basis, the localization of the Mie terms is not a
T

strict law but a useful guiding principle. On account of the localization principle,
we can connect the Debye series of different orders with the geometric rays in-

cident at different positions.

3. Debye Series, Mie Theory and Fresnel Formula

Consider a spherical particle (region 1) with radius a and refractive index m

embedded in a vacuum (region 2). The incident wave is a plane wave with wave-

length A . The time dependence is exp(—iwt) with @ being the angular fre-

quency. The geometry of the system is given in Figure 1. When a plane wave is

an incident on the particle, the expressions of the incident, internal, and scat-

tered fields can be expanded using vector spherical wave functions (VSWFs) as [15].
€, =S, (M, -iN )

1

0

n

. (1)
1), @
Hinc = _iz En (Mgl)n + INE)l)n)
n=1
S . 1
Eint = z En (CnME)I)n - Iangl)n)
n=1
Ko (2)
- 1
Hint = _ﬁz En (an((el)n + ICnNs)l)n )
n=1
A
Z
Region 2
Region 1 y
) >
X
incident
Figure 1. Geometry for a charged sphere illumi-
nated by a plane wave.
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(3)

where subscripts inc, int, and sca represent the incident, internal, and scattered
fields, respectively. E, =E,-i"(2n+1)/n/(n+1) with E, is the amplitude of
the incident plane wave. k, =m, 2n/A and k, =m,2rn/A are the wavenumb-
ers in the sphere and in the surrounding media, respectively. y and g, are
the permeabilities of the sphere and surrounding media, respectively. In this pa-
per, we assume that the sphere is non-magnetic (14 = 1, = 4, with g, being

m

the permeabilities in a vacuum). Xx=Kk,a and y=ka=—x=mx, m is the
m,
relative refractive index. M), MU} NU and NU) are VSWFs 15.

(ay.b,.c,.d,) are the Mie scattering coefficients [16]. Mie scattering amplitude

is [nl,7]n., )
S (x,m,0) = 2n+1 [a (x,m)z, (cos@)+h, (x,m)z, (cosd)]
“ng ; @)
Swz (XM, 0)= > 1n(n+ )[ 2 (x,m)z, (cos@)+b, (x,m)x, (cosd)]

where, the scattering angle function is obtained by 7, = Pnl(COSH)/Sinﬁ ,
7, =dP;(cos#)/d@, P! is the associated Legendre function of the nth order
and the 1st degree.

The average Mie scattered light intensity is

|SM1(x,m,¢9)|2 +|SM2 (x,m,6?)|2
2

w(x,m,8)= (5)

—iot

When the time-harmonic factor €™ is used, the radial function of the out-
ward wave has the form of the spherical Hank function of the first kind
(hrEl) (m,kr)), and the radial function of the inward wave has the form of the
spherical Hank function of the second kind (h{”) (m,kr) ). Therefore, the incident
h(® (m,kr)

> (where the coefficients A will
h? (x)

wave can be written in the form of A

hi*
be considered later), the reflected wave is written in A- r212 n ( ) , and the

ht (x)
Y (mlkr)

transmitted wave is shown as A-t; . The values of the incident

wave, reflected wave and transmitted wave at the spherical surface are A, A-r’*

and A-t** respectively. Therefore, r’** and t*

represent the reflection coef-
ficient and transmission coefficient of the light wave propagating from the out-
side to the inside of the ball, singly. In this case, the waves in regions 1 and 2 are

written as (omitting the angular function):
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forr<a

h@ hY (m.k
w, = Al =2 sz r)+rn212 " lmz ) forr>a
(%) h (x)

n

(6)

The reflection and transmission of light waves when propagating from the in-

side of the sphere to outside the sphere can be given in the same way as Equation

(6):

kr
! )] forr<a

(7)

forr>a

Among them, r*' and t° respectively represent the reflection coefficient

n

and transmission coefficient when the light wave propagates from the inside to

the outside of the sphere. Below we solve the reflection coefficient and transmis-

sion coefficient r*?, r’*, t*

n > 'n

According to the electromagnetic wave theory, the boundary condition of the

and t in the case of TE wave and TM wave.

electromagnetic field is that the transverse components of the electric field and
the magnetic field are continuous. For TE waves (see Equations (1), (2), and (3)),
the continuity of the electric field quantity is reflected in the radial function
z,(p) being equal on both sides of the interface, and the continuity of the
magnetic field quantity is equal on both sides of the interface by
k [ Pz, ( p)}/ i/ p. For the TM wave, it can be obtained from seeing Equations
(1), (2), and (3) that the continuity of the electric field is equal to [ yor ( p)]l o
on both sides of the interface, and the continuity of the magnetic field is equal to
kz, (p)/u onboth sides of the interface.
Hence, for TE waves, Equations (6) and (7) can be obtained as:

21 212
t=1+r;

’

s O]k, |07 0)]

1+ r.lZl — tlZ (8)
Oy @ T O ([
Ky [yh” (y)J L [yh” (y)] k, t12 [Xh” (X)]
ml oy (y) " oy (y) | o P (x)
Similarly, the TM waves can be obtained by Equations (6) and (7):
L ﬁ(1+ )
H " Hy "
@] @ (] @ ()]
2 [y " (y)J _ [Xh” (X)} 42 [Xh” (X)}
"y (y) i (x) " xhY(x)
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n

H Hy

o] [ ()]

v (v)]
+1, =t,
yhe (v) yn? (y) Xty (x)

Solving Equations (8) and (9) comparing their solutions, we can find that they

ﬁ(1+ r121) _ ﬁtlz

' )

have the same form.

2 = P Dr(13) (X)_ Dr(14) X
" T abP(x)-pDY (y)
g o (10)
rit _ aD; (X)_ﬂDn (y)
" aDP(x)-pDY (y)
3
o O¥(»)-DY(y)
" aDP(x)-pDY(y)
Here we will define some parameters:
, zV'(z TE wave m TE wave
D,EJ)(X)=”.—(), - and fg= ; where
z0)(z) m TM wave #  TM wave
z (p) is the Riccati-Bessel function of the j-th kind.
The Fresnel equationis:
. cos 6, —mcos§,
* c0s6, +mcosé,
B 2c0s6,
* c0s6, +mcosé,
(11)
- m cos g, —cos 6,
" mcos@ +cos,
B 2c0s6,
" mcos@ +cos,
6, can be known from the Snell equation:
sin@, =msiné, (12)

According to the localization principle (The spherical Bessel function is a
half-integer order Bessel function):

1+05
k,a

sing, = n (13)
X

By comparing Equations (10) and (11) we can gain the relation between the
Debye equation and the Fresnel equation.

The incidence angle of the Fresnel formula in Figure 2 is related to the par-
ticle size a and the order n. That is, it is calculated by Equation (13). When n =
myx, the incident angle is exactly the critical angle of total reflection. So from n =

mx to 1 = x, the imaginary parts of Debye reflectance and transmittance are
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Figure 2. When a plane wave irradiates a spherical bubble with dimensionless particle size x = 1000 and a relative refractive
index m = 0.75, the reflectance and transmittance vary with 2: (a) The incident wave is TE wave; (b) the incident wave in figure
b is TM wave.

exactly the opposite of those calculated by the Fresnel formula. We found this
phenomenon, but couldn’t explain it very well. And it will affect the accuracy of
Debye’s scattered light intensity.

From the literature [18] we can know the relationship between the Debye

scattering coefficient and the Mie scattering coefficient:

Pmax
he (¥) 1o
(0. Prmax ) (2) o) 1 h(? n
A1 +l:1_lhn (X) 22 g2 hn (y)tu n (y) _%n (14)
gir) 22 2000 | TR ) e | B
he? (y) "

Here, (0, p,,) represents the summation of terms from 0 to p,, , and

Pmax represents the calculation up to the p,, -thsubwave. At the same time,
the r*?, t*, r'*, and t* of the TE wave need to be used when solving

B\” "), When solving AP | we need to use the parameters of the TM wave.

The results in Figure 3 show that when 2 > 750, the convergence of the Debye
coefficients becomes worse and worse. When n = 1000, p,, needs to be great-
er than 10*° 10 Debye coefficient to converge to the Mie coefficient.

Like Mie scattering, Debye scattering amplitude is

The average Debye scattered light intensity is
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Figure 3. When a plane wave irradiates a spherical bubble with dimensionless particle size x = 1000 and a relative refractive index

m=0.75, Convergence of Afo‘pm“) +0.5 and Brﬂo"’"‘”) +0.5 with p,,: (a) n=250; (b) n=500; (c) n=750; (d) n=1000.

|SD1(x, m,9)|2 +|SD2 (x, m,é?)|2
2

(16)

ip (x,m,0)=

The following is mainly to compare the difference in far-field scattered light
intensity of Debye theory, geometric optics approximation, and Mie theory. And
for bubbles, the scattered light intensity of Debye theory is corrected.

The purpose of this paper is to make corrections for the Debye scattered light
intensity of bubbles in the case of fewer sub-waves ( p,,, ). The geometrical op-
tics approximation is mentioned here mainly because it is based on the Fresnel
formula. The basis for the correction of the Debye scattered light intensity in this
paper is that the Debye reflectance and transmittance are inconsistent with the
Fresnel formula. The geometrical optics approximation will not give exactly the

same results as Mie theory which turns out to be accurate since it does not take
into account surface waves, etc. [19], and it is the most time-consuming algo-
rithm here.

In the legend of Figure 4, GOA-Yu refers to the far-field scattered light inten-
sity calculated by Yu et al [19]. based on geometric optics approximation; Mie
refers to the far-field scattered light intensity calculated using Mie theory (Equa-
tion (5)); Debey refers to the far-field scattered light intensity calculated using
Debey theory (Equations (14), (15), and (16)); Observing Figure 4(a), the geo-
metric optics approximation is basically consistent with the Mie theory except

for the scattered light intensity near 80 degrees, which Yu et al discussed in their
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Figure 4. When a plane wave irradiates a spherical bubble with a relative refractive index m = 0.75, p,,, =10, far-field scattered

light intensity calculated by different algorithms: (a) x = 1000, Original Debye scattered light intensity; (b) x = 1000; (c) x = 1500;
(d) x=2000.

paper 19. When the refractive index of the particle m < 1, the difference between
the Debye theory and the forward scattered light intensity of the two is more ob-
vious, but this phenomenon does not appear in the particle with m > 1. This is
easy to understand. As mentioned earlier, when 1 > mx, the Debye coefficient
convergence will get worse and worse. It will not converge when p_,  =10.
Considering that the Debye reflectance and transmittance are conjugated to the
Fresnel results when n > mx, we modified Equation (14) to obtain Equation (17).
where * stands for complex conjugate.

Pmax
1- hrgl (y) it
h h@ n
rn212 +tfl ?z)(y) {2 n(l) (y) h<mx
() ) e
(Ov Pmax)' (2) h(z) n
o 37300 -
n " 1— b’ (y) pl2t
p2ize | g2 hr(11) (y) 12 hr(12) (y) N> mx
hr(12) 1- hnl) (y) i
()"
(17)
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Debey-N in the legends of Figures 4(b)-(d) is our improved Debye algorithm.
This algorithm is calculated by Equations (14), (15) and (16).

The calculation results for bubbles show that when p,_, is relatively small,
our improved Debye scattering light intensity algorithm is close to the Mie algo-
rithm. This is a significant improvement in the accuracy of the original Debye

algorithm.

4. Conclusion

In this work, we describe the problem that the imaginary part of Debye reflec-
tance and transmittance is opposite to the Fresnel equation when the relative re-
fractive index is less than 1 and total reflection occurs in geometric optics. Se-
condly, we explained the conditions for the slow convergence of the Debye par-
tial wave coefficients. And we give the partial wave convergence graph. Finally,
we improved the calculation of Debye scattered light intensity, so that it can ob-
tain a more accurate scattered light intensity even when p,,, is relatively small.
It is worth noting that this improvement is only based on part of the physical
meaning of Debye’s theory, but the effect is obvious. If you want to get the accu-
rate scattered light intensity through Debye theory, you need to calculate it
through the original formula, and p,,, needs to be large enough, which is un-

doubtedly very time-consuming and very easy to overflow.
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