4

" S Scientifi Open Journal of Statistics, 2023, 13, 212-221
cientific } . . )
": Research https.//www.sarp.f)rg/|ourna|/ols
94% Publishing ISSN Online: 2161-7198

@,

ISSN Print: 2161-718X

Unsupervised Functional Data Clustering Based
on Adaptive Weights

Yutong Gao!, Shuang Chenz*

'School of Sciences, Hebei University of Technology, Tianjin, China
*School of Sciences, Beijing Institute of Petrochemical Technology, Beijing, China

Email: *shchen@bjpt.edu.cn

How to cite this paper: Gao, Y.T. and
Chen, S. (2023) Unsupervised Functional
Data Clustering Based on Adaptive Weights.
Open Journal of Statistics, 13, 212-221.
https://doi.org/10.4236/0js.2023.132011

Received: March 27, 2023
Accepted: April 23,2023
Published: April 26, 2023

Copyright © 2023 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

[OMom

Abstract

In recent years, functional data has been widely used in finance, medicine, bi-
ology and other fields. The current clustering analysis can solve the problems
in finite-dimensional space, but it is difficult to be directly used for the clus-
tering of functional data. In this paper, we propose a new unsupervised clus-
tering algorithm based on adaptive weights. In the absence of initialization
parameter, we use entropy-type penalty terms and fuzzy partition matrix to
find the optimal number of clusters. At the same time, we introduce a meas-
ure based on adaptive weights to reflect the difference in information content
between different clustering metrics. Simulation experiments show that the
proposed algorithm has higher purity than some algorithms.

Keywords

Functional Data, Unsupervised Learning Clustering, Functional Principal
Component Analysis, Adaptive Weight

1. Introduction

Functional data analysis (FDA), proposed by J.O. Ramsay [1], is a high-dimen-
sional data analysis method based on the functionalization of discrete data to
describe statistical relationships from a continuous perspective. It is characte-
rized by treating discrete data as a functional whole with an inherently uniform
structure, rather than just an arrangement of individual observations. In recent
years, the extension of classical multivariate statistical methods to functional da-
ta is an important part of data mining research. In the scalar environment, there
are many mature multivariate clustering algorithms, such as Affinity Propaga-
tion clustering, hierarchical clustering, K-means clustering, DBSCAN clustering,

Chameleon clustering, etc. Most of the multivariate cluster analysis methods
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cannot be directly applied to functional data. The intuitive analysis idea is to
discretize functional data based on sampling, and then use multivariate cluster-
ing model to cluster discrete data points [2] [3]. Although this can solve the
problem that functional data is difficult to apply multivariate clustering algo-
rithms, it also violates the main idea of “taking the whole function as the analysis
object”. Tarpey T et al. [4] proposed a clustering algorithm based on function
principal points. The clustering results of this algorithm are affected by the
number and location of extreme points, therefore it lacks robustness. Tokushige
[5] extended the K-means clustering algorithm to functional data, where the
cluster center is determined by the minimum value of the objective function.
Antoniadis ef al [6] used wavelet analysis techniques in functional data cluster-
ing. Wang et al [7] proposed a weighted clustering algorithm based on func-
tional principal components, which can effectively make up for the limitations of
ordinary functional principal component clustering analysis. Delaigle et al [8]
proposed a weighted K-means algorithm by using the Haar base function pro-
posed by Hardle [9] and the unbalanced Haar base function proposed by Fryz-
lewicz [10]. This algorithm selects the projection function by weighting the
K-means clustering criteria and proves that nearly perfect clustering can be
achieved by projecting the data onto the chosen finite-dimensional space. Sharp
and Browne [11] imposed jointly generalized hyperbolic distributions on projec-
tions of basis expansion coefficients into group specific subspaces. Parameter es-
timation is done through a multicycle ECM algorithm. Wu et a/ [12] assumed
that the distribution of the cluster members around their projections onto the
cluster’s principal curve is an isotropic Gaussian, and that the projections of
cluster members onto the cluster’s principal curve are uniformly distributed. The
proposed method employe Bayesian Information Criterion to automatically and
simultaneously find the appropriate number of features, the optimal degree of
smoothing and the corresponding cluster members. It can be noticed that cluster
analysis based on continuous perspective and cluster analysis of discrete data
still have a lot in common. If infinite-dimensional functional clustering can be
transformed into finite-dimensional clustering, then many excellent multivariate

clustering analysis can be used in functional data clustering.

2. Preliminaries

2.1. K-Means

The K-means is one of the most popular unsupervised learning algorithms that
solve the well-known clustering problem. Let X ={x,,---,x,} be a data setina
d-dimensional Euclidean space R“. Let 7 = {v,---,v.} be the cluster centers.
Let Z=[z,] _» where z, €{0,1} is binary variable, indicating if the data
point x, belongs to 4-th cluster, k=1,2,---,c. The K-means objective function
is

n C

YEROEDWIEN A (1)

i=l k=
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The K-means algorithm is iterated through necessary conditions for minimiz-
ing the K-means objective function J(z,7) with updating equations for clus-

ter centers and memberships, respectively, as
n
Z ZigXi
_ it

== (2)
Z;sz

Vi

. 1 if ||xl. -V, "2 = glklg X, =V, "2 3)
0 otherwise

where |x, —v,|| is the Euclidean distance between the data point x, and the

cluster center v, .

2.2. Functional Principal Component Analysis

Functional principal component analysis (FPCA) is a generalization of principal
component analysis. Suppose x,(¢) is a random process defined on a compact
interval 7. Let 4(¢) be the mean function. Let R(s,t)zcov{x(s),x(t)} be
the covariance function. By using the spectral decomposition of the covariance

function, we can obtain:
R(s0)=34,0,(5)0, ()
P

where A, is a non-negative eigenvalue of R(s,r) and satisfies 4 >4, >--->0.
@, (s) is the corresponding eigenfunction. The eigenfunctions are regarded as a
set of basis functions, called principal component basis functions. The principal
component basis function combined with the Karhunen-Loeve expansion can
represent the infinite-dimensional function data in a limited manner. Project X
into the principal component basis function, and the principal component score

of the function ¢, is the corresponding coefficient.

& =[Xx(t)p, (t)dt (4)
Applying the Karhunen-Loeve expansion, we can get

X(1)=u(1)+ 2 &0, (0 ®

3. Unsupervised Functional Data Clustering Based on
Adaptive Weights

Multivariate clustering analysis is difficult to directly extend to functional data
clustering. But from the knowledge of principal component analysis in the pre-
vious section, functional data X(¢) is equivalent to its principal component
score & =(&,-. &, )T. Since the variance contribution rates of the principal
component scores are different, the importance of different principal compo-

nents is obviously different. It is difficult to achieve an ideal classification effect,
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if we ignore the objective differences in the efficiency of different principal
component scores, and use the principal component score to represent the sam-
ple function for clustering [13]. K-means cluster analysis is not completely un-
supervised learning, because it requires the number of clusters to be given first.
Therefore, we use functional principal component analysis to map functional
data from infinite-dimensional space to finite-dimensional space, and then use
unsupervised functional data clustering based on adaptive weights (UFDCAW)
to cluster & =(&,,-+,&, )T on the finite-dimensional space. Finally, the clus-
tering result of the functional data X' () is obtained.

Let &={&,--,&} which is equivalent to X (¢)= {X1 (1), X, (¢)} be the
data on the d-dimensional Euclidean space R“. Let ¥ = {v,---,v.} be the set
of c class centers. Let u = {u, }m be the degree of membership function matrix,

where u, is the membership degree of & belonging to the 4 class. For any

i,k , there is 0<u, <1 and ) u, =1.Let a=(e,,a,) be a set of mixed
po

proportions, where ¢, represents the probability that data point belongs to the

kclass, and satisfies Y o, =1. —> o, Ing, is the entropy. The objective func-
k=1 k=1

tion of unsupervised functional data clustering based on adaptive weights is

J(u,V,a)= ZZu:di nﬁZaklnak yZZulklnak (6)

i=1 k=1 i=1 k=1

where d, is the distance from the data point ¢, to the class center v,. Con-
sidering the difference in the scoring efficiency of different principal compo-

nents, let

d, = \/i(wp (& v )2)

p=1
d
where @, =1, Z/lp is the adaptive weight of the p item of the principal
=1

component score.

The Lagrangian function of formula (3.1) is

J(wV,a,n,1)= ZZul’Zd; nﬂZaklnak 722%1ﬂ0‘k

i=1 k=1 i=1 k=1

A(goea{gno)

First, we take the partial derivative of Largrangian (3.2) with respect to u, ,

(7)

we obtain
oJ(u,V,a,r,r
—( 273 =mu)”'d; —ylna, —r, =0 (8)
Ouy

Thus, we have
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C
From ) u, =1, we can get
k=1

% ©)

2. (dy/d )

s=1

Uy =

Then we get the update equation for the center point v, as follows:

n
DU,

v =t (10)

2.
i=1

We next take the partial derivative of the Lagrangian (3.2) with respect to ¢,

M:—nﬂ(lnak+l) ;/Z—-Vl (1

oa,
then we get the updating equation for ¢, as follows:
al™? :Zui‘+£ (lnak Za Ina! ] (12)
i-1 N V4
where ¢is the number of iterations of the algorithm.

Y a Ina, is the weighted mean of Ina, in equation (3.7). For the &th
s=1

mixing proportion a,&’) ,if In a,ﬁt) is less than the weighted mean, then the new

a,(f”) will be less than the a,(f). That is, the smaller proportion will decrease,
1

and then competition will occur. If o, <0 or o, <— for some % they are
n

considered to be illegitimate proportions. In this situation, we discard those

clusters and then update the cluster number " tobe

_ {O!,((Hl)

where |{ }| denotes the cardinality of the set {}. After updating the number of

() the remaining mixing proportion &\ and corresponding """

A 0

a,]EHl) <l’k=1’...’c(’)H (13)
n

clusters c¢

need to be re-normalized by

* ak
ak c(HI) (14)
2 a
s=1
.Uy
uik = )(HI)L (15)
u

We next concern about the parameter learning of y and f for the two terms

of > > zzlne, and D7 1)sz In¢, . Based on some increasingly learn—

. —c *L(t) 71(1 e —c
ing rates of cluster number with e Ohoo g=cfas0 =i o=cfis0 g oo

L )/500 o /750

.. 0 ()
it is seen that e "% decreases faster, but e oo decreases

slower [14]. We suppose that the parameter y should not decrease too slow or
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too fast, and so we set the parameter y as
7(;) _ e—g(’)/zso (16)
(r+1)

To guarantee condition maxea, ’ <1, the parameters [ are defined as
1<k<c

i=1 N

Zexp( nn‘aknl —OC/(:)) (1 z zkj
Y = min| !

17)

>

¢ ~max o [Za Ina" ]

I<k<c

where 7= Z/aﬂdl/%IJ and |a| represents the largest integer that is no more

than a and #denotes the iteration number in the algorithm. In Equation (3.12), if

(¢+1)

a," —a;| islarge, then £ issmalll to maintain stability. Although function-

al principal component analysis expands the function data from infinite dimen-
sion to finite dimension, the dimension of the sample is still relatively high, so
weadd 7= 2/ L adjust parameter S to Equation (3.12).

In our setting, we use all data points as initial means with v, =&, ie A =n,
and we use a,EO) =1/n as initial mixing proportions. Thus, the proposed unsu-
pervised Learning functional data clustering based on adaptive weights can be

summarized as Algorithm 1.

Algorithm 1. Unsupervised Learning Functional Data Clustering Based on Adaptive Weights

=

: Calculate the principal component score of function data &;,i =1,...,n

: Fix € > 0. Give initial ¢ = n,a;,© = 1 vk(o = &, and initial learning rates v(0) = g0 = 1. Set
t=0.

Compute g+ using v, by Eq.(9).

Compute v+ by Eq.(16).

Update a1V with g+ and ap® by Eq.(12).

Compute 301 with a,® and a1 by Eq.(17).

. Update ¢® to ¢t by discard those clusters and adjust a; " and pg, 1) by Eq.(14) and Eq.(15).
: Update vl,(C +1) by Eq.(10).

N

® N> TR w

©

d
Compare v,(;+ and v(t) If \/Z (wp (Vp D) — 1, ®)%) < &, then stop. Else t = t + 1 and return to
p=1

step 3.

4. Theoretical Properties

Proposition 1. Given the iterative formula ak that minimizes the objective

function J(u,V,a)= ZZu;’{’d’f{ n,[)’z o, Ina, - 722”#« Inq,, if there exists

i=1 k=1 i=1 k=1

k such that Ina!” is less than its weighted mean, then ™) <!,
proof.
a,({”]) = Zui‘+£a,(f) [ln a,ﬁ’) - Z a, lna j < Z i | <1n a,({ ) ~In a,E') )
s=1

i=1 N Ve i=1 N
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That is, there exists & such that Ina) <Y @) Ina!) is satisfied, we can get
s=1

A <!, 0
Proposition 2. Given the iterative formula a,(f) that minimizes the objective

function J(u,V,a)= ZZu;’di nﬂZaklnak yZZulklnak,lf

i=1 k=1 i=1 k=1

ﬁS—y[l—ZL;""j/maxaA (Za Ina j then gl/i)fa,(m)ﬁl.
i=1

1<k<c

prooft.

maxa(M) = max - i +'Bmaxa,({)[lnmaxa() iay) 1na£t))

I<k<c 1<k<c o n 4 1<k<c 1<k<c o}

<3l /’( max o (Za na! B

I<k<c * ¥ 1<k<e

_y M
g A ()

<— maxz Uy —

N 1<k<c |
! maxa (Za lna ]

1<k<c

=1

Therefore, when

o [Eeolmfer-a) o8]
L = min| £ ,
¢ O[S 40 10

—max o [ o, Ina; j

holds, max a,(f“) <1 can be guaranteed. U

5. Simulation Study

In this section, we use simulation experiments to verify the performance of the
proposed clustering algorithm and whether it can calculate the optimal number
of clusters c. At the same time, we compare with fuzzy C-means (FCM) and
adaptive weighting functional clustering (AWFC). The result is evaluated using
cluster purity. Purity is calculated using Equation (5.1):

Z max

purity(Q,C) = N 2 nax

w, D¢, | (18)

where Q={w,---,w,} is the cluster division, C={c,---,c,} is the real class
division. The value range of purity is [0,1], the larger the value, the better the
clustering performance.
Assume that the three functional data for the simulation experiment are:
=t+2 /N5, X, (1) =t+sin(u) /N5, X, ()=1+(t=2) /N5, t<fo.1].
Y, =X, (t,./. ) +¢&; isthe observation value of the function data with error, and the
error ¢; obeys a normal distribution with mean 0 and variance 0.02. In order

to ensure that the FCM clustering algorithm is available when simulating expe-
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riments, we assume that #; is 100 equally spaced observation nodes on the in-
terval [0,1]. The observation sample size of each function data in the simula-
tion experiment is the same, and the total sample size is 30, 300, 600, in order to
compare the effectiveness of the clustering algorithm under different sample siz-
es. The figure shows the clustering data when »=300. Figure 1(a) is the ob-
servation value with noise. Figure 1(b) is the function data generated using the
B-spline basis.

We can see that the three types of curves are increasing functions from Figure
1(a) and Figure 1(b), but there are significant differences in their derivatives.
Following the steps of UFDCAW, the scatter plot of functional principal com-
ponent scores of 3rd and 5th iterations for a sample size of 300 is shown in Fig-
ure 2. From Figure 2(b), we can see that the number of clusters decreases ra-
pidly from 300 to 165 after 3 iterations. The algorithm ends after five iterations
and obtains the correct number of clusters ¢=3 and three class centers. The
purity of clustering is 0.993.

Table 1 shows the average of the results of 100 replicate experiments using
FCM, AWFC and UFDCAW on simulated data with sample sizes of 30, 300 and
600, judged by the purity of the clustering results.

The data presented in Table 1 shows that UFDCAW has higher cluster purity
than the FCM and AWFC for sample sizes of 30, 300 and 600. The results of the
comparison show that: 1) UFDCAW has higher cluster purity than FCM and
can display sample distribution characteristics in low dimensional space. 2) FCM
and AWEFEC required random initial class centres, therefore the cluster prurity

will be low when algorithm selects an unsuitable class center. UFDCAW is more

Table 1. Comparison of clustering algorithm results.

n FCM AWEC UFDCAW
30 0.839 0.801 1
Purity 300 0.825 0.856 0.993
600 0.805 0.871 0.997

o o
(] (]
S« 4 2 <
© ©
> >

o~ o

- h

@ @

T I T T T T

0.0 0.2 04 . 0.6 0.8 1.0
time

(a)

Figure 1. (a) Observation value with noise, (b) function data for a sample size of 30.
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Figure 2. Scatter plot of the functional principal component scores of data with a sample size of 30 (a) =0, (b) r=3,(c) r=5.

stable because there is no need to select the initial clustering center. 3) UFDCAW
can be iterated to obtain the number of clusters.

6. Conclusion

At present, the data we collect is becoming more and more complicated. Using
multivariate statistical models to deal with complicated data will cause problems
such as dimensional disaster, and functional data emerges as the times require.
Based on the former studies, we expand the K-means clustering algorithm based
on adaptive weights. It not only reduces the influence of noise, but also can find
the optimal number of clusters using the algorithm when the initialization pa-
rameters are missing. It is verified by simulation that the algorithm proposed in
this paper can obtain more accurate clustering results and has a certain degree of
feasibility. But, the algorithm is slightly more complicated, and some informa-
tion will be lost when using basis function fitting and functional principal com-

ponent analysis, which needs to be further improved.
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