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Abstract

Gamma distribution nests exponential, chi-squared and Erlang distributions;
while generalized Inverse Gaussian distribution nests quite a number of dis-
tributions. The aim of this paper is to construct a gamma mixture using Ge-
neralized inverse Gaussian mixing distribution. The rtA moment of the mix-
ture is obtained via the r£h moment of the mixing distribution. Special cases
and limiting cases of the mixture are deduced.
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1. Introduction

Adding one or more parameters in a distribution for the purpose of flexibility is
known as a generalization. A gamma distribution is a generalized distribution
nesting Exponential, Chi-squared and Erlang distributions.

Generalized Inverse Gaussian (GIG) nests Inverse Gaussian, Reciprocal In-
verse Gaussian, Gamma, Inverse Gamma, positive hyperbolic, harmonic distri-
butions and other distributions.

A mixture or a mixed distribution is a method of combining two or more dis-
tributions to produce a new distribution. A mixing distribution is a probability
distribution which is assigned the conditioning parameter as its random varia-
ble. Three types of mixtures are: finite, discrete and continuous mixtures.

The first objective of this paper is to construct a continuous gamma mixture
known as type I Gamma-Generalized Inverse Gaussian distribution. The second
objective is to obtain the rt2 moment of the mixture via the rth moment of the
mixing distribution. The third objective is to deduce special and limiting cases of

the gamma-GIG distribution.
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Bhattacharya [1] introduced a gamma mixture by considering type II gamma
distribution with another type II gamma distribution. In essence he generalized
exponential-exponential distribution to gamma-gamma distribution.

Nadarajah and Kotz [2] also considered type II gamma mixture with sixteen
(16) mixing distributions. They did not however consider Generalized Inverse
Gaussian mixing distribution. They also did not obtain properties of their gam-
ma mixtures.

Though Deniz-Gomez ef al. [3] stated the pdf of type I Gamma-GIG distribu-
tion, they however studied only type I Gamma-Inverse Gaussian distribution.

This paper therefore considers also the other members of type I Gamma-GIG
class of distributions. Deniz-Gomez et al. [3] used Willmot’s parameterization
[4]; while we have used Barndorff-Nielsen’s parameterization.

Gamma-GIG distribution is a generalization of Exponential-Inverse Gaussian
distribution which was constructed by Bhattacharya and Kumar [5] in modeling
life-testing problem and by Frangos and Karlis [6] in modeling losses in insurance.

Wakoli [7] expressed Exponential-GIG distribution and its special cases in
terms of probability density functions, survival functions and hazard functions.
He used Sichel’s Parameterization

Thus the work in this paper can be looked at as a generalization of Exponen-
tial-GIG distribution along with its special and limiting cases.

The remainder of this article is organized as follows. In Section 2, the Genera-
lized Inverse Gaussian distribution (GIG) is derived using Modified Bessel func-
tion of the third kind, including some of its properties. Section 3 deals with spe-
cial and limiting cases of the GIG distribution. The main result is shown in Sec-
tion 4. Most of the relevant results on special and limiting cases of the mixture
are discussed in Section 5. This work concludes with a final section where future

extensions are suggested.

2. Generalized Inverse Gaussian (GIG) Distribution

Generalized Inverse Gaussian (GIG) distribution is based on Modified Bessel
function of the third kind with index A evaluated at @, denoted by K, (w)

and defined as
1

K, ()= %j: x“e_%(XHJdX (2.1)

for —w<A<o and @>0 with the following properties.

Property 1: (Symmetry)

K, (@)=K, (o) (2.2)
Property 2:
b
K =K =, |—e™” 2.3
1 (@) %(a)) om (2.3)
1
K3(w)=[1+_jr<l(w) (2.4)
2 o) 3
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3 3
K =|1+—+—|K 2.5
(0)=(14 2+ 2K, (0 23
Barndorff-Nielsen [8] used the following parameterization
®=203y (2.6)
and transformation
Y
X==1 2.7
s (2.7)
1 yl _E[ﬁ ,ZZ]

. _trel 7y -1, 2\ 2

o Kﬂ. (5}/) —EJ.O (Ej 2" e dz (28)

Sichel [9] [10] used the following parameterization

=16y (2.9)

and transformation

X=,|~z (2.10)

U
w=t (2.11)
s
and transformation
X = 1 z (2.12)
7

For further work on GIG distribution under different parameterizations refer
to Nyawade [12].
Using Barndorff-Nielsen’s parameterization, the GIG distribution is given by

(2.13)
2K, (67)
1( 52
747 7{7+722J
= - (2.14)
,1{& ,zz]
f 7% 2 gz
0
for z>0; —w<A<ow, §>0, y>0
In short form we state that
YA ~GIG(l,§,y) (2.15)

The r# moment is given by
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o /4
~E(Z2T)=|—| ==L —wo<r<w (2.16)
( ) YJ K1(57)
Hence

(2.17)

and

e K, (57) K, (57)

varZ = [QJZ { Kea () { Kon (O )ﬂ (2.18)

3. Special and Limiting Cases of GIG Distribution

The main objective in this section is to derive special and limiting cases of the
Generalized inverse Gaussian (GIG) distribution. The positive hyperbolic, in-
verse Gaussian and Reciprocal inverse Gaussian distribution are special cases of
GIG. Similarly gamma, exponential, inverse gamma and inverse exponential

distributions are the limiting cases of GIG.

3.1. GIG(1,4,7): Positive Hyperbolic Distribution

J _§62K1(57) (-
£

—% _;[ﬁyzz] (3.2)
[

for z>0; 6>0, y>0

E(Z’):(éjrm (3.3)

r) K (57)
K
E(z):(éjﬂ (3.4)
7 ) Ky (57)
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=(IRaEE e

g(z)=\/ﬁz 2¢ (3.6)
o r K—1+r(5y)
E(Z2")=|—| —2>2——— 3.7
( ) (7] Ki(é‘?/) G7)
2
o
E(Z)=— (3.8)
@)-2
VarZ:i3 (3.9)
Ve

2
27 2a 2 & 1 71{%“'22]
g(z):(lj z°¢ VAN (3.10)

) 2K, (6y)  on
5 r Kl+r (57)
E(z')=| - | 22— 3.11
) (7] Ky (37) G40
2
K3(57)
E(z)=2 2 =é[1+iJ (3.12)
yKi(or) r\U o
2
2 [Ke(8r) [Ke(a)]
VarZ:[éj 2 |2 =2+4§7 (3.13)
y K (5}/) K (5}/) ¥

3.4. GIG(4,0,7): Gamma Distribution

3 2 P

z)= 777e 2 ,2>0,1>0,7>0 3.14
9= y (3.14)
2
This is a gamma distribution with parameters A and % Le,
2
Z ~GIG(4,0,7)= Gamma[z,%j (3.15)
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E(zr)z(ijrM (3.16)

y*) T(4)
A
E(Z)= n (3.17)
Varz - — 2 (3.18)
(/2)

Remark
From a gamma function one obtains a gamma distribution with one parame-
ter. A gamma distribution with two parameters is derived by transformation

technique.

3.5. GIG(1,0,y): Exponential Distribution

2 7,
g(z)zy?e 2 72>0;y>0 (3.19)
2
This is an exponential distribution with parameter %
n_f2)
E(Z ):[—ZJ r(r+1) (3.20)
e
2 1
E(Z)=—= (3.21)
( ) 72 72/2
2
VarZ =(£2j = ! 5 (3.22)
) ()

3.6. GIG(4,6,0): Inverse Gamma Distribution

s2\"
Z) -
g(z):me 227270 750, 1<0,6>0 (3.23)

2
This is an inverse gamma distribution with parameters -4 and > where

A<0
-2
n_[6) L(=4-r)
E(z )_(Zj ) ,A<0 (3.24)
s2)' 1
E(Z):[7\J m,—/lil (3.25)
52 Y 1
VarZ = (—j > ,for—4>2 (3.26)
2) (41 (-4~
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3.7. GIG (—1,5, O) : Inverse Exponential Distribution

2\ &
9(2)2[7]6 2272 7506>0 (3.27)

. . R . 5t
This an inverse exponential distribution with parameter - It is also known

as levy distribution.

2
E(Z'):%F(l—r), r=l (3.28)

E(Z)=oo, forr=1 (3.29)

4. Gamma-GIG Distribution
A continuous mixture is defined as
f(x)=] f(xlz)g(z)dz (4.1)

where f (X | Z) is the conditional pdf or pmf, ¢ (Z) is the mixing distribution
and f(x) isthe mixture. If

I'(a)

which is type I gamma distribution with parameters « and z type I gamma

e ?x*t x>0, a>0,2>0 (4.2)

9(x12)=

mixture is given by

e ”x“*g(z)dz (4.3)

We shall refer to (4.3) as the gamma I mixture.

The 7 moment is
E(X’):j:x’f(x)dx (4.4)

ie,

E ( X' ) = I:{xrj': Fz(;) e *x* g (z)dz}dx
L[l reradi e

=T(a+r)
:IO @) g(z)dz

B ~T(a+r) 1

_J'O Wz—rg(z)dz
_F(a+r) » 1
a I'(a) '[0 z'

g(z)dz
.~.E(X'):r(a”)5(i) (4.5)

I'(a) Z"
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Thus the r# moment of the gamma mixture is the r# moment of the reciprocal

of the mixing distribution. If

Z ~GIG(4,6,7)

then

\/2x+72 \/2x+;/2

(] 87

for x>0; The r moment of the gamma-GIG is given by

E(Xf):%E[Zirj
r(a+r)m" K, (67)

F(O‘) ; K, (57)

(4.6)

(4.7)

(4.8)

(4.9)
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5. Special Cases of Gamma-GIG Distribution

The main objective in this section is to derive special and limiting cases of the
Gamma Generalized inverse Gaussian (GAGIG) distribution. Its special cases
will comprise of Exponential-GIG, Erlang-GIG distributions, including Gam-
ma-positive hyperbolic, Gamma-inverse Gaussian and Gamma-reciprocal in-
verse Gaussian together with their sub classes. Gamma-Gamma and Gamma-
inverse Gamma are the limiting distributions of GAGIG.

5.1. Exponential-GIG Distribution
Put a=1 in (4.7).
) [l r)
s f(x)=
\/2X+}/2 \/2X+;/2

for x>0; —w<A<ow, §>0, y>0

E(X")= r(m)(ﬁ]_r [ETKM_W)

r) \r) K.(d)
Y KL (6)
E(X):[;j K/l (577)

5.2. Erlang-GIG Distribution

Put a=n=123,-

v (] )

r(n) \/2X+7/2 \/2X+7/2 K, (7)
A _T+n)(8)" Koo (57)
=)= (J <, (57)

é]l K (57)
Y K, (57)

E(X):n(

5.3. Gamma-Positive Hyperbolic Distribution

A=1

(=X 5 ) Kua[0V2x+7)
F(“) \/2X+;/2 \/2X+7/2 K1(57)

for x>0; §>0, y>0.

E(X" _F(a+r) sY' Kl—r(é‘y)
(x)= r 7) K8
(@) \r) Ki(o)
K
E ( X ) _ar Mo (57)
5 K (%)
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5.3.1. Exponential-Positive Hyperbolic Distribution
A=1la=1

f(X)={ Y J{ s ]K2(5 2X+72)
\/2X+7/2 \/2X+7/2 Ky (57)

for x>0; >0, y>0.

5.3.2. Erlang-Positive Hyperbolic Distribution
A =1, a=n,apositive integer

- o[ s Y KM((S 2X+7/2)
(M| 2x+72 | J2x+72 K. (67)

N T(n+r)(s Ky, (07)
=) [?) <)
_ny Ko (97
5 K1(53’

~—

E(X)

~—

5.4. Gamma-Inverse Gaussian Distribution

gL
2
T o K (8V2xer?)
f(x)= /4 X 2
" Jax+y? [\/2X+72J Pla) Ky,
2
! « K (5 2 2)
N+ AP s xet etV
y Vax+y? ) Tla)  [n
20y
] 1
[ 2 2 a-1
_ | N2XEYT 2 S X K 1(5\/2x+7/2)
T ) T@

DOI: 10.4236/0js.2021.116061 1035 Open Journal of Statistics


https://doi.org/10.4236/ojs.2021.116061

R. L. K. Tinega et al.

1 ol
252 }2 XL 5 2
e ) P P A R (5 2X+7/2)
[ n | T(a)| J2x+ 2 “y
1

_20e” x| & WK (5 2X+7/2)
V2r T'(a) 2X+ 72 =y

LKy (%)
o T(a+r)(s e
()3 <
a K’§(5y) a 1) ay(l+s a(1+6y)
E(X):%Kl(@’):%(ugjz%( 577/]: 52 -

2

5.4.1. Exponential-Inverse Gaussian Distribution

/Iz—i,azl
2
1
25e” s )
f(x)= K (5«/2x+72)
( ) \/271'[ 2X+72 %

1
L1 ()= 5(—1 ] ool

2x+7°

sY' Kﬁ;fr(‘%’)

E(X")=T1+r)|—| —*—+—

( ) ( )(7/J Ki(éy)

2
K ,(oy

E(X):Z %( ):Z 1+i _y(l+dy ) _1+6y
K, (67) & oy) O\ Oy 5°

5.4.2. Erlang-Inverse Gaussian Distribution

lzl,azn
2
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where nis a positive integer.

20e% x"*

f(x)= — F(n)[sziy?J Kn;(é 2X+}/2)
A E(n+r) sy 5
B(x)- r(n) (7J K, (d7)

E(X) - n(l;zéy)

5.5. Gamma-Reciprocal Inverse Gaussian Distribution

A:+l
2

E p K (5 2%+ 2)
JZ[ 5 \J Xa_l a+% }/

\/2X+72 I'(a) K%(‘%’)

JM;; . K 1(5\/2x+;/2)
2

f (X) ) (\/2xy+ ;/2

) {J2xy+ 7 f [J2X5+ 7’

F(“) Kg (57)

Xa71 V4 g o 2 o DH% Kaer1 (5 2X+7/2)
— 2
T(a)| J2x+72 ) (2x+7? 2x+ 72 Ky (67)
2
L ot K (5«/2 2)
xet(y Jaa P s ) e\
I'(a) \/2X+7/2 9 \/2X+7/2 K3(57)
2
L wd K 1(5\/2x+72)
_ X% (1]2 ) a+5
C(a)\s [2x+ 2 Kl(57)
2
a-l 20 > 1) a%
X Y 7 2 2
e o Ty
F(a)\6 = [\/2x+;/2J “
1
ye” xo 5 2 ( >
=2 K (62x+7y )
@F(Q)[\IZXM/Z] aty
x>0;a>0,0>0,7y>0
K 0
( r):F(a+r)(£] (%)
L) \r) Ky(or)
2
sY ng (57’)
E(x)za[—] e %
y) Ki(d) &
2
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5.5.1. Exponential-Reciprocal Inverse Gaussian Distribution

lzl,azl
2

2y o

J2x+ 77

s P 1
= 1+
Vor | \fox+ 2 [ Sy2x+ 77

2
_ 2y o 1+ 1
)

2%+ y°

J 26y2x+7*

f(x):Z;{i 9 i

21 [2x+ 5% 25 2x+y?

<| 1+ 1 e—(}\ 2x+72
\/2X+7/

I

1

] 5
2x+7° 2X+7/

s

S\2x+7°

Je—(wa-*-yz

2X+7/

—b«/2x+y
2x +y?

{5

E(X)z%

e
wrlE
(

K@)

1
2

(57)

57)

2
2X+y° +1 e,wm
2x+ y?

5.5.2. Erlang-Reciprocal Inverse Gaussian Distribution

ﬁzl, a=nn=123,- -
2

. :27/e57 X"t )
f(x) N F(n)[\/2x+;/2
<Ky (97)
. _F(n+r) S >
()= (o)
.'.E(X)=%7

1
n+=
J K (5\/2x+7/2 )
n+=
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5.6. Gamma-Gamma Distribution
For the Gamma-GIG distribution given in (4.7) we have

f(X):[ 4 M : J ot Ko (3257

\/2X+7/2 \/2X+7/2 I (a) K, (d7)

But

w 2 a+l 71[ﬁ+(2“ )
Ka+l(5\/m) Jo {\/2)(67} Z0+i-1g 2 7 ]dz

e

{ 4 T (5T( J J“ x (VZXJF?/Z JCM“' Ja+itg ;[5 (e’ )Z]dz
(3= Jax+2 ) \r) \({J2x+y? ) T(@)| & 0
: o]

© 2
J’ Zl 1e
0

dz

f: 77’ dz
ol _[ PA ;[L(ZWZ) sz
T A,
@ g 0,
J.w . _(2><+272)zd
a-1 7% e z
ngg f(x)= li((a)

Jm g 2 gz

7
X%t a + ﬂ, 2
A

r(a )[Zy] )

2

2 A
L Xa—l
F(a+l) 2 . 72 >0

= y 01 01_
F(a)r(l)( }/zjaM x>0, a> 5
)

which is a generalized Pareto distribution.

IlmE( )—I| (a+’1)( j"Kh(ay)

50 550 T (a)
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5.6.1. Exponential-Gamma Distribution
6—>0 sand a=1

2 A
al 7=
(ZJ ¥
f(X)=——7,x>0;2>0,"~>0
2

2 A+17
x+2-

which is a Pareto II (Lomax) distribution.

E(X")=r(1+ r)r(’%—_r)[ljr

r) (2

E(X)zg-ﬁ, A#1

5.6.2. Erlang-Gamma Distribution
60—>0 and a=n where n=12,---

}/2

HE
2
()=t N2) L bne1230 250,250
F(n)F(ﬂ)( yzjm
X+

2

E(Xr)_l"(n+r)l"()p—r)(;/jr

r(n) r(z) \2
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n r n
E(X)=— == A%l
(X)=77172 202-1) "7

5.7. Gamma-Inverse Gamma Distribution

lim § ’ , e dz
ym (X _ymr(a) 1[52 2

2
é6—-¢-(2><+;/2)z
-t J“‘" a+a-1,2\ 2

S| —+yfz

B
joz“e Y dz

2
- %[%Jerz]
Xa_l J‘O Za+/1—le dz

I'(a . 162
() jo 72 214z

I'(a) [@]CM j"’ zz-le%édz
0

ol g zKM(&/ﬂ)
M (L ey

y y’
Xl et ZKQM(é\/ﬂ)

I'a LA 9
( )(ZX) 2 J‘O y e zy(;)z/

i (ol ga ZKM(&/ﬂ)
M(a) (20 T(-4)

x| 57)" g e K, (0V2x)
A

T(a) 2% 5% of T(=4

)
22 ga+r ya-1 K | é\/ﬂ
lim f(x):é‘-ﬁ im Xam l( )
=0 2 22 'y2 r(-1) TI(a)

g
o (g] el
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e () 2 im L@ A) (8 K ()
ime ()=t

o
T(a+r) [ 277 e 22dz
2
Fa) [ z“e_%dz
0
6-2

[(a+r) J.w yimrilei?ydy

0

r (a) J'O°° y’l’le_éydy
F(a+r)T(-2+r1)(52Y
T L7)

6. Conclusion

This work is limited to Gamma-GIG class of distributions that nests a good
number of gamma mixtures. We have derived other sub classes of the Gam-
ma-GIG that have not been extensively studied including some of their proper-
ties. Furthermore, we have generalized the class of exponential-GIG distribu-
tions along with their special and limiting cases. Extensions can be made to the

construction and properties of type II Gamma-GIG class of distributions.
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