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Abstract

This article develops a beta-exponentiated Ishita distribution that extends the
exponentiated Ishita distribution. Expansions for the cumulative distribution
and probability density functions are given. Various properties of the new
distribution such as hazard function, moments, cumulants, skewness, kurto-
sis, mean deviations, Bonferroni and Lorenz curves, Rényi and Tsallis entro-
pies, and stress-strength reliability are discussed. Moment generating func-
tion and characteristic function of the new model were derived. Distribution
and the moment of order statistic have been derived. The method of maxi-
mum likelihood was used for estimation of parameters. The new model is
quite flexible in analysing positively skewed data. Two real datasets are used
to demonstrate the flexibility of the new distribution.

Keywords
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1. Introduction

The importance of probability distributions in statistical modelling cannot be
overemphasized. For example, in order to build parametric analysis of variance
and regression models, one is required to ensure that the research data follow
certain probability distribution. Consequently, the success of many statistical
methods relies on the kind of probability distribution that fits the data under
consideration. For quite a number of decades, studies have been undertaken in a
bid to developing probability distributions capable of modelling real life data in
various fields. To this end, Shanker and Shukla [1] developed a new probability
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distribution called Ishita distribution. The cumulative distribution function (cdf)
and the corresponding probability density function (pdf) of an Ishita distributed

random variable Xhaving parameter @ are respectively given by

and
f(x'9)= o* (6.+x2)e_0" @
e 6 +2

for x>0 and 6> 0. Shanker and Shukla [1] investigated the properties of the
Ishita distribution and applied it to two real lifetime datasets from biomedical
science and engineering. The distribution was found to outperform the expo-
nential, Lindley and Akash distributions respectively. Another important appli-
cation of the Ishita distribution is the analysis of quality control data. Al-Nasser
et al. [2] developed a single-acceptance sampling plan that uses the Ishita distri-
bution to model the lifetime distribution of a product.

It is obvious that a distribution such as Ishita distribution, which depends on
one scale parameter, cannot be flexible in modelling real life data with varieties
of tails. To obtain a distribution that would provide better fits to various datasets
and show flexibility in statistical modelling, one either needs to add parameters
to the Ishita distribution or to compound one or more distributions with Ishita
distribution. Fortunately, several extensions of the Ishita distribution have been
given in the literature. Notable among them are discrete Poisson-Ishita Distribu-
tion due to Shukla and Shanker [3], sized-biased Ishita distribution due to AlI-Omari
et al. [4], Poisson Ishita distribution proposed by Hassan et al [5] and Trans-
muted Ishita distribution developed by Gharaibeh and Al-Omari [6]. Another
important extension of the Ishita distribution is the Exponentiated Ishita (EI)
distribution introduced by Rather and Subramanian [7] with the cumulative dis-

tribution function (cdf) given by

G (x;a,H):{l—{1+wjeax:| 3)

6 +2

and the probability density function (pdf) corresponding to (3) is given by

a-1
’ 2
tusa0) 2o {1 22 Do [

6 +2

for x>0, >0, a>0. Rather and Subramanian [7] equally studied the
properties of the exponentiated Ishita (EI) distribution and demonstrated its su-
periority over the Ishita distribution in modelling lifetime.

In spite of the efforts made by several researchers to generalize the Ishita dis-
tribution, there is still need for more generalizations in order to obtain a new
form of the Ishita distribution that will allow for the most flexible tails. To con-

tribute in this direction, we adopt the beta-generator introduced by Eugene ef al.
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[8]. Let G(x) denote the cdf of the exponentiated Ishita distribution. Then the

cdf of beta-exponentiated distribution is given by

1 G(x) - .

F(x)=1I4, (a,b)= B(a) ! e (1-1) dt (4)
where a>0, b>0 are the shape parameters and B (a,b) is the beta func-
tion defined by

1
B(a,b)=[1"" (1-1)" " dt (5)
0
Also, I, (a,b) is the incomplete beta function given by
W b-1
I b)=——— | T (1-¢)" dt 6
G(x)(a ) B(a,b) _([ ( ) (6)

Let f (x) denote the pdf of the exponentiated Ishita distribution. Then the
pdf of the Beta-exponentiated distribution is given by

1) = 2 6] -6 o

By using (4) and (7), Eugene et a/. [8] introduced a beta-normal distribution.

Several other beta-generated class of distributions available in the literature are
found in [9]-[38], among others.

From the existing literature on beta-generated family of distributions, one ob-
serves that the shape parameters a and b increases the skewness and tail weights
of the Beta-G distribution, allowing for much flexibility. In view of this advan-
tage, this article aims at introducing a four-parameter beta-exponentiated Ishita
(BEI) distribution, which generalizes the exponentiated Ishita distribution. We
shall derive the properties of the BEI distribution. The parameters of the new
model will be estimated using maximum likelihood method. Two real life appli-
cations of the distribution will be give to illustrate the usefulness of the distribu-

tion.

2. Beta Exponentiated Ishita Distribution
Let Gy (x) denote the cdf of the exponentiated Ishita random variable X. Then

the cdf the BEI distribution is obtained from (4) as

Ox(Ox+2
+x(x+)e

Fypy (:0,c0,0,5) = jo{l[ A (11" dr (8)

for x>0, >0, >0, a>0, b>0. The corresponding pdf of the BEI
distribution is obtained from (7) by using (3) and (4) as

fun upw{l_(l_[n MJ] ]

0*+2)B(a,b) & +2
©)
Ox(0x+2) ot
x| 1=| 1+ ——% e
G’ +2
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for x>0, >0, >0, a>0, b>0. Figure 1 gives the shapes of the pdf
of BEI distribution for some parameter values.

2.1. Special Cases of the BEI Distribution

Below are the sub-models of the BEI distribution for selected values of the pa-
rameters o, aand b.

1) When « =1, the BEI distribution reduces to the Beta Ishita (BI) distribu-
tion, with pdf given by

—93 (HHZ)G?QX [1—(1+w]e€xr

;0,a,b) =
fBI(x, ,a, ) (,93+2)B(a,b) 0 +2

Ox(0x+2 =
x 1+ X( X+ ) efgx
& +2

for x>0, >0, >0, a>0, b>0.
2) When a =a=1, the BEI distribution reduces to another kind of Beta
Ishita (BI) distribution, with pdf given by

O (0+x )™ [ Ox(0x+2
(6°+2)B(1.b) 0 +2

(10)

fi (x;a,a,b):

b1
)jee":| ; x>0, >0, b>0

(11)

3) When «a =b =1, the BEI distribution reduces to a new Beta Ishita (BI)
distribution, with pdf given by

93 H"‘ 2 —6x a-1
fz(x):& 1- l+w e ; x>0, >0, a>0(12)
(6° +2)B(a.1) 6’ +2

4) When o =a=>b=1, the BEI distribution reduces to the Ishita (I) distribu-
tion, with pdf given by

f(x:0)= (0+x*)e™; x>0, 6>0 (13)
(6’3 + 2)
ﬂ- —
— alpha=1.5 6=2.0 a=0.5 b=1.0
---- alpha=4.0 6=2.5 a=3.0 b=3.5
— — alpha=2.5 6=2.0 a=5.0 b=7.0
™ - alpha=2.0 6=5.0 a=7.0 b=2.5
alpha=0.5 6=1.0 a=3.0 b=6.0
=
N
"]
o - '*-»-'&..,::

0.0 0.5 1.0 1.5 2.0 25 3.0 3.5

Figure 1. Various shapes of the pdf of the BEI distribution for varying values of the pa-
rameters a, 6, aand b.
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2.2. Expansion of the CDF of BEI Distribution

The cdf of the BEI distribution in (9) appears complex and cannot be used easily
for the derivation of the properties of the distribution. It is therefore necessary to
provide expansion of the cdf (9) when b >0 is a real non-integer and when
b >0 isan integer value.

If a(a+j) and b>0 are a real non-integer, we have the following power

series expansion

(I_Z)h—l :g(b;lJ( ) i(— ).F(b)zj (14)

= T(a—j)j!

Applying the series expansion (14) on the cdf of the BEI distribution given in

(8), one obtains

9¢\+2 )
- 2
03 +2 a+j—|dt

-5 ST

(ab),ol"(b j)] 0

_ 1 Z -1 1'(b) [1_[1 wje”‘“fw

B(a,b) 5 (a+ j)T(b—-j) ! & +2

(
_ i_l)jr(b){w (_1)kr[a(a+j)} [1+6’x(6’x+2))ke%}

B(a,b) ST (b= j)j!|imT[a(a+j)+1-k]k! 0 +2

Fog (x)
; (—1)j+k [;) r'(b F[a (a+j) ]xy_'"e'w“ (15)

ko1 o?
0122)(93+2J T(b—j)T[a(a+j)+1=k]|(k=0)(1-m)!jim!

a o0
= 2
=

B(a,b),

If 5>0 is an integer, then index jin (14) stops at b—1, as a binomial ex-

pansion. If a(a+j) isan integer, the index kstopsat a(a+ j).

2.3. Expansion of the PDF of the BEI Distribution
Applying the series expansion (14) on (9), we get
(8 b (0+3*)e ™« (-1) T(b) [y, 0x(0x+2)) “ra
X)= —|1+—————1¢
. (6" +2)B(a.b) ,-:or(b—j)j! 0 +2

al’ (0+x%)e ™ (_1)f'r(b) 1) T j+a)}[1+9x((9x+2)Jk m
= (]
(6 +2)B(a,b) 2T (b= j)J!= Or[a (j+a)—k]k! 0’ +2

m

(-1 (93+2) 6* (;) T(b)C[a(j+a)]x?me et

0 ko1
=~ 7 16
93+2)B(a,b),~;o;§,;) r(b—j F[a j+a) k] (k=) (1=m)!j!m! (16)

2.4. Survival and Hazard Functions of the BEI Distribution

The survival function, denoted by § (x) =1-F (x) , may be defined for the BEI

distribution as
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(17)

N I)Hk[;jml"(b (a+])) 21-m o~k
] T(b=j)T(a(a+j)- k+1)(k—l)!(l—m)!j!m!

The hazard function, denoted by #(x)= f(x / )/S(x), may be defined for the
BEI distribution as

= [9302 2]1 (;jm T(B)T ((ax j))ame
b

) (a(a+j)-k)(k=1)(1-m)! jim!
2

[ a J’ (_1)j+k(9jmr(b)r(a(a+j))x21megla

F(b—j)F(a(a+j)—k+1)( NY(1-m)!jim!

+

o
>~
i
=)
T
o
3
I
=)
—
YounS
|
~
N—

(18)

Figure 2 gives the shapes of the hazard rate function for the BEI distribution

for some parameter values.

3. Properties of the BEI Distribution
3.1. Crude Moments of the BEI Distribution

Let X ~ BEI(a,é’,a,b). Then if 5>0 and a(a +j) >0 are real non-integers,
the rth crude moments of X, denoted by 4/, is given by

H :E(Xr):_[:xrfBEl (x)dx
(;jm (-1 r(b)r[a(j+a)]

T(b=j)C[a(j+a)-k](k=1)1(1-m)!jim!

3

(19)

© kI 2 !
szz(mzj
(00

Putting y=6(k+1)x into (19) and noting that Iy‘“ dy =T (a)/0"

yields

o | 7/

N — alpha=4, 8=1, a=2,b=3 yd
---- alpha=2, 8=1, a=4, b=3 ,’
— — alpha=2, 8=1, a=2, b=4 ,’

£ | — alpha=7, 8=1, a=2,b=3

alpha=2, 6=1, a=8,b=3 ,’
/

h(x)
1.0

0.5

Figure 2. Plots of hazard function of the BEI distribution for selected values of the para-
meters a, € aand b.
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2 " J+k .
. woe a2 Y (6’} (-1) FbF[a ]+a):|
i (0 +2) (a,b )/;o§z[a3+2J r(b- ]F[a (j+a) k]k NY(I=m)!j!m! (20)
><6’3(k+1) L(20=m+r+1)+T (20 —m+r+3)
|:9(k+1):|21—m+r+3

The first four crude moments of the BEI distribution are obtained by putting
r=1,2,3 and 4 into (20). Thus, we obtain

2T o ata)

. ab? o kI 9? !
M_(a +2)B(ab )jkzogzg)[eﬂzj (b= /)T[a(j+a)=k](k=D)}(I=m)!jtm! ),
X93(k+1) [(20-m+2)+T(21-m+4)
[o(k+1)]" "
2\" J+k .
o ap s g Y (gj ()" r(®)T[a(j+a)]
ﬂz_(e +2)B(a,b )j;ogz[euzj L(b—j)F[a(j+a)=k]|(k=0)}(I=m)ljtm!

X«93(k+1) [(21-m+3)+T(21—m+5)
I:e(k+1):|2/—m+5

£ 2] o reprlag+a)]
(

6’ +2) T(b—j)T[a(j+a)—k|(k—=1)(I-m)!jim!

G

><.93(k+1) [(21-m+4)+T (2l -m+6)
[0(k+1):|21—m+6

( » ]1 (;]m(—l)"*"r (b)T[a(j+a)]

0'+2) T(b=-j)T[a(j+a)-k](k=1)|(I-m)jlm!

(23)

G

4_(9 +2) ( )j 01=0
X93(k+1) C(20-m+5)+T(21-m+7)
[o(k+1)]"™""

24)

3.2. Cumulants and Central Moments of the BEI Distribution

The rth cumulants («,) and rth central moments (z,) of X ~ BEI(a,0,a,b)

r

can be determined from (20) using the relations

. r r ’ ’ = 7"—1 ’
3 NI A o M RV
k=1 -

k=0

Putting »=1,2,3 and 4 into (25), one obtains the first four cumulants of
X~ BEI(a,H,a,b) as follows

= /Ul’ (26)

K, = _(:Ul,)z (27)
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Ky = 4 =3+ 2(p)’ (28)
ey = =gl =3 (aas ) 1245 (1) —6(s])’ (29)

Similarly, the following central moments of X ~ BEI (a,@,a,b) are obtained
from (26)-(29):

Hy =K, (30)
Hy =K (31)
U, =K, +3K; (32)

3.3. Skewness and Kurtosis of the BEI Distribution

Let X ~ BEI(a,0,a,b), the skewness (7,) and Kurtosis (7,) of X can be

calculated from the third and fourth standardized cumulants. Thus,

K

7/1 = K23/2 (33)
K,

V2= (34)
K

3.4. MGF and CF of the BEI Distribution

Suppose X ~ BEI(a,6,a,b), then the moment generating function (mgf) of X
is given by

MX(I)= ( _IX) I e_[XfBEI )
&

(93 +2) (a,b);

XI: (9+x )xz”"’”e’[g(k”)ﬂxdx

Putting y=6(k+1)x into (35) and noting that Iy‘“ dy =T (a)/0"

(;jm (-1 r(b)r[a(j+a)]

b ]F[a ]+a) k}k l l m) 1m!

(35)

01/=0 934—2

5555

gives
2\" J+k .
~ o k1 02 ! [9) (_1) F(b)r[a(]+a)]
M (1) = (02 +2) (a,b )/;012(;2‘6[93-#2} T(b—j)T[a(j+a)-k](k=1)\(1-m)!jim! (36)
X9[9(k+1)—t]2r(zz—m+r+1)+r(21—m+r+3)
[H(k +1)_t:|217m+r+3

where ¢ <@(k+1).For i= J—-1, the characteristic function (cf) of
X ~ BEI(a,0,a,b) is given by

¢y (t)=E ( ”X) J.e_“xfBEI (x)dx
[Zj T a(j+a)]

i 92 !
(0°+2)B (ab),OkOIO,,,Z:')[€3+2J L(b—j)T[a(j+a)—k]|(k=1)}(1-m)! jim!
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% I:(H g )x217m+re—[6(k+l—it)}xdx
2 " i+ .
il g 2] o rorag-a) .
=¥ 37
(6°+2)B(a, b)jZ—:OkZ—(:)zz:rnZ;)£93+2J (b= j)T[a(j+a)-k](k=1)(1-m)! jim!

0[0(k+1)=it] T(2l—m+r+1)+T (2l —m+r+3)
X
[9(k+1)_it]2/—m+)'+3

3.5. Mean Deviations of the BEI Distribution

The mean deviation is a special kind of the incomplete moments commonly
used to measure the amount of scatter in a population. The mean deviation
about the mean (when the distribution is symmetric) and the mean deviation
about the median (when the distribution is skewed) are defined for

X ~ BEI(a,0,a,b) by

M, ()= B ) = [l ()
and

(:[‘ (|X /u|) “x_,[‘|fBEI(x)dx (38)

respectively, where 4 and i denote, respectively the mean and median of the
BEI distribution. For ease of computation, one defines M, (x) and M, (f)
respectively by

Md(,u):2,uF(,u)—2,u+2TxfBE] (x)dx and M, ( ZIxfBE, )dx— 1 (39)

To evaluate M, (u) and M, (i), we first determine the following integrals:

©

J'xfBEI (x)dx

u

(2] (;jmr<b>r[a(j+a>J

_(9 +2) (a,b )j;o;,;)l“b j F[a j+a)- k} (I—=m)!j'm! (40)
X[GF(Zl—m+2,6’(k+l)y)+F(21—m+4,9(k+1),u)]
[0(k+1):|217m+2 |:6(k+1):|217m+4
].fxfBEI(x)dx
( 6° ; 2\ .
y oeve S r(za)r[ama)}
:(9 +2) (a,b ),;og,;)rb j F[a j+a)- k} (I=m)!j'm! (1)

X{QF(ZZ—m+2,9(k+1)[1) . F(2l—m+4,9(k+l)[z)]
[o(k+1)]™ [o(k+1)]™
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where T'(s,x)= jt“e”dt denote the upper incomplete gamma functions. The

expression for 4 is given in (21) while the expression for Fj,, (1) is deduced
from (8) by replacing x with x . Consequently, the mean deviations about the

mean and about the median of the BEI distribution becomes

(2] (3] rorata)

3 oy 206° S I
M) =200 ()24 B k) B T (b N v ) K (=Dt ) 42
and
| () (2] rorat vl
20 & & o+2) 0 -
Md(ﬂ)_(93+2)B(a,b),/;o;,gr(b—j)F[a(j+a)—k](k—l)!(l—m)!j!m!q)('u) wud

where ®(u), ®(i) and F, () areexpressed as

o )__HF(2l—m+2,9(k+1)y)+F(2l—m+4,0(k+1)/1)_ w
. [6’(k+1)]217"”2 [0(k+1):|217m+4 (44)
(D(~)__01"(2l—m+2,9(k+1)ﬁ)+F(Zl—m+4,9(k+l)[¢)_ B
He [0(k+1)]2l_"”2 [0(k+1):|21—m+4 (45)

2o & Y (—1)ﬁk(2jmr(b)r[a(au)]u””egﬂk
) 54 93”} Fo- N alas )1 Kk Dm0

3.6. Bonferroni and Lorenz Curves of the BEI Distribution

The Bonferroni curve is a plot of B(p) versus g while the Lorenz curve is a
plot of L(p) versus g. These two curves proposed independently by Bonferro-
ni [39] and Lorenz [40] respectively, may be defined for X ~ BEI(a,0,a,b) as

q

1 17
B(p)=—/|xfp(x)dx and L(p)=—|xfp (x)dx 47
(P) =i ()05 and Lp) =L s ()05 @

0

where y=E(X) and g=F"'(p).Hence,

() (2 et eal

3 af’ 2
P (a7 <2) A T el ) A=yt 40
and
O 01 P - Y o0
L(p)-——22 >y (6’ ”Mf’j (g) (49)

 uB(a.b)(0° +2) T AR T (b= j)T[a(j+a)—k](k=1)\(1=m)! jim!
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where

Oy (20 -m+2,0(k+1)q) y(2-m+4,0(k+1)q)

\I’(q) = [9(k+1)]21_m+2 + [0(k+1):|2l—m+4 (50)

4. Entropy Measures of the BEI Distribution

One of the measures of the quantity of information contained in a random sam-
ple about its parent population is the entropy. In this section, we provide the
Rényi entropy proposed by Rényi [41] and the S-entropy proposed by Tsallis
[42]. The Rényi entropy for X ~ BEI(a, H,a,b) is given by

1 o
E, :Elog(fo fier (x:,0.,b)dx), 7 > 0 and y #1

E, = ! log { “ )J .[:(0+x2 )y e'g”[V(x)T’mﬁ [I—V’Z (x)]hy_ydx (51)

B(a,b)(6° +2

To evaluate (51), we may need the following series expansions:

(0+2) = g[;)x”mh (52)
aya—y 0 9 +2 —Ox o
[V(x)] :I:l_[“_%}: }
k 2 27 Okx (53)
e
k=0 /=0 5=0 JI\S (6 +2)
., oy | 9x(€x+2) o o
[1-77(x)] _{1 [1+—‘93+2 Je }
(54)

) n t b}/_}, am n ¢ _1 m+n 2g92t—gx2t—ge_0nx
P S W o
m,n=0 t=0 g=0 m n t g (93 +2)

Substituting the expressions for (9 +x° )y , [V (x)]"7 and [1 -V (x)]b%y
into (51), yields

aeron ) S AR L

(55)
[nj( t j(y] (_1)k+m+n 23+g 92(j+t)—(s+g+h)+;/ (2(] +i4 ]/)—(S + g))|
X 3
t \g)\h (6" +2) [0(y+k-+n) V7
In addition, when p=1 and p>0, the s-entropy for X ~ BEI(a,0,a,b)
is given by
E; =;|:1—J‘f3’jﬂ (x;a,@,a,b)dx}
p-1 0
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R P53 S W 1 ke b

p-1 (p )[ (a b):| k,m,n=0 j=0 5=0 =0 g=0 h=0 m
(_

(l’lj(t)(p] 1)k+m+n 2s+g02 J+t)~(s+g+h)+p F(Z(j+t+p)—(s+g)+1)
X
4 h (6 +2)

g |:0(p k4 n):|2(j+l+p)—(s+g)+l

(56)

5. Distribution of Order Statistics

Order statistics is very useful in reliability analysis, quality control and lifetime
analysis. A better understanding of the order statistics is gotten through its dis-
tribution. In view of this, one defines the cdf of the rth order statistic X, ") for
the BEI distribution as

Py ()= £ 1] D o (]
= 5 [?)(n;j[ﬂm ()] (57)

m i+d

(1) (0 + 2)” 6 (Zj L(B)T(a(a+j))x™ e ™

B(a,b)T (b= j)T[a(a+j)+1-k]|(k=1)(1-m)! jim!

The corresponding pdf of the rth order statistic X, ") for the BEI distribution
is given by

fx(r) (x) W[ BEI } |:1 FBEI(X):|7 fBEI(x)

N >':-;( )(n ) 7

(-1 (o*+ 2)’1 6* (;j T(b)I(a(a+j))x*"e ™

B(a,b)T (b—j)T[a(a+j)+1=k |(k—=1)(I-m)!jlm!

(_1)./+k (03 +2)—l o¥+3 (ij (b F[a j+a ]xzzfme—e(/m)x

(€3+2) iSiimmmo  B(a,b)T(b- ]F[a (j+a) k]k D(I=m)jtm!

(58)

The pdf of the first and nth order statistics are obtained by setting » =1 and
r=n respectively in (58).
Finally, the gth moment of the sth order statistic X, of the BEI distribution

is given by

E(Xg,))= qu Sy (¥)r
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(_1)j+k (93 N 2)4 o (;)m F(b)F(a(a +j)) 7

= B(a,b)F F[a a+] +1 k]k l l m) ilm!

Ly ) e (2 reyr[alva)]
>y (6’)

om0 B(a.b)T (b= j)T[a(j+a)—k](k=1)1(1-m)! jim!

(6’+x )i

(93+2) =0

1

o0
20— 2l r=l+u _ r=lvu _pop g
XJ‘xlm(x/m) (e()kx) e (+)xdx

0

6. Stress Strength Reliability

(59)

Let X be the strength of a component and ¥ the stress applied to the compo-

nent. Essentially, a component fails at the instant when the stress applied to it
exceeds the strength (Y > X), and the component will function satisfactorily
whenever X >Y . Thus, a measure of component’s reliability, denoted by
R= P(X > Y) , is often required whenever a new distribution is proposed. To
achieve this, we let X ~ BEI(«,,6,,a,,b) and Y ~ BEI(a,,6,,a,,b,) be in-

dependent random variables. Thus,

R=P(X>Y)=["fy(%:0.,60,a,b)F, (x:¢,,0,,a,,b, ) dx
. (o +x* —-Ox aja -1 )
=j o, 1( |+ x )e - 1+¢9]x(¢9]x+2) e 1=l 1+91x(391x+2) ol
° B(a.b) (6 +2) 0} +2 6 +2

(a2 +j)er
0 _1 . 2
e T Z[bz, j(—l)" 1—(1+—€2x(f2“ )jegﬂ dx
B(azobz)(az +J)j=0 J 65 +2

Using the binomial expansion in (60), we obtain the following

aja;—-1
1- ]+w e o
6 +2
S e alal_l k m k 912 ! 2 ) 2m—s —6ikx
= -1 i S 1
EEE e ) ()
) b1
1-{ 1= l+w e“glx
6’ +2
2 2 2 (b -1 allj(p][nJ 1+p[ 0 ]n[2]g onmg -
= -1 1 2| gty
i G W SN I
(ay+))aa
(1, 8x(0:x+2)) . !
6 +2

BT

Hence,

by -1

(60)
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a6 (9 +x2) e o

T e
0 B(al,b )(93 +2) k=0 m=0 s=0 k m S (613 +2)m glr
w o n _ _ I+p n2n g 2n-g _—Opx

33 [bll 1 [all](pj(n]( )62 )nc e

10 p=01=0 g=0 pJ)\m)\g (6’13 + 2) oF
L i(bz flj(_l)jiii[(az +j)a2j(q)[t] (-1)" o ZZx?”ze_o”’x “
B(aQ,bz)(a2 +j)‘/:o J 4=01=0 z=0 q t)\z (923 +2) o,

3

s s SEEEEE )

t _1)k+l+p+j+q 92(m+n+1)+12s+g+t 02[
1 2
(Z (6’13 +2)m+n+l (623 +2)t 0°°¢0, (a, + j)

x J.(H] + x2 )x2(m+n+z)7(s+g+z)ef[91 (1+k+p)+92q]xdx
0

ST aRen2aana el B 6 G 0 H W

p.Jj 05=0n

[b2 ]( a, +j 2}[6]][1‘] ( 1)k+l+p+]+q 012(m+n+l)+12s+g+t 0221 (61)
j tN2)(6+2)""" (63 +2) 676! (ay + j)
{ 2(m+n+z)- (s+g+z)) (2(m+n+z)- (s+g+z)+2)! }
+

m+n+z S+g+z +

[6’1 1+k+p +0 ] [0 1+k+p +0 ] (mene)(orgrs)e2

7. Maximum Likelihood Estimation of Parameters of BEI
Distribution

Let X,,X,,--,X, bearandom sample of size n from the BEI distribution with
parameters «, 6, aand b, then the likelihood function is given by

L(a.0.a.b)=]] fym (x:2.0.a.b)
i=1

b1
vl (0+x7)e " 0x (Ox, +2 o 0x, (Ox, +2 ‘
L(a.0,a,b)= H—< <) - 1+—x’(3xﬂr Neor | 1-f1o 1+—x’(3ler ))eon (62)
1 (0°+2)B(a,b) ) & 12
The log-likelihood function is given by

InL(a.0,a,b) = nln(a)+3ln(9)—¢92n:xi —nin(6°+2)

+n[InT(a,b)-InT(a)-InT(b)]+ Zln(9+x)

" Ox,(0x,+2)) ,. (63)
+(aa—1)§ln(l—[l+%}e 91]

+(b-1)§1{1-(1-[1+%}gxl}“]
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Differentiating (63) with respect to parameters «, €, a and b and equating

the resulting derivatives to zero, one obtains

onL(a,0,a,b) n n(b—1)|:93+2—(93+2+9x[(«9xi+2))e’9"f]a

oat @ 5 1[0 +2-(0 +2+05,(0x,+2) ™ ||
Hxi(Hxi+2) —ox
xln{l—[l+—93+2 ]eg'} (64)
n Ox,(6x,+2)) _,.
In| 1| 14— |0
+a;n{ (+ ) Je }
=0
GlnL(a,H,a,b)
00
[ ex,.(ex,.+2)] ~0'x,—40° +40x,+4 || _,.
1+ 3 - 2 'xie '
n 3n6? U u 0 +2 (93+2)
0 w2 (e { Hxi(Hxl.+2)] .
=1+ — 2 e
0’ +2 (65)
1- l+w e 0% B 1+9xi(9xi+2) _ _94xi_403+46’x"+4 x,e 0%
) & +2 0’ +2 (493+2)2 i
—O.’(b—l)z o
i=1 { [ Qxi(ﬁxi-}-Z)J gx:l
([ P i B P
0’ +2
=0
olnL(a,0,a,b)
oa
n Ox. (Ox. +2
:n[l//(a+b)—w(a)]+a§ln[l—(l+%]eexl} (66)
=0
olnL(a,6,a,b)
ob
\ Ox (Ox. +2 ¢
=n[y(a+b)-y(b)]+In 1_(1_[“%6()3—&;)}_%} (67)
i=1 +

=0
where y(x)=dlogI'(x)/dx is the digamma function. It may be observed that
the log-likelihood equations do not admit any explicit solution for the maximum
likelihood estimates (MLEs) of the BEI distribution due its non-linear structure.
Therefore, the MLEs of the parameters of the BEI distribution, denoted by
6= (02, 0, &,IS)T are obtained using the Newton-Raphson’s numerical approach
with the aid of R software.
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8. Asymptotic Confidence Intervals of the Parameters of BEI
Distribution

Let © :(d,é,&,é)T be the MLE of ©® =(a,l9,a,b)T for the BEI distribution.

To construct the confidence intervals, we need the Fisher information matrix,
denoted by 1 (@) . Thus,

1 1 1
](®): a0 too  HLao Ibe (68)

]ab Ib@ Iab Ibb

The elements of (68) are the second derivatives of (68) with respect to the pa-
rameters of the BEI distribution. As pointed out in Lehmann and Casella [43],
the asymptotic distribution of ~/n (C:) —@) is N, (0, I (@)) , under certain
regularity conditions. Consequently, the approximate 100(1-7)% two-sided

confidence intervals for «a, €, aand bare given, respectively, by

a7, |10 (0), 0+2,,1,,(0), axZ,,|1,)(0) and b2Z,,[1,)(6) (69)

where [} ((:)), I, ((:)), I, ((:)) and 1, (@) are the diagonal elements of

the matrix I (@) and Z,, is the upper (z/2)th percentile of a standard

normal distribution.

9. Applications

The performance of the BEI vis-a-vis other related distributions considered in
this study in fitting two real data sets is demonstrated in this section. The esti-
mation of the parameters of each of the distributions is made using the maxi-
mum likelihood method of estimation. The standard error of each of the para-
meters estimated is enclosed in brackets. The performance measures obtained
include Log-likelihood (LL), Akaike’s information criterion (AIC), Kolmogo-
rov-smirnov (K-S) statistic, and the corresponding probability value (p-value).
The comparison of the proposed distribution is conducted with some
well-known lifetime distributions such as the Ishita distribution (ID), Exponen-
tiated Ishita distribution (EID), Akash distribution (AD), Exponentiated Akash
distribution (EAD), Exponential distribution (ED) and Exponentiated Exponen-
tial distribution (EED) respectively.

Dataset one

The first data represents the sum of skin folds in 202 athletes collected at the
Australian Institute of sports and used in a book by Weisberg [44]. The data is
given below:

28.0, 98.0, 89.0, 68.9, 69.9, 109.0, 52.3, 52.8, 46.7, 82.7, 42.3, 109.1, 96.8, 98.3,
103.6, 110.2, 98.1, 57.0, 43.1, 71.1, 29.7, 96.3, 102.8, 80.3, 122.1, 71.3, 200.8, 80.6,
65.3, 78.0, 65.9, 38.9, 56.5, 104.6, 74.9, 90.4, 54.6, 131.9, 68.3, 52.0, 40.8, 34.3,
44.8, 105.7, 126.4, 83.0, 106.9, 88.2, 33.8, 47.6, 42.7, 41.5, 34.6, 30.9, 100.7, 80.3,
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91.0, 156.6, 95.4, 43.5, 61.9, 35.2, 50.9, 31.8, 44.0, 56.8, 75.2, 76.2, 101.1, 47.5,
46.2, 38.2, 49.2, 49.6, 34.5, 37.5, 75.9, 87.2, 52.6, 126.4, 55.6, 73.9, 43.5, 61.8, 88.9,
31.0, 37.6, 52.8, 97.9, 111.1, 114.0, 62.9, 36.8, 56.8, 46.5, 48.3, 32.6, 31.7, 47.8,
75.1, 110.7, 70.0, 52.5, 67.0, 41.6, 34.8, 61.8, 31.5, 36.6, 76.0, 65.1, 74.7, 77.0, 62.6,
41.1, 58.9, 60.2, 43.0, 32.6, 48.0, 61.2, 171.1, 113.5, 148.9, 49.9, 59.4, 44.5, 48.1,
61.1, 31.0, 41.9, 75.6, 76.8, 99.8, 80.1, 57.9, 48.4, 41.8, 44.5, 43.8, 33.7, 30.9, 43.3,
117.8, 80.3, 156.6, 109.6, 50.0, 33.7, 54.0, 54.2, 30.3, 52.8, 49.5, 90.2, 109.5, 115.9,
98.5, 54.6, 50.9, 44.7, 41.8, 38.0, 43.2, 70.0, 97.2, 123.6, 181.7, 136.3, 42.3, 40.5,
64.9, 34.1, 55.7, 113.5, 75.7, 99.9, 91.2, 71.6, 103.6, 46.1, 51.2, 43.8, 30.5, 37.5,
96.9, 57.7, 125.9, 49.0, 143.5, 102.8, 46.3, 54.4, 58.3, 34.0, 112.5, 49.3, 67.2, 56.5,
47.6, 60.4, 34.9

Using (63), (68), and (69), we obtain the values reported in Table 1, which are
the estimated parameters, their standard errors and confidence intervals for data
set 1. Table 2 gives the Log-likelihood values, K-S statistic and their p-values,
AIC and BIC values for data set 1.

Dataset two

The second data set represents time of failure (10°h) of turbocharger of one
type of engine (Xu et al, [45]):

1.6, 3.5, 4.8, 54, 6.0, 6.5,7.0,7.3,7.7,8.0, 84, 2.0, 3.9, 5.0, 5.6, 6.1, 6.5, 7.1, 7.3, 7.8,
8.1,8.4,2.6,4.5,5.1,58,6.3,6.7,7.3,7.7,7.9, 8.3, 8.5, 3.0, 4.6, 5.3, 6.0, 8.7, 8.8, 9.0

Table 1. The MLEs of the parameters of the fitted distributions and their confidence in-

tervals.
Distribution =~ Parameter MLE Standard Error Lower Bound  Upper Bound

a 6.0540 0.0582 5.93993 6.1681

BEID [ 0.2125 0.0026 0.20740 0.2176

a 4.0831 0.7428 2.62721 5.5390

b 0.1493 0.0115 0.12676 0.1718

ID [ 0.0435 0.0018 0.03997 0.0470

EID a 0.6210 0.0417 0.53927 0.7027

[ 0.0351 0.0021 0.03098 0.0392

AD [ 0.0434 0.0018 0.03987 0.0469
EAD a 2.1150 0.2815 1.56326 2.6667

[ 0.0584 0.0034 0.05174 0.0651

LD [ 0.0286 0.0014 0.02586 0.0313
ELD a 3.7245 0.5294 2.68688 4.7621

[ 0.0498 0.0030 0.04392 0.0557

ED [ 0.0145 0.0010 0.01254 0.0165
EED a 8.5952 1.3112 6.02525 11.1652

[ 0.0407 0.0027 0.03541 0.0460
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The values reported in Table 3 are the estimated parameters of the distribu-
tions, their standard errors and confidence intervals for data set 2. Table 4 gives
the Log-likelihood values, K-S statistic and their p-values, AIC and BIC values
for data set 2.

The results reported in Table 1 and Table 3 reveal that, on the average, the
values of AIC, BIC and K-S are smaller for the BEI distribution than the other
distributions while the values of log-likelihood (LL) and p-values are higher for
the BEI than the other distributions. Hence, the BEI distribution outperforms
the other distributions with respect to data set one and two. In addition, a close
look at Figure 3 and Figure 4 indicates that BEI fits the data sets better than
others. In addition, a close look at Figures 3-6 indicates that BEI fits the data
sets better than other competing distributions.

Table 2. The results of the log-lik, AIC, BIC, KS statistic and p-value of the fitted distri-
butions.

Disdtribution Log-lik KS Statistic P-value AIC BIC
BEID —949.4892 0.0523 0.6188 1906.9780 1920.2120
ID -976.0187 0.1369 0.0009 1954.0370 1957.3460
EID —1024.0920 0.2183 0.0000 2052.1840 2058.8000
AD -976.1313 0.1373 0.0009 1954.2630 1957.5710
EAD -960.5972 0.2638 0.0000 1925.1940 1931.8110
LD —1001.7430 0.2154 0.0000 2005.4860 2008.7950
ELD —959.5830 0.0878 0.0836 1923.1660 1929.7830
ED —1057.3530 0.3458 0.0000 2116.7070 2120.0150
EED —958.0064 0.6986 0.0000 1920.0130 1926.6290

Table 3. The MLEs of the parameters of the fitted distributions and their confidence in-
tervals.

Distribution Parameter MLE Standard Error Lower Bound Upper Bound

a 0.0578 0.1979 -0.3300 0.4460
BEID 14 0.3312 0.2401 -0.1390 0.8020

a 54.1596 190.3422 -318.9110 427.2300

b 3.8958 4.2409 —4.4160 12.2080
ID 14 0.4607 0.0403 0.3820 0.5400
EID a 0.6755 0.0980 0.4830 0.8680
14 0.4072 0.0518 0.3060 0.5090
AD 14 0.4504 0.0401 0.3720 0.5290
EAD a 3.8552 1.1794 1.5440 6.1670
[ 0.7116 0.0745 0.5660 0.8580
LD 14 0.2845 0.0322 0.2210 0.3480
ELD a 6.0208 1.8280 2.4380 9.6040
[ 0.5664 0.0643 0.4400 0.6920
ED 14 0.1599 0.0253 0.1100 0.2090
EED a 9.5126 2.8956 3.837 15.188
0.4498 0.0578 0.337 0.563
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Figure 3. The histogram and PDFs of fitted models for data set one.
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Figure 4. CDFs of fitted models for data set one.
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Figure 5. The histogram and PDFs of fitted models for data set two.

DOI: 10.4236/0js.2021.115041 708 Open Journal of Statistics


https://doi.org/10.4236/ojs.2021.115041

S. U. Enogwe, G. C. Ibeh

1.0

CDF

0.4

0.2

0.0

data

Figure 6. CDFs of fitted models for data set two.

Table 4. The results of the log-lik, AIC, BIC, KS statistic and p-value of the fitted distri-
butions.

Disdtribution Log-lik KS Statistic P-value AIC BIC
BEID —-87.0505 0.1256 0.5134 182.1010 188.8565
ID -95.6793 0.2178 0.0380 193.3586 195.0475
EID —-105.2049 0.2899 0.0018 214.4099 217.7877
AD —96.8592 0.2300 0.0242 195.7185 197.4073
EAD —88.1004 0.5390 0.0000 180.2009 183.5786
LD —104.2854 0.2949 0.0014 210.5708 212.2597
ELD —-89.1819 0.1467 0.3234 182.3639 185.7416
ED -113.3193 0.3631 0.0000 230.3274 230.3274
EED -90.1427 0.7179 0.0000 184.2853 187.6631
10. Concluding Remarks

In this article, we propose a new distribution called the Beta-Exponentiated
Ishita (BEI) distribution for lifetime analysis. We provide for the new distribu-
tion expressions for the distribution function, density function, moments, cu-
mulants, skewness, kurtosis, moment generating function, characteristic func-
tion, mean deviations, entropies, Bonferroni and Lorenz curves, stress-strength
reliability, distribution of order statistics and its moments. Estimation of the pa-
rameters by maximum likelihood method is discussed. Two applications to real
lifetime data show that the BEI distribution is more flexible than its competitors
and can be used quite effectively in analysing positively skewed and heavy tailed
data.
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