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Abstract 
The identification and understanding of COVID-19 potential routes of 
transmission are fundamental to informing policies and strategies to success-
fully control the outbreak. Various studies highlighted asymptomatic infec-
tions as one of the silent drivers of the epidemic. An accurate estimation of 
the asymptomatic cases and the understanding of their contribution to the 
spread of the disease could enhance the effectiveness of current control strat-
egies, mainly based on the symptom onset, to curb transmission. We investi-
gate the dynamics of the COVID-19 epidemic in Northern Ireland during the 
period 1st March 25th to December 2020 to estimate the proportion of the 
asymptomatic infections in the country. We extended our previous model to 
include the stage of the asymptomatic infection, and we implement the corres-
ponding deterministic model using a publicly available dataset. We partition 
the data into 11 sets over the period of study and fit the model parameters on 
the consecutive intervals using the cumulative number of confirmed positive 
cases for each interval. Moreover, we assess numerically the impacts of uncer-
tainty in testing and we provide estimates of the reproduction numbers using 
the fitted parameters. We found that the proportion of asymptomatically in-
fectious subpopulations, in Northern Ireland during the period of study, 
ranged between 5% and 25% of exposed individuals. Also, the estimate of the 
basic reproduction number, 0 , is 3.3089. The lower and upper estimates 
for herd immunity are (0.6181, 0.7243) suggesting that around 70% of the 
population of Northern Ireland should acquire immunity via infection or 
vaccination, which is in line with estimates reported in other studies.  
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1. Introduction 

The mathematical modelling of infectious disease has a long history and has in 
recent years been a key element of the investigation of infections in human and 
animal populations [1]-[6]. Moreover, mathematical modelling is now firmly 
established as a key tool in public health and in health care planning, and in 
guiding the responses to infections [7] [8]. Soon after the report of the presump-
tive respiratory tract zoonosis caused by the novel coronavirus in 2019 [9] [10] 
[11] that had the potential to cause multi-system illness and death and with the 
clear person-to-person transmission it became clear that there was a potential 
for a worldwide pandemic of a novel virus in a virgin population [12] [13] [14] 
[15]. Considerable scientific and medical interest quickly led to rapid progress in 
the development of insights into the pathogenesis of COVID-19 disease with the 
definition of its cellular receptor [16] and basic characteristics [17]. Since then, 
despite the challenges posed by this unknown disease, see [18], mathematical 
modelling of the epidemic has been reported [19]-[31] and used to guide and 
inform public health, economic and political decisions [32] [33] [34]. Epidemi-
ological data soon indicated that the epidemic had very different characteristics 
in different populations and the importance of local factors (social, cultural, 
demographic, economic, transport infrastructure, housing, etc.) in determining 
epidemic development became clear [33] [34]. Such factors argue for the crucial 
need for the use of modelling in the context of local environments and we took 
advantage of a detailed data set from the Northern Ireland Department of Health 
as a platform for our modelling efforts. We recently described our basic SEIR 
model and demonstrated it provides a robust description of the Northern Irel-
and COVID-19 epidemic in 2020 [35]. 

As with other respiratory infections, such as influenza, the spread is seen 
across spatial scales. The majority of transmission events occur in household and 
household-like settings such as nursing homes, prisons, communal housing for 
workers, etc. [36]. Early in the pandemic, it became clear that there was a varia-
ble but significant pre-symptomatic period for many (if not all) infected individu-
als. Furthermore, studies from a range of locations have provided support for 
this idea and the duration of pre-symptomatic infection appears to range from 5 
to 11 days [37]. Over and above this, there is clear evidence for asymptomatic 
infection without any symptoms reviewed in [38]. Most of the reports of this 
asymptomatic phenomenon were retrospective in nature and cross-sectional 
with limited longitudinal data. Since they were usually serendipitous in nature, 
the studies have significant methodological failings including poor symptom de-
finition, inadequate follow-up and concerns about testing protocols [39]. Nev-
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ertheless, the available evidence points to asymptomatic infection being a highly 
prevalent phenomenon. While we remain ignorant of much of the biology un-
derpinning this phenomenon viral loads seem similar [40] and asymptomatic 
transmission of infection is well documented [37] [38] [39] [40] [41] [42]. It follows 
that both pre-symptomatic and asymptomatic cases are potential of great signi-
ficance in driving infection [36] [43]. 

An additional area of uncertainty in defining the dynamics of the COVID-19 
pandemic has been the consideration of uncertainty in testing. Broadly COVID-19 
testing incorporates three techniques: 1) PCR detection of viral nucleic acid; 2) 
antigen detection, and 3) antibody detection. For all of those techniques, there is 
a range of commercial kits available. However, Axell-House et al. [44] argued 
that many current studies evaluating test performance characteristics were not me-
thodologically robust with sub-optimal statistical methods for the estimation of 
test performance characteristics. Similar concerns have been voiced elsewhere 
[45]-[54]. Moreover, there has also been a concern about the use of differing tC  
threshold values in PCR tests [53] [55]. These methodological issues remain un-
resolved and so the comparison of reports from different jurisdictions and 
health care systems is problematic. This is significant since that error (or at least 
uncertainty) in tests will be significantly impacting prevalence data, i.e., how 
many positives there are in a population [54]. 

Here, we extend our recently described SEIR model of COVID-19 in the set-
ting of Northern Ireland to investigate the impact of differing levels of asymp-
tomatic transmission and the impact of test uncertainty on the model. More spe-
cifically, by using our model, introduced in Section 2.2, we are able to model the 
course of the COVID-19 epidemic in Northern Ireland in 2020, including the 
level of asymptomatic cases. 

2. Materials and Methods 
2.1. Data 

In Northern Ireland (NI), the Department of Health (DoH) publishes daily up-
dates of COVID-19 related data [56]. As with our earlier study [35], we restricted 
the analysis to the period from 1st March 2020 up to 25th December 2020. This 
period is well documented, significant new restrictions were imposed on 26th De-
cember 2020 [57], and we avoid the as yet uncertain impact of COVID-19 strains 
[58] [59]. 

This study is based on data sets from the aforementioned period, particularly 
on the time series of the daily number of confirmed cases i.e., positive tests or 
the daily incidence of infection, represented in Figure 1. However, the basic 
model, described below, provide the number of symptomatic infectious individ-
uals from the infected subpopulation at any given time 0t ≥ , i.e., the preva-
lence of infection. To overcome this issue, we generated the number of cumula-
tive cases from our data set, and extended the basic model so that it provides the 
estimation of the cumulative cases at any given time 0t ≥ . Figure 2 depicts the  
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Figure 1. Daily number of positive tests in Northern Ireland from 1st March 2020 to 25th 
December 2020 [56]. 
 

 

Figure 2. Cumulative number of reported positive tests in Northern Ireland from 1st 
March 2020 to 25th December 2020. 
 
cumulative number of confirmed cases in Northern Ireland from 1st March 2020 
to 25th December 2020. 
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Furthermore, we divide the period from 1st March 2020 to 25th December 2020 
into 11 overlapping intervals , 0, ,10iT i = � , such that: 
 The first 10 intervals, , ,, , 0, ,9i i l i rT t t i = =  �  with 1, ,i l i rt t+ = , have an 

equal length of 29 days;  
 The last interval, 10 10, 10,,l rT t t =    with 10, 9,l rt t= , has a length of 21 days. 

As such, the first interval mostly covers the period before the first nationwide 
lockdown introduced in the United Kingdom (UK) on 27th March 2020. Let iD  
denote the data from the ith interval iT . During this study, the population size 
of Northern Ireland, N was kept at the estimated value of 1,893,700 [60] with no 
incoming or outgoing travel. 

2.2. The Transmission Model 

Various deterministic compartmental models have been used to model the early 
phase of the outbreaks in various countries. The most widely used model is an 
SIR model. The SIR model assumes infectiousness right after the exposure to the 
causative agent. However, there is an incubation period of 6 days on average, see 
e.g., [61] [62] [63]. Also, a large-scale meta-analysis [64], that includes 104 stu-
dies with 20,152 COVID-19 infections from 12 countries, estimates the level of 
asymptomatic cases to be around 13.34% of the infectious subpopulation. Simi-
larly, another meta-analysis estimates the extent of asymptomatic infections to 
be 17% [65]. Notice that using an SIR model, this aspect of the infection cannot 
be addressed. To incorporate this and other epidemiological characteristics in 
modelling COVID-19 epidemic beyond the early growth in the number of posi-
tive tests, we use several copies of an SEIAR model, whose transmission diagram 
is depicted is Figure 3, in approximating the course of the pandemic in North-
ern Ireland in 2020. The variables represent the number of susceptible (S), ex-
posed (E), symptomatic infectious (I), asymptomatic infectious (A) and recov-
ered (R) individuals in a population of size N S E I A R= + + + + . We sum-
marize the meaning of the state variables in Table 1. 

The disease is transmitted in two routes: 1) at a rate 0β > , from a sympto-
matically infectious individual to a susceptible one; 2) at a reduced rate βρ , from 
an asymptomatically infectious individual to a susceptible one, where ( )0,1 .ρ ∈ . 
 

 

Figure 3. Transmission diagram for the SEIAR model (1). The meaning of the parame-
ters is collected in Table 2. 
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Table 1. State variables of [1]. 

Variable Meaning 

( )S t  The number of susceptible individuals at time t in the population. 

( )E t  The number of exposed individuals at time t in the population. 

( )I t  The number of symptomatically infective individuals 
at time t in the population. 

( )A t  The number of asymptomatically infective individuals 
at time t in the population. 

( )R t  The number of recovered individuals at time t in the population. 

 
The infected individuals are moved to the exposed comparment. Individuals 
from compartment E move to compartment I at a rate 0a > , where 

1
a

 is the 
average incubation period, with probability [ ]1 0,1p− ∈ . Similarly, after 

1
a

 
incubation time but with probability [ ]0,1p∈ , people move from compartment 
E to compartment A, that is, the probability of being asymptomatically infec-
tious is p. Subjects from compartment I and A progress to compartment R  

at a rate 0Iγ >  and 0Aγ > , where 1

Iγ
 and 1

Aγ
 is the average duration of  

infection in compartment I and A, respectively. Furthermore, we assume that 
the population size N is independent of time, and the exposure to the pathogen 
offers immunity for the time period of the study. Notice that the model is with-
out vital dynamics, that is we do not consider the effect of birth and death 
processes including population flux into and out of NI, hence  
N S E I A R= + + + + . Thus, the described flow of the disease transmission re-

sults in: 
( )

( )

( )1 I

A

I A

S I A
S
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To approximate the dynamics of COVID-19 in Northern Ireland on the 11 
consecutive intervals, defined in Section 2.1, we use the following modification 
of (1): 
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with initial values: 

( )
( )

( ) ( ) ( ) ( ) ( ) ( )( )

0 0 0 0 0 0
,

1 1, 1 1, 1 1, 1 1, 1 1, , 1 1,

, , , , ,

14,2,0,12,0,0 , 0,

, , , , , , 1 10.

i i i i i c i

i i r i i r i i r i i r i i r c i i r

S E I A R I

N i

S t E t I t A t R t I t i− − − − − − − − − − − −

 − == 
≤ ≤

 (3) 

where 0, ,10i =   and ( ), , , ,i i i i iS E I A R  non-negative real variables. The addi-
tional variable, ( ),c iI t , does not affect the transmission dynamics; its role is to 
capture the cumulative number of COVID-19 cases. The meaning of the non-nega- 
tive parameters , ,, , , ,i i i I i A iaβ ρ γ γ  and ip  is summarized in Table 2. Also, in 
Table 2, we provide the ranges used in the fitting process described in Section 
2.4. 

We assume that i i i i iN S E I A R= + + + +  is independent of i. 

2.3. Basic Reproduction Number 

In characterizing the early phase of a disease outbreak, the so-called “basic re-
production number”, 0 , is the most commonly used metric. This transmissi-
bility quantifying number is defined as the mean number of secondary infections 
induced by an infective in a completely susceptible population. In general, if  

0 1>  an epidemic occurs, and larger values of 0  can signify complex chal-
lenges for controlling the outbreak. In addition, the formula of 0 , provides use-
ful information to design intervention measures to control an outbreak. For (2), 
we define: 

0,
, ,

1
,i i i

i i
I i A i

p p ρ
β

γ γ
 −

= +  
 

                    (4) 

which is a threshold number for (2), see [66]; that is, no epidemic occurs and the 
disease dies out if 0 1≤ . However, as the epidemic progresses, in the subsequent 
intervals the defining assumptions of 0  are not satisfied. For instance, it might 
be that ( ), 1i i lI t   for some 1, ,10i =   or, since we assume complete immuni-
ty after recovery, the population is not fully susceptible anymore after some time. 
Therefore, in Section 4, we provide the so-called effective reproduction number 
defined as: 
 
Table 2. Ranges of parameters in (2), 0, ,10i =  . 

Parameter Meaning Range 

iβ  Transmission rate 0 - 1 

iρ  Infectiousness reduction in asymptomatic 0.2 - 0.5 

1
ia−  Average “incubation” period (days) text 2 - 12 

1
,I iγ −  Average symptomatic infectious period (days) 2 - 6 

1
,A iγ −  Average asymptomatic infectious period (days) 2 - 5 

ip  The probability of being asymptomatic text 0.05 - 0.25 
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( )
, 0, .t i i

S t
N

=   

However, we note that, by using the data, ( )
0.9520

S t
N

≈  for 10,rt t= . 

2.4. Parameter Fitting 

We estimated the parameters in (2) by fitting its variable ,c iI  to iD , the data 
from the ith interval iT , as follows. For each time interval , 0, ,10iT i = � , nu-
merical solutions of the model (2) with initial condition (3) were generated while 
the corresponding nonlinear curve-fitting problem was solved in the least-squares 
sense. The ranges of the positive parameters ,, , , ,i i I i i ia pβ γ ρ  and ,A iγ , used in 
the fitting process, are given in Table 2. We set these ranges so that they contain 
the widely accepted intervals of the considered parameters [61] [62] [67]-[72]. 

The fitting process for each time interval iT  was initiated with 1 5iβ = , 
1 9ia = , , 19 100I iγ = , 1 3iρ = , 1 8ip =  and , 1 14A iγ =  for 0, ,9i = � , in 

addition for 0i = , we used [ ]0
0 2 1 8,1 2E e e= ∈ −  and [ ]0

0 12 1 8,1 2A e e= ∈ − . All 
the computations were made by using MATLAB [73] leveraging the functions 
ode 23 and lsqcurvefit. We denote the resulting solution of (2) and its ,c iI  com-
ponent by iΨ  and iϒ , 0, ,10i = � , respectively. 

2.5. Confidence Intervals 

The confidence intervals were created by using a parametric bootstrap method 
described in [74], which, in order to keep the presentation self-contained, we 
describe briefly. From iϒ , we derived the fitted daily incidence of infection,  

{ }300

1j j=
Ξ , and generated a new random sequence of daily incidence of infection, 

{ }300

1i j j
δ

=
∆ =  from the Poisson distribution specified by the rate parameter  

, 1, ,300j jΞ = � . Finally, after obtaining i∆  on , 0, ,10iT i = � , we fitted (2) to 

i∆  by applying the steps detailed in Section 2.4. By repeating these steps 10 
times, we obtained parameter estimates iΠ  and initial values 0 0

0, 0,, , 1, ,10i iE A i = �  
which we used in constructing the corresponding confidence intervals. More spe-
cifically, because of the sample size and the unknown standard deviation of the 
sample, we used the inverse cumulative distribution function of the Student’s t 
distribution. 

2.6. Modelling Testing Uncertainty 

To investigate the effects of uncertainty in testing—as described in Section 1, we 
ran simulations with random parameter sets; and we kept a set of parameters if 
the solution of (2) generated by the given parameter set satisfied a certain condi-
tion. More specifically, by using Latin Hypercube Sampling [75], we generated 
parameter sets of 5000 samples from i

iCI π , { }, ,, , , , ,i i i I i i i A ia pπ β γ ρ γ∈ , 
0, ,10i = � . Furthermore, using the same method, for 0i = , samples of initial 

values 0E  and 0A  were generated. For 0i > , we used (3) with the components 
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of iΨ . After obtaining the numerical solution of (2) with a set of parameters 
and initial conditions, we kept the solution, together with the corresponding pa-
rameters and initial values, when it satisfied: 

( ) ( ) ( ), , , ,1 , 1 , 1, ,5000; 1, ,10
100 100

j
c i i r i i r i i r

P PI t D t D t j i    ∈ − + = =        
� �  (5) 

where 20P =  in this study, that is, we assume 20% uncertainty in testing. 

2.7. Bounds L
i0,  and U

i i0, , 0, ,10= �  

To provide a range of possible values of 0,i , we used the parameters kept in 
Section 2.6, and (4) to find bounds 0,

L
i  and 0,

U
i  of 0,i . These are not ne-

cessary sharp bounds since we may miss, when sampling, parameters affecting 

0,
L

i  and 0,
U

i . 

3. Results 

We successfully fitted (2) to the number of individuals tested positive for COVID- 
19. Our model, incorporating a compartment for asymptomatic individuals, pro-
vides estimates on the size of this subpopulation. However, it is very difficult to 
obtain realistic picture about the level of asymptomatic infections without mass- 
testing. Nevertheless, our incidence-based model indicates that the probability of 
being infectious without symptoms ranged between 0.0754 and 0.25 following 
the pattern of Non-Pharmaceutical Interventions (NPIs) in NI in 2020. Detailed 
presentation of our estimates with confidence interval can be found in Table 7, 
which are in good agreement with the recent study [77]. 

In Tables 3-8, we present the parameters provided by the fitting algorithm 
described in Section 2.4. For those parameters, confidence intervals, computed 
by the method described in Section 2.5, are also provided in Tables 3-8. Based 
on these parameters, we also provide estimates of the basic and the effective re-
production numbers using (4) and the procedure described in Section 2.7. 

In Figure 4 and Figure 5, we plotted the solution of (2) when 0i = , that is 
for the period between 1st to 29th March 2020. Our estimate of 0  for this pe-
riod is 3.3089; also 0,0 2.6190L ≈  and 0,0 3.6277U ≈ . Furthermore, in Table 9, 
we present the weekly estimates of D

t  for the period of study, provided by the 
Department of Health of Northern Ireland. We can use these estimates to ap-
proximate required size of the immunised population (via infection or vaccina-
tion) to prevent large subsequent waves of infection. Namely, since the mini-
mum level of vaccination, with vaccine giving 100% immunity, to achieve herd 
immunity is: 

0

11 ,ch = −


                          (6) 

provided 0 1> , see [78]. Using 0,0  from Table 10, we obtain the following 
estimate of the herd immunity. 
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Figure 4. The cumulative number cases and the ,0cI  component of the numerical solu-

tion of (2) with ( ) ( )0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 ,0 0 0 0 0, , , , , , ,0, ,0,0cS E I A R I N E A E A= − − � �� �  and parameters from 

Table 10. Horizontal axis: days from 01/03/2020. 
 

 

Figure 5. The numerical solution of compartment E, I, A and R of (2) with  

( ) ( )0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 ,0 0 0 0 0, , , , , , ,0, ,0,0cS E I A R I N E A E A= − − � �� �  and parameters from Table 10. Ho-

rizontal axis: days from 01/03/2020. 
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Table 3. The estimates of iβ . 

i iβ  CI i
i
β  

0 0.6072 0.5742 0.6854 

1 0.5051 0.4192 0.5523 

2 0.4646 0.3679 0.4770 

3 0.0512 0.0239 0.0721 

4 0.1582 0.1443 0.1700 

5 0.4441 0.4149 0.6814 

6 0.5129 0.3518 0.5387 

7 0.7017 0.6349 0.7207 

8 0.1907 0.1694 0.2055 

9 0.1632 0.1551 0.1637 

10 0.2563 0.2443 0.2655 

 
Table 4. The estimates of ia . 

i ia  CI ia
i  

0 0.2696 0.2547 0.3299 

1 0.1975 0.1954 0.2383 

2 0.1426 0.1407 0.1622 

3 0.0833 0.0826 0.0966 

4 0.0833 0.0832 0.0836 

5 0.1180 0.0910 0.1248 

6 0.0833 0.0818 0.1028 

7 0.0833 0.0823 0.0911 

8 0.0833 0.0828 0.0846 

9 0.0846 0.0842 0.0865 

10 0.1370 0.1173 0.1413 

 
Table 5. The estimates of ,I iγ . 

i ,I iγ  ,CI I i
i
γ  

0 0.1667 0.1655 0.2114 

1 0.4852 0.4001 0.5218 

2 0.5000 0.3708 0.5096 

3 0.1667 0.1250 0.2757 

4 0.1667 0.1649 0.1712 
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Continued 

5 0.1667 0.1398 0.3054 

6 0.3541 0.2094 0.3571 

7 0.2071 0.1744 0.2161 

8 0.2489 0.2159 0.2695 

9 0.1667 0.1666 0.1670 

10 0.1667 0.1656 0.1770 

 
Table 6. The estimates of iρ . 

i iρ  CI i
i
ρ  

0 0.3399 0.2559 0.3673 

1 0.4017 0.3472 0.4774 

2 0.4993 0.4132 0.4997 

3 0.5000 0.4021 0.5379 

4 0.5000 0.3495 0.5304 

5 0.4999 0.3938 0.5111 

6 0.4680 0.2933 0.4843 

7 0.4322 0.3084 0.4486 

8 0.4966 0.3908 0.5244 

9 0.2000 0.1695 0.3504 

10 0.4999 0.3539 0.5280 

 
Table 7. The estimates of ip . 

i ip  CI ip
i  

0 0.1166 0.0993 0.1206 

1 0.0754 0.0577 0.1710 

2 0.0500 0.0341 0.1232 

3 0.2500 0.2500 0.2500 

4 0.2500 0.2373 0.2526 

5 0.2500 0.1598 0.2617 

6 0.1179 0.0949 0.1981 

7 0.1431 0.1279 0.1823 

8 0.2500 0.2448 0.2520 

9 0.2500 0.2488 0.2505 

10 0.2500 0.1225 0.2590 
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Table 8. The estimates of ,A iγ . 

i ,A iγ  ,CI A i
i
γ  

0 0.2663 0.2228 0.3737 

1 0.4235 0.2799 0.4604 

2 0.4235 0.3926 0.4623 

3 0.2000 0.1651 0.3000 

4 0.2000 0.1962 0.2099 

5 0.2000 0.1953 0.2211 

6 0.2000 0.1988 0.2862 

7 0.2000 0.1885 0.2645 

8 0.3102 0.2589 0.3429 

9 0.2000 0.2000 0.2002 

10 0.2000 0.1904 0.3161 

 
Table 9. Weekly estimates of D

t  for the period of study, provided by the Department 
of Health of Northern Ireland [76]. 

Day Date D
t  

87 26-05-2020 0.8 - 1.0 

94 02-06-2020 0.7 - 0.9 

101 09-06-2020 0.5 - 0.9 

108 16-06-2020 0.6 - 0.9 

115 23-06-2020 0.6 - 0.9 

122 30-06-2020 0.3 - 0.8 

129 07-07-2020 0.5 - 1.0 

136 14-07-2020 0.5 - 1.0 

143 21-07-2020 0.9 - 1.5 

150 28-07-2020 0.5 - 1.0 

157 04-08-2020 1.2 - 1.4 

164 11-08-2020 1.5 - 1.7 

171 18-08-2020 1.2 - 1.6 

178 25-08-2020 1.2 - 1.6 

185 01-09-2020 1.1 - 1.4 

192 08-09-2020 1.1 - 1.4 

201 17-09-2020 1.0 - 1.3 

206 22-09-2020 1.4 - 1.8 
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Continued 

213 29-09-2020 1.2 - 1.6 

220 06-10-2020 1.3 - 1.8 

227 13-10-2020 1.4 - 1.8 

234 20-10-2020 1.0 - 1.3 

241 27-10-2020 0.8 - 1.1 

248 03-11-2020 0.6 - 0.9 

255 10-11-2020 0.7 - 0.95 

262 17-11-2020 0.9 - 1.1 

269 24-11-2020 0.75 - 0.95 

276 01-12-2020 0.9 - 1.1 

283 08-12-2020 0.9 - 1.1 

290 15-12-2020 1.0 - 1.2 

297 22-12-2020 1.05 - 1.25 

 
Table 10. Parameter estimates from the fitting process. 

i iβ�  iρ�  ia�  ,I iγ�  ,A iγ�  ip�  0,i  

0 0.6072 0.3399 0.2696 0.1667 0.2663 0.1166 3.3089 

 

0,0

11 0.6978.ch = − ≈


                     (7) 

Furthermore, by using 0,0
L  and 0,0

U , we get a lower and an upper esti-
mate for herd immunity: 

0,0 0,0

1 1: 1 0.6181 and : 1 0.7243.L U
c cL Uh h= − = = − =

 
 

Notice that: 

0, ,9

1: max 1 0.4D
c Di

t

h
=

 
= − = 

 � 
                    (8) 

which is significantly lower than the estimate (70% - 80%) recently reported in 
the news [79]. Furthermore, in Table 10 and Table 11, we collected the para-
meter estimates, and initial values of E and A, respectively. The latter indicates 
that approximately 5 exposed and 6 asymptomatic individuals on 1st March 2020 
in NI could have triggered the epidemic in the country. Using the values from 
Table 10 and Table 11, we plotted the result of a simulation to explore the 
course of a hypothetical epidemic without any NPIs in NI in 2020 (Figure 6). 

Similarly to Figure 4, Figure 7 depicts the fitted solution together with data 
points for i = 1, …, 10. Also, Figure 8 and Figure 9 shows simulation results 
when i = 0, …, 5 and i = 0, …, 10, respectively. 
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Figure 6. The hypothetical course of the epidemic without lockdown as the result of a 
simulation with values from Table 10 and Table 11. 
 

 

Figure 7. The cumulative number cases and the ,c iI  component of the numerical solu-

tion of (2) with (3) and parameters from Tables 3-8. Horizontal axis: days from  
01/03/2020. 
 
Table 11. Estimates for the initial values of 0E , the number of exposed individuals, and 

0A , the number of asymptomatic individuals from the fitting process at the beginning of 
the study, 01/03/2020 together with 95% confidence intervals. 

  CI 

( )0 0E  5.1597 1.7482 6.0893 

( )0 0A  6.1533 3.0484 10.5712 
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Figure 8. The numerical solution of compartments iE , iI  and iA  of (2) for 0, ,5i = �  

with initial conditions ( ) ( )0 0 0 0 0 0 0 0 0
0 0 0 0 ,0 0 0 0 0, , , , , ,0, ,0,0 , 0cS E I R I N E A E A i= − − =� �� �  and (3) wh- 

en 0i > . 
 

 

Figure 9. The numerical solution of compartments iE , iI  and iA  of (2) for 
0, ,10i = �  with initial conditions 

( ) ( )0 0 0 0 0 0 0 0 0
0 0 0 0 ,0 0 0 0 0, , , , , ,0, ,0,0 , 0cS E I R I N E A E A i= − − =� �� �  and (3) when 0i > . 
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In Tables 3-8, we present the fitted parameter values for 0, ,10i = �  to-
gether with the 95% confidence intervals. Using these parameter values, we 
computed numerical solutions of (2) using (3) for 0, ,10i = � . The results of 
the solutions are plotted in Figures 10-12. More specifically, Figure 10 shows 
the solution components for the first 29 days of the epidemic. The solution 
components for the first wave of the epidemic, the first 169 days, are plotted in 
Figure 11. Furthermore, in Figure 12, we plotted solutions of (1) by using (3) 
for 0, ,10i = � . In addition to the solution profiles, in Figures 10-12, we also 
plotted results of the procedure, described in Section 2.6, to illustrate the effects 
of testing uncertainty. Finally, in Table 12, we provide the number of solutions 
satisfying (5). 

Table 13 summarizes the findings on 0, , 0, ,10i i = � , calculated by using 
(4). In addition, the table contains the values of 0,

L
i  and 0,

U
i , obtained by the 

method described in Section 2.7 where 0, ,10i = � . The findings on  

0, , 0, ,10i i = �  are visualized in Figure 13. 

4. Conclusions 

We fitted our model (2) to the daily incidence of COVID-19 in Northern Ireland  
 
Table 12. The number of solutions kept after the procedure described in Section 2.6. 

i 0 1 2 3 4 5 6 7 8 9 10 

Solutions 
kept 1e3 

1.852 3.125 4.965 5 5 4.951 4.868 4.912 5 5 5 

 

 

Figure 10. Time profiles of variable of (2) with the values from Tables 3-8. First row from left to right: 0S , 0E  and 0I , second 
row from left to right: 0A , 0R  and ,0cI . The shaded regions are obtained by the method explained in Section 2.6 to visualize the 

effects of uncertainty in testing. 
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Figure 11. Time profiles of variable of (2) with the parameter values from Tables 3-8. First row from left to right: iS  and iE , 
second row from left to right: iI  and iA , and third row iR  and , , 0, ,5c iI i = � . The shaded regions are obtain by the method 

explained in Section 2.6 to visualize the effects of uncertainty in testing. 
 
in 2020; the data are provided by the Department of Health, and they are pub-
licly available. The main finding of this study is that the proportion of asympto-
matically infectious subpopulations ranged between 5% and 25% in Northern Irel-
and in 2020. Our estimate of the basic reproduction number, 0 , is 3.3089. This 
implies that around 70% of the population of NI should acquire immunity via  
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Figure 12. Time profiles of variable of (2) with the parameter values from Tables 3-8. First row from left to right: iS  and iE , 
second row from left to right iI  and iA , and third row iR  and , , 0, ,10c iI i = � . The shaded regions are obtain by the method 

explained in Section 2.6 to visualize the effects of uncertainty in testing. 
 
infection or vaccination. This estimate is in the range of estimates reported in oth-
er studies, see e.g., [80]. Also, by using 0,

L
i  and 0,

U
i  from Table 13, we obtained 

a lower and an upper estimate for herd immunity ( )0.6181,0.7243 . 
A justifiable criticism of our modelling is the lack of precision in the defini-

tion of asymptomatic COVID-19 infection. Indeed this has been a source of  
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Figure 13. t  using the estimates of 0, , 0, ,10i i = � , in Table 13. 

 
Table 13. Estimates of 0,i  using (4) and parameter values from Tables 3-8 and the 

process explained Section 2.7. 

i Days 0,i  0,
L
i  0,

U
i  

0 0 28 3.3089 2.6190 3.6277 

1 28 56 0.9986 0.8216 1.1455 

2 56 84 0.9101 0.6893 1.2074 

3 84 112 0.2623 0.0759 0.4676 

4 112 140 0.8107 0.7048 0.8801 

5 140 168 2.2762 1.2584 4.0554 

6 168 196 1.4193 0.9155 2.2919 

7 196 224 3.1208 2.6087 3.6668 

8 224 252 0.6511 0.5330 0.7999 

9 252 280 0.7750 0.7354 0.8037 

10 280 300 1.3136 1.1363 1.4475 

 
concern and confusion since the beginning of the pandemic [37] [38]. The initial 
case definition focused entirely on fever and cough. In particular, through the 
Zoe self-reporting phone app, see [81] [82], anosmia rapidly became recognized 
as a very common feature of COVID-19 infection. Subsequently, a wide range of 
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other symptoms has been associated in some (but by no means all) COVID-19 
patients [77] [83]. These include fatigue, muscle and chest pain, nausea, head-
ache, breathlessness, abdominal pain, diarrhoea, hoarse voice, skin lesions and 
swelling (particularly on lips and face), finger and toe lesions, eye pain and a 
host of other features [77] [83]. Indeed the range of features is so broad yet also 
so variable in any given patient that none of the clinical features have significant 
diagnostic specificity and merely raise the possibility of COVID-19 infection and 
thus require laboratory test confirmation [83] [84]. Thus from an initially restric-
tive case definition, there is now evidence of extraordinary pleiotropism of ef-
fects of the virus. So what should be the definition of asymptomatic COVID-19 
infection? Is it lacking the cardinal features of the infection, or is it lacking any 
of the possible clinical features? This complex issue remains unresolved. How-
ever, what is clear is that there is a substantial subset of patients who have either 
no symptoms or symptoms that are so mild and non-specific that only the most 
suspicious might consider COVID-19 infection [37] [38] [39] [40] [43]. It thus 
remains the case that consideration of an asymptomatic compartment is an im-
portant aspect of disease modelling. Moreover, it should be emphasized in stu-
dies as the asymptomatic (or very mildly symptomatic) are likely to be an im-
portant conduit for the infection of others [36] [37] [43] [85]. It is also the case 
that since COVID-19 has a long (and often variable) incubation period and that 
this may include a pre-symptomatic phase, where the patient is possibly shed-
ding virus, the potential role of this phase in onwards transmission needs to be 
considered [36]. 

Methodological issues relating to false positive and false negative results in 
COVID-19 testing have been of concern throughout the pandemic [44]-[55]. Of 
particular note are the lack of precise information about false positive and false 
negative rates and the concern about the over-sensitivity of PCR when high num-
bers of cycles are used [53] [55]. To investigate the possible significance of this 
we sought to model the potential impact of test uncertainty and found that di-
agnostic variability (due to any cause, as we cannot model specific methodologi-
cal issues) can dramatically impact the modelling predictions. This is particular-
ly evident in Figure 11 where considerable variation in case rates emerges de-
pending on test performance. Clearly, in our retrospective analysis, this is prob-
ably not a major concern but it does highlight its potential impact on modelling. 
Indeed where mathematical models are used to prospectively forecast the dy-
namics of the epidemic, and critical outcomes such as the number of hospitaliza-
tions and the need for ITU (Intensive Therapy Unit) beds, then much greater 
attention to the operating characteristics of COVID-19 testing is essential. In-
deed, from the mathematical epidemiological perspective, it appears to be a 
much-neglected issue and warrants much greater attention. 

There are many aspects of the ongoing epidemic of COVID-19 we did not 
consider in this study. For instance, as reported in [86] [87] [88], environmental 
differences, seasonal weather patterns might have significant effects on the spread 
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and the severity of the disease. Also, our model (2) captures only the sympto-
matic and the asymptomatic spread, however, as we mentioned in the introduc-
tion, the presymptomatic spread is yet another potentially important source of 
infection. Last but not least, the vaccination programme in NI started in December 
2020, and a good understanding of its effects on the epidemic requires a careful 
assessment, in particular, the subsequent NPI relaxation strategies. A recent UK- 
wide modelling of vaccination and control strategies [89], suggests that only a 
carefully designed combination of immunization and NPI relaxation has the po-
tential of driving 0  below 1. 

Note Added at Proof 

Since the completion of this study and it had the original submission of a series 
of variants of COVID-19 which has emerged and some have become highly pre-
valent. Indeed, variants such as Delta and, more recently, Omicron have novel 
properties, in terms of infectivity and pathogenicity, which give them markedly 
different epidemiological characteristics. Delta and then Omicron have in turn 
become dominant in many populations. These variants are more likely to be 
transmitted by vaccinated persons compared to earlier variants, despite very 
good individual protection against severe diseases courses after vaccination [90] 
[91] [92]. Strikingly Omicron appears to be more infectious with a shorter incu-
bation period and milder disease. Preliminary reports suggest that it may have a 
higher frequency of asymptomatic illness. Such data suggest that our analysis of 
the early phases of the pandemic, where Alpha and Beta variants predominate, 
may not be directly analogous to the current situation, underscoring the rapid 
evolution of COVID-19. Notwithstanding, to these important new variants and 
their properties, our general strategy remains valid and the information reported 
is highly relevant. Further studies of novel variants in the Northern Irish and 
other contexts are essential, building on the work reported here. 
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