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Abstract 

This paper deals with the existence and uniqueness of solutions of generalized 
Kirchhoff equations and the family of global attractors for the equation and 

its dimension estimation. First, the stress term ( )pm
p

M u∇  of Kirchhoff 

equation is properly assumed. When certain conditions are met between the 
order m and the degree p of Banach space ( )pL Ω , the existence and 
uniqueness of the solution of equation are obtained by a prior estimation and 
Galerkin’s method; Then, the bounded absorption set 0kB  is obtained by 
prior estimation, and it is proved that the solution semigroup ( )S t  
generated by the equation has a family of global attractors kA  in phase space 

( ) ( )( ) ( )2 1
0 0

m k k
kE H H H+= Ω Ω × Ω  by using Rellich-Kondrachov compact 

embedding theorem. Further, the equation is linearized and rewritten into a 
first-order variational equation, and it is proved that the solution semigroup 
( )S t  is Fréchet differentiable on kE ; Finally, the upper bound of Hausdorff 

dimension and Fractal dimension of kA  is estimated, and the Hausdorff 
dimension and Fractal dimension are finite. 
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1. Introduction 

This paper will study the initial-boundary value problems of the following 
generalized Kirchhoff equations:  

( )( ) ( ) ( ) ( )2 2 ,
p m mm

tt t tp
u M u u u u u u f xρβ+ ∇ −∆ + −∆ + + =       (1) 
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( ), 0, 0, 1, 2, , 2 1, , 0,
i

i

uu x t i m x t
v
∂

= = = − ∈∂Ω >
∂

             (2) 

( ) ( ) ( ) ( )0,0 , ,0 , .n
t tu x u x u x u x x R= = ∈Ω ⊂               (3) 

where ( ), 1nm N R n+∈ Ω ⊂ ≥  is a bounded domain with smooth boundary 
∂Ω , ( )f x  is an external force term, ( )pm

p
M u∇  is the stress term of 

Kirchhoff equation, 0β > , ( )2m
tuβ −∆  is a strong dissipative term, 

( )tu u uρ +  is a nonlinear source term. 
Many scholars have studied the existence of global attractor of Kirchhoff 

equation with strong dissipative term, [1]-[7] can be referred. 
In reference [8], scholars considered the following Kirchhoff type wave 

equation with nonlinear strong damping term  

( ) ( ) ( )1 1 2
1 , , ,p q

tt t t tu u u u u u u u f x x t Rε α β ϕ− − +− ∆ + + − ∇ ∆ = ∈Ω×  (4) 

( ) ( ) ( ) ( )0 1,0 ; ,0 , ,tu x u x u x u x x= = ∈Ω                (5) 

( ) ( ), 0, , 0, .u x t u x t x∂Ω ∂Ω= ∆ = ∈Ω                 (6) 

Here, Ω  is a bounded domain with smooth boundary ∂Ω  in NR , 

1, ,ε α β  are normal numbers. 
TokioMatsuyama and RyoIkehata [9] proved the global solution and 

attenuation of the solution of Kirchhoff type wave equation with nonlinear 
damping:  

( )( )2 1 1

2
.p q

tt t tu M u t u u u u uδ µ− −− ∇ ∆ + =             (7) 

With compact boundary conditions  

( ), 0, 0.u x t t∂Ω = ≥                        (8) 

FucaiLi discussed the higher-order Kirchhoff type equations with nonlinear 
terms in reference [10]:  

( )
2

, , 0,
q

r pmm
tt t tu u u u u u u x t

Ω

 
+ ∇ −∆ + = ∈∂Ω > 
 
∫         (9) 

( ), 0, 0, 1, 2, , 1, , 0,
i

i

uu x t i m x t
v
∂

= = = − ∈∂Ω >
∂

           (10) 

( ) ( )0 1,0 , , .tu x u u u x x= = ∈Ω                  (11) 

In a bounded domain, where 1m >  is a positive integer, , , 0p q r >  is a 
normal number, if p r≤ , the existence of global solution will be obtained, if 

{ }max ,2p r q> , for any initial value with negative initial energy, the solution 
explodes in a finite time. For more related research results, please refer to 
references [11] [12] [13] [14]. 

In this paper, for the convenience of narration, the following spaces and 
marks are defined: ( )2H L= Ω , ( ) ( ) ( )2 2 1

0 0
m mH H HΩ = Ω Ω ,  

( ) ( ) ( )2 2 1
0 0

m k m kH H H+ +Ω = Ω Ω , ( ) ( )2
0 0

m k k
kE H H+= Ω × Ω ,  

( )0,1,2, , 2k m=  . Define ( ),⋅ ⋅  and ⋅  to represent the inner product and 
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norm of H respectively, 
namely 

( ) ( ) ( ) ( ) 2, d , , .u v u x v x x u u u
Ω

= =∫  

Let kA  be the family of global attractor from 0E  to kE , 0kB  be the 
bounded absorption set in kE , where 1,2, , 2k m=  . ( )0,1,2,iC i =   
represents a constant. 

(H1) assume that Kirchhoff type stress term ( ) [ ]( )2 0, ,M s C R∈ +∞  satisfies:  

( )

22
0

0 1
22

1

d, 0,
d1 ,
d, 0.
d

m

m

u
tM s

u
t

µ
µ µ µ

µ

 ∇ ≥< ≤ ≤ = 
 ∇ <


 

where µ  is a constant. 

(H2) 8m
n

ρ ≤  

There exist constant ε , 
2

01
0

2
1

2
0 min 1 1,2 ,

12

m

m

µβλ
ε µ

β
λ

 
  < < + − 
 +
 

. 

2. The Existence and Uniqueness of Global Solution 

In this section, under the assumption of Kirchhoff stress term, the existence and 
uniqueness of global solution are obtained by prior estimation and Galerkin’s 
method. 

Lemma 2.1 Suppose Kirchhoff stress term ( )M s  satisfies the conditions 
(H1), Assume that (H2) holds, f H∈ , ( )0 0 0,u v E∈ , tv u uε= + , 0ε > , then 
the smooth solution of the initial-boundary value problem (1.1)-(1.3) satisfies 
( ) 0,u v E∈ , ( )( )20, ; mu L H∞∈ +∞ Ω , ( )( ) ( )( )2 2 20, ; 0, ; mv L L L T H∞∈ +∞ Ω Ω , 
and satisfy that following inequality  

( )

( )
( ) ( )

0

1 1
2

22 22

22 2 22 2 0
0 0 0 0

1

,

2 1
e 1 e ,

2

m
E

t tm
L

u v u v

C
v u u u ρ

ρ α αε
ε µ

ρ α
+
+ − −

Ω

= ∇ +

+ 
≤ + + ∇ + + − 

+ 

 (1) 

( )
22

0 10
d 0 .

2
T mv t C T yβ
∇ ≤ +∫                    (2) 

where 
( )1

1 2

2
min 2 , , ,

1
a a

ε ρ
α ε

µ ε
+  =  
+  

,  

( ) ( )
( )2

22 2 22 2
1 0 0 0 0

2 1
0

2
m

Ly v u u u ρ
ρε

ε µ
ρ

+
+

Ω

+
= + + ∇ +

+
. 

So there is a non-negative real number ( )1C R  and ( )1 0t t= Ω > , make  

( ) ( ) ( )
0

2 0
1 1

1

2
, , .

E

C
u v C R t t

α
≤ = >                   (3) 

Proof. Set tv u uε= + , take the inner product of both sides of Equation (1.1) 
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with v in H, we obtain  

( )( ) ( ) ( )( ) ( )( )2 2 , , .
p m mm

tt t tp
u M u u u u u u v f x vρβ+ ∇ −∆ + −∆ + + =   (4) 

( ) 2 2 2 22 31 d 1 d, .
2 d 2 dttu v v u v u

t t
ε ε ε= + − +            (5) 

According to hypothesis (H1), we can get  

( )( )( ) ( )( )( )2 2

2 22 2
0

, ,

d .
2 d

p pm mm m
tp p

m m

M u u v M u u u u

u u
t

ε

µ εµ

∇ −∆ = ∇ −∆ +

≥ ∇ + ∇
       (6) 

By Young’s inequality and Poincaré’s inequality  

( )( ) ( )
( )

22 2 2 2

22 2 2

22 22 2

, ,

.
2 2

m m m m
t

m m m

m m

u v v u v

v u v

v u

β β εβ

β β ε

β ε

−∆ = ∇ − ∇ ∇

≥ ∇ − ∇ ∇

≥ ∇ − ∇

          (7) 

where 1λ  is the first eigenvalue of −∆  with homogeneous Dirichlet boundary 
condition on Ω . 
we can get  

( )( ) ( ) ( ) ( ) ( )
( )

( ) ( )2 2

2

2

2 2

, , , , ,

d 1 d

1 d .
2 d

t t t t

t

L L

u u u v u u u u u u u u u u u

u x u u u x

u u
t

ρ ρ

ρ ρ ρ ρ ρ

ρ ρ

ρ ρ

ε ε

ε ε

εε
ρ

+ +

+

Ω Ω

+ +

Ω Ω

+ = + + +

≥ + + ⋅

+
≥ +

+

∫ ∫    (8) 

According to Young’s inequality, we get  

( )( )
2

2 2
2

1, .
2 2

f x v f v v fε
ε

≤ ≤ +              (9) 

Substitute (2.5)-(2.9) into (2.4),  

( )
( ) ( )

( )

2

2

2 22 2 22 2 2 2
0

22 2 2 2 22 2 31
02

2 1d 2
d 2

12 2 2 .
2 2

m m
L

m
m

L

u v u u u
t

v v u u f C

ρ

ρ

ρ

ρ

ε
µ ε εµ ε

ρ

βλβ ε ε ε ε
ε

+

+

+

Ω

+

Ω

+ 
∇ + + + + − ∇ 

+ 
 

+ ∇ + − − + + ≤ = 
 

(10) 

Make 
2

2 21
1 0 22 0, 2 0

2

m

a a βλ
εµ ε ε ε= − ≥ = − − ≥ . 

Take 
( )1

1 2

2
min 2 , , , ,

1
a a

ρ ε
α ε

µ ε
+  =  
+  

. 

Then (2.10) can be converted into  

( )
( )

( )
( )

2

2

2 2 2 22 2

2 22 2 22 2 2
1 0

2 1d
d 2

2 1
.

2 2

m
L

m m
L

u v u u
t

u v u u v C

ρ

ρ

ρ

ρ

ε
µ ε

ρ

ε βα µ ε
ρ

+

+

+

Ω

+

Ω

+ 
∇ + + + 

+ 
+ 

+ ∇ + + + + ∇ ≤ 
+ 

  (11) 
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By Gronwall’s inequality  

( )
( ) ( )1 1

2

2 22

22 2 22 2 0
0 0 0 0

1

2 1
e 1 e ,

2

m

t tm
L

u v

C
v u u u ρ

ρ α αε
ε µ

ρ α
+
+ − −

Ω

∇ +

+ 
≤ + + ∇ + + − 

+ 

(12) 

( )
22

0 10
d 0 .

2
T mv t C T yβ
∇ ≤ +∫                  (13) 

where 
( )

( )2

22 2 22 2
1

2 1
2

m
Ly v u u u ρ
ρε

ε µ
ρ

+
+

Ω

+
= + + ∇ +

+
. 

So there is a non-negative real number ( )1C R  and ( )1 0t t= Ω > , such as  

( ) ( ) ( )
0

2 0
1 1

1

2
, , .

E

C
u v C R t t

α
≤ = >                 (14) 

Lemma 2.1 is proved. 
Lemma 2.2 Assume that (H1), (H2) holds, if ( )f x H∈ , 

( ) ( )0 0, 1, 2, , 2ku v E k m∈ =  , tv u uε= + , 0ε > , Then the smooth solution 
( ) ( ), , 1, 2, , 2ku v E k m∈ =   of the initial-boundary value problem (1.1)-(1.3) 
satisfies ( )( )2

00, ; m ku L H∞ +∈ +∞ Ω ,  
( )( ) ( )( )2 2

00, ; 0, ;k m kv L H L T H∞ +∈ +∞ Ω Ω  and satisfy that following 
inequality  

( )

( )( ) ( )2 2

2 22 2

2 22 3
0 0

2

,

e 1 e ,

k

m k k
E

t tk m k

u v u v

C
v u α αµ βε

α

+

− −+

= ∇ + ∇

≤ ∇ + − ∇ + −
    (15) 

( )
22

2 3
0

d 0 .
6

T
m k v t y C Tβ +∇ ≤ +∫                  (16) 

So there is a non-negative real number ( )2C R  and ( )2 0t t= Ω > , make  

( ) ( ) ( )2 3
2 2

2

2
, , .

kE

C
u v C R t t

α
≤ = >                 (17) 

Proof. Take the inner product of ( ) ( ) ( )k k k
tv u uε−∆ = −∆ + −∆  and the two 

sides of Equation (1.1), and get  

( )( ) ( ) ( ) ( )( )
( ) ( )( )

2 2 ,

, .

p m m km
tt t tp

k

u M u u u u u u v

f x v

ρβ+ ∇ −∆ + −∆ + + −∆

= −∆
    (18) 

By Young’s inequality, Poincaré’s inequality  

( )( )
2 22 2 22

2
1

1 d 2, .
2 d 2 2

k k k m k
tt mu v v v u

t
ε ε ε

λ
++

−∆ ≥ ∇ − ∇ − ∇      (19) 

According to hypothesis (H1)  

( ) ( )( ) 2 22 2
0

d, .
2 d

p km m k m k
p

M u v u u
t

µ εµ+ +∇ −∆ ≥ ∇ + ∇        (20) 

By Young’s inequality, Poincaré’s inequality  
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( ) ( )( ) 22 2 2 2

222 2 22 2 1

,

.
6 2 3

m k m k m k m k
t

m
m k m k k

u v v u v

v u v

β β βε

βλβ βε

+ + +

+ +

−∆ −∆ = ∇ − ∇ ∇

≥ ∇ − ∇ + ∇
  (21) 

where 1λ  is the first eigenvalue of −∆  with homogeneous Dirichlet boundary 
condition on Ω . 
we can get  

( ) ( )( )
( )( ) ( )( ) ( )( )

( ) ( )( )

,

, , ,

1 , ,

k
t

k k k

k

u u u v

u v v u u v u u v

u u v

ρ

ρ ρ ρ

ρ

ε

ε

+ −∆

= −∆ − −∆ + −∆

≥ − −∆

 

By Young’s inequality, Poincaré’s inequality  

( ) ( )( ) ( )
1
22 22

22 2
1 2

1 , 1 d ,

.
12

k k

k m k

u u v v u x

C v v C

ρ ρε ε

β

+

Ω

+

 
− −∆ ≤ − ∇  

 

≤ ∇ ≤ ∇ +

∫
        (22) 

By Schwarz’s inequality, Young’s inequality  

( ) ( )( ) ( )
2 2 2

2

1, .
2 2

k k kf x v v f xε
ε

−∆ ≤ ∇ + ∇            (23) 

Substitute (2.19)-(2.23) into (2.18) to get  

( )
22 2 22 21

2 2 22 2 2
0 32

1

2d 2 2
d 3

2 .
6

m
k m k k

m k m k
m

v u v
t

u v C

βλ
µ ε ε

ε βεµ βε
λ

+

+ +

 
∇ + ∇ + − − ∇ 

 
 

+ − − ∇ + ∇ ≤ 
 

        (24) 

Take 
2 2

2 21
3 4 0 2

1

2
2 2 0, 2 0

3

m

ma aβλ εε ε εµ βε
λ

= − − ≥ = − − ≥ . 

Let 

2
2

02 2
21 1

2

2
2

min 2 2 ,
3

m m
εεµ βε

βλ λ
α ε ε

µ

 
− −  = − − 

 
  

. 

Then (2.24) can be converted into  

( ) ( )2 2 2 2 22 2 2
2 3

d .
d 6

k m k k m k m kv u v u v C
t

βµ α µ+ + +∇ + ∇ + ∇ + ∇ + ∇ ≤  (25) 

By Gronwall’s inequality  

( ) ( )2 2
2 2 2 22 2 3

0 0
2

e 1 e ,t tm k k m k k C
u v u v α αµ

α
− −+ +∇ + ∇ ≤ ∇ + ∇ + −    (26) 

( )
22

2 3
0

d 0 .
6

T
m k v t y C Tβ +∇ ≤ +∫                 (27) 

where 
2 22

2
k m ky v uµ += ∇ + ∇ . 
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So there is a non-negative real number ( )2C R  and ( )2 0t t= Ω > , make  

( ) ( ) ( )2 3
2 2

2

2
, , .

kE

C
u v C R t t

α
≤ = >                (28) 

Lemma 2.2 is proved.  
Theorem 2.1 Under the assumption of lemma 2.1 and lemma 2.2, and satisfy 

the hypothesis (H1), (H2), Then the initial-boundary value problem (1.1)-(1.3) 
has a unique smooth solution ( ) ( ), 0, ; ku v L E∞∈ +∞ , ( )( )2 2

00, ; m kv L T H +∈ Ω , 
( )0,1,2, , 2k m=  .  

Proof. Existence: Galerkin’s method is used to prove the existence of global 
smooth solution. 

Step 1: construct an approximate solution. 
Let ( )2 , 0,1, 2, , 2m k

j j jw w k mλ+−∆ = =  . where jλ  is the eigenvalue of −∆  
with homogeneous Dirichlet boundary on Ω , jw  denotes the eigenfunction 
determined by the corresponding eigenvalue jλ , 1, , nw w  constitute the 
orthonormal basis of H from the eigenvalue theory. 

Let the approximate solution of the problem (1.1)-(1.3) be  

( ) ( )
1

s

s s js j
j

u u t g t w
=

= = ∑ , where ( )jsg t  is determined by the following 

equations.  

( )( ) ( ) ( )( ) ( )( )2 2 , , .
p m mm

stt s s st s st s j jp
u M u u u u u u w f x wρβ+ ∇ −∆ + −∆ + + = (29) 

( )1 j s≤ ≤  

The formula (2.29) satisfies the initial condition ( ) ( )0 10 , 0s s st su u u u= = . 
When s → +∞ , ( ) ( )0 1 0 1, ,s su u u u→  in kE , according to the basic theory of 

ordinary differential equations, the approximate solution ( )su t  exists on 
( )0, st . 

Step 2: Prior estimation. 
( ) ( ) ( )s st sv t u t u tε= + , multiplying by ( ) ( )js jsg t g tε′ +  and summing over j, 

we can get 
1) 0k = , by lemma 2.1, there is  

( ) ( ) ( )1 1

0

2 0
1

1

, 0 e 1 e ,t t
s s E

C
u v y α α

α
− −≤ + −               (30) 

( )
22

0 10
d 0 .

2
T mv t C T yβ
∇ ≤ +∫                   (31) 

2) 1,2, , 2k m=  , by lemma 2.2, there is  

( ) ( ) ( )2 2
2 3

2
2

, 0 e 1 e ,
k

t t
s s E

C
u v y α α

α
− −≤ + −               (32) 

( )
22

2 3
0

d 0 .
6

T
m k v t y C Tβ +∇ ≤ +∫                   (33) 

From (2.30) and (2.32), ( ),s su v  is bounded in ( )0, ; kL E∞ +∞ , ( ),s su v  in 
( )00, ;L E∞ +∞  is bounded.  
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It can be seen that the formula (2.30)-(2.33) holds a priori estimates for 
lemma 2.1 and lemma 2.2 respectively. 

Step 3: Limit process. 
In ( )0,1,2, , 2kE k m=   space, select the subsequence { }hu  from the 

sequence { }su , 
Make ( ) ( ), ,h hu v u v→  in ( )0, ; kL E∞ +∞  weak * convergence. 
According to Rellich-Kondrachov compact embedding theorem, kE  

compactly embeds 0E , Then ( ) ( ), ,h hu v u v→  converges strongly almost 
everywhere in 0E . 

Let s h=  in (2.29), and take the limit, for fixed j, h j≥ , 
Then from (2.29), make su u→  in ( )( )2

00, ; m kL H∞ ++∞ Ω  weak * 
convergence.  

Thus ( ) ( )( ) ( )( ), ,k k
h j j ju t w u t wλ−∆ →  in ( )0,L∞ +∞  weak * convergence. 

( ) ( )( ) ( )( ), ,k k
ht j t j ju t w u t wλ−∆ →  in ( )0,L∞ +∞  weak * convergence. 

So ( )( ) ( )( ) ( )d, , ,
d

k k k
htt j ht j ht j ju w u w u w

t
λ−∆ = −∆ →  in [ )0,D′ +∞   

convergence.  

[ )0,D′ +∞  is a conjugate space of [ )0,D +∞  infinite differentiable space. 

( )( ) ( )( ) ( )( )
22

22, ,
m km kp pk km m

h h j h j jp p
M u u w M u u wλ

++ 
∇ −∆ −∆ → ∇ −∆  

 
 in 

( )0,L∞ +∞  weak * convergence. 

( ) ( )( ) ( ) ( )
2 222 2 22 2, , ,

m k m kk m km k
ht j j j j ju w v w u wβ β λ εβ λ

+ ++   
−∆ −∆ → −∆ − −∆      

   
 

in ( )0,L∞ +∞  weak * convergence.  

ht tu u→  in 0E  strong convergence, almost everywhere convergence.  

( ) .h ht hu u u wρ + →                      (34) 

In ( )
2
10, ;L L

ρ
ρ
+

∞ +
 

+∞ Ω  
 

 weak * convergence. 

Take ( ), h h ht hD g u u uρ= Ω = + . (2.34) almost everywhere  

( )h tg u u uρ→ + , hg w→  in ( )
2
1L

ρ
ρ
+
+ Ω  weak convergence. 

Therefore ( )tw g u u uρ= = + , so  

( ) ( )( ) ( ) ( )( ), ,k k
h ht h j t ju u u w u u u wρ ρ+ −∆ → + −∆  in ( )0,L∞ +∞  weak * 

convergence. In particular, 0 0hu u→  weak convergence in the kE , 1 1hu u→  
weak convergence in kE , From all j and h → +∞ ,it can be introduced  

( )( ) ( ) ( ) ( )( )
( ) ( )( )

2 2 ,

, .

p m m km
tt t t jp

k
j

u M u u u u u u w

f x w

ρβ+ ∇ −∆ + −∆ + + −∆

= −∆
 

Because of the density of 1 2, , , ,kw w w  .  
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( )( ) ( ) ( )( )
( )( ) ( )

2 2

2
0

,

, , .

p m mm
tt t tp

m k

u M u u u u u u v

f x v v H

ρβ

+

+ ∇ −∆ + −∆ + +

= ∀ ∈ Ω
 

Therefore, the existence is proved. 
The uniqueness of the solution. 
Set * *,u v  is equations of two solutions, make * *w u v= − , w satisfies  

( )( ) ( )( ) ( )

( ) ( )

2 2 2* * * *

* * * * * * ,

p pm m mm m
tt tp p

t t

w M u u M v v w

v v v u u u
ρ ρ

β+ ∇ −∆ − ∇ −∆ + −∆

= + − +
   (35) 

( ) ( )0 0, 0 0, .nw w x R′= = ∈Ω ⊂  

Take inner product of (2.35) and tw  in H is as follows  

( )( ) ( )( ) ( )( )
( ) ( )( )

2 2 2* * * *

* * * * * *

,

, .

p pm m mm m
tt t tp p

t t t

w M u u M v v w w

v v v u u u w
ρ ρ

β+ ∇ −∆ − ∇ −∆ + −∆

= + − +
(36) 

Therefore  

( ) 21 d, ,
2 dtt t tw w w

t
=                      (37) 

( )( ) 22 2, .m m
t t tw w wβ β−∆ = ∇                   (38) 

By differential mean value theorem, Young’s inequality  

( )( ) ( )( )( )
( ) ( )( )( )( )

2 2* * * *

2 2* 2 * * *
1

22 2 22 2 24

,

1 d ,
2 d

d .
2 d 2 2

p pm mm m
tp p

p p p mm m m m
tp p p

m m m
t

M u u M v v w

M u w M u v v w
t

Cw w w
t

ξ

µ β
β

∇ −∆ − ∇ −∆

′≥ ∇ ∇ − ∇ − ∇ −∆

≥ ∇ − ∇ − ∇

(39) 

where ( )* *
1 1 ,0 1u vξ δ δ δ= + − < < . 

By Young’s inequality  

( ) ( )( )
( ) ( )

( ) ( )

( ) ( ) ( ) ( )

* * * * * *

2 * * * *
5 6

2* *
5

* * * *
6 6

2 2

,

d d

2 2

t t t

t t

t
L L

L L L L
t

v v v u u u w

C w v u x C w w v u x

C v u w

C v u C v u
w w

ρ ρ

ρ ρ ρ ρ

ρ ρ

ρ ρ ρ ρ

∞ ∞

∞ ∞ ∞ ∞

Ω Ω

Ω Ω

Ω Ω Ω Ω

+ − +

≤ + + +

 
≤ + 

 
   

+ +   
   + +

∫ ∫
 

by the interpolation inequality  

* 2 * 4
7 ,

n
m mv C v

ρρ

∞
≤ ∇  

in the same way with  
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* 2 * 4
8 ,

n
m mu C u

ρρ

∞
≤ ∇  

where 8m
n

ρ ≤ . 

By Poincaré’s inequality  

( ) ( )( )* * * * * *

2 22 * 2 * 2 * 2 *4 4 4 4
9 10

222 * 2 * 2 * 2 * 2104 4 4 4
9 2

1

,

.

t t t

n n n n
m m m mm m m m

t t t t t

n n n n
m m m m mm m m m

t t t t tm

v v v u u u w

C v u w C v u w

C
C v u w v u w

ρ ρ

ρ ρ ρ ρ

ρ ρ ρ ρ

λ

+ − +

   
≤ ∇ + ∇ + ∇ + ∇   

   
   

≤ ∇ + ∇ + ∇ + ∇ ∇   
   

(40) 

By (2.37)-(2.40)  

( )22 22 2 * 2 *4 4
9

2 * 2 *4 4
102 224

2
1

d 2
d

2
.

n n
m m mm m

t t t t

n n
m mm m

t t
m

m

w w C v u w
t

C v u
C w

ρ ρ

ρ ρ

µ

β λ

 
+ ∇ ≤ ∇ + ∇ 

 
  

∇ + ∇  
  + + ∇ 
 
 
 

(41) 

Take the  

2 * 2 *4 4
102

4
2

2 * 2 * 14 4
3 9

2

2

n n
m mm m

t t

n n m
m mm m

t t

C v u
C

C v u

ρ ρ

ρ ρ β λ
α

µ

 
∇ + ∇ 

 +
 

= ∇ + ∇ + 
 

, 

there are  

( ) ( ) ( )3 3 3
d .
d

y t t y t
t

α≤                      (42) 

where ( )
22 2

3
m

ty t w wµ= + ∇ . 
By Gronwall’s inequality  

( ) ( )
( )3

0
d

3 3 0 e 0.
T

t t

y t y
α∫

≤ =                   (43) 

Thus ( )3 0y t = , or * *u v= , therefore, the uniqueness is proved.  
Theorem 2.2 [11] Let E be a Banach space and ( ) :S t E E→  semigroups 

satisfy the following conditions. 
1) semigroup ( )S t  is uniformly bounded in E, and 0R∀ > , there is a 

constant ( )C R , so that when 
Eu R≤ , there is  

( ) ( ) [ )( ). 0, .
E

S t u C R t≤ ∀ ∈ ∞  

2) There is a bounded absorption set 0B  in E. 
3) ( )( )0S t t >  is a fully continuous operator 
Then a semigroup ( )S t  is said to have a compact global attractor 0A .  
Theorem 2.2 in Banach space E change to the Hilbert space kE , has the 
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following the existence theorem of the family of global attractor.  
Theorem 2.3 If the global smooth solution of the problem (1.1)-(1.3) satisfies 

the assumptions and conditions of lemma 2.1 and lemma 2.2, then the problem 
(1.1)-(1.3) have a family of global attractor ( ), 1, 2, , 2kA k m=  . That is, there is 
a compact set kA , which makes: 

1) ( ) ( ), 0k kS t A A t= > . 

2) ( )( ) ( )0 0lim , 0,k k k kt
dist S t B A B E

→∞
= ∀ ⊂ . 

where ( )( ) ( )
0

0 , sup inf
kkk

k k Ey Ax B
dist S t B A S t x y

∈∈
= − , ( )S t  is the solution 

semigroup of (1.1)-(1.3).  
Proof. It is necessary to verify the hypothesis (1), (2), (3) of theorem 2.2. It is 

easy to know that the Equation (1.1) has a solution semigroup ( ) : k kS t E E→  
under the hypothesis of theorem 2.3. 

1) by lemma 2.1, lemma 2.2, bounded set for 0k kB E∀ ⊂  and contained in 

( ){ },
k

kE
u v R≤ .  

( )( ) ( ) ( ) ( ) ( )2 2
0 0 0 0

2 2 22 2 2
0 0 0 0, .m k k m k k

k
kH H H HE

S t u v u v u v R+ +Ω Ω Ω Ω
= + ≤ + ≤  

where ( )0 0 00, , kt u v B≥ ∈ , this suggests that the ( ){ }( )0S t t ≥  in kE  
uniformly bounded. 

2) by lemma 2.1, lemma 2.2, there are further  

( )( ) ( ) ( ) ( )2
0 0

2 2 2 2
0 0 0 0, ,m k k

k
k kH HE

S t u v u v R t t t R+ Ω Ω
= + ≤ ≥ = . 

So ( ) ( ) ( ){ }2
0 0

2 2 2
0 , : m k kk k kH HB u v E u v R+ Ω Ω
= ∈ + ≤  is the bounded absorbing 

set of semigroup ( )S t . 
3) since 0kE E→  is embedded, then kE  bounded set of compact set of 0E , 

so the family of semigroup operators ( )S t  is continuous, so the equation exists 

a family of global attractor ( ) ( )0 0
0

k k k
t

A w B S t B
τ τ≥ ≥

= =


. 

3. Estimation of the Dimension of the Family of Global  
Attractor 

Firstly, we linearize the equation into a first-order variational equation and 
prove that the solution semigroup ( )S t  is Fréchet differentiable on kE , and 
further prove the attenuation of the volume element of the linearization problem. 
Finally, the upper bound of Hausdorff dimension and Fractal dimension of kA  
is estimated. 

The Equations (1.1)-(1.3) is linearized  

( )( ) ( )( ) ( )

( ) ( )

2 2

12 1 0,

p p pm mm m m m
tt p p p

m
t t t

U M u U M u u U u

U u u U u U u Uρ ρ ρβ ρ ρ−

′
′+ ∇ −∆ + ∇ ∇ ∇ −∆

+ −∆ + ⋅ + + + =

   (1) 

( ), 0, , 0,U x t x t= ∈∂Ω >                      (2) 
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( ) ( ),0 , ,0 .tU x U xξ η= =                      (3) 

where ( ) ( ) ( )( )0 1, , , ,k tE u u S t u uξ η ∈ =  is the solution of the problem (1.1)-(1.3) 

with ( )0 1, ku u A∈ . Given ( ) ( )0 1, , :k k ku u A S t E E∈ → , it can be proved that for 

any ( ), kEξ η ∈ , there is a unique solution ( ) ( )( ) ( ), 0, ;t kU t U t L E∞∈ +∞  to the 

linearized initial-boundary value problem.  
Lemma 3.1 if ( ) : k kS t E E→ , Fréchet differential on ( )0 0 1,u uη =  is a linear 

operator ( ) ( ) ( )( ): , , tF U t U tξ η → , let 0, 0t R> > , and the mapping 

( ) : k kS t E E→  is Fréchet differentiable on kE , where ( ) ( )( ), tU t U t  is the 

solution of linearized initial-boundary value problem.  
Proof.set ( )0 0 1, ku u Eη = ∈ , ( )0 0 1, ku u Eη ξ η= + + ∈ , and 0 kE Rη ≤ , 

0 kE Rη ≤ , make ( ) ( )1 0 ,S t u vη η= = , ( ) ( )1 0 ,S t u vη η= = , In which the 

semigroup ( )S t  is Lipschitz continuous on the bounded set of kE , that is, 

( ) ( ) ( )25
2 2

0 0 e ,
k k

C t
E E

S t S tη η ξ η− ≤ , Make tU Uθ ε= + . so you can get it.  

( )( ) ( )( ) ( )

( ) ( ) ( ) ( )

2 22

12 1 0,

p p pm mm m m m
t p p p

m
t

U M u U M u u U u

U u u U u U u Uρ ρ ρ

θ εθ ε

β θ ε ρ θ ε ρ−

′
′− + + ∇ −∆ + ∇ ∇ ∇ −∆

+ −∆ − + ⋅ + − + + =

(4) 

( ) ( )0 0, 0 0.tθ θ= =                        (5) 

Make ( ) ( ), ,u u U v vφ ϕ θ= − − − − .  

( )( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )

( )( ) ( )( ) ( )

( ) ( )

2 2

2 2

2 2

12

,

,

1 0.

p m mm
tt t tp

p m mm
tt t tp

p p pm mm m m m
tt p p p

m
t t t

u M u u u u u u f x

u M u u u u u u f x

U M u U M u u U u

U u u U u U u U

ρ

ρ

ρ ρ ρ

β

β

β ρ ρ−

 + ∇ −∆ + −∆ + + =

 + ∇ −∆ + −∆ + + =


′
′+ ∇ −∆ + ∇ ∇ ∇ −∆


+ −∆ + ⋅ + + + =

   (6) 

Subtract these three equations to get:  

( )( ) ( )( ) ( )( )

( )( ) ( ) ( )

( ) ( ) ( )

2 2 2

2 2

1 1 0.

p p pm m mm m m
tt p p p

p p m mm m m
tp p

t t t t

M u u M u u M u U

M u u U u

u u u u u u u u U u U u Uρ ρ ρ ρ ρ

φ

β φ

ρ ρ−

+ ∇ −∆ − ∇ −∆ − ∇ −∆

′
′− ∇ ∇ ∇ −∆ + −∆

+ + − + − ⋅ − − + =

 (7) 

where  

( )( ) ( )( ) ( )( )

( )( ) ( ) ( )

( ) ( )

2 2 2

2

1 1 .

p p pm m mm m m
p p p

p p mm m m
tp p

t t t

H M u u M u u M u U

M u u U u u u u

u u u u u U u U u U

ρ

ρ ρ ρ ρρ ρ−

= ∇ −∆ − ∇ −∆ − ∇ −∆

′
′− ∇ ∇ ∇ −∆ + +

− + − ⋅ − − +

 (8) 

Make 1 2H h h= + .  
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( )( ) ( )( ) ( )( )

( )( ) ( )

( )( ) ( )( ) ( )( )

( )( ) ( )( )

2 2 2
1

2

2 2 2

2 .

p p pm m mm m m
p p p

p p mm m m
p p

p p pm m mm m m
p p p

p p mm m m
p p

h M u u M u u M u U

M u u U u

M u u M u u M u

M u u u u u

φ

φ

= ∇ −∆ − ∇ −∆ − ∇ −∆

′
′− ∇ ∇ ∇ −∆

= ∇ −∆ − ∇ −∆ + ∇ −∆

′
′− ∇ ∇ ∇ − − −∆

 (9) 

By the differential mean value theorem  

( )( ) ( )( )

( )( ) ( )( )

( )( ) ( )

( )( )

( )( ) ( ) ( )( ) ( )

( )( ) ( )( ) ( )

( )( ) ( ) ( )( )

2
1

2

2

2

2 2

2

2 2

1

.

p p mm m m
p p

p p mm m m
p p

p p mm m m
p p

p mm
p

p p mm m m
p p

p p mm m m
p p

p p pm mm m m m
p p p

h M u u u

M u u u u u

M u u u

M u

M s u u u

M u u u u u u

M u u u M u

ζ ζ

φ

φ

ς ς

φ φ

′
′= ∇ ∇ ∇ − −∆

′
′− ∇ ∇ ∇ − −∆

′
′+ ∇ ∇ ∇ −∆

+ ∇ −∆

′
′′= ∇ ∇ − ∇ − −∆

′
′+ ∇ ∇ ∇ − −∆ −

′
′+ ∇ ∇ ∇ −∆ + ∇ −∆

   (10) 

where ( ) ( )1 , 0,1m ms u s u sζ = ∇ + − ∇ ∈ , ( ) ( )1 , 0,1m ms s u sς ζ= ∇ + − ∇ ∈ . 

Take inner product of 1h  and ( )k
tφ−∆ , there is  

( )( ) ( ) ( )( ) ( ) ( )

( )( )

( )

2 2

2 2 2
11

2 2 2 4 22 2012 1

0

1 ,

d

.
2 2

p p m km m m
tp p

m m k m k
t

m k
m k m k

t

M s u u u

C u u u t

C u u

ς ς φ

φ

µλ
φ

µ

+ +

Ω

− −
+ +

 ′
′′ ∇ ∇ − ∇ − −∆ −∆  

 

≤ ∇ − ∇ ⋅∇

≤ ∇ − + ∇

∫    (11) 

where ( )( ) ( ) 2
11 12 111 ,

p pm m m k
p p

C M s C C uς ς +

∞

′
′′= ∇ ∇ − = ∇ .  

( )( ) ( )( ) ( ) ( )

( )( ) ( )

( )

( )

2

2 2
13

22 22
13 1

22 42 20 13 1

0

,

d

.
2 2

p p m km m m
tp p

m m k m k
t

m k
m k m k

t

m k
m k m k

t

M u u u u u u

C u u u u x

C u u

C
u u

φ

φ

λ φ

µ λ
φ

µ

+ +

Ω

+
− + +

− −
+ +

 ′
′ ∇ ∇ ∇ − −∆ − −∆  

 

≤ ∇ − ⋅∇ − ⋅∇

≤ ∇ − ∇

≤ ∇ + ∇ −

∫
     (12) 
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( )( ) ( ) ( )2

2 2
14

2
14

22 22 20 15 1

0

,

d

.
2

p p m km m m
tp p

m m k m k
t

m m k
t

m k
m k m k

t

M u u u

C u x

C

C

φ φ

φ φ

φ φ

µ λ
φ φ

µ

+ +

Ω

+

− −
+ +

 ′
′′ ∇ ∇ ∇ ⋅ −∆ −∆  

 

≤ ∇ ⋅∇ ⋅∇

≤ ∇ ∇

≤ ∇ + ∇

∫          (13) 

( )( ) ( )( ) 22 20 d, .
2 d

p m km m k
tp

M u
t

µ
φ φ φ+∇ −∆ −∆ ≥ ∇         (14) 

The ( ) ( ) ( )1
2 1t t t th u u u u u u u u U u U u Uρ ρ ρ ρ ρρ ρ−= + − + − ⋅ − − + . 

Take inner product of 2h  and ( )k
tφ−∆ .  

( ) ( ) ( ) ( )( )
( )

1

22
16 16 1

1 ,

d .

k
t t t t t

k k k
t t t

u u u u u u u u U u U u U

C x C

ρ ρ ρ ρ ρρ ρ φ

φ φ λ φ

−

−

Ω

+ − + − ⋅ − − + −∆

≤ ⋅ −∆ ≤ ∇∫
(15) 

where  

( ) ( )( )( )
( ) ( ) ( )( )

( )( )
( ) ( )( )( )

1
2

1
17 18

19 17

1
20 18

21

1

1

1

t t t t

t t t t

t

t t

t

h u u u u u U u u u u u u u U

C u u w u U C u u w u u u U

C C u u u

C C u u u u u

C

ρ ρ ρ ρ ρ ρ ρ

ρ ρ ρ ρ ρ ρ ρ

ρ ρ ρ

ρ ρ ρ ρ

ρ ρ

ρ ρ

φ

ρ ρ φ

φ

−

−

−

= − − + − − + +

≤ + − + + − + +

≤ + +

+ + + + +

≤

 

Combined with (3.11)-(3.15), there are  

( )
( )

2 22 2
0

2 2 2 2 2 24 2 212 1 13 1
22 1

0

d
d

.
k

k m k
t

m k m k
k m k

tE

t
C C

u u C

φ µ φ

λ λ
φ µ φ

µ

+

− − − −
+

∇ + ∇

+
≤ − + ∇ + ∇

    (16) 

Through the Gronwall’s inequality, there is  

( )23
42 22 2

0 22e , .
k

C tk m k
t

E
Cφ µ φ ξ η+ ′∇ + ∇ ≤            (17) 

When ( )
4

, 0
kE

ξ η ′ →   

( ) ( ) ( )( )
( )

( )25
2

242

,
e , 0.

, k

k

C t
E

E

s t s t Fs t
C

η η ξ η
ξ η

ξ η

− −
≤ →        (18) 

So the lemma 3.1 is proved.  
Lemma 3.2 Under the assumption and condition of lemma 3.1, the family of 

global attractor kA  of initial-boundary value problem (1.1)-(1.3) has Hausdoff 
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dimension and Fractal dimension, and ( ) 1
7H kd A n≤ , ( ) 8

7F kd A n≤ .  

Proof. Make ( ),R u vεφ ϕ ′= = , ( ), tu uϕ ′= , tv u uε= + ,  
{ } { }: , ,t tR u u u u uε ε→ +  is an isomorphic mapping, let ( )1,2, , 2iA i m=   be 

the global attractor of ( ){ }S t , and iAε  is the global attractor of ( ){ }S tε , and 
they have the same dimension, from lemma 3.1, we can know that 
( ) : k kS t E E→  is Fréchet differentiable. The linearized first-order variational 

Equation (3.1) can be rewritten as  

( ) 0.tP P+ Λ Ψ =                      (19) 

( ).t tP F= Ψ                        (20) 

where 

( ) ( )( )12 2 2 2 22 1
pm

m m m
t

p

I I

M A u A I A u u u u A I uρ ρ ρ ρ

ε

ε εβ ρ ρ ε ε β ε ε−

− 
 

  Λ Ψ =   + − − + + + +Φ − +     

,  

I is an identity operator. A−∆ = , ( ), kP U Eθ ′= ∈ . Make ( ),R U VεϕΨ = = , 
( ), tU Uϕ = , tU Uθ ε= +  { } { }: , ,t tR u u u u uε ε→ +  is an isomorphic mapping. 

For a fixed ( )0 0, ku v E∈ , let 1 2, , , nr r r  be n element of kE , let 
( ) ( ) ( )1 2, , , nU t U t U t  be n solutions of the linear Equation (3.19), its initial 

value is ( ) ( ) ( )1 1 2 20 , 0 , , 0n nU r U r U r= = = . 
so  

( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( )

2
1 2

2
1 2

d
d

2 0.

k

k

n E

t n n E

U t U t U t
t

trF Q U t U t U tτ τ

Λ

Λ

Λ Λ Λ

− Ψ ⋅ Λ Λ Λ =





       (21) 

Further, by the same Gronwall’s inequality, available:  

( ) ( ) ( )

( ) ( )( )

2
1 2

1 2
0

exp d .

k

k

n E

t

n t nE

U t U t U t

r r r trF Qτ τ τ

Λ

Λ

Λ Λ Λ

 
= Λ Λ Λ Ψ ⋅ 

 
∫





         (22) 

where Λ  stands for outer product and tr stands for trace. ( )nQ τ  is an 
orthogonal projection from space kE  to ( ) ( ) ( ){ }1 2, , , nspan U t U t U t .  

Given a certain moment τ , 
set ( ) ( ) ( )( ), , 1, 2, ,j j jw j nτ ξ τ η τ ′= =   is ( ) ( ) ( ){ }1 2, , nspan U t U t U t   
orthonormal basis. 

We define the inner product in kE  is  

( ) ( )( ) ( ) ( )( )2 2, , , , , .m k m k k kξ η ξ η ξ ξ η η+ += ∇ ∇ + ∇ ∇           (23) 

To sum up, it is available  

( ) ( )( ) ( )( ) ( ) ( ) ( )( )

( )( ) ( ) ( )( )
1

1

,

.

k

k

n

n n j j Ej

n

j j Ej

trF Q F Q w w

F w w

τ τ τ τ τ τ

τ τ τ

=

=

′ ′Ψ ⋅ = Ψ ⋅

′= Ψ ⋅

∑

∑
       (24) 
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where ( )( ) ( ) ( )( ) ( )( ),
k

j j j jE
F w w w wτ τ τ′ Ψ ⋅ = − Λ Ψ .  

( ) ( )

( ) ( )
( )( ) ( ) ( )

( )

22 2 2 2 22

2 2 2

11

2 2 22 2

, ,

, ,

1 , ,

,

pm
m k m k m k m k m k

j j j j j
p

k k m k m k
j j j j

k k k k
t t j j j j

m k k k k k
j j j j j

M A u

u u u u

u u

ρρ ρ

ρ ρ

ε ξ ξ η ξ η

ε ξ η βε ξ η

ε ρ ρ ξ η ξ η

β η ε η ε ξ η ε η

+ + + + +

+ +

−−

+

 
 = − ∇ + ∇ ∇ − ∇ ∇
 
 

− ∇ ∇ + ∇ ∇

+ + + ∇ ∇ −Φ ∇ ∇

− ∇ + ∇ − ∇ ∇ − ∇

 

( )( )

( )( )

( )

2 2 2 22 2 20 0

12
22

2
1

12 2
1 2

2 2 22
26

1 1
2 2 2

1

2

1 3 2 2

2

.
2

m k m k m k k
j j j j

t m k
jm

m
t k

j

m k k k
j j j

u u u u

u u u u u

C

ρ ρ ρ

ρ ρ ρ ρ

µ βε µ βε εε ξ ξ η ξ

ε ε ρ ρ
ξ

λ

ε ε ρ ρ ε ε βλ
η

εξ η ξ

+ + +

−

+

−

+

− − − −
≤ − ∇ + ∇ + ∇ + ∇

Φ + − + +
+ ∇

Φ + − + + + + −
+ ∇

≤ − ∇ + ∇ + ∇

(25) 

where 

( )( )

( )( )

12

0
26 2

1

12 2
120

1

11
min ,

2 2

1 3 2 21
2 2

t

m

m
tm

u u u u
C

u u u u u

ρ ρ ρ

ρ ρ ρ ρ

ε ε ρ ρµ βε
ε

λ

ε ε ρ ρ ε ε βλµ βε
λ

−

−

  Φ + − + +− −  = − − +     
 Φ + − + + + + −− −  − +    

. 

Above all there is  

( )( ) ( ) ( )( ) ( )2 2 22
26, .

2
m k k k

t j j j j jF w w C ετ τ τ ξ η ξ+Ψ ≤ − ∇ + ∇ + ∇   (26) 

Because ( ) ( ) ( )( )T
, , 1, 2, ,j j jw j nτ ξ τ η τ= =   is  

( ) ( ) ( ){ }1 2, , , nspan U t U t U t  orthonormal basis. Therefore  
2 22 1.m k k

j jξ η+∇ + ∇ =                    (27) 

( )( ) ( ) ( )( ) 2

26
1 1

, .
2k

n n
k

j j jEj j
F w w nC ετ τ τ ξ

= =

′ Ψ ≤ − + ∇∑ ∑        (28) 

Almost all the t.  
2 1

1 1
.

n n
k s

j j
j j

ξ λ −

= =

∇ ≤∑ ∑                     (29) 

The 1 2s m− = −  and [ ]0,1s∈ , jλ  is 2mA  characteristic value, and 

1 2 nλ λ λ< < < , so there is  

( ) ( )( ) 1
26

1
.

n
s

n j
j

TrF Q nCτ τ ε λ −

=

′ Ψ ⋅ ≤ − + ∑              (30) 

Set  
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( ) ( )( ) ( )
0 0

0
0

1sup sup d .
k j k

t

n n
B E

q t TrF s t Q
tη

τ τ
Ψ ∈ ∈

 
′= Ψ 

 
∫           (31) 

and  

( )lim .n nt
q q t

→∞
=                        (32) 

Therefore,  

1
26

1
.

n
s

n j
j

q nC ε λ −

=

≤ − + ∑                     (33) 

Therefore, 0kB  Lyapunov index ( )1 2, , , 1n nκ κ κ >  is uniformly bounded, 
and  

1
1 2 26

1
.

n
s

n j
j

nCκ κ κ ε λ −

=

+ + + ≤ − + ∑                (34) 

make  

( ) 1 1 26
26

1 1
.

8

n n
s s

j j j
j j

nC
q nC ε λ ε λ− −

+
= =

≤ − + ≤ ≤∑ ∑             (35) 

1
26 26

126

71 .
8

n
s

n j
j

q nC nC
nC
ε λ −

=

 
≤ − − ≤ − 

 
∑                (36) 

Further,  

( )
1

1max .
7

j

j n
n

q

q
+

≤ ≤
≤                        (37) 

From this we can get ( ) ( )1 8,
7 7H k F kd A n d A n≤ ≤ , Then the Hausdorff 

dimension and Fractal dimension of the family of global attractor kA  are finite. 
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