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1. Introduction

Let A and B be a vector spaces on the same field K,and ¢:A — B. We use
the notation || . || for all the norm on both A and B. In this paper, we investis-
gate additive functional equations when A isa normed vector spaceand B isa
Banach spaces.

In fact, when A is a normed vector space and B is a Banach spaces we solve
and prove the general Cauchy-Jensen stability of forllowing additive functional
equations.

k

k¢[z_x,.2+kyl. + Z;z,.} k¢[z_x,.2—ky,. + Z;Zj = ;¢(x1)+ 2k§¢(z,) (1)

i=1 i=1
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k¢(zx"+y"+izl)—k¢(ﬁx""”+Zz,.j=2¢(y,.) )

zw@’“";ky" +izl)=i¢(xl.)+zk:¢(y[)+2ki¢(zi) 3)

i=1

In 1940 Ulam in [1] raised the following question: under what conditions does
there exist an additive mapping near an approximately additive mapping?

The Hyers [2] gave firts affirmative partial answer to the equation of Ulam in
Banach spaces.

D. H. Hyers: Let E,E' to be two Banach spaces if £>0 and f:E—E'
be a mapping such that

£ (xe2) =1 ()1 ()<

for all x,y e X, then there exists a unique near an additive mapping 7: X —
Y

"f(x)—T(x)" <¢

forall xe X

Next Th. M. Rassias: Consider E,E’' to be two Banach spaces, and let
/:E—E' be a mapping such that f(zx) is continous in ¢ for each fixed x.
Assume that there exist #>0 and pe[0,1] such that

7Gx p) =1 ()= )] < (=l + b ). vy < B
then there exists a unique R-linear L:E — E' satifies

(-2 <522

2
Next in 1980 the topic of approximate homomsphisms and the stability of

the equation of homomsphism, was studied by many mathematicians in the
world. Gavruta [3] generalized the Hyers-Ulam-Rassias’ result in the following
form:

Let (G,*) beagroup Abelianand E a Banach space.

Denote by ¢:GxG —[0,%) a function such that

#(x,y)= ik‘"qﬁ(k"x,k" y)<o

n=0

forall x,y €G.Supposethat f:G — E isa mapping satisfying
7 ()= 1 ()= 1 (] <

for all x,y €G. Then there exists a unique additive mapping 7:G — E such
that

|7 () =7 (5)] <)

and next
Jun-Lee: [4] Let ¢:E\{0}xE\{0} —[0,00) a function such that
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#(x,y)= ik’%(k"x, K"y) <o

n=0

forall x,yeE\{0} Supposethat 7:/:E —E' isa mapping satisfying
x+
I (552)-r@-r ) <o)

2
forall xe E\{O} . Then there exists a unique additive mapping 7: f:E > E’
such that

[ (x)= £ (0)=T (x)] £ 6 (3, —x) + ¢ (~x,3x)

forall x,yeE\{0}.

The stability problems for several functional equations have been extensively
investigated by a number of authors and and there are many interesting results
concerning this probem. Recently, the authors studied the classic Cauchy-Jensen

stability for the following functional equations

f(HTy+zj+f(%+zJ=f(x)+2f(z) (4)
f(’“;yﬂj—f[%n):f(y) (5)
Zf(x;y+zj=f(x)+f(y)+2f(z) ©6)

in Banach spaces. In this paper, we solve and proved the Hyers-Ulam stability for
functional equations of the general form the following Equations (1.1), (1.2) and
(1.3), ie. the functional equations with 3k -variables . Under suitable assumptions
on spaces A and B, we will prove that the mappings satisfy the functional Eq-
uations (1.1), (1.2) and (1.3). Thus, the results in this paper are generalization of
those in [4] [5] [6] [7] for functional equations with 34-variables.

In the process of researching the solution for the cauchy-Jensen problem with
a limited number of variables to overcome the above, so I came up with the
cauchy-Jensen equation with a higher number of variables based on the works of
world mathematicians. [1]-[4] [8]. Here, allow me to express my gratitude to
mathematicians.

The construction of the general Cauchy-Jensen equation has great applica-
tions to help mathematicians when studying the solutions of Cauchy-Jensen eq-
uations on spaces where the number of variables is not limited and their exis-
tence solutions are also general solution. To create this work, I based on the
ideas of Mathematicians in the world [1]-[31]. I would like to thank the Mathe-
maticians. The paper is organized as follows:

In section preliminaries we remind some basic notations as Banach spaces, R
-linear mapping, Fixed point theory, Generalized metric theory and Solutions to
Cauchy-Jensen Equations see [5] [6] [8]-[11].

Section 3: Constructing Lemma for Establishing Solutions to Cauchy-Jensen
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Equations.

Constructing Lemma for Establishing Solutions to Cauchy-Jensen Equations.
Note Here We assume that A, B isa vector spaces.

Section 4: Establishing Solutions for general Cauchy-Jensen Equations.

Now, we first study the solutions of (1.1), (1.2) and (1.3). Note that for this
equations, A is a vector space with norm |||| , and that B is a Banach space
with norm |||, . Under this setting, we can show that the mappings satisfying
(1.1), (1.2) and (1.3) is additive.

Section 5: Stability of homomorphisms in real Banach Algebras.

In this section, we use the fixed point method, to establish homomorphism on
real Banach Algebra for Equation (1.1). Note that for this equations, A isa real

Banach algebra with norm ||, and that B is a real Banach with norm ||, .

2. Preliminaries
2.1. Banach Spaces

Let {x,} beasequenceinanormed space X.

1) A sequence {xn }nzl inaspace X isa Cauchy sequence if the sequence
(%, —x, }n:l converges to zero;
_, is said to be convergent if, there exists xeX such
that, for any ¢ > 0, there is a positive integer N such that

2) The sequence {xn}j

||xn —x" <& Vnz=N.
Then the point x € X is called the limit of sequence x, and denoted by

3) If every sequence Cauchy in X converger, then the normed space X is

called a Banach space.

2.2. R-Linear Mapping

Theorem 1. Let f:E — E' be a mapping from anormed vector space E into

a Banach spaces E' subject to the inequality
|7 (e 0)= 1 )= = el + oA ) vy < B @)

where & and pare constans with £ >0 and p <1. Then, the limit

(8)
existsforall xeE and L:E — E' isunique additive mapping which satifies

7)< 575

||x||p ,x e . 9)

forall xeE. Also, if each xeE then function f(zx) iscontinuousin 7R,
then Lis R -linear mapping.
Theorem 2. Let X be a real normed linear space and Y a real complete

normed linear space. Assume that f:X — Y isan approximately additive map-
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ping for which there exist constants >0 and peR —{1} such that fsatisfies
the inequality

[ (e 9) =1 ()= £ ()| 67 || vy e X, (10)

Then, there exists a unique additive mapping L:X — Y satisfying

(o) -2(e) <22

Py, "x"p,er. (11)

for all xeX.If, in addition, f:X — Y is a mapping such that the transfor-
mation ¢— f(#x) is continuous in t€R for each fixed xeX, then Zis an

R -linear mapping.

2.3. Fixed Point Theory

Theorem 3. Let (X,d) bea complete generalized metric space and let
J:X > X bea strictly contractive mapping with Lipschitz constant L <1. Then

for each given element x € X, either
d(Jn’JnJrl) -
for all nonegative integers 1 or there exists a positive integer n, such that
1) d(J T ) <0, Ynzng;
2) The sequence {J ”x} converges to a fixed point " of J;
3) y" isthe unique fixed point of /in the set Y = {y eX| d(J",J"”) < oo};

oo 1
4) d <—d(y,Jy) VyeY.
) d(y.y") - (v, Jy) Vye

Theorem 4. Let (X,d) be a complete metric space and let J:X — X bea

strictly contractive that is,
d(Jx,Jy)SLf(x,y) (12)

for some Lipschitz constant L <1. Then,
1) the mapping /has a unique fiexd point x" = Jx";
2) the fixed point x* is globally attractive, that is

limJ"x =x" (13)

n—%

for all starting point x € X;

3) one has the following estimation inequalities:
d(J"x,x*) < L"d(x,x*),
d(J"x,J"'x) (14)

4) d(x,x )< Ld (x, Jx) for all nonnegatives n and all x e X.
1-L 8

2.4. Generalized Metric Theory

Let Xis a set. A function d:XxX —[0,0) is called a generalized metric space

on X if d staisfies the following:
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1) d(x,y)=0 and only if x=y;

2) d(x,y)=d(y,x) forall x,yeX;

3) d(x,z)<d(x,y)+d(y,z) forall x,y,zeX.
2.5. Solutions of the Equation
The functional equation

f(x+y)=f(x)+1(¥)

is called the Cauchuy equation. In particular, every solution of the Cauchuy eq-
uation is said to be an additive Cauchy mapping.

The functional equation
A I,
(E2)=2 s () 50)

is called the Jensen additive equation. In particular, every solution of the Jensen

equation is said to be Jensen additive mapping.

3. The Basis for Building Solutions for the Cauchy-Jensen.
Equation

Note Here We assume that A, B isa vector spaces
Lemma 5. Suppose that A, B be vector space. It is shown if a mapping
¢: A —> B satisfies

k¢(z%+ ZZ’)HW{Z

i=1 i=1

35 =T+ uTe) a9

i=1

2%k
kqﬁ[z o i +22j [f

i=1

+ZZJ §¢(y,-) (16)
2k¢[z"2+kyl Z j é¢(x[)+zk:¢(yi)+2ké¢(zi) (17)

i=1 i=1 i=1

forall x,---,x,,¥, V.2, "z, €A, then the mappings ¢: A —> B is Cauchy
additive.

Proof. Assume that f: A —> B satisfies (15).

We replacing (xl,---,xk,yl,---,yk,Zl,---,zk) by (x,---,x,x,~~~,x,z,---,0) in
(15), we have

kp(x+z)+ke(z)=ke(x)+2ke(z)
forall x,zeX.So
#(x+z)=0(x)+4(z2)
Hence ¢:A — B is Cauchyadditive. We replacing
(X, 2% Vs Vs 2o 2 ) by (X, %,x,-++,x,2,-+,0) in (16), we have

k¢(x+z)—kd(z)=ke(x)
forall x,zeA.So
¢(x+z) = ¢(x)+¢(z)
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Hence ¢:A — B is Cauchy additive. Next We replacing

(x],m,xk,y],~~-,yk,z,,---,zk) by (x,~~~,x,x,---,x,z,---,O) in (17), we have
2k¢(x+z) = k¢(x)+k¢(x)+2k¢(z)
forall x,zeA.So
¢(x+z) = ¢(x)+¢(z)
Hence ¢:A — B is Cauchyadditive.
o

The mappings ¢: A — B given in the statement of lemma 3.1 are Cauchy-
Jensen additive mappings.

We replacing (xl,---,xk,yl,---,yk,zl,---,zk) by (x,--~,x,y,---,y,O,-~-,0) in
(17), we get the Jensen additive mapping

z¢(“yj #(x)+4(2)

and we replacing (xl,---,xk,yl,---,yk,zl,---,zk) by (x,~~~,x,x,---,x,z,---,O) in

(17), in (17), we get the Cauchy additive mapping
¢(x+z) = ¢(x)+¢(z)

4. Establishing Solutions for General Cauchy-Jensen
Equations

Now, we first study the solutions of (1.1), (1.2) and (1.3). Note that for this equa-
tions, A is a vector space with norm ||, and that B isa Banach space with
norm ||||B Under this setting, we can show that the mappings satisfying (1.1),
(1.2) and (1.3) is additive.

Theorem 6. Suppose that ¢: A — B be a mapping. If there is a function
@:A* —[0,0) such that satisfying

(ﬁ T +;zj+k¢[i

S(P(xl:'"sxk’yl""sYk’Zla"'sZk)

SONYDIOEEDNIE)

s (18)

and

¢(x17"'7xk’y15'”9yk’219'"szk)

Y ( x_y_y___j<w (19)
2/ 2/ 72/ 2/ 72/ 27

=1
forall x,--, X, ¥, s Vi»2, 52, €A
Then there exists a unique additive mapping  : A — B such that

||¢(x)—l//(x)||B S%gb(x,---,x,x,---,x,x,---,O) (20)

forall xeX
Proof: We replacing (x;,--+,X, ¥, Vs 25,2, ) by
(x,---,x,x,++,x,x,---,0) in (18), we have
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||k¢(2x)—2k¢(x)"B < (o(x,---,x,x,---,x,x,---,O) (21)

forall xeA.So

‘¢(x)—2¢[§j

forall xe A.Hence

pofs )=o) =

for all nonnegative integers m and /with m >/ and for all xe A. It followns

1 [x X X X X j
S_(o _’...’_’_’...’_’_’...’0
s k\2 22 22

’...,Oj (22)

N | =

Zz x xx ox
7 72’29 52’

B / =l+1

(19) and (22) that the sequence {2"¢(2%)} is a Cauchy sequence for all

xeA.Sence B is complete, the sequence {2”45(21"]} converges. So one can

define the mapping w:A —> B by

w(x)= 1i_r}r0102”¢[iJ

2n

forall xe A.By(19)and (18),

‘kV/EZ 2kyl +Zz j+k://

il +;zj il//(xl.)—2kél//(xl.)

<lim2"¢ ﬁ,-- x",yl,. yk,i’...,z_k =0
n—om 2” 2” 2" 271 211 2n
forall X, , Y1, s VirZ1o s 24 €A

So

kl/l[z Zkyl +Zz j+kt//(zk:%+§zij:izl;:y/(xl.)+2k§w(zi).

i=1 i=1

By Lemma 2.1, the mapping w :A — B is Cauchy additive mapping. More-
over, letting /=0 and passing to the limit m — o0 in (22), we get the inequa-
lity (20)

Now, let w:A — B be another generalized Cauchy-Jensen additive mapping
satisfying (20). Then we have

] (23)

DOI: 10.4236/0alib.1109931 8 Open Access Library Journal


https://doi.org/10.4236/oalib.1109931

L. V. An

which tends to zeroas n—> oo forall xe A.So we can conclude that

w(x)=y'(x) forall xeA.Thisproves the uniquence of .
0

Corollary 1. Supppose pand @ be positive real numbers with p >1, and let

$p:A—>B bea mapping such that

i=1

B

2
se(;nxfn:u;nyiuz+;||z,-||:;j

forall x,,---,x.,%, ", V2,2, €A. The there exists a unique additive map-
ping w:A —B such that

- (sl <[ 244 )5

forall xeA.
,p, and @ be positive real numbers with

Corollary 2. Suppose p,, p,,
3p,+2p,+---+2p, >1,andlet ¢:A —> B beamapping such that

‘k¢[z 2ky' +ZZ )+k¢[z ';ky" +ézij—iz::¢(xi)—2ké¢(zi) B

i=1 i=1

SV (010 (PR 0 (T
i= i= i=

z, € A . The there exists a unique additive map-

forall xl,...,xk’yl’...’yk’zl’...’
ping w:A —> B such that

” ||3p1 +2py+ 2 py

||¢(X)—I/I(X)"]B < 3p +2py+-+2p,
k(2Pemron )

forall xeA.
Theorem 7. Suppose ¢:A — B be a mapping. If there is a function

@:A* —[0,0) such that satisfying

X, +y X -y k k k
k(/{ 14 ZJH“/{ ——L 4 zl.]— o(x)-2k) #(z
Broetsou Bk Bo-aee |,
Sq)(xl’...’xk,yl’...’yk’zlj...’zk)
and
@(xl"“ xk’yl’...,yk’zl’...’zk)
21 . , . . . (25)
=jzz;2—1go(2’xl,- 2’xk,2’y1,-~,2’yk,2’zl,-~-,2’zk)<oo
forall xl"'"xk’yl’”"yk’zl’”"zkGA
Then there exists a unique additive mapping y : A — B such that
(26)

x’x’...’X,...’x,...’O)

() (], <7 o(x

forall xe A
Proof: We replacing (x;, -+, X, ¥, Vs 25,2, ) by
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(x,---,x,x,+,x,x,---,0) in (24), we have
||k¢(2x)—2k¢(x)"B < (p(x,---,x,x,‘--,x,x,---,O) (27)

forall xeA.So

()= 30(22)

]BSi(ﬂ(x,u-,x,x,-u,x,x,“',0) (28)

forall xe A.Hence

1 1
? (21x)—2—m¢(2mx)
. ’ (29)
Si Z 2}_' (p(ij,---,2~/x,2jx,--‘,ij,ij,---,0)
J=l+1

for all nonnegative integers m and /with m >/ and for all xe A. It followns

1
(25) and (29) that the sequence {2—”¢(2”x)} is a Cauchy sequence for all

1
xe A. Sence B is complete, the sequence {2—n¢(2"x)} converges. So one

can define the mapping w:A > B by

(x)= 1in;inf(2"x)

n—w )

forall xe A.By (25) and (z4),

1
k k koo k
=lim—k¢(2”(2x‘+y’+22,D+k¢(2"(2x‘ Yoy zD
n—0 7 i=1 2 i=1 = 2 i=1
k k
=Y () -2k) (2" 2)
i=1 i=1 B
Sllmzingp(Z"x],---,2"xk,2"y1,---,2”yk,2”zl,---,2"zk):0

forall for all x,,---,x,, ¥, V4.2, 2, €A
So

k

S Y S S X~V . ¢
k‘//(ZTJFZZ,-]JFkW(Z; o +Zl:zijzzlll//(xi)+2;y/(zl.)

i=1 i=1 =
By Lemma 2.1, the mapping w:A — B is Cauchy additive mapping. More-
over, letting /=0 and passing to the limit m — o0 in (29), we get the inequa-
lity (26)
Now, let y': A — B be another generalized Cauchy-Jensen additive mapping

satisfying (26). Then we have

Iy ()= (e = 5l (25) v (270)
<l ()=o), | (24)-o(2), ) o0
S 2 2n @(2"}6,"',2"X,2”x,---,2"x,2"x,---,0)

2k
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which tends to zero as n—> o forall xe A.So we can conclude that
w(x)=y'(x) forall xeA.Thisproves the uniquence of .

Corollary 3. Supppose pand € be positive real numbers with p <1, and let
¢:A —> B beamapping such that

oS08 Jorg( SE20 5 |- Sota) 25 ()

i=1 =
<o Shell+ Sk + S

forall x,,---,x.,%, ", V2,2, €A. The there exists a unique additive map-

B

ping w:A —B such that
Ios)-v (51, = (2457 J5 57k
forall xeA.

Corollary 4. Let p,,p,,--,p, and 6 be positive real numbers with

3p+2p,+---+2p, <1l,andlet ¢:A —> B beamapping such that

‘W[le;ky, +3a kg DI 3 |- Son) - 2T a)

SV (0101 (TR [0 (T
i= i= i=

forall x,,---,x.,%, V2,2, €A. The there exists a unique additive map-

ping w:A —> B such that
0
|| 2k(2 23p1+2p2+ +2pk>

" ||3p1 +2py+ 2 py

[6(x)-w

forall xeA.
Theorem 8. Let ¢:A — B be a mapping. If there is a function
@:A* —[0,0) such that satisfying

k(Z y’+22j [i%+é;j—é¢(n)ﬁ

i=1 i=1

(31)
< w('xl7.“"xk’yl’“.’yk’Zl’”.’Zk)
and

?7()51,"‘ xk’yla""ykazlau'azk)

S p[E AN KA E ), (32)
= 2f 217017 Titpit

forall x.,---,x., ¥, V2,2 €A

Then there exists a unique additive mapping y : A — B such that

||¢( l//(x)" P(x,,%,x,+,%,x,++,0) (33)

»I»—‘

forall xe A
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The rest of the proof is similar to the proof of Theorem 4.1
Theorem 9. Suppose ¢:A — B bea mapping. If there is a function

[0,00) such that satisfying

k¢(z y,+zzj (Z iz_kyi+§zf_

i=l1 i=1

p: A" >

(34)

B

S¢(x]’...’xk’y]’...’yk’zl,...,zk)

and
@('xln'” xk’yla""ykazla"'azk)

L | ) . ) ) . (35)
=Y — (2 X, 2 x5, 2 2 3,20 2,20 2 ) < oo

forall x,--, X, ¥, s Vi»2, 52, €A
Then there exists a unique additive mapping  : A — B such that

() -w (D)< (36)

forall xe A
The rest of the proof is similar to the proof of Theorem 4.1, Theorem 4.4

Theorem 10. Suppose ¢:A — B be a mapping. If there is a function

@: A% —[0,0) such that satisfying

s S | el Ba0)-2Tee)

Sw(xla"'axk9ylﬂ'”9yk9zl7"'>Zk)
and
é)(xl,“'7xk>y1a“'9yk9219'"azk)
AT I &
r= 2/ 247 0i XY 2/
forall x,---,x., ¥, V2,2 €A
Then there exists a unique additive mapping y : A — B such that
I
||¢ )||]B Sﬂw(xa ’xaxs 3x9-x5 50) (39)

forall xe A
The rest of the proof is the same as in the proof of theorem 4.1

Corollary 5. Suppose pand 6 be positive real numbers with p >1, and let

¢:A —> B beamapping such that

i S S ) S-S0 e

i=1 B

i=1

k k
so( Sl + Sk + Sl
forall x,,---,x.,%, V2,2, €A. The there exists a unique additive map-
ping w:A —> B such that

12 Open Access Library Journal
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||¢(x)_ 2 4k 2p+| 22

1 0(2k+1)
(o), =(3+57 3

forall xeA.
,p, and 6 be positive real numbers with

Corollary 6. Suppose p,,p,,
3p,+2p,+--+2p, >1,andlet ¢:A —> B beamapping such that

‘2k¢(ﬁ%+izij—i¢(%)—icﬁ(y[)—%icé(zf)

B

i=l1

k k k
<ol Tl Tk (1T

forall x,,---,x.,%, ", V2,2, €A. The there exists a unique additive map-
ping ¥ :X—>Y such that

1 9 ” ||3p1+2p2+»~+2pk

||¢(x)—l//(x)" < E 23p+2py ¥ 2pHl _ 52

forall xeX.
Theorem 11. Let ¢:A — B be a mapping. If there is a function

@: A% —[0,0) such that satisfying
k

Xty & k k
2kp| Y-+ Dz |2 8(n) -2 8(v) -2k ¢(z)
o 2k i1 i1 in1 i=1 B (40)
Sq)(xl;"'axkayl"“>ykazla“':zk)
and
@(xla“'sxk!yu"'7ykszls"'azk)
ke ) ) ) 41
22%50(2])% -2/ xk,2 Viste 2’yk,2’zl,-~-,2’zk)<oo (41)
=
forall x,---,x., ¥, V2,2 €A
Then there exists a unique additive mapping y : A — B such that
1.
() -y ()] < 15 (0w ,0) 12)
forall xe A
Proof. We replacing (x,,---,X,,¥,,"**, V4, 2,"**,2, ) by
(x,---,x,x,~~~,xx . O) in (40), we have
(43)

||2k¢ 2x 4k¢ ||<(P x,---,x,x,---,O)

forall xe A.So
- 2x
H¢ ¢ s 4k

for all xe A. The rest of the proof is the same as in the proof of theorem 4.1

(x’...’X’X,...’x’x’...,o)

and 4.4.
o
Corollary 7. Suppose pand 6 be positive real numbers with p <1, and let

¢:A —> B beamapping such that
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sz(zxwl i ) fgé(x,.)—icé(yi)—%icé(zf)

i=1 i=1 i=1

k k
so( Sl + Sk + Sl
1= = 1=

B

forall x,,---,x.,%, V2,2, €A. The there exists a unique additive map-
ping ¥ :A —> B such that

o) (9, = 54 [ 5rre:
forall xeA.

Corollary 8. Suppose p,,p,,::,p, and & be positive real numbers with
3p+2p,+---+2p, <1l,andlet ¢:A —> B beamapping such that

‘2k¢(§k:%+[zk];z,.j—li)qﬁ(x,-)—fZl¢(yi)—2ki¢(zf)

i=1

k k k
<ol T Tl {1+ 1Tl |
i= i= i=

B

forall x,,---,x.,%, ", V»2, 2, €A. The there exists a unique additive map-
ping ¥ :X—>Y such that

"¢(X)—l// x)||< 1 0 ” ||3p‘+2p2+.u+2pk

- 4k 22 _23p1+2p2+~»+2pk+1

forall xeX.

5. Stability of Homomorphisms in Real
Banach Algebras

In this section, we use the fixed point method, to establish homomorphism on
real Banach Algebra for Equation (1.1). Note that for this equations, A isa real
Banach algebra with norm |||| , andthat B isareal Banach with norm ||||B .

Theorem 12. Suppose that ¢: A — B be a mapping. If there is a function
p: A > [0,00) such that satisfying

i=1 i=1

s (44)

S¢(x1:”',xk7y1:”'5ykzzlau'7zk)7

=1 . ) )
Z—.go(Z’xl, 27 %,27 y, nyk,2~/zl,---,2fzk)<oo (45)

S¢(x1’...’xk’yl,...’yk’o’...’0)7 (46)

B

Hq{ﬁx,ﬁyij—m(x,-)m(yi)

i=1 i=1

forall x,---,x., ¥, V.2, ,z €A . Ifthereexistsan M <1 such that

X X X X X X
Xyt Xy X,y X, Xy e, X <2M Ty, —
d ) ¢(2 227" 2]
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d(g,h)=inf{ieR, :

forall xeA andif ¢(zx) is continuousin te€R for each fixed xe A, then

there exists a homomorphims w:A — B such that

() -v (), <557

¢(x’...)x9x7...5x5x’...9x) (47)

forall xeX
Proof. We consider the set

S={h:A - B} (48)

and introduce the generalized metricon S:

|g(x)—h(x)||Sﬂgo(x,---,x,x,'--,x,x,w,O),VxeA}, (49)

where, as usual, inf@=+oo. It easy to show that (S,d) is complete see [16].
Now we consider the linear mapping J:S — S such that

1
Jg(x):= Eg(Zx) (50)
forall xe A.By Theorem 2.3, we have
d(Jg,Jh)<Md(g,h) (51)

Let g,heS
We replacing (x,, -, %, ¥, Vi, 250052, ) by (x,-+,x,x,,x,x,---,0) in
(18), we have

H¢(x)—%¢(2x) Sig&(x,---,x,x,---,x,x,~~,0) (52)

B

forall xe A.Hence

1
d(¢,J¢)sﬁ

By Theorem 2.1, there exists a mapping w :A — B satisfying the following:
1) v isafixed point of / i.e.,

v (2x) =2y (x) (53)
for all x e X.The mapping y isa unique fixed point /in the set

Q={geS:d(¢,g)<oo}

This implies that  is a unique mapping satisfying (53) such that there exists
a Ae(0,0) satisfying

||¢(x)—l//(x)|| < /Iqo(x,---,x,x,---,x,x,~--,0) (54)

forall xeA (2) d(]l¢,l//) —0 as /— . This implies equality

o1 /
i o(25) v (o) e
forall xeA (3) d(¢,t//)£l_lMd(¢,J¢),whichimplies
1
d(gv) <o (56)
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It follows (44), (45) and (55) that

Hk,,,[z 2k%+zzj+kw(ﬁ%+ﬁzij-ﬁw<x,)—zkiw(x,->

i=1 i=1

= hm—

n—o Q" P

k¢(2”2 2kyl +2"zz j+k¢( sz_kyf +2"zz,.)

(57)

.1
< hm_n¢<2nxl3"'sznxksznyla"'sznyksznzl5'"aznzk)=0

forall x,-, X, ¥, s Vi»2, .2, €A
So

XY e S X, =,
kl//(Z—Zk +szj+k‘//(2 ”

i=1 i=1

i=1

+2Zij:2y/(x,.)+2kil//(zi) (58)

By Lemma 2.1, the mapping yw:A — B is Cauchy additive mapping. Ac-
cording to the theorem of Th.M. Rassias (see [8]) we infer that the mapping
v:A—>B is R-linear. It forllows from (46).

a)(ﬁx[li[y,-]—fl[w(xi)li[(ﬂ(%)

i=1 i=1

= hm

¢[2”‘"ﬁ ne ] H¢(2”" )H (2"x)

i=1 i=1 =

2kn
=2 B (59)

1 n n n n
< lim - §0(2 X 20,20y, 2 yk’ov"';o)

n—w )

1
< 11m—ngp(2"x1,...,2"xk,2”yl,...,Q"yk’o’...’()):0,

n—w )

forall x,---,x.,¥, -,y €A.So

({111 =TT () T 3) &

i=l1 i=1 i=1

for all x,,---,x,,y,,y, € A. Thus, w:A —>B is a homomorphisms satisfy-
ing (46). o

Theorem 13. Suppose that ¢:A — B be a mapping. If there is a function
@:A* —[0,0) such that satisfying

R
! S+ oz |+ L 2Ly 7z |— x.)=2 z

¢ o 2k i=l l ¢ o 2k i=1 ’ i=l¢( ’) i=1¢ 1)113; (61)

SQ(X, X Vi Vi 2t 2 )
> 1 1 1 1 1 1 1
;ﬁ¢[?xl""9?xk’?yl"“9Fyk$le’“'7?ZkJ<Oo (62)

and

Sg)(xlj...’xk’yl,...’yk,o’...’O)’ (63)

i=1 i=l1

H¢(ﬁx,ﬁ)ﬁ) f[¢( x)[14(5)
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forall x,---,x., ¥, V.2, .z €A . Ifthereexistsan M <1 such that
1
¢(x,---,x,x,---,x,x,---,x)S5Mgo(2x,---,2x,2x,---,2x,2x,---,2x)

forall xeA andif ¢(zx) is continuousin ze€R for each fixed xeA, then

there exists a homomorphims w:A — B such that

||¢(x) ” . 2M Xy Xy Xy, Xy X, X) (64)
forall xeX
Proof. Now we cosider the linear mapping J:S — S such that
Jg(x)=2g (gj (65)
forall xeA.

We replacing (x,,-++,x,, ¥, Vi, 25552, ) by (x,-+,x,x,,x,x,---,0) in
(61), we have

H¢(x)—2¢(%xj <

(66)
M
<— Xyorry X, X, s X5 X, 50
Al )
forall xe A.Hence
M
d(¢,Jp)<—
(4.79) 2k
The complete proof is similar to Theorem 5.2.
m

From the theorems we have the consequences:
Corollary 9. Supppose p<1 and 6 be nonnegative real numbers, and let
¢:A —> B beamapping such that

Hk¢ y’+Zz)+k¢(z +ZZ] Z (i)—zkimz,-)

i=l1 2k i=1 i=l1 i=l1

<o Sl + Ehoki +Zhelk

bo(67)

Hq{ﬁx,ﬁyij—m( o)

i=1 i=1

o SEShESEL) o

forall x,---,x., ¥y, V.2, .2, €A.
If $(tx) is continuous in 7€R for each fixed xe A, then there exists a

homomorphims y :A — B such that

1)y 6 »
Joe)—w (o), <( 2 |5 5 <69>

forall xeA.
Corollary 10. Supppose p>2 and 6 be nonnegative real numbers, and let
¢:A —> B beamapping such that
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Hkqﬁ(i 12k +sz+k¢(z iz_kyur,zk;‘z’} i b(x)- 2kZ¢( 2)

i i=1

<o L+l Skl

i=l1

b(70)

B{IT1T - TTot 100

i=1 i=1

<o Shl+ S+ 2k ov

forall x,,---,x., ¥, V.2, ",z €A.
If ¢(zx) is continuous in € R for each fixed xeA, then there exists a

homomorphims  : A — B such that

[6(x)-v ()], £[2+ ! j 2;9

(72)
forall xeA.

6. Conclusion

In this paper, I have built a general Cauchy-Jensen equation to improve the clas-
sical Cauchy-Jensen equation when we build a general solution for the equation

on space with an arbitrary number of variables.
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