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1. Introduction

Let X and Y be normed spaces on the same field K, and f:X—>Y bea
mapping. We use the notation ””x (||'||Y) for corresponding the norms on X
and Y. In this paper, we investigate additive functional inequalities associated
with Jordan-von Neumann type additive functional equation when X isa normed
space with norm ””x and that Y isa Banach space with norm " : "Y .

In fact, when X isa normed space with norm ””x and that Y isa Banach
space with norm ||||Y we solve and prove the Hyers-Ulam-Rassias type stability

of following additive functional inequalities.

k k k
Zj:lxj +Zj:1yj +Zj=121'

2k

Zk:f(xj)+2f(yj)+2f(zj) < |[2kf (1)

-1 j=1 j=1

Y
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and
k k k k k k
Sr0)e L1051 (w)] 2|f(Sneede) . @
j=1 j=1 j=1 Y j=1 j=1 j=1 v
final
k k
k k k Z':lxj +Z'=1yi d
jz:;f(xj)+;f(yj)+2|<j§:;f(zj)Ys 2kf[ e +]Z:1zj E)
Y

The study of the stability of generalized additive functional inequalities asso-
ciated with Jordan-von Neumann type additive functional equational originated
from a question of S.M. Ulam [1], concerning the stability of group homomor-
phisms.

Let (G,*) be a group and let (G',o,d) be a metric group with metric
d (,) Geven ¢ >0, does there exista & >0 such thatif f:G —>G' satis-
fies

d(f(x*y),f(x)of(y))<§,VXeG

then there is a homomorphism h:G —» G’ with

d(f(x),h(x))<e vxeG

The concept of stability for a functional equation arises when we replace func-
tional equation with an inequality that acts as a perturbation of the equation.
Thus the stability question of functional equations is how the solutions of the
inequality differ from those of the given function equation.

Hyers gave a first affirmative answer to the question of Ulam as follows: In
1941 D. H. Hyers [2] Let £¢>0 and let f:E, > E, be a mapping between

Banach space such that

[f(x+y)-F(x)-f(y)|=e (4)
forall X,y eE, andsome ¢ >0.]Itwasshown that the limit
_ f(2”x)
T(x)=lim > (5)

exists for all xeE, and that T:E, — E, is that unique additive mapping sa-
tisfying
"f(X)—T(X)”Sg,VXeEl. (6)
Next in 1978 Th. M. Rassias [3] provided a generalization of Hyers” Theorem
which allows the Cauchy difference to be unbounded:
Consider E,E' to be two Banach spaces, and let f:E —>E’' be a mapping

such that f(tX) is continuous in ¢ for each fixed x. Assume that there exist
6>0 and pe[0,1), £>0 such that

[f(x+y)=f(x)-f(y)|< g(||x||p +||y||p),VX, yek. 7)

where & and pis constants with £ >0 and p<1. Then the limit

DOI: 10.4236/0alib.1109681

2 Open Access Library Journal


https://doi.org/10.4236/oalib.1109681

L. V. An

T(x)=lim f(z”x)

nswo 2N (8)
there exists a unique linear L:E — E' satifies
||f(x) ||_ . 2p||x||p X e E. 9)

If p <0, then inequality (7) holds for X,y #0 and (9) for x=0.

We notice that in Rassias’ functional inequality (7) Mathematicians around
the world such as [4] [5] as well as Rassias have asserted that the inequality (7)
no longer holds true when p =1 from the assertion that gave rise to the idea to
generalize the generalized functional equation Hyers-Ulam more specifically.

Thus, to replace the non-existent condition mentioned above, Mathematician
Rassias [3] has given the following specific conditions: ||X||p +||y||p by ||X||p ||y||p
for p,geR with p+q=1.

For all x e E. Gévruta [6] provided a further generalization of Rassias’ theo-
rem. During the last two decades, a number of papers and research monographs
have been published on various generalizations and applications of the genera-
lized Hyers-Ulam stability to a number of functional equations and mappings.

Afterward Gilany [7] showed that is if satisfies the functional inequality
[21 )+ 28 (v)= 1 (o) <] £ ()] (10)

Then fsatisfies the Jordan-von Neumann functional equation
2f (x)+2f(y)= f(xy)+f(xy’1) (11)

Then, mathematicians in the world proved to extend the functional inequality
(11) as [7] [8] [9]. In addition, mathematicians have developed the achievements
of their predecessors who have built mathematical models from advanced to
modern mathematics, especially functional equations applied on function spaces
to Unlocking means connecting with other Maths [3]-[34]. Recently, the authors
studied the Hyers-Ulam-Rassias type stability for the following functional in-

equalities (see [30] [31] [33])
( X+ Y+ z)
k

[0+ f(y)+f(2) <]k Jk| <]3], (12)

[F00)+ f (%) -+ F (x,)] < &t (Wj D>k, (3)
> (x )+if[ J o 2 2 |
j=1 j=1 k n-k

in Banach spaces.

In this paper, we solve and proved the Hyers-Ulam-Rassias type stability for
functional inequality (1). (2) and (3) are the functional inequalities with 34-variables.
Under suitable assumptions on spaces X and Y, we will prove that the map-
pings satisfy the functional inequality (1). (2) and (3). Thus, the results in this
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paper are generalization of those in [21] [30] [31] [33] for functional inequality
with 3/4-variables.

The paper is organized as follows:

In the section preliminary, we remind some basic notations such as solutions
to the inequalities.

Section 3: The basis for building solutions for functional inequalities related
to the type of Jordan-von Neumann additive functional equations.

Section 4: Establishing solutions to functional inequality (1) related to the
type of Jensen additive functional equation.

Section 5: Establishing solutions to functional inequality (2) related to the
type of Cauchy additive functional equation.

Section 6: Establishing solutions to functional inequality (3) related to the

type of Cauchy-Jensen additive functional equation.

2. Preliminaries

Solutions to the Inequalities

The functional equation
f(x+y)="f(x)+f(y)
is called the Cauchy equation. In particular, every solution of the Cauchy equa-

tion is said to be an additive mapping.

The functional equation
X+y) 1 1
fl—=|==f =f
()23 1)

is called the Jensen equation. In particular, every solution of the Jensen equation
is said to be a Jensen additive mapping.

The functional equation
21 (X%y”j: f(x)+ f (v)+2f (2)

is called the Cauchy-Jensen equation. In particular, every solution of the Cauchy-

Jensen equation is said to be a Jensen-Cauchy additive mapping.

3. The Basis for Building Solutions for Functional
Inequalities Related to the Type of Jordan-von Neumann
Additive Functional Equations

The basis for building solutions for functional inequalities related to the type of
Jordan-von Neumann additive functional equations. Now, we first study the so-
lutions of (1), (2) and (3). Note that for this inequality, X is a normed space
with norm ""x and that Y is a Banach space with norm ||||Y Under this
setting, we can show that the mappings satisfying (1), (2) and (3) are additive.
Here we assume that G is a 34-divisible abelian group.
Proposition 1. Suppose f: X —Y bea mapping such that
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3

Zf(xj)+if(vj)+2f(zj)

j=1 i=1 j=1

< (15)

k k k
okf [Zj—lxj +Zj:lyj +Zj—lsz

2k

Y

for all X;s Vi Z; e X forall j=1-n then fis additive.

Proof Assume that f : X =Y satisfies (15).

We replaced (xl,---,xk,yl,---,yk,zl,---,zk) by (0,---,0,0,---,0,0,---,0) in
(15), wehave f(0)=0.

Next, we replaced (x1,~-~,xk,y1,~--,yk,zl,---,zk) by
(X,O,u-,O,—X,O,--~,0,0,~-,0) in (15), we have

| (x)+ f (=x)||, <[]2nf (0)], (16)
forall xe X.
Hence f(x)=-f(-x), ¥xeX.
Next, we replaced (x1,~-~,xk,y1,~--,yk,zl,---,zk) by
(x,O,--~,O,y,O,---,O,—x—y,---,O) in (15), we have
[ (0)+ £ (y)=F(x+y)|, = f (x)+f(y)+ F(=x=y)|, <[2nf (0)], =0 (17)

for all X,ye X . It follows that f(x+y)=f(x)+f(y). This completes the
proof. [1
Proposition 2. Suppose f:X —Y bea mapping such that

jzn;f(xj)+zn:f(yj)+zn:f(zj) f[jzn;xj+jzn;yj+jzn;zj]

j=1 j=1

< (18)

Y Y

for all Xj,yj,zjeX forall j=1-—>n then fis additive.
Proof- Assume that f : X —Y satisfies (18).
We replaced (xl,---,xk,yl,---,yk,zl,---,zk) by (0,---,0,0,---,0,0,---,O) in
(18), we have
£(0)=0.

Next, we replaced (x1,~-~,xk,yl,---,yk,zl,---,zk) by

(X,---,O,—X,--~,0,0,-~-,0) in (18), we have
Jts 1 (-0, <l ), 09

forall xe X.

Hence f(X)z—f(—X), vxeX.

Next, we replaced (Xl,"‘,Xk.yl,”',ykyzlv"‘vzk) by
(x,O,---,O,y,O,---,O,—x—y,~~-,0) in (18), we have

[ (x)+ F(y)=f(x+y)|, = f (x)+ F(y)+F(=x=y)||, <[f(0)], =0 (20)

for all x,yeX. It follows that f(x+y)=f(x)+f(y) This completes the
proof.
Proposition 3. Suppose f:G — Y bea mapping such that

r? X + n . n
2m‘[z"l ’znz"ly’ +ZZJ}

< (21)

j=1 j=1

i1

()4 (yj)+2n§f(zj)

Y
Y
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forall Xx;,y;,z; € X forall j=1—n then fis additive.
Proof Assume that f:G — Y satisfies (21).

We replaced (Xl"" X0 Yy ,yn’zll...,zn) bY (0,...,0,0’...,0,0’...

(21), we have we get
|(20+2n) £ (0)] <20t (0)],
So f(O):
Next, we replaced (Xl," X Yo Y 2y n) by
(X,O,---,O,—X,O,---,0,0,- ,0) in (21), we have
|f(x)+f (—x)||Y <|anf (0)||Y
forall xe X .
Hence f(x)=-f(-x), ¥xeX.
Next, we replaced (X1,~- VX Yo ,yn,zl,--~,zn) by
(-2nz,0,---,0,0,-,0,2,0,---,0) in (21), we have

||f (=2nz)+ 2nf (z)”Y < ||2nf (0)"Y
forall xe X.

Thus f(2nz)=2nf(z), vzeG.
Next, we replaced (Xl,-- X Yo Y 2y n) by

XY, _Xn+ynJ

in (21), we have

v Xy Y, ,— , ,
(Xl n y1 yn 2n 2n

zf(xj)Jrzn:f( )= Zn:f(xﬁyj)

j=1 =1 j=1

Y

St (x)+ 2 E (y )+2n2f( +y'j

=t =t

Y
<|2nf (0)],
Vxl,---,xk,yl,---,yk,—xlgnyl a"‘,—Xk;nyk eG.
Thus
jz:lf(xj)+jz:lf(yj)—jz:lf(xj +y)=

Nextput x=X;,y=Y; forall j=1-n in(26), we have
f(x+y)=f(x)+f(y)

(23)

(29)

(25)

(26)

for all X,y e G. It follows that fis an additive mapping and the proof is com-

plete. O

4. Establishing Solutions to Functional Inequality (1)

Related to the Type of Jensen Additive Functional Equation

Now, we first study the solutions of (1). Note that for this inequality, X is a

normed space with norm ””x and that Y isa Banach space with norm ||||Y

Under this setting, we can show that the mappings satisfying (1) are Jensen ad-
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ditive. These results are given in the following.
Theorem 4. Suppose >1, 0 be non-negative real and f:X—>Y be an
odd mapping such that

05 ()

j=1

Y

) M{z” EONR AW ]

(27)

k q k q k q
o[ Sl Sl Sl
j=1 j=1 j=1

Y

2k

forall x;,y;,z;eX forall j=1-n.
Then there exists a unique additive mapping H :X — Y such that

f(x)+f(—x)_H(X) (Zk) +2k
2k , (2k

ol @)

forall xe X.
Proof Assume that f : X — Y satisfies (27).

We replacing (xl,---,xk,yl,-~-,yk,21,---,zk) by
(x,---,x,x,---,x,—2kx,0,--- ) in (27), we have

2kt (x)+ T (~26x)],, <((2K)" + 2K )0 (29)
for all x e X. Replacing xby -xin (29), we get

[kt (=x)+ (2], <((2K)" + 2K )] (30)

forall x e X. It follows from (29) and (30) that
2k (£ (x)+ £ (%)) =( £ (2k0)+ £ (~2k0))|

<|j2kf (%) + f (=2kx)|, +[2Kf (=x)+ f (2kx)|, (31)
<2((2K)" + 2k o[]S
forall xe X. Let Q(X)=%kf(_x).From (31) we have
[2k@(x) - Q2] < ((2K)" + 26) s (32)
forall xe X. So
X ( +2k¢9 q
S T
Hence we have
2k | X —(2k m X
H( ol e Q[@k)m]Y
m-1
<Y l(2k)’ X Z(2k)™ X 34
3L e | *
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for all nongnegative m and /with m>1, Vxe X. It follows from (34) that the

sequence {(ZK)n f[

( k)n ]} is a cauchy sequence for all x e X. Since Y isa
2

Banach space, the sequence {(ZK)n f [(2:)” ]} coverges.

So one can define the mapping H:X —>Y by

forall xe X.
k k k
2H()+ 2 H(y, )+ 2 H(z)
j=1 j=1 j=1 v

S X; « Yj k Z;
_éf[‘w)“]‘;f[‘(%)”J‘Ef[‘(zw]
<lim (2K) 2kf [ZE*XJ' + XY, +Zﬁ_12,-}

o 2k (Zk)”+1

k k k
_ 2k [Zjlxj +Zj:1yj +Zj121}

(—2k)"™

Y (35)
o (2k)" K K k

cimE Lo S+ Sl + Sl

2kH [Zﬁ—lxi +ij:1 yj +ZI;:121 J

2k

Y

forall x;,y;,z;eX forall j=1-k.So

k k k
k k ZKH[ZHXJ+Zj—1yj+2j—1zjj

SH ()3 H(y, )+ S H(2)

j=1 j=1 j=1

<
Y

2k (36)

Y
for all X, Y, Z; € X forall j=1-n.By Proposition 3.1, the mapping
H:X—>Y is additive. Now, let T:X —>Y be another additive mapping sa-

tisfy (28) then we have
h X T X
(2k) (2k)°

DOI: 10.4236/0alib.1109681 8 Open Access Library Journal
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S(M[ e e

2((2k)' +2k) 9 () e
o (2k)" -2k (2k)™ [

icoa)
e el

which tends to zero as q— o0 forall xe X. So we can conclude that
H (X) =T (X) for all x e X. This proves the uniqueness of H. Thus the map-
ping H:X—>Y isadditive mapping satisfying (28). I

Theorem 5. Suppose <1, & be positive real numbers and f:X —>Y be
a mapping such that

> (%) ¢ 2 (v,)+ 2 (2,)

j=1 j=1 j=1

Y

Zkf[z_l, XYt z}

2k

(38)

Y
k q K q k q

S
j=1 j=1 j=1

for all X, Y2, €X forall j=1->n.
Then there exists a unique additive mapping H :X — Y such that

f(x)+f (—x)_H )| =

2k

2k+(2k

oI5 (39)
v 2)’

forall xe X.
The rest of the Proof is similar to the Proof of Theorem 4.
Theorem 6. Suppose > p ' with p>3, 6 be non-negative real and
f:X—>Y beamapping such that

S0 S )2 (2)

=1

Y

2|<f[z-1 EOYRTED S JJ (40)
2k
Y
K (. a kg K q
ATl TT e (2Tl
for all X, Y2 €X forall j=1—>n.
Then there exists a unique additive mapping H :X — Y such that
f f(-
T TE0 y) « B g <41>
2 (@)

forall xe X.
Proof- Assume that f : X =Y satisfies (40).

We replacing (x1,~--,xk,yl,---,yk,zl,---,zk) by

DOI: 10.4236/0alib.1109681 9 Open Access Library Journal
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(X,---,X,X,'”,X,—ZkX,O,--’,O) in (40), we have

X

2kt (x)+ £ (=2k0)]|, <[2k[ O[}x[° (42)

for all x e X. Replacing xby -xin (42), we get

3kq

2kt (=x) + £ (2kx)], <2 O]}x[:; (43)
forall x e X. It follows from (42) and (43) that
||2k(f (x)+ (=x))=( f (2kx) + f (—2kx))||Y
<2kt (x)+ f (=2Kkx)|, +[2KF (=x)+ F (2kx)], (44)
<2|2k[" 6"
forall xe X.Let Q(x) :W. From (31) we have
J2k(x)- Q2| < 2K LI (45)
forall xe X. So
Q(x)—ZKQKLJ L2 0o (46)
2k )] ok K
Hence we have
2k | X —(2k m X
2 Q[@k)'J 2 Q{@k)ml
Sk o X |- 2Ky X 47
R | v

3 |2k 22 (2k)'
- |2k|3kq ki3 (2k)3kqj

3kq
X

ol

for all nongnegative m and /with m>1, Vxe X. It follows from (47) that the

sequence {(ZK)n Q{

J} is a Cauchy sequence for all x e X. Since Y is

X
(2)’
a Banach space, the sequence {(ZK)n Q (ﬁ]} converges.

So one can define the mapping H:X —>Y by

. n X
H(x)=Ilim(2k) Q
(x)= im2) [ (ZK)HJ
for all x € X. Moreover, letting 1 =0 and passing the /imit m — oo in (47),
we have (41). The rest of the Proof is similar to the Proof of Theorem 4. [
Theorem 7. Suppose < p " with p>3, 6 be non-negative real and
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f:X—>Y beamapping such that

31031 (1) 42 (2)
< Zkf[Zjlxj+Zjlyj+Zjlzj}

2k

Y
k k k
o T T Al {2 TR

forall x;,y;,z;eX forall j=1-n.

Then there exists a unique additive mapping H :X — Y such that
(2k)’ 3
<~ O

f(x)+f(—) H( )

2k

L 2k—(2K)

forall xe X.
Proof Assume that f : X — Y satisfies (40).

We replacing (xl,--‘,xk,yl,m,yk,zl,---,zk) by

(X,---,X,X,---,X,—2kX,O,---,0) in (40), we have
o () 1 (-2, <26 Ol

3kq

for all x e X. Replacing xby -xin (50), we get
o (x)+ 1 (20), <2 ol

3kq

forall x e X. It follows from (50) and (51) that
[2k (£ (0)+ £ (-x)) (£ (20 £ (-20))
<[[2Kf (%) + f (=2kx)|, +[[2KF (=x)+ f (2kx)|
< 2J2K" 0|

Y

f f(-
forall xe X.Let Q(x) :W. From (52) we have

J2k(x)-Q(2k0), <[ & P

forall xe X. So

< |2k|kq 0 3kq

HQ Q(2kx e

X

Hence we have

Y

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)
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for all nongnegative m and /with m>1, Vxe X. It follows from (55) that the

1
sequence {( Q ((2k)n X)} is a Cauchy sequence for all x € X. Since Y is

2k)"

a Banach space, the sequence {

1 n
2k)n Q ((Zk) X)} converges.
So one can define the mapping H:X —>Y by

=lim —Q
( ) n—w (zk) (( ) )
for all x € X. Moreover, letting 1 =0 and passing the /imit m — o in (55),
we have (49). The rest of the Proof is similar to the Proof of Theorem 4. [

5. Establishing Solutions to Functional Inequality (2)
Related to the Type of Cauchy Additive Functional Equation

Now, we first study the solutions of (2). Note that for this inequality, X is a
normed space with norm ””x and that Y isa Banach space with norm ||||Y
Under this setting, we can show that the mappings satisfying (2) are Cauchy ad-
ditive. These results are given in the following.

Theorem 8. Suppose g >1, 6 be non-negative real and f:X—>Y be an
odd mapping such that

1)+ 21 ()42 1 (2)

j=1

Y

k k k q k q k q (56)
3l z Sve3a | v Sb Sk Sl
for all X, ¥ 2; €X forall j=1->n.
Then there exists a unique additive mapping H :X — Y such that
f(x)+ f(—x 2k)* + 2k
v (2k
forall xe X.
Proof- Assume that f : X — Y satisfies (56).
We replacing (X1,~--,Xk,y1,--~, yk,Zl,---,Zk) by
(X, X, X, -+, X, —2kX,0,-,0) in (56), we have
2kt (x)+ T (2x)],, <((2K)" + 2K )] (58)
for all x e X. Replacing xby -xin (58), we get
2kt (=x)-+  (2k0), <((2K)"+ 2] ]} (59)

forall x e X. It follows from (58) and (59) that
2k (F (x)+ £ (=x)) = (f (2kx)+ £ (~2k0))[.
< ||2kf )+ £ (=2k)|, +[[2KF (=x)+  (2kx)], (60)
<2((2K)"+ 2k ) s
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f f(-
forall xe X. Let Q(X) = (X);—k(x) From (60) we have

[2kQ (%) - Q(2k)] < ( (2K +2|<)—||x||q (61)

for all x e X. The rest of the Proof is similar to the Proof of Theorem 4.
Theorem 9. Suppose 0 <1, 6 be positive real numbersand f:X—>Y be
a mapping such that

’ (62)
k k k
<t (; Sove3a | vo[ Sl B Sl
for all X, ¥, 2; €X forall j=1->n.
Then there exists a unique additive mapping H : X — Y such that
f(x) erkf (—x) HO| < 2k+(2k o)x . (63)
Y

forall xe X.
The rest of the Proof is similar to the Proof of Theorems 4 and 5.
Theorem 10. Suppose (> p~ with p>3, 6 be non-negative real and
f:X—>Y beamapping such that

Y

k Kk k k q k q kq k q (64)
Jr(SxByea | wolTlal 1Tl Aalz (s T
=t =1 =1 v =1 = =1
for all X, ¥ 2, €X forall j=1->n.
Then there exists a unique additive mapping H:X—>Y such that
f(x)+1(-x) sk
65
s R ()

forall xe X.

Proof- Assume that f : X — Y satisfies (64).

We replaced (xl,---,xk,yl,---,yk,zl,~--,zk) by (X,---,X,X,---,X,—2kX,0,---,O)
in (64), we have

ke (x)+  (<2kx)], <[2k O]x|}" (66)
forall x e X. we have

J2k(x)- Q2 < 2K I (&7)
for all x € X. The rest of the Proof is similar to the Proof of Theorems 4 and 6.

O
Theorem 11. Suppose < p' with p>3, # be non-negative real and
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f:X—>Y beamapping such that

S0 St 0) 2 (2)

i=1

Y

k k k
< 2”{2j1XJ+Zj1yj+Zjlsz (68)
2k
Y
K (. q kg k q
0 (0 1 ARy
for all X, ¥ 2, €X forall j=1—n.
Then there exists a unique additive mapping H :X — Y such that
f(x)+ f(-x) (2k)" 3k
———————H(X)| <————9|x|,, . (69)
2k ( )Y 2k—(2k)3kq || ||X

forall xe X.

The rest of the Proof is similar to the Proof of Theorems 4 and 7.

6. Establishing Solutions to Functional Inequality (3)
Related to the Type of Cauchy-Jensen Additive Functional
Equation

Now, we first study the solutions of (3). Note that for this inequality, X is a
normed space with norm ””x and that Y is a Banach space with norm ||||Y
Under this setting, we can show that the mappings satisfying (3) are Cauchy-Jensen
additive. These results are given in the following.
Theorem 12. Suppose (>1, @ be non-negative real, f (0) =0 and
f:X—>Y beamapping such that

zf( x)+ 3ty )+gf(zj)

j=1

Y
(70)
Z B z Y. & K k K
[ 2l S | vof SISl - Sl
i=1 i=1 j=t j=
Y
for all X, ¥, 2; €X forall j=1—>n.
Then there exists a unique additive mapping H :X — Y such that
f f(- 2k
(X)+—(X)_H(X) L ()t || I (71)
2 N
forall xe X.
Proof- Assume that f : X — Y satisfies (70).
We replacing (x1,~--,xk,yl,---,yk,zl,---,zk) by
(2kx,0,---,0,0,~~-,0,—X,0,---,0) in (70), we have
| (2ko0) + 26 (-], <((26)" +2) 6] (72)

for all x e X. Replacing xby -xin (72), we get
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[ (~2k00)+ 26 ()], <((2K)" +2) 0 (73)

forall x e X. It follows from (72) and (73) that
2k (F (x)+ £ (=3)) (T (2k0)+ f (-2kx)),
< ||2kf + f (—2|<x)||Y +||2kf (=x)+ f (2|<x)||Y (74)
< 2((2k)q +1)0|x[;

f f(-
forall xe X. Let Q(X) = M From (74) we have

2k
[2KQ () - Q (2kx)| < ((2k +1)—||x||q (75)
forall xe X. So
( ) +10, q
2k 76
Jow-aa(3 ]« &5 e &

The rest of the Proof is similar to the Proof of Theorem 4. [J
Theorem 13. Suppose <1, & be positive real numbers and f:X—>Y
be a mapping such that

S0 1) 5002

Y
(77)
z_: x4+z_: Y.k k k k
<o | S S | S Sl Sl
2k j=1 j=1 j=1 j=1
Y
for all X, ¥ 2; €X forall j=1—>n
f(x)+ f(—x 2k + 2k
PO ] <2, o
Y

forall xe X.

The rest of the proof is similar to the proof of Theorems 4 and 5.

7. Conclusion

In this paper, I have given three general functional inequalities and I have shown
that their solutions are determined on normalized spaces and take values in Ba-

nach spaces.

Conflicts of Interest

The author declares no conflicts of interest.

References

[1] Ulam, S.M. (1960) A Collection of Mathematical Problems. Interscience Publishers,
New York.

[2] Hyers, D.H. (1941) On the Stability of the Functional Equation. Proceedings of the
National Academy of the United States of America, 27, 222-224.

DOI: 10.4236/0alib.1109681

15 Open Access Library Journal


https://doi.org/10.4236/oalib.1109681

L. V. An

(7]

(8]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

https://doi.org/10.1073/pnas.27.4.222

Rassias, T.M. (1978) On the Stability of the Linear Mapping in Banach Spaces. Pro-
ceedings of the American Mathematical Society, 72, 297-300.
https://doi.org/10.1090/50002-9939-1978-0507327-1

Gajda, Z. (1991) On Stability of Additive Mappings. International Journal of Ma-
thematics and Mathematical Sciences, 14, Article ID: 817959.
https://doi.org/10.1155/S016117129100056X

Czerwik, S. (2002) Functional Equations and Inequalities in Several Variables. World
Scientific, Singapore. https://doi.org/10.1142/4875

Gavrut, P. (1994) A Generalization of the Hyers-Ulam-Rassias Stability of Approx-
imately Additive Mappings. Journal of Mathematical Analysis and Applications, 184,
431-436. https://doi.org/10.1006/jmaa.1994.1211

Gilanyi, A. (2001) Eine zur Parallelogrammgleichung dquivalente Ungleichung. Aeg-
uationes Mathematicae, 62, 303-309. https://doi.org/10.1007/PL00000156

Ritz, J. (2003) On Inequalities Associated with the Jordan-von Neumann Function-
al Equation. Aequationes Mathematicae, 66, 191-200.
https://doi.org/10.1007/s00010-003-2684-8

Gilanyi, A. (2002) On a Problem by K. Nikodem. Mathematical Inequalities & Ap-
plications, 5, 707-710. https://doi.org/10.7153/mia-05-71

Rassias, T.M. (1990) Report of the 27th International Symposium on Functional
Equations. Aequationes Mathematicae, 39, 292-393, 309.

Rassias, T.M. and Semr], P. (1992) On the Behavior of Mappings Which Do Not Sa-
tisfy Hyers-Ulam Stability. Proceedings of the American Mathematical Society, 114,
989-993. https://doi.org/10.1090/50002-9939-1992-1059634-1

Hyers, D.H.,, Isac, G. and Rassias, T.M. (1998) Stability of Functional Equations in
Several Variables. In: Brezis, H., Ed., Progress in Nonlinear Differential Equations
and Their Applications, Vol. 34, Birkhduser, Boston.
https://doi.org/10.1007/978-1-4612-1790-9

Rassias, J.M. (1982) On Approximation of Approximately Linear Mappings by Li-
near Mappings. Journal of Functional Analysis, 46, 126-130.
https://doi.org/10.1016/0022-1236(82)90048-9

Jun, K.-W. and Lee, Y.-H. (2004) A Generalization of the Hyers-Ulam-Rassias Sta-
bility of the Pexiderized Quadratic Equations. Journal of Mathematical Analysis and
Applications, 297, 70-86. https://doi.org/10.1016/j.jmaa.2004.04.009

Jung, S.-M. (2001) Hyers-Ulam-Rassias Stability of Functional Equations in Ma-
thematical Analysis. Hadronic Press, Palm Harbor.

Park, C.-G. (2005) Homomorphisms between Poisson JC-Algebras. Bulletin of the
Brazilian Mathematical Society, 36, 79-97.
https://doi.org/10.1007/s00574-005-0029-z

Park, C. (2008) Hyers-Ulam-Rassias Stability of Homomorphisms in Quasi-Banach
Algebras. Bulletin des Sciences Mathématiques, 132, 87-96.
https://doi.org/10.1016/j.bulsci.2006.07.004

Aoki, T. (1950) On the Stability of the Linear Transformation in Banach Space.
Journal of the Mathematical Society of Japan, 2, 64-66.
https://doi.org/10.2969/jmsj/00210064

Bahyrycz, A. and Piszczek, M. (2014) Hyers Stability of the Jensen Function Equa-
tion. Acta Mathematica Hungarica, 142, 353-365.
https://doi.org/10.1007/s10474-013-0347-3

DOI: 10.4236/0alib.1109681

16 Open Access Library Journal


https://doi.org/10.4236/oalib.1109681
https://doi.org/10.1073/pnas.27.4.222
https://doi.org/10.1090/S0002-9939-1978-0507327-1
https://doi.org/10.1155/S016117129100056X
https://doi.org/10.1142/4875
https://doi.org/10.1006/jmaa.1994.1211
https://doi.org/10.1007/PL00000156
https://doi.org/10.1007/s00010-003-2684-8
https://doi.org/10.7153/mia-05-71
https://doi.org/10.1090/S0002-9939-1992-1059634-1
https://doi.org/10.1007/978-1-4612-1790-9
https://doi.org/10.1016/0022-1236(82)90048-9
https://doi.org/10.1016/j.jmaa.2004.04.009
https://doi.org/10.1007/s00574-005-0029-z
https://doi.org/10.1016/j.bulsci.2006.07.004
https://doi.org/10.2969/jmsj/00210064
https://doi.org/10.1007/s10474-013-0347-3

L. V. An

(20]

(21]

(22]

(23]

(24]

[25]

[26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

(34]

Balcerowski, M. (2013) On the Functional Equations Related to a Problem of Z.
Boros and Z. Dréczy. Acta Mathematica Hungarica, 138, 329-340.
https://doi.org/10.1007/s10474-012-0278-4

Fechner, W. (2006) Stability of a Functional Inequlities Associated with the Jor-
dan-von Neumann Functional Equation. Aequationes Mathematicae, 71, 149-161.
https://doi.org/10.1007/s00010-005-2775-9

Prager, W. and Schwaiger, J. (2013) A System of Two Inhomogeneous Linear Func-
tional Equations. Acta Mathematica Hungarica, 140, 377-406.
https://doi.org/10.1007/510474-013-0315-y

Maligranda, L. (2008) Tosio Aoki (1910-1989). In: Kato, M. and Maligranda, L., Eds.,
International Symposium on Banach and Function Spaces (14/09/2006-17/09/2006),
Yokohama Publishers, Yokohama, 1-23.

Najati, A. and Eskandani, G.Z. (2008) Stability of a Mixed Additive and Cubic
Functional Equation in Quasi-Banach Spaces. Journal of Mathematical Analysis and
Applications, 342, 1318-1331. https://doi.org/10.1016/j.jmaa.2007.12.039

Fechner, W. (2010) On Some Functional Inequalities Related to the Logarithmic
Mean. Acta Mathematica Hungarica, 128, 31-45.
https://doi.org/10.1007/s10474-010-9153-3

Park, C. (2014) Additive f/—Functional Inequalities. Journal of Nonlinear Sciences
and Applications, 7, 296-310. https://doi.org/10.22436/jnsa.007.05.02

An, L.V. (2019) Hyers-Ulam Stability of Functional Inequalities with Three Va-
riables in Banach Spaces and Non-Archimedean Banach Spaces. International Journal
of Mathematical Analysis, 13, 519-537. https://doi.org/10.12988/ijma.2019.9954

Park, C. (2015) Functional in Equalities in Non-Archimedean Normed Spaces. Acta
Mathematica Sinica, English Series, 31, 353-366
https://doi.org/10.1007/s10114-015-4278-5

Jung Rye Lee, J.R., Park, C. and Shin, D.Y. (2014) Additive and Quadratic Func-
tional in Equalities in Non-Archimedean Normed Spaces. International Journal of
Mathematical Analysis, 8, 1233-1247. https://doi.org/10.12988/ijma.2014.44113

Cho, Y.J., Park, C. and Saadati, R. (2010) Functional Inequalities in Non-Archimedean
Normed Spaces. Applied Mathematics Letters, 23, 1238-1242.
https://doi.org/10.1016/j.am1.2010.06.005

Aribou, Y. and Kabbaj, S. (2018) Generalized Functional Inequalities in Non-Archi-
medean Banach Spaces. Asia Mathematika, 2, 61-66.

An, L.V. (2020) Hyers-Ulam Stability Additive f-Functional Inequalities with Three
Variables in Non-Archimedean Banach Space and Complex Banach Spaces. Inter-
national Journal of Mathematical Analysis, 14, 219-239.
https://doi.org/10.12988/ijma.2020.91169

An, L.V. (2021) Generalized Hyers-Ulam Stability of the Additive Functional Inequali-
ties with 2n-Variables in Non-Archimedean Banach Spaces. Bulletin of Mathematics
and Statistics Research, 9, 67-73.

http://bomsr.com/9.3.21/67-73%20LY %20VAN%20AN.pdf

Qarawani, M.N. (2013) Hyers-Ulam-Rassias Stability for the Heat Equation. Ap-
plied Mathematics, 4, 1001-1008. https://doi.org/10.4236/am.2013.47137

DOI: 10.4236/0alib.1109681

17 Open Access Library Journal


https://doi.org/10.4236/oalib.1109681
https://doi.org/10.1007/s10474-012-0278-4
https://doi.org/10.1007/s00010-005-2775-9
https://doi.org/10.1007/s10474-013-0315-y
https://doi.org/10.1016/j.jmaa.2007.12.039
https://doi.org/10.1007/s10474-010-9153-3
https://doi.org/10.22436/jnsa.007.05.02
https://doi.org/10.12988/ijma.2019.9954
https://doi.org/10.1007/s10114-015-4278-5
https://doi.org/10.12988/ijma.2014.44113
https://doi.org/10.1016/j.aml.2010.06.005
https://doi.org/10.12988/ijma.2020.91169
http://bomsr.com/9.3.21/67-73%20LY%20VAN%20AN.pdf
https://doi.org/10.4236/am.2013.47137

	Generalized Stability of Functional Inequalities with 3k-Variables Associated for Jordan-von Neumann-Type Additive Functional Equation
	Abstract
	Subject Areas
	Keywords
	1. Introduction
	2. Preliminaries
	Solutions to the Inequalities

	3. The Basis for Building Solutions for Functional Inequalities Related to the Type of Jordan-von Neumann Additive Functional Equations
	4. Establishing Solutions to Functional Inequality (1) Related to the Type of Jensen Additive Functional Equation
	5. Establishing Solutions to Functional Inequality (2) Related to the Type of Cauchy Additive Functional Equation
	6. Establishing Solutions to Functional Inequality (3) Related to the Type of Cauchy-Jensen Additive Functional Equation
	7. Conclusion
	Conflicts of Interest
	References

