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Abstract

This paper is concerned with the existence of ground state solutions for
p-fractional Choquard-Kirchhoff equations involving electromagnetic fields
and critical nonlinearity. Under assumptions on the nonlinear term, by ap-
plying the method of Nehari manifold, we obtain that the equation possesses
a ground state solution.
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1. Introduction

We consider the existence of ground state solutions for following p-fractional

Choquard-Kirchhoff equations with electromagnetic fields and critical growth

(a+b[u sp,A)(_A)Sp,A u+V (x)|u)"*u

. . (1.1)

:yh(x,|u|z)u +[IG(x)*|u|p“’s}|u|p“'572u,XGRN,
where a,b>0, x>0, I (x)=|x" is the Riesz potential. (—A)S’)’A denotes
the p-fractional magnetic operator with 0<s<1, 2<p<N/s, 0<o<2ps
p(2N-o)

d ply=ap 7,
and Po 2(N - ps)

Ae C(RN,RN) and V eC(RN,R) are the electric

DOI: 10.4236/0alib.1108837 Jun. 15, 2022 1 Open Access Library Journal


https://doi.org/10.4236/oalib.1108837
http://www.oalib.com/journal
https://doi.org/10.4236/oalib.1108837
http://creativecommons.org/licenses/by/4.0/

X. Q. Yan

and magnetic potentials, respectively. 4 is a continuous function satisfying some
conditions.
When p =2, the fractional magnetic Laplacian (—A)SA , up to normalization
constants, which is defined on smooth functions uz as
i(x-y)-A| XX
- [Zju(y)dy xeR" (1.2)
N+2s ! ) .

s .
(_A)A u (X) = 2!7'2?) .[RN \B, (x)

Here, B, (x) denotes the ball of R" centered at xeR" and of radius
1> 0. This operator was defined by d’Avenia and Squassina [1], and it can be

considered as the fractional counterpart of the magnetic Laplacian

(-a),u=(}

2
TV - Aj u=-Au —igA(x)Vu +|A(x)|2 u —%udiv(A(X)), (1.3)
which plays a fundamental role in quantum mechanics in the description of the
dynamics of the particle in a non-relativistic setting. In this context, the curl of A
represents magnetic field acting on a charged particle. Motivated by this fact,
many authors dealt with the existence of nontrivial solutions of the Schrodinger
equations with magnetic fields.

For more details on fractional magnetic operators, we refer to d’Avenia and
Squassina [1], and for the physical background, we can refer to previous studies
[2] and [3]. This paper was inspired by previous works concerning the magnetic
Schrédinger equations. Next, let us mention some enlightening works related to
the problem (1.1). Recently, a great attention has been devoted to the study of

the following fractional magnetic Schrédinger equation
e® (—A)Zu+V(x)u= f(x,|u|2)u, xeRN. (1.4)

For instance, Ambrosio and d’Avenia established with the existence and mul-
tiplicity of solutions to (1.4) for small &>0, when fhas a subcritical growth
and the potential V'satisfies some global conditions, by applying variational me-
thods and Ljusternick-Schnirelmann theory in [4]. By employing the fractional
version of the concentration compactness principle and variational methods,
Liang et al, in [5], studied the existence and multiplicity of solutions for the
fractional Schrodinger-Kirchhoff equations with external magnetic operator and

critical nonlinearity

M ([ul2, (=)} u+V (x)u=|u

oA 2S’2u+h(x,|u|2)u, xeRN,

(1.5)
u(x) >0, as|x— o
Others related fractional Schrddinger-Kirchhoff equations can be seen in
[6]-[11]. Moreover, as mentioned above, if the magnetic field A=0, the opera-
tor (—A); , can be reduced to the p-fractional Laplacian operator (—A)Sp, up
to normalization constants, which is defined as

u()-u(y)" (u(x)-u(y))

o dy, xeR", (1.6)

(_A)D u (X) - 2!,[% .[RN\B,7(X)

where B, (x)= {y eR" :|X— y| < 77} . There are also some interesting results
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that are obtained by using some different approaches under various hypotheses
on the potential and the nonlinearity. Xiang et al [12] obtained weak solutions
for the following Kirchhoff type problem involving the fractional p-Laplacian by

using the mountain pass theorem

M (HRZN |u(x)—u(y)|p K (x— y)dxdy)Lﬁu =f(xu) inQ,
0 inRY\Q.

(1.7)
u=

Iannizzotto et al. [13] studied a class of quasilinear nonlocal problems involv-
ing the fractional p-Laplacian and obtained the existence and multiplicity of so-
lutions by Morse theory. In [14], the authors investigated the existence of weak
solutions for a perturbed nonlinear elliptic equation driven by the fractional
p-Laplacian operator by variational methods.

For the Choquard equation, we refer to [15], Shen et al considered the fol-
lowing Choquard equation, and proved that the existence of ground states for it

by variational methods
(=8) u+u= (X" *F (u)) f (u). (1.8)

And in [16], by applying the variational methods, Ma and Zhang obtained the
existence and multiplicity of weak solutions, considering the following fractional

Choquard equation with critical nonlinearity
(=A)7 u+(AV (x)- B)u = [|x|*ﬂ |ul }|u|22*2 U, xeR". (L9

And Li ef al [17] obtained a ground state solution for fractional Choquard
equation involving upper critical exponent. For others related, we can see
[18]-[24]. It is worth mentioning that Li e al, in [25], established that the fol-
lowing fractional equation has a ground state solution by the Nehari methods,
when A is quite large

2%

(—A)su+V(x)u=|u 2u+ﬂbf(x,u), xeRN. (1.10)

We borrowed some brilliant ideas from them, while the structure of Cho-
quard-Kirchhoff equations and appearance of the magnetic fields, such that our
results are different from theirs and extend their results in some degree.

Inspired by the above works, in this paper, we focus our attention on the exis-
tence of ground state solutions to (1.1). To our best knowledge, there are a few
results in the literature to study the p-fractional Choquard-Kirchhoff equations
with electromagnetic fields and critical growth. Some difficulties arise when
dealing with this problem, the main difficulty origins from the strongly nonlo-
cality in the sense that the leading operator takes care of the behavior of the so-
lutions in the whole space. Indeed, the appearance of the magnetic fields and the
existence of criticality also bring additional difficulties into the study of our
problem, such as the effects of the magnetic fields on the linear spectral sets and
on the structure of solutions, and the possible interactions between the magnetic

fields and the linear potentials. Therefore, we need to take more considerations
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to overcome the difficulties induced by these new traits.

The main goal of this paper is to investigate the existence of ground state solu-
tions for the problem (1.1), when x>0 is sufficiently large, AeC (RN ,RY ) ,
under assumptions (Vi) - (V;) on the potential V'and 4 is a superlinear but sub-
critical function satisfying the following conditions. Let K be the class of func-
tions k el” (RN ) such that for every & >0, the set {X eR" :|k(x)| > é‘} has
a finite Lebesgue measure. We shall assume that V'satisfies

(Vi) Vel”(RY) and V, =inf _,V(x)>0.

(V) There exists a function V, € L” (RN ) , which is 1-periodic in
Xi (i =1, N) , such that V (X)—Va (X) eK and V (X) <V, (X) for all
xeR".

And A satisfies the assumptions:

(h)) heC (RN xR, R) and there exists p<q< p; such that

lh(x,t)] < C[l+|t|qzzj

for all (X,t) e R xR , where Cis a positive constant.

(h) h(x,t)=0(1) uniformlyin xeR" as |t|—>0.

(hs) th(x,t)—pH (x,t)>wth(x,0t)— pH (x,@t) for all xeR"xR and
o €[0,1], where H(X,t):_[;h(x,r)dz'.

(hy) h(X,t)t>O for all (X,t)eRNxR\{O}.

(hs) There exists a function h, €C (RN xR, R) , which is 1-periodic in
Xi(izl,---,N),suchthat

1) |h, (xt)<[n(xt)], ¥(x,t) e RN xR;

2) |ha(x,t)—h(x,t)|s|k(x)|(1+|t|qzzj,v(x,t)eRNXR, where k€K and

qis given by (hy);

3) th, (X,t)— pH,, (X,t) > wth, (X,a)t)— pH,, (X, a)t) for all xeR" xR, and
we[0,1], where H, (xt)= J.; h, (x,7)dz;

4) h, (X,t)t >0 forall (X,t) cR"YxR.

The main result of this paper can be summarized as follows:

Theorem 1.1. Let 0<s<1, 2<p<N/s, 0<o<2ps. Assume that
Ae C(RN RN ), V satisfies (V1) - (V) and h satisfies (hy) - (hs). Then there ex-
ists u* >0 such that for each p>u", problem (1.1) possesses a positive

ground state solution.

2. Preliminaries

Let 0<s<1, 2< p<N/s.The magnetic Gagliardo seminorm is defined by

OGS P
u(x)_e.(x y)A( : )u(y)
[Ll]S AT .”RZN |X_ y|N+pS dXdy )
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and W;° (RN ,(C) is denoted by
WP (RY,C)={uel?(R,C): [u]?, <+l
endowed with the norm
1
LN;'D(RN,C) = ([u]sp,A +|U|E )p :

In view of the V; the subspace of WP (RN ,(C) is defined by

Ju

X = {u eWsP(RY,C): [V (Ouf” dx < +oo}.
where the norm
1
Jull o = (a4, + [V (Olul” ae)
On account of (V,) - (V,), we know that the norms ||u||s’A and

1
Jul.. = (0010 + fon Ve (X))’

are equivalent. In addition, the best constant of Hardy-Littlehood-Sobolev in-

equality is
[ul;
Joe 12 (21 |

where [u]: is Gagliardo seminorm defined in W*? (RN ) We will show the

existence of ground solutions of (1.1) by searching for the critical points of

S= inf

uew P (RN o} [

(2.1)

u

P
P;,s dX)Z P:r,s

energy functional associated to (1.1)

J(u) =%LRN (a[u]f’A +V (x)|u|p)dx+2£p[u]j’; —% W H (x,|u|z)dx

1 P;,s :l

e 0l

The Nehari manifolds can be defined on X as follows:

N i={ue X \{0}:(J'(u),u)=0}

ul™* dx.

and
N, ={ue X \{0}:(3, (u),u) =0},
J, (u)y== RN(a[u]sA +V(x)|u|p)dx+l[u]i‘;—%J'R,q Ha(x,|u|2)dx

2p
oL [ 1 00+

P22 dx,
ag,Ss
Now we give the definition of weak solutions for problem (1.1).

u

Lemma 2.1. (Diamagnetic inequality) For every ueW,® (RN ,(C) , it holds
|u|ew =P (RN ) More precisely,
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Jull

Proof. It follows from Pointwise Diamagnetic inequality in [1] that

i(x—y)»A(%

o _||u|Wsp(]RN e} for each u e W;? (R",C).

||u(x)|—|u(y)||s u(x)—e Ju(y)

which implies the conclusion holds.
Lemma 2.2. (Magnetic Sobolev embeddings) Let se(0,1) and N> ps,
. N
Ps = P
N — ps

, then the embedding WAS")(]RN,(C) o (RN,(C> is continuous

for re [ P, p:] and is locally compact for 1 e [ P, p:)

Proof. In view of Theorem 6.7 in [24], we know that the embedding
weP (]RN ) oL (]RN ) is continuous for r e [ P, p:], that is, there exists a con-
stant C, such that

|u <C ||u

|L'(]RN WS'D RN)

and similar to the argument of Lemma 3.3 in [1], since Pointwise Diamagnetic

inequality, we have

o
o e

u(x)—e

1
u()-u(y)”
[I}R{N dedy <C an

Consequently,
i(xoy) Al XHY p P
u(x)—e( Y)A[ . Ju(y)
lu i) S| Jon m— dxdy | ,foralluew;? (R",C).

Then, by interpolation the assertion immediately follows. For the compact
embedding, note that the embedding W,° (RN ,(C) SWSP (RN ) is continuous,
the assertion follows by the Corollary 7.2 [26].

1 1 N
Lemma 2.3. [27] Let r,t>1 and O0<o<N with ?+t+ NG
Assume that f el (RN) and f,el (RN). Then there exists a sharp con-

stant Cy . independentof f, and f, such that

fi(x)f
.URN xRN |X— y|

2.

: (¥ )d xdy| < Cy oo fif, | T2, -

3. Proof of Main Results

Lemma 3.1. Foreach u>0, ueX \{0} , we have
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1) Set ®(t)=J(tu). Then there exists a unique t, >0 such that
O (t,) =maxd(t),

®'(t)>0 for O<t<t, and ®'(t)<0 for t,<t. Moreover, tue N' if
andonly if t=t,.
2) Set ¥ (t)=J,(tv). Then there exists a unique t, >0 such that
Y(t,)= n&x‘l‘(t),

Y, (t)>0 for O<t<t, and ¥(t)<0 for t,<t. Moreover, tve N, if
and only if t=t,.
Proof. 1) For any & >0, by (hi) and (h,), there exists C, >0 such that

|h(x,u)|£g+C£|u|q*2 (3.1)
and
[H (xu)| < eful+== (3.2)
In view of Lemma 2.2 and Lemma 2.3, we get
Fon 1 (<[ ™ a| < 0, " <, o (33)

Hence, for small & >0 and t> 0, it follows from (3.2) and (3.3) that

o(t)=1J (tu)

p|| 2.+ [ e~ T H (el ox
l 2 Po—,s [ p;,s :| p;,s
-—— | d
200 -[]RN » (X)*[u u|®* dx
tp||U|| ——( A, +CCt fulf ) - it Juff

> 0,
and due to (3.1), we have
@'(t)=(J'(tu).u)

=t ul?, + bt [u]2h - e D Jtu?ax

_tng,s—lj'RN [lg (x)* pg,s} U
27 ul?, — ae(Catull, +CCt ull, ) -t u
>0.

Furthermore, by means of (hs), we obtain that
O (t)=J(tu)

|u Pos (i

Zp;,s
"

b 2
+2—pt2p [ul.’,
1 «
2p.. 7 ["’ ()*|u
— —0,

1
sel,

P;,s dX

P;‘s :| u
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as t—>+o. Therefore, ®(t) has a maximum and then there exists t, >0
such that ®'(t,)=0 and ®'(t)>0 for O<t<t,. We claim that ®'(t)=0
for all t>t,.Indeed, if the conclusion is false, then, from the above arguments,
there exists a t, <t, <+ such that ®'(t,)>0 and ®(t,)>®d(t,). Never-
theless, (h;) implies that

1

O(1)=0(t,) 5 (@(L).1.)
il T Ml

(ol
> gt I o [l = oH (o o

1 1 - s
(et

2
t,ul —

pH(&

t,u

o

:itp
2p @

U|P;,s dX

u|P;.s dX

which is a contradiction. Thereupon, the one conclusion of (1) has been proved,
we can obtain the other one by the fact that @'(t) = t? <J '(tu),tu>. This com-
pletes the proof of (1).

2) Similar to the proof of (1), we can obtain that (2) holds.

Lemma 3.2. For each u >0, we have the following results.

1) There exists t5 >0 such that t, >t; foreach

ues, ZZ{UE X :lul, o :1}.

Moreover, for each compact subset A c'S,, there exsits C, >0 such that
t,<C, forall ueA.
2) There exists p >0 such that

¢, =inf J (u)=inf J(u)>0,

ues,

where S = {u e X :||u||s’A = p} .
Proof. 1) For ueS,, owing to Lemma 3.1 (1), there exists t, >0 such that
t,ue N . Also, by (3.1) and (3.3), we have

0=<J’(tuu),tuu>
=t0 Ju?, +bt® [u]ii —y_[RN h(x,|tuu|2)|tuu|2 dx
L1, 0l

zﬂ"qEA_y(qﬁﬁ"qEA+caCJHmmA)_CJ?;

ul® dx

2p5.s
s,A

ul
2 Cstup - ,uC4C£t3 - Cztu2 Pos '

which implies that there exists t; >0 suchthat t, >t; forall ueS,. Assume

that there exists {u,} A cS, such that t, =t, >+ as N—oo. Since A
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is compact, there exists Ue A such that u, ->u in X Set

PO = 5[ 1 0ol o

s dx, YU e X.
2p;
B(tu,) > C 2%

Indeed, we have

u, % (3.4)

It follows from (3.4) and (hy) that

1 b
J(tu,)< Btnp ”un":A +2—pt§p [un]ii - B(t,u,)
1 b 2
<=tP|lu,[” +—tZp —Ct2%s |u, [P
Lo+ o -
— —

as N — oo . However, by (h;), we have

J(tnun):‘](tnun)_%<‘],(tnun)'tﬂu”>
1 H
-~y ||Un||f,A+2_p N [h(x,t§|un|2)tf|un|2 — pH (x,tn2|un|2)]dx
1 1 2 ;‘s :7‘5
+[2|o 2p2§,s}"p JRN['U(X)*W“p }”"

>0,

p:r,s dX

a contradiction. Hence the conclusion holds.
2) For ueS, ,andsmall &> 0, it follows from (3.2) and (3.3) that

1 ;s
>l ~u(Cet Ul )~ Ce ull

=G "”"jA =C,p*>0

for small p>0. Furthermore, for each ue N, there exists t, >0 such that
t.ueS, . Then we have

0<Cep’ <inf J(u)<J(t,u)<maxJ(tu)=J(u),

ues, t>0
which implies that

:EQLJ(U)ZUiQSEJ(upO

The proof is completed.

It follows from [28] that we have the following lemma.
Lemma 3.3. The mapping 1:S, > N is a bomeomorpbism between S,

Tl IIS A

and N, and the inverse of I is given by | l . Considering the func-
tional ¢,:S, —> R given by

g, (w)=3(1(w)),

then the lemma follows.
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Lemma 3.4. 1) If {W,} is a Palais-Smale sequence for ¢,, then {1(w,)} is
a Palais-Smale sequence for J. If {u,} = N is a bounded Palais-Smale sequence
for J, then { 1 (u, )} is a Palais-Smale sequence for ¢,.

2) weS, isa critical point of ¢, ifandonlyif |(W) isa nontrivial critical
point of J. Moreover, the corresponding values of ¢, and ] coincide and
|nf 4, inf J.

3) A mmzmzzer ofJon N isaground state solution of(1.1).

Similar to the argument of Lemma 2.6 in [8], the results as follows

Lemma 3.5. If {u,} = X satisfies u, —0 in X and ¢, e X is bounded.
Then

[ [V () =V, (x)]u, 0,0 >0 (3.5)
and
2 2 -
J'RN[h(x,|un| )—ha(x,|un| )]ungondx—m, (3.6)
also
J'RN[H(x,|un|2)—Ha(x,|un|z)}dx—>0. (3.7)
Lemma 3.6. There exists u" >0 such that
2ps—o e
O<c, <—2—F gNPPZ0) forall w> .
““2p(2N-0) HoH
Proof. Assume that the conclusion is not true. Then there exists a sequence
p(2N-o)
, with g —+o0 such that ¢, > 2PS=0 g aN(p-1)+p(zs-0) . Take

2p(2N —0')
UEX\{O}, by Lemma 3.1 (1), there exists a unique t, >0 such that
max J (tu) =J (tﬂnu). Since (hy), we have

t>0

||p +bt2[u

I’n
- IRN[Ia<x>*|u|"ff*s}
2075 [ 1, 002l ™ o

which means that {t ”n} is bounded. Therefore, up to a subsequence, and there
exists t, >0 such that t, —>t_ as n—>o. Suppose t_>0.In view of (hy),
one has

!m[ﬂn ( ‘t ur )‘tﬂnu‘z dx+£2% [n [IU (x) [y }

However, we know that

|p“dx+yrl ( |t u| )|t u| dx

ks dx} =

o >l

which is a contradiction. Thereupon, we get t =0. And it follows from (h,)
that

max J (tu) =J (tﬂnu)

t>0

1 * % *
A thﬁ"w [on ['a (%) *[uf™ }|U|p” dx — 0,
o,S
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as n — o . Hence,
p(2N-o)

2pS—0  aN(p-d)rp(2s-0)
<2p(2N—o-)S suelw{o}sttij(tu)<maxJ(tu) -0,

a contradiction. As a result, there exists 4" >0 such that

p(2N-0o)
2ps—_O-S N(p2+p(25-9) gorall u > u” . The proof is completed.

Proof of Theorem 1.1. In virtue of Lemma 3.4 (3), we know that C, is
achieved. For x> u".let {w,} =S, be a minimizing sequence satisfying
$,(w,)—>c, = irglf b,

Thanks to the Ekeland variational principle, we assume that ¢, (WrI ) —>0 in
X'.Set u, =1(w,)e N .By Lemma 3.4 (1), we have

I(uy) =4, (W) >c,,
and J'(u,)—>0 in X'.Thus, by virtue of (hs), we get

6,40, (], = (00) -5 (0.,
=gl ge o [ o o (] )
SpllE

which implies {un} is bounded in X. Hence, there exists a subsequence, still
denoted by {u,},and ue X . Then we have
u, —u in X,

P;—,s dX

u, > u in L (R",C) for p<q<pl.

Thereupon, J'(u)=0. The next, we prove it by case.
If u20. we know that ue A/ and c,<J (u) . It follows from Fatou’s
Lemma, the weakly lower semi-continuity of the norm and (h;) that

c, —rllm{ (un)—2—1p<\]’(un),un>}
2 gt e amint s oo () o
I 1 1 o

+|'rnTL'Qf {Z—p—meRN [IU(X)*|Un Pavs} Uy
Ll #J [( = o ()
1

'ﬂu

> )>c

p;;,s dx

p:r,s dX

X)*|u

[ZP 2p
<

e
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Consequently, we get J (u) =C,.

In the following, we consider the case for u=0. On account of the concen-
tration-compactness principle by Lions, we know that two cases may happen:

. . . . 2 _
1): Vanishing, that is, !m iie .[Bl(y) u, (X)| dx=0.

2): Nonvanishing, that is, there exists a sequence {y,}c R" and a constant
d >0 such that

liminf

minf [, Ju, () dx2 . (3.8)

Assume that (1) occurs. In view of Lemma 1.21 in [29], we get |Un| —0 in
L (RN ) for p<q< p;.Thus, by means of (3.1) and (3.2), we have

[.wH (x,|un|z)dx -0 and [, h(x,|un|2)|un|2 dx — 0. (3.9)
Consequently,

00 (1) =12, 0L, [~ 1o (00 #fu ™ |

un|p‘*"5 dx.

Suppose ”Un"zA + b[un]:,i — m. Then -[RN [IU (X) >l<|un|p‘*"S }|un|p:‘S dx —->m. If

m> 0, in virtue of (2.1), we get

S( fou[ 1, (0=l |

2(N-ps) p(2N-o)
Hence, SmP?""?) <m . Then we have either m=0 or m> SN(PY*p2s=0)
If m=0, we have c, = 0, which contradicts with Lemma 3.6. When
p(2N-0o)

m > §2NPVP(259) it follows from  J (un) —C, and (3.9) that

PP <[, <ol <l bl

.11 b 2p U 2
ey =1 Lo s 4 o o

n—oo
1 * *
o[ 1 Gl dx}

2p, 5
m m  2ps-o
“2p 2p.. 2p(2N-o)
p(2N-0o)
L _2PS=0 apueaio)
2p(2N -o) ’

which also contradicts with Lemma 3.6. Therefore, nonvanishing occurs. With-
out loss of generality, we may suppose Y, € Z" . Let 0,(-)=u,(-+Yy,).Uptoa
subsequence, then there exists Ge X such that G, —0 in X, 0, >0 in
L?OC<]RN ,(C) for p<q<p;,and u, >u ae. on R".Due to (3.8), we know
that G=0.

The next job is to prove that J,(0)=0 . For all gpeX , set

a

¢, (-)=9,(-—Y,). Owing to Lemma 3.5, we know that
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[ [V () =V, (%) ]u, @k — 0
and
IRN [h(X,|Un|2)_ h, (X,|un|2 )}un(p_ndx 0.

Hence we have

(37(u) 00) = (2 (). 1)
= R{IRN [V (x)-V, (x)] Un‘P_ndX—#fRN [h(x,|un|2)_ h, (x7|un|z )] un;ndx}

—0.

Consequently, <J{; (un),gon> — 0. In addition, it follows from the periodicity
of V, and h, with regard to the variable xand y, € Z" that

(32(0,),0) = (3. (u,). ),

which means that <J . (l]n),(p> — 0. Therefore, as previous arguments we can
conclude that J/, (0)=0.

What follows is to prove J,, () <c, . In fact, it follows from the boundedness
of {"un”s,A} and Lemma 3.5 that

[V ()=, (%), [ ax >0

and
Fa[(clu?) . (o) Jo a0,
also
oo [H (%0 )~ H () Jox
Thereupon,

[ [h(x,|un|2)— H (x,|un|2)}dx = [0 [ha (x,|un|2)— H, (x,|un|2)}dx+on (1).

By the periodicity of V, and h, in the variable x again, (3) in (hs), and it
follows from the weakly lower semi-continuity of the norm and Fatou’s Lemma
that

o, =] 30 (0 )

n—o 2p
1. Mo 2y P 2
> stimint 7+ tmint ol = o (] ) Jox
L 1 1 s -
+liminf {Z_p_m]‘[w[lg(x)*m" P }un Pos dx

1. . -
=2_p||ql|£1f ||un||:'ayA+2iI|m|nf RN[ha(X:|Un|2)|Un|2 _ pHa(x,|un|2)}dx

n—owo
*
pU,S

p:,r,s dx

un

. 1 1
e AU
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1, i o )
- _p"’JL'L‘f [ +2_p|“;l'3f AN |:ha (x,|un|2)|un|2 - pH, (x,|un|2)} dx
i g 10 o o

p

n—o p 2p;S
1. 12\~ .
Z?_—p"U”sYD('A +% N ha (x,|u|2)|u|2 _ pHa (X,|u|2):| dx

1 1 AP |1 Ps

Finally, we argue that max J, (t0)=1J,(0).Invirtue of G#0 and J.(0)=0,
we get Ue N . Therefore, we can deduce that the conclusion holds from Lem-
ma 3.1 (2). It follows from (0#0 and Lemma 3.1 (1) that there exists t; >0
such that t,0 € A/ . Then, we have

¢, =infJ < (t,0) <3, (t,0) <maxJ, (td)=J,(T)<c

t>0 u

which means that J (t,0)=c,.
In summary, C, isachieved. Moreover, by Lemma 3.4 (3), the corresponding
minimizer is a ground state solution of (1.1). Then, we complete the proof of

Theorem 1.1.
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