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Abstract 
In this paper, it is studied that the processing mechanism of SiN brittle ma-
terial in Axial Ultrasound Vibration Assisted Grinding. Search for the rela-
tionship between machine tool system and ultrasonic system in AUAG ma-
chining, and establish the mathematical model of system matching. The im-
portance of system matching for AUAG machining is verified by the influ-
ence of ultrasonic parameters on grinding force and workpiece surface quali-
ty. I verify the correctness of the theory. The matching model of ultrasonic 
system can be used to optimize the ultrasonic processing parameters of hard 
and brittle materials, predict the grinding surface morphology, grinding force 
and surface roughness. 
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1. Introduction 

SiN is a typical brittle material. It is an important structural ceramic material 
and superhard material. It has lubricity, wear resistance and oxidation resistance 
at high temperature. SiN ceramics are often used to manufacture mechanical 
components such as bearings, turbine blades, mechanical seal rings, permanent 
dies and so on because of their excellent properties. Taking the processing of sil-
icon nitride as an example, this paper studies the AUAG processing of brittle 
materials and verifies the correctness of the theory [1]-[6]. 
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2. Matching Model of Ultrasound Machining System for  
Brittle Materials 

2.1. Modeling of Critical Ultrasound Vibration Frequency 

The mathematical model of ultrasonic vibration frequency can provide powerful 
guidance for the establishment and design of special ultrasonic processing sys-
tem, reveal the range of resonant frequency used in ultrasonic processing, and 
provide effective theoretical basis for how to select the optimal processing para-
meters in actual processing. R represents the radius and ap represents the cutting 
depth. 

As shown in Figure 1, the contact time t1 between Contact time between ab-
rasive particles and workpiece in a single grinding wheel rotation cycle can be 
calculated according to the speed, diameter and cutting depth of the grinding 
wheel： 

1

arccos pR a
Rt

ω

−

=                          (1) 

As shown in Figure 2 and Figure 3, when the arc surface of the grinding 
wheel contacting the workpiece in a single cycle is covered by the vibration tra-
jectory of the abrasive in ultrasonic machining, the arc length L1 equals the sum 
of the transverse crack width of the abrasive in all ultrasonic vibration periods. 

 

 

Figure 1. Wheel grinding depth sketch map. 
 

 

Figure 2. Grain track under ultrasonic vibration on the grinding curved surface. 
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Figure 3. The critical path of single grain in UAG. 

 
The length of transverse crack C1, vibration frequency f, number of transverse 

cracks n, number of ultrasonic vibration times m experienced on the arc, and 
time t1 of grinding wheel contact with workpiece in a single cycle can be ob-
tained as follows: 

1 1L nC=                              (2) 

( )2 12n m= +                            (3) 

( )1 1 s mL t v v+=                           (4) 

1m t f=                              (5) 

( )1 12 2n t f +=                           (6) 

( ) ( )1 1 12 2 1s wt v v C t f=+ +                      (7) 

The critical ultrasonic vibration frequencies obtained by the simultaneous 
formulas (9), (14), (15)-(20) are as follows: 

( ) ( ) 1
1 1

3
1 1 4

1

arccos 2
2

4
4arccos

p m
s

s w c

p m

c

w

R a Pv w
t v v C R K

f
C t R a P

R K

v ξ

ξ

−  
−  −  = =

−  


+




+



         (8) 

The parameters in the formula are: radius R of grinding wheel, angular veloc-
ity_ω of grinding wheel, cutting depth ap, linear velocity vs, feed speed vw, grind-
ing width b, grinding particle radius r, hardness H of workpiece material, frac-
ture plasticity Kc, number of grinding particles n, ratio coefficient δ1, δ2, contact 
force Pm of single grit, ultrasonic vibration frequency f, transverse crack width 
C1, grinding particle fraction Cloth density Nds, ultrasonic amplitude A. 

According to the above formulas, if the processing parameters of ordinary 
grinding are known, the critical frequency of ultrasonic grinding can be deduced 
according to the formulas. After obtaining the critical frequency, the correspond-
ing frequency width can be taken as the working frequency of ultrasonic assisted 
grinding, and the better effect of ultrasonic assisted grinding can be obtained. 
On the contrary, if the parameters of the ultrasonic system are known, the grind-
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ing parameters can also be obtained by inverse equation. 

2.2. Critical Amplitude of Ultrasound System 

The critical amplitude of the ultrasonic system is mainly determined by the sur-
face abrasive particle distribution density Nds of the grinding wheel. As shown in 
Figure 4, the trajectory of the cross-row abrasives on the grinding wheel does 
not interfere when the spacing of the cross-row Abrasives equals the width of the 
transverse crack plus the length of the amplitude by two times. When the am-
plitude is greater than 1/2 of the abrasive spacing, the trajectories of the cross- 
row abrasives are superimposed on each other. Therefore, once the size of grind-
ing wheel is selected, the critical amplitude can be determined. The critical ul-
trasonic amplitude can be obtained by the following formula: 

1
12

h nhA C
n

−
= −                            (9) 

In the formula, A is the critical amplitude, h is the width of grinding wheel, 
h1is the width of abrasive indentation, n is the number of longitudinal abrasive 
particles, C1 is the length of transverse crack. When the ultrasonic amplitude, 
grinding depth and transverse crack length are known, if there are only two rows 
of abrasive particles on the surface arc of the grinding wheel contacting the work-
piece, the trajectory (crack) of the longitudinal abrasive particles will not inter-
fere. Therefore, the spacing of longitudinal abrasives is determined by the radius 
of grinding wheel and the grinding depth, and the spacing of transverse Abra-
sives can be determined by Equation (22). When the number of abrasive par-
ticles is known, the critical distribution density of abrasive particles can be ob-
tained by calculation. This method can be used to design the special grinding 
wheel for ultrasound. 

2.3. Grinding Force Modeling 

Assuming that 1 2ξ ξ ξ= , the substitution formula (11)-(13) can be obtained: 
 

 
Figure 4. The ideal grinding wheel surface grain distribution. 
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By calculating ζ through indentation test, the grinding force pm of a single ab-
rasive particle can be calculated, and then the total grinding force can be ob-
tained [1]-[6]. 

Grinding force of a single abrasive particle: 
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(11) 

Overall grinding force: 
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(12) 

From the mathematical model of grinding force, it can be seen that grinding 
force decreases with the increase of frequency, amplitude, cutting depth and grind-
ing width, and feed speed. According to formula (25), the numerical simulation 
of grinding force F is as follows: 

The calculated grinding force shown in Table 1 is an average value which can 
reflect the average grinding force per unit removal volume. In fact, the removal 
rate of AUAG varies with the change of ultrasonic amplitude and frequency. As 
shown in Figure 5 the grinding force decreases with the increase of ultrasonic  

 
Table 1. Grinding force calculation sheet. 

Grinding wheel 
speed 

Feed rate 
Radius of  

abrasive grains 
Grinding  

wheel radius 
Grinding  

depth 
frequency amplitude Grinding force 

vs (r/min) vw (mm/min) r (μm) R (mm) ap (mm) f (Hz) A (μm) F (N) 

2200 420 108 11 0.04 16000 7 25.16 

2200 420 108 11 0.04 20000 7 25.00 

2200 420 108 11 0.04 24000 7 24.85 

2200 420 108 11 0.04 28000 7 23.70 

2200 420 108 11 0.04 30000 7 24.55 

2200 420 108 11 0.04 16000 13 24.55 

2200 420 108 11 0.04 20000 13 24.09 

2200 420 108 11 0.04 24000 13 23.48 

2200 420 108 11 0.04 28000 13 22.87 

2200 420 108 11 0.04 30000 13 22.49 
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Figure 5. Predicted relation between grinding force and frequency. 

 
frequency and further decreases with the increase of ultrasonic amplitude. In 
addition, the prediction model shows that the grinding force increases with the 
increase of grinding depth, feed speed and grinding width. The above formulas 
show that the ultrasonic parameters have a great influence on the grinding force 
and surface quality. The ultrasonic frequency and amplitude can change the per-
formance of ultrasonic vibration assisted grinding. The matching of ultrasonic 
system is necessary for ultrasonic grinding. 

3. Experiment Setup 

In order to verify the accuracy of the mathematical model, specific experimental 
studies, experimental equipment and testing methods are carried out. The spe-
cific experimental settings are as follows. SiN, relative density 3.18 (g/mL, 25˚C), 
Mohr hardness 9, small coefficient of thermal expansion, good chemical stability 
and excellent oxidation resistance were selected as experimental materials. The 
size is 40 mm × 25 mm × 7 mm, as shown in Figure 6. 

Table 2 is the experimental parameter matrix, which characterizes the para-
meter settings in the experiment. Four output variables, material removal rate, 
grinding force, surface roughness and surface micro-morphology, can be obtained 
through experiments. Through the matching equation of the ultrasonic system, 
the critical frequency of the ultrasonic vibration is 13,000 Hz. 

4. Results and Discussion 

By comparing the experimental results of conventional grinding and ultrasonic 
vibration assisted grinding, the effects of ultrasonic vibration frequency and am-
plitude on the processing quality were studied. All the experiments were divided  
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Table 2. Matrix for the parametric experiments. 

Grouping 

Grinding  
wheel speed 

Radius of  
abrasive grains 

Feed rate frequency amplitude 
Grinding  

wheel radius 
Grinding  

depth 

vs (r/min) r (μm) vw (mm/min) f (k Hz) A (μm) R (mm) ap (mm) 

1 800 - 2200 108 420 16 7 11 0.04 

2 800 - 2100 108 420 31 13 11 0.04 

3 800 - 2100 108 420 0 0 11 0.04 

4 800 108 108 - 420 16 7 11 0.04 

5 800 108 420 16 7 11 0.007 - 0.04 

6 800 108 108 - 420 31 13 11 0.04 

7 800 108 420 31 13 11 0.007 - 0.04 

 

 
Figure 6. Relative position between workpiece and tool. 

 
into seven groups for 28 times, with different ultrasonic amplitudes and fre-
quencies. After each group of experiments, the grinding wheel is sharpened to 
prevent the influence of wheel wear on the experimental results. LY-WN-YH 
Ultra-depth-of-field microscopy is used to collect three-dimensional micro-to- 
pography of grinding surface. NANOVEA ST400 Surface profilometer is used to 
measure the roughness of grinding surface. In order to obtain effective data, the 
experiment was repeated three times, and the final average value was obtained as 
the experimental result. The surface morphology and grinding force analysis ob-
tained by grinding are shown in the following figure. 

The workpiece surface debris produced by ultrasonic vibration assisted grinding 
is much less than that produced by conventional grinding. This shows that ul-
trasonic vibration can effectively clean grinding debris and prolong the service 
life of grinding wheel. Compares the grinding surface obtained by different ul-
trasonic parameters. It can be seen that the surface roughness of ultrasonic grind-
ing is lower than that of ordinary grinding, but the surface morphology of high 
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frequency is worse than that of low frequency. NANOVEA ST400 three-dimen- 
sional profilometer is used to measure different surface topography. 

The machined surface obtained by low frequency ultrasonic vibration assisted 
grinding is the best, with low surface ripple and surface roughness. The surface 
obtained by high frequency ultrasonic machining is relatively worse than that by 
low frequency machining, but still better than that by ordinary grinding. This 
shows that the roughness of machined surface increases with the increase of 
frequency when ultrasonic grinding is used on critical frequencies. The match-
ing of ultrasonic system plays a macro-control role on the quality of surface pro- 
cessing. It is very important to optimize the parameters of ultrasonic grinding. 
The influence of ultrasonic parameters on grinding force is shown in the fol-
lowing figure. 

The grinding force of ultrasonic vibration assisted grinding is less than that of 
ordinary grinding, and is affected by the ultrasonic amplitude and frequency. 
The grinding force decreases with the increase of ultrasonic frequency, ampli-
tude and spindle speed, and with the decrease of grinding depth and feed speed. 
It shows the comparison between the grinding force measured by the experiment 
and the simulation value. It can be seen that the change trend of the grinding 
force under the influence of the ultrasonic parameters (frequency, amplitude) can 
be consistent with the change trend of the grinding force measured by the expe-
riment. The experimental results can validate the correctness of the mathemati-
cal model effectively, and better ultrasonic grinding parameters can be obtained 
through the system matching model of brittle materials. 

5. Conclusion 

Through a comprehensive study of the processing mechanism of hard and brittle 
materials, a system matching model of ultrasonic vibration assisted grinding of 
brittle materials is established. The model is used to reveal the grinding prin-
ciple of ultrasonic vibration assisted grinding and optimize the processing pa-
rameters of ultrasonic grinding, so as to improve the processing quality. Based 
on the mathematical model, the critical frequency of the ultrasonic system in-
creases with the increase of wheel speed, feed speed and abrasive particle distri-
bution density, and decreases with the decrease of grinding depth and feed speed. 
The frequency and amplitude of ultrasonic vibration have great influence on 
material removal rate, grinding force, surface morphology and surface rough-
ness. Ultrasound grinding of brittle materials needs to select the best ultrasonic 
parameters to obtain the best surface quality. The grinding force increases with 
the increase of the number of abrasive particles, grinding depth, grinding width 
and feed speed, and decreases with the increase of ultrasonic vibration frequen-
cy, ultrasonic amplitude and spindle speed. The matching model of ultrasonic 
system can be used to optimize the ultrasonic processing parameters of hard and 
brittle materials, predict the grinding surface morphology, grinding force and 
surface roughness. 
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