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Abstract 
The author of this paper has put forward a unified program of gauge field 
from the mathematical and physical picture of the principal associated bun-
dles: thinking that our universe may have more fundamental interactions than 
the four fundamental interactions, and these basic interaction gauge fields are 
only the projection components to the base manifold, that is our universe, 
from a unified gauge potential or connection of the principal associated bun-
dle manifold on the base manifold. These components can satisfy the trans-
formation of gauge potential, and can even be transformed from one basic 
interaction gauge potential to another basic interaction gauge potential, and 
can be summarized into a unified equation, that is, the generalized gauge Eq-
uation (GGE), but the gauge potential or connection on the principal bundle 
is invariant, corresponding to the invariance of gauge transformation [1]. In 
this paper, we will continue to discuss this aspect concretely, and specifically 
construct a spatiotemporal model with the frame bundle as the principal 
bundle, and the tensor bundle as the associated bundle, so that the four fun-
damental interactions, especially the electromagnetic interaction and the gra-
vitational interaction, can be reflected in the bottom manifold, that is, the re-
gional distributions in our universe. Furthermore, this paper studies the exis-
tence of gauge transformation across basic interactions by establishing a model 
of gauge transformation of basic interaction field; it is found that the unified 
expression formula is GGE and the expression relation on the curvature of 
space-time. Therefore, the author discusses the feasibility of the generalized 
gauge transformation across the basic electromagnetic interaction and the ba-
sic gravitational interaction, and on this basis, specifically determines a me-
thod or way to find the generalized gauge transformation, so as to try to real-
ize the last step of the “unification” of the four fundamental interactions in 
physics, that is, the “unification” of electromagnetism and gravity. 
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1. Introduction 

Following the spirit of Einstein’s unified field and Yang Mills’ gauge field theory 
[2], many scholars tried to expand the gauge “quantum” field theory to the cat-
egory of gravity, hoping to establish a grand unified theory of four fundamental 
interactions such as gravity and electromagnetic forces [3] [4] [5] [6], but until 
now, gravity has not been unified with the other three basic interactions; the 
quantization theory of gravitational field has always been inconsistent with the 
microscopic quantum field theory [7] [8] [9], which has also become an exciting 
point for the creation of various theoretical hypotheses such as superstring and 
loop quantum gravity [10] [11] [12]. These still inspire us to constantly think 
about a question today, that is, considering the experimental fact that gravity is 
so weak in the elemental particle region, can we say with certainty that gravity 
can be quantized? 

The second question is whether there are more than four basic interactions in 
nature? There seems to be no principle that can limit the basic interactions of 
nature to four kinds, namely gravity, electromagnetic, weak and strong interac-
tions. Dark matter and dark energy have put forward an interpretation of this 
question from the perspective of astrophysics or cosmic scale framework [13] 
[14] [15] [16]. Is dark matter and dark energy the real existence or the represen-
tation of some unknown basic interactions? Suppose that there are only four ba-
sic interactions in nature, so far, by constructing a very specific product form of 
structural group ( ) ( ) ( )1 2 3U SU SU× × , electromagnetic, weak and strong in-
teractions correspond to a standard model of gauge unified field theory, which 
has been basically completed [17] [18] [19] [20], so the difficulty of unified field 
theory of four interactions is the unification of gravitational interaction and elec-
tromagnetic interaction. Therefore, in this paper, the author uses the combina-
tion of the principal fiber bundle theory and the physical concept of gauge field 
[1] [21] [22] [23] to establish a model of gauge transformation of four funda-
mental interaction fields. Specifically reveal the physical meaning of gauge trans-
formation and GGE across four basic interaction gauge fields, especially between 
electromagnetic field and gravitational field, as well as the significance of con-
nection with space-time region, so as to try to realize the last step of the unifica-
tion of the four fundamental interactions in physics, namely a “unity” of elec-
tromagnetism and gravity. 

2. Basic Point of View 

1) The four basic interactions of gravity, electromagnetic force and strong and 
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weak are forces related to the connection and curvature of space-time regions. 
Why is it so difficult to unify gravity and electromagnetic force? One possible 
reason is that gravity is very weak in the space-time region of quantum distribu-
tion, so its quantization is not worth and may not exist. 

2) Similarly, the gravity of long-range interaction can reach a very strong vast 
area, and the short-range interaction such as strong and weak cannot reach these 
space-time areas. Although the electromagnetic force may be relative weak, it is 
still the long-range interaction, so it can intersect with gravity, which gives a 
foundation for the unification of electromagnetic force and gravitational force, 
namely the specification transformation across the basic interaction on the inter-
section of electromagnetic interaction and gravitational interaction. Therefore, the 
basis of unification can only be based on their space-time characteristics, which 
is represented by the invariance of gauge transformation, that is, from a mathe-
matical and physical point of view, they are the projection components in the uni-
versal bottom manifold from the connection or curvature of the high-dimen- 
sional space-time manifold of the principal associated bundles of the universe. 

3) The connection of the higher-dimensional space-time manifold of the prin-
cipal bundle is the gauge potential, the curvature is the gauge field strength, and 
the connection of the associated bundle is the gauge field, which will not change 
with the gauge transformation. The gauge transformation is only the transfor-
mation between components where the base manifold (our universe) has an in-
tersection domain of the interactions, and the meaning of the gauge transforma-
tion across the basic interactions is the transformation between the basic inte-
raction components that are projected at the intersection domain, for example, 
the transformation of gauge potentials between electromagnetic interaction and 
gravitational interaction. 

4) The four basic fields of the universe (gravity, electromagnetic force, weak 
force, strong force) are unified in one cosmic space-time gauge potential �ω  (cor- 
responding to a cosmic space-time gauge field). The corresponding gauge field 
and the mutual transformation between the four fundamental gauge fields can 
be expressed by a generalized gauge potential transformation Equation (GGE for 
short): its concise expression under certain conditions is the curvature similarity 
equation: 

1
V UV U UVg g−=Ω Ω  

here, VΩ  and UΩ  is the projected component of the curvature �Ω  of the prin-
cipal bundle on the bottom manifold region V and U respectively, UVg  is the 
conversion function of these region components, which is associated with a ge-
neralized gauge transformation. It shows that all different gauge potentials or 
curvatures are just the components of the unified connection or curvature of the 
spatiotemporal manifold of the principal associated bundle of the universe in 
different regions of the base manifold; based on this equation, we can determine 
a method or approach to find the generalized gauge transformation. 
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3. On the Construction of Principal Associated Bundles 
3.1. Concept 

The principal fiber bundle ( ),P M G  is composed of a bundle manifold  
P G M= × . The bottom manifold (which can represent our universe) M is 
composed of the structure group as a Lie group G; in order to meet the require-
ments of general relativity, M is matched with metric, G is a Lie group including 
4 subgroups and their product ( ) ( ) ( ) ( )1,3 1 2 3SO U SU SU× × × , and also con-
tain the group element field that can include the conversion function between 
the four basic interactions (i.e. gravity, electromagnetic, weak and strong inte-
ractions). For the requirements of associated bundle, it is important to select the 
typical fiber F: F is required to include the basic interaction fields such as gravi-
tational field and electromagnetic field. 

3.2. The Relations between Projection Mapping of Principal  
Bundle and Associated Bundle 

1) ˆ : P F Q× →τ , defined as ( ) ( )ˆ , : ,p f p f p f Q= = ⋅ ∈τ . That is, p P∀ ∈ , 
ˆ :p F Q→τ ; from this, one can define the topology of Q so that Q⊂φ  is open 

if and only if [ ]1ˆ P F− ⊂ ×τ φ  is open, then Q is topological space, τ̂  is conti-
nuous mapping. Not only that, we can also prove that Q is a manifold. 

2) ˆ : Q M→π , defined as: ( ) ( )ˆ : ,q p M q p f Q= ∈ ∀ = ⋅ ∈π π . ∴  more ac-
curately, [ ]1ˆ ˆ:p F x−→τ π , ( )x p≡ π ; [ ]1:pR G x−→π , ( )x p≡ π , and ˆpτ , 

pR  are all differential homeomorphic maps. In other words, ˆpτ , pR  respec-
tively brings the manifold structure of F or G into the fiber [ ]1ˆ x−π  of the asso-
ciated bundle Q or the fiber [ ]1 x−π  of the principal bundle P. 

3) ( ), , :: , ,P F P p f p p P f F× → = ∀ ∈ ∈τ τ . 
4) : P M→π , and meet: ( ) { }1 ,p pg g G p P− = ∈ ∀ ∈  π π . 
Here, the relevant definitions in (3) and (4) have been given by [1] [23]. 
If every x M∈  has an open neighborhood M⊂ , whose inverse image 
[ ]1π −   and product manifold G×  is differential homeomorphism, i.e.  
[ ]1 G− = × π , then the corresponding T  is local trivial, and the corres-

ponding principal bundle is local trivial, where   may correspond to four re-
gions, namely the gravitational interaction region V, electromagnetic interaction 
area U, strong interaction region 1W  and weak action area 2W . If M= , 
then [ ]1 P M G− = = ×π  is called as globe trivial. In general, it can be said 
that any principal bundle is local trivial, so one can extend the local trivialization 
to the principal associated bundle diagram of universe as see Figure 1. 

Therefore, through the analysis of the requirements for the structure group G, 
manifold M and typical fiber F mentioned above, we can consider selecting the 
frame bundle as the principal bundle and the tensor bundle as its associated 
bundle to form a cosmic principal associated bundle structure. 

3.3. The Frame Bundle as Principal Bundle 

M is supposed as the n-dimensional manifold, { }{ },P x e x M≡ ∈µ , { }eµ  is a  
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Figure 1. A more specific structure of the principal associated bundle diagram of the un-
iverse, [ ]1− π  and [ ]1ˆ − π  represent the principal fiber bundle and associated bun-

dle on   respectively; here   represents the overall trivial or locally trivial region 
on M, which may correspond to four regions, namely, the region of gravitational interac-
tion V; the region of electromagnetic interaction U; the region of strong interaction 1W  
and the region of weak interaction 2W . 

 
basis of xT M , abbreviated as xe Tµ  represents the tangent space of x M∈ . 
Then P can be proved to be 2n n+  dimensional manifold. Now choose ( )GL n  
as the structure group G, which is large enough to contain the subgroups  

( )1,3SO , ( )1U , ( )2SU , ( )3SU , and ( ) ( ) ( ) ( )1,3 1 2 3SO U SU SU× × × , then 
a frame bundle can be constructed by the following three steps: 

1) Define the right action of the matrix group ( )GL n  on P, ( ):R P GL n P× →  
as ( ),gR x e gν

ν µ , where gν
µ  represents g matrix elements. 

2) Define the projection map : P M→π , that is, ( ) ( ), : , ,x e x x e P= ∀ ∈µ µπ . 
3) Define local trivial [ ]1:UT U U G− → ×π , ( ) ( ), : ,UT x e x h=µ , where  

( ),Uh S x e G≡ ∈µ , 
x

h e
x
∂

=
∂

ν
µ µν , and ( ) ( ) ,U US pg S p g g G= ∀ ∈ . So UT  is 

differential homeomorphism. 
The principal bundle ( )( ),P M GL n  constructed by the above three steps is 

called the frame bundle and is recorded as FM. 

3.4. Tensor Bundle as Associated Bundle 

On the basis of FM, take manifold nF =  , then F is vector space, f F∈  can 
be expressed as a column matrix of n real numbers, namely ( )1, , nf f� ; so we 
can define left action : G F F× →χ  is ( )( ) :g f g f=

µ µ ν
νχ , ( )g GL n∀ ∈ , 

f F∈ ; by right and left actions one can determine ( ): P F G P F× × → ×ξ ,  
:g P F P F× → ×ξ . Specifically ( ) ( )1, ,g p f pg g f−=ξ ⇒  
( ) ( )( )1, ; , ;g x e f x e g g f−=

ρρ ν σ
µ ν µ σ

ξ . Here ( ), ;x e f P F∈ ×ρ
µ  can produce  

xv e f T M≡ ∈µ
µ , and on the same orbit v e f v e f′ ′ ′= = =µ µ

µ µ ; that is to say, 
every [ ]1ˆq x−∈π  point (representing a orbit) 1-1 corresponds to vector v in 

xT M , all different v in xT M  correspond to different q above to form a tangent 
bundle [ ]1ˆ x−π , namely [ ] 1-11ˆ xx T M− ←→π ; so tangent bundle / ~Q P F= ×  
(here, ~representing equivalence relationship) is the associated bundle of FM. 
Further, Q can be regarded as the tangent bundle TM on M, Q TM= , so that 
the cross-section of any region [ ]ˆ :U U Q→σ  (because 1-1 corresponds to the 
vector of tangent space on U) is a tangent field on U M⊂ . Since it is a vector 
field, at least preliminary description of the cross-section ˆ :U Q→σ  is related 
to the regional distribution. Different cross-sections correspond to different re-
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gional distributions, and there is a transformation relationship of the transfer 
function between the cross-sections. 

More than this, on the basis of FM, if the manifold ( ) ( )
*

0,1n
nF = =


  , 

( )1, , nf f f F= ∈� , ( )( ) ( )1:g f g f−=
ν

νµ µ
χ , then giving any point  

( ), ;x e f P F∈ ×µ ρ , it can produce: *
xe f T M≡ ∈µ

µβ  (the dual space of xT M ), 
and there is ′=β β  on the same orbital; all the different β in *

xT M  corres-
pond to the different q above it to form a cotangent bundle [ ]1ˆ x−π , that is, 

[ ] 1-11 *ˆ xx T M− ←→π ; so the cotangent bundle / ~Q P F= ×  is also an associated 
bundle of FM. Any of its section ˆ :U Q→σ  is a covector field (dual vector 
field) on U M⊂ . 

Further, if P FM= , ( )G GL n= , ( )1,1nF =

 , ( )f f F= ∈µ

ν , then choose: 
1) : G F F× →χ ; 2) { }ˆ :gG F F g G≡ → ∈χ  is a Lie transformation group, 
which is the homomorphic mapping or realization or representation of G, and F 
is the realization space; then the left action can be defined:  

( )( ) ( ) ( )1 ,: ,g f g g f g GL n f F− ∈= ∀ ∈
βµ µ α

α βν ν
χ . So any given point  

( ), ;x e f P F∈ × ↔ρ
µ σ ( ) ( ):

aa
b b

T e e f= ν µ
µ ν , that is, a

bT  is a tensor of type (1, 1) 
in point x. The necessary and sufficient condition of a a

b bT T ′=  is that the given 
points are on the same orbit. Then we get a tensor bundle of type (1, 1) on the 
bottom manifold M, which is also an associated bundle of FM. Any of its section 
ˆ :U Q→σ  is a (1, 1) type tensor field on U M⊂ . 

After consideration, the author boldly believes that one of the more universal 
possible structures of the principal associated bundles of the universe is the frame 
bundle plus ( ),k l  tensor bundle as the associated vector bundle. According to 
the previous analysis and requirements, it can be considered that the principal 
associated bundle structure of the universe can accommodate the universal gauge 
fields and the corresponding four basic interactions. The main reasons are as 
follows: 

1) Its structure group ( )GL n  is a general linear transformation matrix group, 
which is sufficient to contain the subgroups ( )1,3SO , ( )1U , ( )2SU , ( )3SU  
or subgroup product ( ) ( ) ( ) ( )1,3 1 2 3G SO U SU SU= × × ×  corresponding to the 
gauge transformation of the basic interactions required by the principal bundle 
sections transformation. 

2) The (1, 3) tensor bundle, as the structure of the associated vector bundle, 
may be sufficient to contain all kinds of gravitation-related tensor fields, elec-
tromagnetic force gauge fields, etc. However, the relatively simple structure of 
the principal associated bundle of the universe may still be the frame bundle plus 
tangent bundle, FM + TM. 

4. Principal Associated Bundles and Gauge Field 
4.1. Gauge Selection and Section 

Definition: Let ( ),P M G  be the principal bundle, U be the open subset of M, 
C∞  mapping :U P→σ  is called a local section, if ( )( ) ,x x x U= ∀ ∈π σ . Here 

https://doi.org/10.4236/jmp.2023.145035


B. Qiao 
 

 

DOI: 10.4236/jmp.2023.145035 610 Journal of Modern Physics 
 

if U M= , then : M P→σ , which is called the globe section. In the case of a 
local cross-section, we further explore the physical meaning of the cross-section: 
let U be the open subset of the bottom manifold M, and G be the structural 
group to construct a non-trivial principal bundle P U G= × , where the free 
right-hand action of G on P is: ( ):R U G G U G× × → × , that is, 1g G∀ ∈ , de-
fine 

1
:gR U G U G× → ×  as: ( ) ( )

1 2 2 1, : ,gR x g x g g= ,  
( )1,x g U G∀ ∈ × . Let :U P→σ  and :U P′ →σ  be the local section of P re-

spectively, then x U∀ ∈  has a unique group element field :g U G→  such that: 
( ) ,g x G x U∀ ∈ ∈ , ( ) ( ) ( ) 1x x g x −′ =σ σ . Therefore, there exists a representation 

group element such that ( ) ( )( ) ˆU x g x G≡ ∈ρ , so that a local gauge transfor-
mation can be constructed to act on the local gauge field ( )xφ :  
( ) ( ) ( ) ( )( ) ( ) ( ),x U x x g x x x′ = ≡ ∀ ∈φ φ ρ φ φ , where   is the representation 

space of Ĝ , and Ĝ  is a representation of G. At this time, ( )xφ  is actually a 
column matrix, and ( )( )g xρ  is a square matrix, i.e. ( )( ) ˆ:g x G G→ρ . In ad-
dition, if the tangent bundle TM is selected as the associated bundle of FM, then 
there is naturally: F =   (the representation space of ρ), through the left action 

: G F F× →χ  as 1g G∀ ∈ , 
1

:g F F→χ , ( ) ( )( )
1 1 1 1 1: ,g f g f f F= ∀ ∈χ ρ , then 

there is an associated bundle  

( ) ( ) ( ) [ ]1ˆx q p f x f x x Q−Φ ≡ = ⋅ = ⋅ ∈ ⊂σ π , 

where ( ): ,f U F f x F→ = ∀ ∈ =  . So ( )xΦ  is determined by the cross- 
section σ and f. In addition, ( )g x  can generate: 1) ( ) ( ) ( ) 1x x g x −′ =σ σ , 2)  

( ) ( ) ( ) ( )( ) ( ) ( ) ( )g xf x f x g x f x U x f x′ = = =χ ρ  (i.e. gauge transformation), 
which is equivalent to  

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) [ ]

1

1 1ˆ

x x f x x g x g x f x

x g x g x f x x f x x x

−

− −

′ ′ ′Φ = =

= = = Φ ∈

⋅ ⋅

⋅ ⋅

σ σ

σ σ π
. 

It can be seen from the above that the so-called local (global) gauge transfor-
mation is actually the transformation section ( ) ( )x x′→σ σ , which is equiva-
lent to the transformation of the frame and the transformation of the component 
of the physical field under the internal frame field, namely,  
( ) ( ) ( ) ( )f x x f x x′ ′= → =φ φ , but the total physical field (internal vector ( )xΦ ) 

is constant, i.e. ( ) ( )x x′Φ = Φ . The so-called gauge selection is to select different 
cross-section while one cross-section on the associated bundle σ̂  is exactly the 
invariant physical field ( )xΦ ! In short, the change of cross-section on the prin-
cipal bundle is the change of internal frame. If the internal frame change, it is 
equivalent to changing a gauge. Therefore, selecting a cross-section of the prin-
cipal bundle is to select a gauge, as shown in Figure 2. 

4.2. Construction of Generalized Gauge Transformation 

The above discussion (including the generalization of the Yang-Mills potential 
[1] [2] [22] [23]) shows that in the very general principal associated bundle 
structure, that is, in ( ) ( )( ) ( )x U x x′ =

�
φ θ φ  equation, one can choose to define 

( )( ) ( )( ) ˆU x g x G≡ ∈
�
θ ρ , then one can construct a local gauge transformation: 
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Figure 2. The cross-section of the principal bundle is the choice of gauge; the cross-sec- 
tion of the associated bundle is the gauge field ( )xΦ . x U V∀ ∈ ∩ , then  

( ) ( ) ( )V U UVx x g x=σ σ  represents the gauge transformation, where the conversion func-

tion :UVg U V G→∩ , ( )UVg x  is the group element field. Besides, 1W , 2W ,  

1 2W W U⊂∩ . 

 

( ) ( ) ( ) ( )( ) ( ) ( ),x U x x g x x x′ = ≡ ∀ ∈φ φ ρ φ φ , 

where   is the representation space of Ĝ . Then choose F =  ,  
( )f x F∀ ∈ =  , define  

( ) ( ) ( ) [ ]1ˆx x f x x Q−Φ ≡ ⋅ ∈ ⊂σ π , 

where ( )f x F∈ , F is a typical fiber, one can deduce ( ) ( )x x′Φ = Φ . In addi-
tion, for the principal bundle FM and associated bundle TM,  

( ) ( ) ( ), ~q x f x e f e f e f v x′ ′= ⋅ = = = ≡ Φµ µ µ µ
µ µ µσ , v is called a space-time 

vector (representing a tangent vector of point x), and ( )xΦ  can be called an 
internal vector of point x; ( )xσ  is called the internal frame of point x, and 

( )f xµ  is called the component of the internal vector expanded by the internal 
frame. But if ( ) ( ) ( )1x g x x− ′=σ σ , there are also internal vectors that are inva-
riant under the gauge transformation: ( ) ( )x x′Φ = Φ , changing only its com-
ponent ( ) ( )x x′→φ φ . In the discussion in [1] [22] [23] one also saw that in 
order to ensure the invariance of the total Lagrangian density   under local 
gauge transformation, that is, equivalent to cross-sectional transformation of the 
principal bundle P, the (electromagnetic) gauge potential ( )A xµ  must be in-
troduced, and make its across basic interaction gauge transformation (that is, 
cross section transformation ( ) ( ) ( ) 1x x g x −′ =σ σ , where ( )g x  is a group ele-
ment field) to become (gravitational) gauge potential ( )A x′µ , then  

( ) ( )A x A x′→µ µ  (that is, the gauge potential transformation that satisfies GGE 
[1], and see Equation (2) below) also corresponds to an absolute invariance, that 
is, the connection �ω  on the principal bundle, or the connection on the prin-
cipal bundle is the gauge potential, which is invariant under the gauge potential 
transformation (it corresponds to the internal vector is invariant under gauge 
transformation), what change is only its component on the bottom manifold. A 
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connection on the principal bundle ( ),P M G  is to the local triviality  
[ ]1:UT U U G− → ×π  specifies a 1-form field Uω  of C∞    value on U, that 

is, Uω  is a connection on the bottom manifold region U M⊂ . At this time, if 
[ ]1:VT V V G− → ×π  is another local triviality, that is, U V ≠ ∅∩ , and the tran-

sition function from UT  to VT  is UVg , then the transformation between Uω  
and Vω  is given by GGE description: 

( ) ( ) ( ) ( ) ( )1
1 , ,
UVUV

V U UV xg xg x
Y d Y L g Y x U V Y T M−

−
∗∗= + ∀ ∈ ∈∩ω ω     (1) 

where ( )
1
UVg xL−  is the inverse mapping of left translation ( )UVg xL  generated by 

( )UVg x G∈ , ( ) ( )( )1 1
UV UVg x g xL L− −

∗ ∗
≡ . 

Or for general cases, define: *
ˆ

r riL e− ≡ ∈ρ , here ̂  is the representation of 
Lie algebra of G, or Lie algebra of Ĝ , re  is a basis vector of Lie algebra ̂ , *ρ  
is the push forward mapping of ρ, then one can define  

( ) ( ) ( )ˆ ˆr
rA x iL A x iL A x≡ − ⋅ = − ∈

��
µ µ µ , therefore, the Formula (1) becomes the 

Formula (2) below, and it can be proved that the right side of the Formula (2) 
also belongs to ̂ , namely 

( ) ( )( ) ( ) ( )( ) ( )( ) ( )( )1 11ˆ ˆx U x x U x k U x xA A U
− −−= −′ ∂

� � � �
µ µ µθ θ θ θ      (2) 

Here the transfer function ( )( )U x
�
θ  for the gauge potential transformation 

across the basic interactions can be determined by the chosen the cross-sections. 
For example, if one take the general gauge potential on the bottom manifold 

(that is, it is not limited to the electromagnetic gauge potential, but also includes 
the gravitational gauge potential) as: ( ) ( )r rA x A x′→µ µ  (1 form field of real or 
complex value), then there are: ( )1,r

r a Ue A ∈Λ  , where re  is the basis in Lie 
algebra  . In addition,  

( )* * , , 1,M′ ′ ′= → = ∀ ∈Λ� � σ σω ω ω ω ω ω , 

where ( )1,MΛ   is the set of 1-form fields of the valued Lie algebra   taken 
from M. So one can define: ( )1,r

a r a Mke A≡ ∈Λ ω , or  
( )1,r

r Mke k≡ ≡ ∈ΛA A ω , note that here U M∈ , M is a general base mani-
fold which is suitable to satisfy the local trivial condition, that is, the manifold of 
our “universe” which can be equipped with a suitable metric. The gauge poten-
tial of the so-called basic interaction respectively corresponds to the gauge po-
tential of electromagnetism, gravitation, weak interaction, and strong interaction 
in the bottom manifold U V∩ , or 1W , 2W , 1 2W W U⊂∩  as well as respec-
tively corresponds to the relevant subgroups or subgroup product  

( ) ( ) ( ) ( ) ( )1,3 1 2 3SO U SU SU GL n× × × ∈ , etc. 
Now we want to discuss that the ω  and ′ω  defined in this way satisfy the 

transformation relation (1), ( ) ( )V UY Y→ω ω , of course this is a cross basic in-
teraction gauge potential, if it is the transformation between gravitational gauge 
potential and electromagnetic gauge potential, then its corresponding structure 
group may be the subgroup product ( ) ( ) ( )1,3 1SO U GL n× ∈ . 

For example, if ( )0,r
r Uke A≡ ∈Λ µ µω , ( )0,r

r Vke A ′
′′ ≡ ∈Λ µ µω , then it is 

uniformly written as ( ) ( )r
rx ke A x≡ ∈µ µω , now let the gauge transformation 
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be 

( ) ( ) ( ) ( ) ( ) ( )1
V U UVx x g x x x g x−′= = =σ σ σ σ             (3) 

Essentially it is possible to define the transition function as 

( ) ( ) ( )1
UV U Vg x x x−≡ σ σ                     (4) 

For the transformation between gravitational gauge potential and electromag-
netic gauge potential, the establishment of Formula (1) seems to be no problem, 
but the most important thing to determine in Formula (1) is ( )1g x−  or the 
“choice” of ( )UVg x , i.e. what exactly does it equal? The “selection” of ( )1g x−  
or ( )UVg x  is related to ( )V xσ  and ( )U xσ , that is, to the gauge transforma-
tion (3). In addition, ( )UVg x  is related to U and V area, and through Vσ , Uσ  
induce the cross sections of the associated bundle ( ) ( )ˆ ˆV U x x′= ⇒ Φ = Φσ σ  
and then determine the components of the gauge field ( )xΦ , i.e. Vφ , Uφ , in 
the base manifold M. This is just one of the mysteries of gauge transformation. 
Here the selection of the gauge with respect to Vφ  gravitational field and Uφ  
electromagnetic field is determined by the V area corresponding to the gravita-
tional area and U area corresponding to the electromagnetic force area in the 
“universal” base manifold, or it is determined by the “boundary conditions” and 
the intersection domain U V∩  of the gravitational and electromagnetic effects 
respectively. The other two basic interactions, namely the strong interaction and 
the weak interaction, are basically considered to have no area intersection with 
the gravitational interaction, so Formulas (3) or (4) determines that 1

UVg g −≡  
is the “group element” of gauge transformation, :UVg U V G→∩ , which can 
transform the electromagnetic field Uφ  into the gravitational field Vφ . So this 
kind of gauge transformation across the basic interaction field can exist, and no 
“restriction” is found from the theoretical point of view of the principal asso-
ciated bundles above. 

Furthermore, if assume :U U P→σ  and V V→σ  are two local cross-sec- 
tions of P, then there is a unique ( )g x G∈ , x U V∀ ∈ ∩  so that Equation (3) 
holds. It shows that a section transformation U V→σ σ  of the principal bundle 
gives a group element field 1

UVg g −≡  on x U V∈ ∩ , and thus a local gauge 
transformation constructed with group element ( )g x  can be determined, i.e. 

( ) ( )( ) ˆU x g x G≡ ∈ρ                      (5) 

Using ( ) ( )( )U x U x≡ θ  to act on the gauge field ( )xΦ  (column matrix) 
one can get the local gauge transformation (between electromagnetism and 
gravity), 

( ) ( ) ( ) ( )( ) ( )V U Ux U x x g x x= =φ φ ρ φ                (6) 

That is, one can define: 

( ) ( ) ( ) 1
V UU x x x −≡ φ φ                      (7) 

Here, ρ is again defined as a homomorphic mapping: ˆG G→ , Ĝ  is a re-
presentation of G or a Lie transformation group. Therefore ( )( )g xρ  is a re-
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presentation of G (for example, it is possible ( ) ( )1,3 1SO U× ), that is, ( )U x  is 
a group element field of Lie transformation G, and by the product of column 
matrix ( )V xφ  and row matrix ( ) 1

U x −φ  is defined as a matrix. 
The question now is why it is said that ( ) ( ) ( ) 1

V UU x x x −≡ φ φ  represents the 
gauge transformation from the electromagnetic field to the gravitational field, 
rather than a gauge transformation between other gauge fields? That is, why is 

( )U xφ  an electromagnetic field, and ( )V xφ  represents a gravitational field? 
The answer is: 1) the subgroup ( )1,3SO  in the structural group G on our mod-
el (see Figure 2) corresponds to the gravitational field, and ( )1U  corresponds 
to the electromagnetic field; 2) The area U in the region corresponds to the 
boundary condition of electromagnetic interaction, and V corresponds to the 
boundary condition of gravitational interaction in the bottom manifold of the 
principal and associated bundle of the universe, so the section of the principal 
bundle on the area U corresponds to electromagnetic interaction, and the sec-
tion of principal bundle on the area V corresponds to gravitational interaction. 
Zone is a spacetime! Reflecting the introduced ( U VT T→ ) transition function 

:UVg U V G→∩  is connected with the transformation of space-time “features”, 
because in essence, both the gravitational gauge potential and the electromag-
netic gauge potential are related to the regions. So they are also related to the 
connection properties of time and space, and are the projection of the “un-
changed” principal bundle connection and the pull-back mapping of the related 
cross-sections in “our world”, reflecting the different properties of time and 
space connection. Therefore, it is appropriate to introduce the definition of UVg  
into Formula (4), so as to determine Formula (7). Hence there are also related to 
the determination of Formula (4) as following: 

( ) ( )* *, , 1, , 1,U U V V U U V V= = ∀ ∈Λ ∈Λ� �  σ σω ω ω ω ω ω            (8) 

Uω  under the pullback mapping of the section *
Uσ  in the above formula 

corresponds to the electromagnetic gauge potential on the bottom manifold U, 
while Vω  under the pullback mapping of the section *

Vσ  corresponds to the 
gravitational gauge potential on the bottom manifold V, both are components of 
connection �ω  of the principal bundle. This cross-basic interaction can be fur-
ther explained by the cosmic principal associated bundles structure about the 
basic interactions that we constructed in Figure 2. 

That is, on the bottom manifold, let the 1W  and 2W  areas represent the 
strong interaction area and the weak interaction area, and they have an inter-
secting area, that is, 1 2W W∩ ; U represents the electromagnetic interaction area, 
and V represents the gravitational interaction area. Electromagnetic interaction 
is equivalent to “intermediary”, it has intersections with 1W , 2W  and V, but 
considering that the strength of gravity is extremely small in the area of strong 
and weak interactions, it can be considered that V has no intersections with 1W , 

2W ! Therefore, from the point of view of physical experiment observation, at 
x U V∈ ∩ , based on the cross-sections *

Uσ  and *
Vσ , only two basic interac-

tions of electromagnetism and gravitation can be observed, which correspond to 
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two kinds of space-time connections Uω  and Vω  respectively, and these are 
the two components of the space-time connection �ω  of the principal bundle, 
which is established on the basis of our universe. The unique group field 

( )UVg x G∈  can be determined from the transformation relationship between 

Uω  and Vω  in Equation (4), where G is the structural group. Further, Formu-
la (7) can be deduced to determine the gauge transformation ( )U x  with more 
physical meaning, that is, ( )U x  is a Lie transformation group element field of 
G, and it is composed of the product of column matrix ( )V xφ  and row matrix 

( ) 1
U x −φ  as a matrix. These “requirements” are fed back to the structure group 

G. Fortunately, the structure group we choose for the principal associated bun-
dle is the general linear matrix group ( )GL n , which is large enough to meet the 
requirements of the matrix group for gauge transformations between basic inte-
ractions. Although the author is not yet able to say what the specific structure of 
those necessary subgroups is, ( )GL n  certainly include  

( ) ( ) ( ) ( )1,3 1 2 3SO U SU SU× × ×  as its subgroup. Here ( )V xφ  or ( )U xφ  be-
longs to the typical fiber F, namely :U V F→∩φ . 

For the case of the region U V∩  where both the gravitational gauge poten-
tial and the electromagnetic gauge potential exist, it can be proved that both 
sides of the Equation (2) belong to the representation ̂  of Lie algebra, which is 
a kind of matrix expression equation. If Formula (7) is given, Formula (2) can be 
calculated in principle. Further, by introducing the generalized Yang-Mills field 
strength, that is, introducing R gauge potentials ( )rA xµ , then there should be R 
gauge field strengths ( )1, ,rF r R= �µν  correspondingly, they can be expressed 
as: 

( ) ( ) ( ) ( ), 1 , 1, ,Rr r r r s t
sts tF x A A k C A x A x r R

=
= ∂ − ∂ + =∑ �µν µ ν ν µ µ ν       (9) 

Here r
stC  represents the structural constant of the Lie algebra ̂  of G under 

the basis { }re ; the metric g µα , gνβ  can be used to improve the index of rFαβ : 
r rF g g F=µν µα νβ

αβ . 
Then introduce the simplified notation: ( ) ( ) ˆˆ r

rF x iL F x≡ − ∈µν µν , the similar 
Formula (9) can be changed to 

( ) ( ) ( ) ( ) ( )ˆ ˆ ˆ ˆˆ ,F x A x A x k A x A x = ∂ − ∂ +  µν µ ν ν µ µ ν            (10) 

where ( ) ( )ˆ ˆ,A x A x 
 µ ν  is the Lie bracket of the Lie algebra element ( )Â xµ  

and ( )Â xν . Among them, k is defined as the coupling constant, k e= ↔  
Electromagnetic gauge field; 1k = − ↔  Gravitational gauge field; then consider 
Equation (10) and gauge transformation formula, an important mutual trans-
formation matrix expression between electromagnetic intensity and gravitational 
intensity can be given by 

( ) ( )( ) ( ) ( )( ) 1ˆ ˆF x U x F x U x
−′ =µν µνθ θ                (11) 

4.3. Existence of Generalized Gauge Transformation 

The origin of the above Formula (11) can also be explained more clearly from 
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the curvature transformation relation ( ′→Ω Ω ). In fact, under the cross-section 
transformation σ, the transformation relationship of ′→ω ω  on the bottom 
manifold is Formula (1), but the transformation relationship of ′→Ω Ω  needs 
to prove the following theorems to get [1] [23]: 

Theorem 1: ( )rF x⇔ µνΩ , i.e. 

[ ]

( ) ( ) ( ) ( ), 1

1 ,
2

, 1, ,Rr r r r s t
sts t

d

F x A A k C A x A x r R
=

 = +



 = ∂ − ∂ + = ∑

�

�µν µ ν ν µ µ ν

ω ω ωΩ

      (12) 

Proof 
Using Cartan’s second structural equation, one can get 

[ ] ( )

[ ]

( )

( )

2

2

1 1, d d , d
2 2

1d d , d d
2

1 1d d d d
2 2
1 d d
2
1 d d
2

r s t
r s t

r s t
r s t

r r r s t
r st r

r r r s t
r st

r
r

d d ke A x ke A x ke A x

ke A x k e e A A x x

ke A A x x k C e A A x x

ke A A kC A A x x

ke F x x k

 = + = +  

= +

= ∂ −

∧ ∧

∂ +

= ∂ − ∂

∧ ∧

∧

∧

+

= = F

µ µ ν
µ µ ν

µ µ ν
µ µ ν

µ ν µ ν
µ ν ν µ µ ν

µ ν
µ ν ν µ µ ν

µ ν
µν

ω ω ωΩ

       (13) 

Here, note: 

[ ], r
s t st re e C e= ,                         (14) 

as well as 

( )

[ ]( ) ( )

d d d d d d

1d d d d
2

r
r r

r r r

A
A x x x A x x

x

A x x A A x x

∧ ∧
∂

= = ∂
∂

∧

∧= ∂ ∧∂ = − ∂

µµ ν µ ν µ
µ ν µν

µ ν µ ν
µ ν ν µµ ν

       (15) 

So from the Formula (13) one can have 

( )2

2

1 1d d d d
2 2

r r r s t r
r st r r

r r r r s t
st r

ke A A C e k A A x x ke F x x

F A A C e k A A

 = ∂ − ∂ + ∧ = ∧

 = ∂ − ∂ +

µ ν µ ν
µ ν ν µ µ ν µν

µν µ ν ν µ µ ν

Ω
  (16) 

q.e.d. 
Theorem 2: If the structural group is a matrix group, the GGE can be ex-

pressed by curvature transformation [1] [22] [23], 1
UV

V Ug
d −=Ω Ω , then it can 

also be expressed in a similar transformation form: 
1

V UV U UVg g−=Ω Ω                         (17) 

Proof 
1) According to Theorem 2, let :UVg U V G→∩  be the local trivial transi-

tion function from UT  to VT , then on U V∩  of the bottom manifold,  

1
UV

V Ug
d −=Ω Ω  can be established; 
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2) Suppose G is a matrix Lie group, because U∀ ∈Ω , 1
UVg G− ∈ , so one can 

obtain 

( )

( )( ) ( )( )

1 1 * 1 *

1

0

1

0 0

d
d

d d
d d

UV UV UV

UV

U U Ug g g
t

U UV UVg
t t

d I I Exp t
t

I Exp t g Exp tA g
t t

− − −

−

=

−

= =

= =

= =

 Ω Ω Ω

Ω
     (18) 

Also because 

( )( )

( )
( )

1 1 22 3

31 2 1 1 3 1

1

31 1
2! 3!

1 1
2! 3!

UV U UV UV U UV

UV U UV UV U UV UV U UV UV U UV

UV U UV

U Ug Exp t g g I t t t g

I tg g t g g g g t g g

Exp tg g

− −

− − − −

−

 = + + + + 
 

= + + + +

=

�

�

Ω Ω Ω Ω

Ω Ω Ω Ω

Ω

  (19) 

hence Formula (18) becomes: 

( )( )

( )( )( ) ( )

1 1 *

1 1

1

0

1

0

d
d

d
d

UV UV

UV UV

U U UV U UVg g
t

U U UV U UVg g
t

d I Exp tg g
t

Exp tI I g g
t

− −

− −

−

=

−

=

= =

= = =

 Ω Ω Ω

Ω Ω Ω
     (20) 

So Formula (17) can be gotten by 

1
1

UV
V U UV U UVg

d g g−
−= =Ω Ω Ω  

Note that G is a matrix Lie group at this time. If U∀ ∈Ω , 1
UVg G− ∈ , then 

there is 1
1

UV
U UV U UVg

d g g−
−= Ω Ω , that is, 1

UV
Ug

d − Ω  is equal to the product of 
three matrices, but if G is not a matrix Lie group, then 1

UV U UVg g− Ω  is meaning-
less, because at this time the product of the Lie group element 1

UVg −  and its Lie 
algebra element UΩ  is meaningless. 

q.e.d. 
Theorem 3: The following similar transformations are equivalent: 

1 1ˆ ˆ
V UV U UVg g F UF U− −′= ⇔ =µν µνΩ Ω                   (21) 

In fact, from the above Formula (17), and then use the basis { }re  to expand 
the connection ω  and the curvature Ω  on the bottom manifold as r

re=ω ω  
and r

re=Ω Ω  respectively, then rω  and rΩ  are the (real-valued) 1-form 
and 2-form fields on the region U, respectively. Then r

µω  and rΩµν  represent  

the components of rω  and rΩ  in the coordinate basis 
x
∂ 

 
∂ µ  in turn: 

r r

x
∂ =  ∂ 

µ µω ω                           (22) 

,r r

x x
∂ ∂ Ω =  ∂ ∂ 

µν µ νΩ                        (23) 

Then one can find: 
r r

r r

kA

kF

 =

Ω =

µ µ

µν µν

ω
                           (24) 
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That is, r
µω  and rΩµν  is k times of the gauge potential rAµ  and the gauge 

field strength rFµν  respectively, so physically, the connection ω  and the cur-
vature Ω  on the bottom manifold can represent the gauge potential and the 
gauge field strength respectively, so the Formula (24) can be deduced which 
proves that Formula (21) is correct, and vice versa. 

q.e.d. 
Now use Formula (21), 1ˆ ˆF UF U −′ =µν µν , one can determine the matrix repre-

sentation of the transformation function as follows: 
First of all, consider that there are many matrix expressions of gravitational 

intensity, which are diagonal matrix expressions of second-order covariant ten-
sor [22] [23], namely 

{ }
00

11

22

33

0 0 0
0 0 0
0 0 0
0 0 0

jj

g
g

g
g

g

 
 
 ≡
 
 
 

                  (25) 

and also consider the matrix expression of electromagnetic field strength is also 
a kind of matrix representation of second-order anti-symmetric covariant tensor 

( )F̂ xµν , for example 

( ){ }
1 2 3

1 3 2

2 3 1

3 2 1

0
0ˆ

0
0

E E E
E B B

F x
E B B
E B B

− − − 
 − ≡
 −
 

− 

µν                (26) 

we find that the gravitational intensity can be a certain diagonal matrix expres-
sion of the second order metric tensor corresponding to ( ){ }F̂ xµν . So we can 
always find such matrix similar transformation ( )( ){ }U xθ  to diagonalize 

( ){ }F̂ xµν  as the matrix representation of the electromagnetic tensor for ob-
taining a matrix expression of the gravitational strength, that is the expression of 
the diagonal matrix of the metric { }jjg , such as the Schwarzschild vacuum so-
lution, etc. [24] [25]. The similar diagonalization expression is presented as fol-
lows: 

1
00 01 02 03 1 2 3 00 01 02 03

10 11 12 13 1 3 2 10 11 12 13

20 21 22 23 2 3 1 20 21 22 23

30 31 32 33 3 2 1 30 31 32 33

00

11

22

33

0
0

0
0

0 0 0
0 0 0
0 0 0
0 0 0

u u u u E E E u u u u
u u u u E B B u u u u
u u u u E B B u u u u
u u u u E B B u u u u

g
g

g
g

−− − −   
   −   
   −
   

−   
 

=










  (27) 

Here, defining 

( )( ){ } ( )
00 01 02 03

10 11 12 13
0 1 2 3

20 21 22 23

30 31 32 33

u u u u
u u u u

U x U U U U
u u u u
u u u u

 
 
 ≡ =
 
 
 

θ       (28) 
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Then one has 

( ){ } ( )( ){ } ( )( ){ } { }1 1ˆ
jjF x U x U x g

− −
=µν θ θ             (29) 

( ){ }( ) ( )0 1 2 3 00 0 11 1 22 2 33 3F̂ x U U U U g U g U g U g U=µν          (29) 

( ){ }ˆ , 0,1, 2,3i ii iF x U g U i= =µν                  (30) 

which allows one to obtain 

00 1 10 2 20 3 30

11 1 01 3 21 2 31

22 2 02 3 12 1 32

33 3 03 2 13 1 23

g E u E u E u
g E u B u B u
g E u B u B u
g E u B u B u

= − − −
 = + −
 = − +
 = + −

                  (31) 

Now one can associate the eigenvalues and eigenvectors of the matrix, that is, 

iig  is the 𝑖𝑖th eigenvalue of the matrix ( ){ }F̂ xµν , and iU  is the eigenvector 
corresponding to iig . ( )( ){ } 1

U x
−

θ  needs to be an invertible matrix, namely 
the eigenvectors of ( ){ }F̂ xµν  need to be linearly independent, that is, the ne-
cessary and sufficient condition for the order n square matrix ( ){ }F̂ xµν  similar 
to the diagonal matrix { }jjg  is that ( ){ }F̂ xµν  has n linearly independent ei-
genvectors ( )0 1 2 3U U U U . Certainly, these conditions for ( ){ }F̂ xµν  can 
be satisfied. For example, from Equation (31), by taking 20 30 1u u= = ,  

01 31 1u u= = , 02 12 23 131u u u u= = = = , one can get 4 linearly independent eigen-
vectors of ( ){ }F̂ xµν  as  

00 2 3

10

1

1
1

g E E
EU

 
 + + − −
 =
 
 
 
 

                     (32) 

1 11 2 1

3

1

1
1

U g B E
B

 
 
 
 = + −
 
 
 
 

                      (33) 

2

22 2 3

1

1
1
1U

g E B
B

 
 
 
 =
 

− + 
 
 

                      (34) 

33 1 3

2

3 1
1
1

g B B
E

U

− + 
 
 
 =
 
 
 
 

                      (35) 
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which proves that the most important conclusion in this paper: it is existed that 
the (generalized) gauge transformation ( )( )U xθ  across fundamental inte-
ractions. 

5. Conclusions and Prospects 

1) On the basis of the program of the grand unification of physics proposed in 
[1], this paper concretely constructs a space-time model with the frame bundle 
as the principal bundle, and the tensor bundle as the associated bundle, so that 
the four basic interactions, especially the electromagnetic and gravitational inte-
ractions, can be reflected in the base manifold, that is, the regional distribution 
of our universe. Gravitation is basically zero in the region of strong and weak 
interaction, and can have an intersection domain with electromagnetic interac-
tion. This shows that the basic interaction is related to the “characteristics” of 
regional space-time, or they are the connection or curvature of space-time, while 
in the path of unification of four basic functions, whether gravity needs “quanti-
zation” is not a key or necessary issue. 

2) This paper studies the existence and feasibility of generalized gauge trans-
formation across basic interactions; it is found that the unified expression for-
mula is the generalized gauge equation GGE and its expression relationship on 
the space-time curvature. Therefore, the author discusses the existence and fea-
sibility of the generalized gauge transformation across the electromagnetic inte-
raction and the gravitational interaction throughout the paper, and on this basis, 
specifically determines a method or way to find the generalized gauge transfor-
mation, so as to try to realize the last step of the “unification” of the four basic 
interactions in physics, that is, the “unification” of electromagnetism and gravi-
ty. 

3) This paper once again affirms this key point: all interactions in the world 
are unified in the gauge potential or curvature of the principal bundle in the 
universal picture, while the four basic interactions on the bottom manifold are 
only the components representation of the gauge potential or curvature of the 
principal bundle, and they can be transformed from one basic interaction to 
another basic interaction according to the GGE formulation. 

4) Outlook: a) The basic interaction may transform with each other. The basic 
equation of transformation is GGE or the similar transformation expression of 
the curvature matrix. b) Finding the structure group which can express more 
gauge field components; simplifying and solving the GGE so that it can con-
cretely express the transformation relationship between any two gauge field com-
ponents, especially the transformation relationship between electromagnetic force 
and gravity, which is extremely important for solving human aerospace dynam-
ics, will be an important task of the future physics research on the grand unifica-
tion. 
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