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Abstract

The inclusion of space-time in the extended group of relativistic form-inva-
riance, Cl; , is specified as the inclusion of the whole space-time manifold in
this multiplicative Lie group. First physical results presented here are: the geo-
metric origin of the time arrow, a better understanding of the non-simultaneity

in optics and a mainly geometric origin for the universe expansion, and its
recent acceleration.
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1. Introduction

The inclusion of space-time in the group of form-invariance of the relativistic
quantum theory of the electron results from our previous works:

1) We have expressed the Dirac theory of the electron in C/,, Clifford algebra
of the 3-dimensional space [1] [2] [3].

2) We have extended the form-invariance of the Dirac theory from SL(2,C)
to GL(2,C)=Cl;, where Cl; is the multiplicative group of the invertible ele-
ments in CI; [4].

3) The value of the quantum wave has been extended to End(Cl;), the Lie
group of invertible linear applications in Cl,, with its subgroup CI; as group of
relativistic form-invariance, and the U (1) xSU (2) xSU (3) group of the Standard

Model as group of gauge invariance [5]-[15].

Nearly a Century Ago

Early quantum physics, as soon as 1927, wrote in the framework of the Pauli’s
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wave equation:

X = [X] fixz Xl__xlale = xlal + xzaz + x3a3. (1)
where the three o, matrices are the well-known Pauli matrices. The set M, (C)
of the 2 x 2 complex matrices is isomorphic to the Clifford algebra C/, of the
3-dimensional space (see for instance [14] A.3 for more details). The center of
this real algebra is isomorphic to C, this allows quantum physics to identify
Cl; and M, ((C) , the center being identified to the set of scalar matrices.
Starting from the Pauli equation, P.A.M. Dirac wrote a relativistic wave equa-
tion [16] [17]. Since this equation uses time at the same level as space coordi-

nates, the relativistic invariance needs an extension of the previous inclusion in

M, ((C):

=ct. (2)

1.2
u 0 - xX"+x} x'—ix 0
x=x"0, =x +X= ;X

x +ix? x'-%°

And then space-time is identified with the auto-adjoint subset of the Pauli al-
gebra CI,, which is the part of the M elements satisfying M =M". We note X

the co-matrix:
0 3 1 2
- 0 = X' —X —X +ix
X=X —X= | L9 0 3 . (3)
—-X —ix X +X

Thus the space-time metric satisfies:
xiz_x:det(x):(xo)z—(xl)Q—(xz)z—(x3>2. (4)

2. Form-Invariance of the Dirac Equation

Let M be any nonzero element in C/; (that means any fixed nonzero Pauli ma-
trix) and let R be the transformation of space-time into itself such that for any

X isassociated x' given by
X' =x"+X'=R(x)=MxM". (5)
We note, if det(M)#=0:
det(M)=re” , r=|det(M). (6)

Then ris the modulus and & is an argument of the determinant of M. We

get:
(x'o )2 —(x'1 )2 —(x'2 )2 —(x’3 )2 = det(x’) = det(MxM*)
= re" det(x)re’ia =r? [(xo )2 —(xl )2 —(x2 )2 —(x3 )2}

Therefore R multiplies any space-time distance by r and we name this trans-

™)

formation “similitude with ratio 7’. We name M the “dilator” of the similitude R,

and we define the R* matrix of this similitude as follows:
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X" =RYx". (8)
a b
For any dilator M = ( ] #0:
c d

2R = |a|2 +|b|2 +|c|2 +|d|2 >0, %)

Thus x'° has the same sign as x° at the origin: the similitude R conserves
the time arrow. Moreover, for any dilator M in CI;, we have (proof in [14]
A.4.5):

det(R!)=r". (10)
Hence if ris nonzero r*>0: det(R) > 0. Thus R conserves the orientation
of space-time and since the transformation conserves the orientation of time, R

conserves also the orientation of space. Using only C/; for the Dirac theory

(see [14] 1.3) the linear Dirac equation is expressed as:

0= V¢20'21 + qA¢?+m¢; ¢3 =0 0, =0,0, =—ic,;V:i=0"0

| oan
c’=0,=10' = -0,/ =123.
The form-invariance of the Dirac equation results from:
# = Mgx' = MMV = VIV = 0"~ (12)
Which gives:
0= V,é/aﬂ + q,A'é' +m'g’, (13)
gA=Mg'AM;m=re’m'. (14)

We then have a double inclusion: space-time of special relativity is included in
Cl, and the SU (2) group of invariance of non-relativistic quantum theory is
a subgroup of SL(2,C), itself a subgroup of GL(2,C)=Cl;, where CI; is the
multiplicative Lie group of the invertible elements in M, ((C) =Cl,, itself Lie
algebra of CI;. Moreover CI; is a subgroup of End(Cl), which is a group
containing the U(l)xSU(Z)XSU(3) group of the Standard Model (see [14]
Chapter 2 and Chapter 3).

The only difficulty of (14), the ¢ factor, is solved with the simplification of
the Dirac Lagrangian containing wy = pcos( ﬁ) = iR[det(¢)] where we have

suppressed the cosine (see [14] 1.5). This gives our improved nonlinear wave

equation:
025(V¢3)0‘21+5qA¢3+mp, (15)
where the form-invariance of the wave equation results now from:
0=¢7(V'¢3’)o-21 + @ g AP +m'p, (16)
¢ =M¢;qA=Mq'AM;m=rm'. (17)

And since each interesting solution of the Dirac equation has values in CI;

(see [14] 1.5.3 and 1.5.7), we may suppose the inclusion of the space-time mani-
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fold itself in Cl;. This hypothesis also relies on the experimental building of
geometry, by telescopes which are turned before each observation: the invariance
under rotation is always assumed [18] and since quantum mechanics replaces
the invariance under rotation by the invariance under SU (2), the invariance
under a subgroup of CI; is necessarily at the center of the geometry of the un-
iverse. Moreover, space-time is a 4-dimensional manifold, thus CI,, which is

8-dimensional, is large enough to host the space-time manifold.

3. Space-Time Manifold in CI}

3.1. Local and Global Structure of Space-Time

Since any measurement of length is always a measurement of the ratio between

two lengths, we let

x::li;xeClz, (18)

where [ = Jal » is an absolute length, linked to the fine structure constant «

and to the Planck length [, [15]. The first difference with classical geometry is
that the origin of the measure of time and space is at x=1 (neutral element of
the Lie group), not 0 which is the neutral element of the Lie algebra. Second,
Cl, is the Lie algebra of the CI; multiplicative group. This means that the vi-
cinity of any point Ois isomorphic to CI;. This set is a linear space which con-
tains two subsets: CI;, which is the set of x satisfying det(x)#0, and the
light cone, which is the set of x satisfying det(x)=0. Third, these conditions
exclude themselves, therefore the light cone is included in each (local) Lie alge-
bra, not in the (global) Lie group Cl; . Fourth, the only link between each Lie
algebra and the whole Lie group is the exponential function, which we calculate

as follows:
x=a+bu;u=xlal+xzo'2+x3a3;(x1)2+(x2)2+(x3)2=1,
n 1 n n
x :5[(a+b) (1+u)+(a=b) (1-u)] (19)
X 1 a+ a— a :
exp(x):gﬁzz[e "(1+u)+e ”(l—u)]:e [cosh(b)+smh(b)u}. (20)

Thus the same unitary vector u (u?=1) is used for x and for exp(x).

Moreover, we have:
det[ exp(x) | = exp[ tr(x) ] =™ (21)
Thus, with exp(x)=A+Bu=A+B(x'0,+x’c, +x’0;) we obtain:
¢ =det[exp(x) |=(4+Bu)(4—Bu)=4" - B (22)
This implies that the light cone ( A*> = B*) is the boundary of the space-time

manifold and that nothing exists outside this boundary, since e** >0 . From

this sign we may see the purely local character of the classification of events in
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five categories.' We obtain:

e’ =\ A> - B*;cosh(b)+sinh(b)u=

A+ Bu

N
a=tn(Va - ) :%[ln(A+B)+ln(A—B)], (23)

b=sinh™' {ﬁ} :%[1n(A+B)—1n(A—B):|,
a+b:1n(A+B);A+B:e‘”b. (24)

3.2. The EPR Paradox

Two photons are emitted at the point-event O. We suppose, simplifying the cal-
culation, that they are emitted in two orthogonal directions, o, and o,. They
are absorbed at the same time y >0, also to simplify the calculation. The pho-
ton emitted in the direction o, is absorbed at the point-event:

X, =, +bu, =(a+y)+(bx' +y)o, +b(x’0, +x°0,),
4, = a+ i, = xo +xio, +xioy (1) +() +(x5) =1,
(x4 2/B) +(2) +(x*) =1424'0/b+(5/0Y @5)
(¥ +y/b)oy+ ¥, +x,
\/l+2x1y/b+(y/b)z '

The photon emitted in the direction o, is absorbed at the point-event:

b, = b\/1+ 2x'y/b+(y/b) su,

X, =a, +bu, = (a—i—y)—i—bxla1 —i—(bx2 +y)0'2 +bx’c,. (26)
And we also have:
a, =a+y;u, = x,0, + X0, +x20'3;(x;)2 +(x§)2 +(x;)2 =1,

(xl )2 +(x2 +y/b)2 +(x3 )2 :1+2x2y/b+(y/b)2 , (27)

'o, +(x*+y/b)o, +x°
b2:b\/1+2x2y/b+(y/b)2;u2:xo-] ('x y/ )0-2 X 0Oy
\/1+2)c2y/b+(y/b)2

On the space-time manifold, the emission is at O =x/I, = 4+ Bu while the

photon emitted in the direction o, is absorbed at the point-event
M =x,/l, =exp(x,). The photon emitted in the direction o, is absorbed at
the point-event P=x, /I, = exp(xz). The position of the point event P, seen

from 1, is:
Xy = [exp(x)]fl/2 exp(xz)[exp(x)]fl/z. (28)

The position of the point event 2, seen from A, is:

'E being a given event, the five categories are: events on the future light cone of E; events on the past
light cone of E; events inside the future light cone of E; events inside the past light cone of E; else-
where: all other events.

DOI: 10.4236/jmp.2022.138066

1151 Journal of Modern Physics


https://doi.org/10.4236/jmp.2022.138066

C. Daviau, J. Bertrand

xi =[exp(x,)]" [exp(x)] " exp (o) exp (x)] “[exp(x,)]*. @9)
The position of the point event A, seen from 1, is:
x! =[exp(x)] " exp(x,)[exp(x)] . (30)
The position of the point event A, seen from P, is:
xt =[exp(x,)]" [exp(x)] " exp(x,)[exp(x)] " [exp(x,)] " (1)

And we have, since the determinant of a product is the product of the deter-

minants:

det(Xlz) — ea+yefaez(a+y)e—aea+y — eZ(a+y+y)’
det (x]z) = e e et ¥ )gragaty — g2atyty), (32)

Therefore at each point-event, when a photon is absorbed at the local time
a+y, each observer sees the absorption of his photon as preceding, with the
same length of time y; the arrival of the photon for the other observer: the ab-
sorption of the other photon is in the future of each observer, not at the moment
of arrival. This strange result seems very similar to the fact that each observer
sees any length shorter for a moving object: an observer in the moving object al-
so sees the other observer as moving, thus with shorter length. The paradox is
that a measurement made on either of the particles apparently collapses the state
of the entire entangled system and does so instantaneously, before any informa-
tion about the measurement result could have been communicated to the other
particle. Our previous calculation shows the key of the paradox: the instantane-
ous character of the measurement is simply false, the “collapse” of the quantum
wave only results from the supposition (without any mathematical proof) that
this situation may be described by a tensor product of Hilbert spaces. Attention!
We don’t deny quantum entanglement; we say that the paradox is only in the
interpretation of this situation by a non-relativistic Hermitian theory, whereas
physics must account for this: each “fixed” observer is journeying in time on the
space-time manifold, even if he does not travel in space.

The understanding of the true geometry of space-time simply requires the use
of the space-time manifold itself, not merely the use of a flat tangent space-time
at the particular point-event O. The main difference between the flat space-time
of restricted relativity and the space-time manifold as part of the CI; Lie group
is the fact that the light cone is not included in the manifold: it is the single
boundary of the manifold, included only in the Lie algebra C/, . This was diffi-
cult to detect, because the only indication to see this inclusion was the two-valued
representation of rotations in quantum mechanics.

Einstein, Podolsky and Rosen said [19]: “From this follows that either: 1) the
quantum-mechanical description of reality given by the wave function is not
complete or 2) when the operators corresponding to two physical quantities do

not commute the two quantities cannot have simultaneous reality. For if both of
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them had simultaneous reality—and thus definite values—these values would
enter into the complete description, according to the condition of complete-
ness.”

Experiments with the polarization of two photons simultaneously emitted can
neither prove (1) nor (2) because the absorption of these photons cannot be si-
multaneous at the points where each absorption is effective. The quantum wave
used in [14], with value in End(CL, ), not only with value in C, is enough to
prove that (1) was true in 1935, independently of what we now think about (2).
More generally no contradiction can exist between general relativity and quan-
tum mechanics. Any apparent contradiction results from bad approximations of

relativistic laws.
3.3. The Time Arrow and the Expansion of the Universe
Any point of the space-time manifold is at a position:
X =1, exp(a+bu)=1I,(A+Bu); A=¢ cosh(b); B=¢"sinh(b).  (33)

Then the time position /e‘ cosh(b) is the product of positive real numbers:
time is an oriented quantity, the time arrow has a geometric root. The A varia-
ble goes from 0 to +eo.

Now we consider a photon received at this position X, coming from a distant

galaxy, for instance with the o, direction. It was emitted at the position:
la exp[a -y +(bx1 _y)Jl +b(x20'2 +x3o-3 ):| = la exp(al +b|“1 )’ (34)
with?
1 2 3 1\2 22 332
a, =a-y,u, =x0,+x0,+x 0'3;(x1) +(x1 ) +(x1 ) =1,

(¢ aps) () +le) =120 o), 69

(xl —y/b)O'1 +x’0, +x° 0,

blzb\/1_2x‘y/b+(J//b)2;u1: \/1 25! /b+( /b)2
-2x'y y

The photon was emitted at:

x,=1.e" [cosh (b,)+sinh (b1)“1]- (36)

At this point-event the local time was ¢, =/,e" cosh(b )~ 1e"™" / 2. The
same photon is absorbed at the point-event X, then at the local time
t, =1,e" cosh(b) = le"" / 2. The only constant object of this geometry is the Lie
algebra: each local tangent space, in each point of the manifold, is isomorphic to

the Lie algebra of the group. We will then suppose that:

d(a1+b1):d(a+b);dtte =%

e a

(37)

And we have:

*Since we now look at past, a, <a.
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£ =—= (38)

In first approximation, b, = b, we obtain:

1 v, di, d[lae‘” cosh (b, )] _l,dae"cosh(h) 1 1 (39)
4z v, di, d[le cosh(p)] ~ Idac’cosh(b) & 14y’

This means that the redshift, previously interpreted as a Doppler effect, due to
the expansion of the universe, is a direct effect of the geometry of space-time,
and the z parameter, defined as (Ve -V, )/Va , is almost equal to y. But this is
true only as a crude approximation, or as a false velocity. When y is small this
redshift seems proportional to y. The Hubble parameter (73.3 + 1.4 km/s/Mpc)
gives for the distance 1 Mpc the value z =0.0002443, thus giving
R=1e""/2~63x10"m

Using the geometric condition (37), which results from the Lie algebra as the
only fixed framework, independent from the space-time position on the mani-
fold, we may calculate more precisely the ratio df,/ds, in the case where yis

small. We have:

d[l e cosh(h J [e " cosh (b ] e’ cosh(b) 1

= = = 40
d[le cosh(b)} d[e cosh(b)] cosh(b) £ () (40)
o cosh(b) 2f"(O)
1) 20~ 0oy T m
We use:
b, ::bg(y):w/lf—2x'by+y2;g(y): l—2%ly+(%j ,
x! 1—()6')2 , xl[l_(xl)} s
g(y)~1—?y+ Y Vo + YE Vot (42)
And we obtain:
o
f(y) ~e’ e_h — &) (43)
N A
a(y)=y+b—b]z(l+x)y— y y - YE VA,
()= a (p)e = (140) 12125 ) L e
y)y=aly = b y 22 y :

From values of the Hubble parameter and of /, we obtain a+b~142. We
only know that a >b > 0. The ratio a/b is unknown. If our position in the ma-
nifold is anywhere, for instance is (a +b) / a~alb, we could have a~88 and
b~ 54 . This should give a ratio B/A very close to 1. We now look at the accele-

ration or deceleration of the expansion.
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3.4. Beginning of the Acceleration

Defining 4 such that A ( y) =f ( y)/ y the redshift seems accelerated if and only
if A is increasing, hence if h'(y) > 0. We obtain:

YH ()= (0)- £ (¥) = [y (y)-1]e"

For instance if »=40 and x'=0.6 we have:
Y2 () %[ ~1+1.6y-0.016y” —0.00036y" +-- [ (46)

Thus, in this case, 4'(y)>0 ifand only if
V> Yy, Vo = 0.63. (47)

Moreover the sign of the coefficient of ° indicates a sign change for large y,
but the method of calculation used here does not give the value of this new
change of sign.

Hence the acceleration of the expansion seems to begin near y,, with possi-
ble differences depending on the directions of observation. And the expansion
seems to decelerate for very large z Thus there is no need for either black matter
(but the movement of stars in galaxies and the movement of galaxies in galaxy
clusters is another question) or repulsive gravity to explain all modern observa-

tions of cosmological redshifts.

4. Conclusions

The expansion of the Universe, as resulting of the geometry of the whole space-
time, is much more satisfying than cosmological models issued from the hypo-
thesis of a homogeneous and uniform density of matter at a large scale:

1) We obtain, without any other hypothesis than (37), an acceleration of the
expansion with a beginning of this acceleration.

2) Since the main part of the expansion is not linked to the density of matter,
the cosmic microwave background is necessarily uniform, its non uniformity
coming only from the non uniformity of the density of matter. This non-uni-
formity is automatic since gravitation is highly nonlinear.

3) The hypothesis of uniformity of the matter density at a very large scale is
contrary to all observations of modern astronomers [20].

4) We know that there is not enough ordinary matter to satisfy an expansion

ruled by gravitation, and no satisfying supplementary matter has been found.
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