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Abstract

Our recent arXiv preprints and published papers on the solution of the Rie-
mann-Lanczos and Weyl-Lanczos problems have brought our attention on
the importance of revisiting the algebraic structure of the Bianchi identities in
Riemannian geometry. We also discovered in the meantime that, in our first
GB book of 1978, we had already used a new way for studying the compatibil-
ity conditions (CC) of an operator that may not be necessarily formally in-
tegrable (FI) in order to construct canonical formally exact differential se-
quences on the jet level. The purpose of this paper is to prove that the
combination of these two facts clearly shows the specific importance of the
Spencer operator and the Spencer J-cohomology, totally absent from mathe-
matical physics today. The results obtained are unavoidable because they only
depend on elementary combinatorics and diagram chasing. They also provide
for the first time the purely intrinsic interpretation of the respective numbers
of successive first, second, third and higher order generating CC. However, if
they of course agree with the linearized Killing operator over the Minkowski
metric, they largely disagree with recent publications on the respective num-
bers of generating CC for the linearized Killing operator over the Schwarz-
schild and Kerr metrics. Many similar examples are illustrating these new
techniques, providing in particular a few resolutions in which the orders of
the successive operators may go “up and down” surprisingly, like in the con-
formal situation for various dimensions.

Keywords

Formal Integrability, Involutivity, Compatibility Conditions, Spencer
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1. Introduction

The present study is mainly local and we only use standard notations of diffe-
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rential geometry. For simplicity, we shall also adopt the same notation for a vec-
tor bundle (E,F,--) and its set of sections (&£,77,¢,+). Now, if X is the

ground manifold with dimension 22 and local coordinates (xl, e, X" )

vector bundle over X with local coordinates (X, y) , we shall denote by J a (E)

and Fis a

the g-jet bundle of E with local coordinates (X, yq) and sections &, trans-
forming like the g-derivatives ], (f ) of asection &=¢&; of E If Fwith section
1 is another vector bundle over X and ®:J, (E)> F is an epimorphism
with kernel the linear system R, < J,(E), we shall associate the differential
operator D=®o j :E—>F:{—>n and set ©= ker(D) . All the operators
considered will be locally defined over a differential field K with n derivations
(6,,--+,6,) and we shall indicate the order of an operator under its arrow. It is
well known and we shall provide many explicit examples, that, if we want to
solve, at least locally the linear inhomogeneous system D& =7, one usually needs
compatibility conditions (CC) of the form D=0 defined by another diffe-
rential operator D, :F =F  — F 17— ¢ that may be of high order in general
but still locally defined over K. However, two types of “phenomena’ can arise for
exhibiting such CC but, though they can be quite critical in actual practice, we
do not know any other reference on the possibility to solve them effectively be-
cause most people rely on the work of E. Cartan.

1) As shown in ([1], Introduction) or ([2]) with the Janet system
(&5 —%*6,=0,&,=0) over the differential field K =Q(x) and in ([3]), it
may be possible to find no CC of order one, no CC of order two, one CC of or-
der three, then nothing new but one additional CC of order six and so on with
no way to know when to stop. For the fun, when we started computer algebra
around 1990, we had to ask a special permit to the head of our research depart-
ment for running the computer a full night and were not even able after a day to
go any further on. Hence, a first basic problem is to establish a preliminary list of
generating CC and know their maximum order.

2) Once the previous problem is solved, we do know a generating D, of or-
der 0, and may start anew with it in order to obtain a generating D, of order
g, and so on as a way to work out a differential sequence. Contrary to what can
be found in the Poincaré sequence for the exterior derivative where all the suc-
cessive operators are of order one, things may not be so simple in actual practice
and “jumps” may appear, that is the orders may go up and down in a apparently
surprising manner that only the use of “acyclicity” through the Spencer coho-
mology can explain. As we shall see with more details in the case of the confor-
mal Killing operator of order 1, the successive orders are (1,3,1) when n=3,
(l, 2,2,1) when n=4, (1, 2,1,2,1) when n=5 ([4]).

A we have shown in our seven books, the only possibility to escape from these
two types of problems is to start with an involutive operator D and construct
in an intrinsic way two canonical differential sequences, namely the /inear Janet
sequence ([5], p. 185, 391 for a global definition):

D Z71 DZ Dn—l Dn
0—>®—>E—>F0—1>F1—l>---—1>FH—1>Fn—>O (1)
q
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and the /inear Spencer sequence ([5], p- 185 for a global definition):

Dy D, D3 Dnay Dy,
O—>®—>C —>C —>C 2> —>Cn1—>C -0 (2)

As in both cases, the central operator is the Spencer operator but not the exte-
rior derivative, contrary to what is done in ([6] [7] [8]) and the corresponding
references, in particular ([6], Ref. [8]), we do not agree on the effectivity of their
definition of “involutivity” ([6], pp. 1608-1609). In fact, the most important
property of theses two sequences is that they are formally exact on the jet level as
follows. Introducing the (composite) - prolongation by means of the formal de-

rivatives d;:
P (@) 3400 (E) > 3, (34 (E)) > 3, (Fy) 1 (X, Ygur ) > (%2, =d,@,0<|v| <)

with kernel R, =p, (Rq) J (Rq)qu+r (E)c, (Jq (E)), we have the long

exact sequences:

05 Ry, = 3y (E) > 3, (R) (3)

q+r q+r

0—>R —J

Qg+ qrag+r (E) —J R ) —>J, (Fl) (4)

q1+r(
0 - Rq+q1+q2+r - ‘]q+q1+q2+r (E) - ‘]q1+q2+r (FO) - ‘]q2+r (Fl) - ‘]r (FZ) (5)

and so on till the similar ones stopping at J, (F,),Vr>0. As shown by the
counterexample exhibited in ([9], p. 119-126), all these sequences may be abso-
lutely usetul till the last one. We shall also define the symbol g, =R, N SqT* ®E
and its r-prolongations g,,, = o, (gq) only depends on ¢, in a purely alge-
braic way, that is no differentiation is involved. On the contrary, we shall say
that R, or D is formally integrable (FI) if R, is a vector bundle Vvr>0
and all the epimorphisms g™ :J,, . (E)— ., (E): (X, qul)—)(x, yqﬁ)
are inducing epimorphisms R ..., > R,,, of constant rank Vr >0, whichisa
true purely differential property.

Of course, for people familiar with functional analysis, the definition of ®
could seem strange and uncomplete as it is not clear where to look for solutions.
In our opinion (See [10] and review Zbl 1079.93001) it is mainly for this reason
that differential modules or simply D-modules have been introduced but we
shall explain why such a procedure leads in fact to a (rather) vicious circle as
follows. Working locally for simplicity with dim(E)=m, dim(F)=p, we
may turn the definition backwards by introducing the non-commutative ring
D= K[dl, -, n]z K[d] of differential polynomials (P,Q,---) with coefficients
in K. Then, instead of acting on the “/ef’ of column vectors of sections by diffe-
rentiations as in the previous differential setting, we shall use the same operator
matrix still denoted by D but now acting on the “righ?” of row vectors by
composition. Introducing the canogical projection onto the residual module A4
we obtain the exact sequence D? D™ — M — 0 of differential modules also
called “free resolutio” of Mbecause D" and D” are clearly free differential
modules. However, as Dis filtred by the order of operators, then

| =im(D)< D" is filtred too and, as we shall clearly see on the motivating
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examples, the induced filtration of M =D" / | can only been obtained in any
applications if and only if R, or D is FL. Accordingly, all the difficulty will be
to use the following key theorem (For Spencer cohomology and acyclicity or in-
volutivity, see [1] [2] [5] [9]-[14]):

THEOREM 1.1: There is a finite Prolongation/Projection (PP) algorithm
providing two integers r,s>0 by successive increase of each of them such that

q+r+s

the new system Rq+r =TTqir

(Rqﬂﬁ) has the same solutions as R, but is FI
with a 2-acyclic or involutive symbol and first order CC. The order of a generat-
ing D, isthusboundedby r+s+1 asweused r+s prolongations.

EXAMPLE 1.2: In the Janet example we have R, —»R{’ - R{? - Rl? with
8<11<12=12 and dim, (M)=12= rk,(M)=0. The final system is trivial-
ly involutive because it is FI with a zero symbol, a fact highly not evident a
prori because it needs 5 prolongations and the maximum order of the CC is
thus equal to 3+2+1 % We obtain therefore a minimum resolution of the
form 0— D—) D? —> D? —) D—>M — 0 (See the introduction of [1] or [2] for
details).

When a system is FI, we have a projective limit
R=R, > >R, > >R >R;.

As we are dealing with a differential field K, there is a bijective correspon-

dence:

M, =hom, (R, K) < R, =hom, (M, K) (6)

and we obtain the injective limit 0c My c M, c...c M,c--cM,_ =M pro-
viding the filtration of M. We have in particular d,M, =M, and M =DM,
for g>0.

THEOREM 1.3: R=hom, (M,K) is a differential module for the Spencer
operator.

Proof As the ring Dis generated by Kand T = {aidi |a' e K} , we just need to
define:

(af )(m)=a(f(m))=f(am),

(d,f)(m)=0,(f(m))-f(dm) vaeK,vmeM,vd, eT,vf eR

and obtain d;a=ad, +0,a in the operator sense. Choosing me M to be the
residue of d#yk = y/k, and setting f (yq): & f (yb): 5; € K, we obtain in
actual practice exactly the Spencer operator: d:R—>T ®R:f —»dx ®d, f
with (df) =0,&b -k, or d&,, = (&)-&. orsimply d=0-5 witha
slight abuse of language. We notice that a “section” &, € R, has in general, par-
ticularly for the non-commutative case (See [4] for examples), nothing to do
with a “solution”, a concept missing in ([6] [7] [8]).
O
As we shall see in the motivating examples, once a differential module M or
the dual system R =hom, (M,K) is given, there may be quite different diffe-
rential sequences or quite different resolutions and the problem will be to choose

the one that could be the best in the application considered. During the last
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world war, many mathematicians discovered that a few concepts, called exten-
sion modules, were not depending on the sequence used in order to compute
them but only on M. A (very) delicate theorem of (differential) homological al-
gebra even proves that no others can exist ([15]). Let us explain in a way as sim-
ple as possible these new concepts.
As a preliminary crucial definition, if P =a“d, € D, we shall define its (for-
mal) adjoint by the formula ad (P)= (—1)‘” d ,@" where we have set
|,u| =y +---+u, whenever u= (,ul, N ,un) is a multi-index. Such a definition
can be extended by linearity in order to define the formal adjoint ad (D) to be
the transposed operator matrix obtained after taking the adjoint of each element.
The main property is that
ad(PQ)=ad(Q)ad(P),vP,Qe D= ad(D,>D)=ad(D)-ad(D,).
EXAMPLE 1.4: With 0,,&=1%0,E=1n" for D, we get o,5° -0,n' =¢
for D,. Then ad(D,) is defined by u’=-0,4,u" =0,4 while ad(D) is
defined by v =0,u'+0,,u° butthe CCof ad(D,) are generated by

v'=0,u" + 0,4 . In the operator framework, we have the differential sequences:

D D
s —->n 2> ¢
ad(D) ad(Dy)
Vv o« u <« A (7)
e

’

14

where the upper sequence is formally exact at 7 but the lower sequence s not
formally exact at .

Passing to the module framework, we obtain the sequences:

D D

D —»> D* > D ->M-0
am) (D)

D « D «~ D

8

where the lower sequence is not exact at D’. The “extension modules’ have
been introduced in order to study this kind of “gaps”.

Therefore, it may be important or useful to prove that certain extension mod-
ules vanish, that is ad (D) generates the CC of ad(D;) whenever D, gene-
rates the CC of D . Such a problem is even essential for checking controllability
in control theory ([2]) but we also remind the reader that it is not so easy to ex-
hibit the CC of the Maxwell or Morera parametrizations when n=3 and thata
direct checking for n=4 should be strictly impossible ([16]). It has been
proved by L. P. Eisenhart in 1926 (Compare to [5]) that the solution space ®
of the Killing system has n(n+1)/2 infinitesimal generators {6,} linearly
independent over the constants if and only if @ had constant Riemannian
curvature, namely zero in our case. As we have a Lie group of transformations
preserving the metric, the three theorems of Sophus Lie assert than
[HP,HGJ =C,,0, where the structure constants c define a Lie algebra G. We
have therefore {€® < =140, with A" =cst. Hence, we may replace the
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Killing system by the system 0;4" =0, getting therefore the differential se-
quence:

050 5> AT ®G AT ®G 5 A" T ®G 0 ©)
which is the tensor product of the Poincaré sequence for the exterior derivative
by the Lie algebra G . Finally, as the extension modules do not depend on the
resolution used and that most of them do vanish because the Poincaré sequence
is self adjoint (up to sign), that is ad(d) generates the CC of ad(d) at any
position, exactly like d generates the CC of d at any position. We invite the
reader to compare with the situation of the Maxwell equations in electromagnet-
ism ([13]). However, we have proved in ([17] [18] [19] [20]) why neither the Ja-
net sequence nor the Poincaré (de Rham in USA!) sequence can be used in
physics and must be replaced by another resolution of ©® called Spencer se-
quence (See [14] for details and compare to [21]).

We are now in a position to tell about the unpleasant story that has motivated
such a paper. In October 23-27, 2017, I was invited to lecture at the Albert Eins-
tein Institute (AEI, Potsdam/Berlin). Though the series of lectures was already
planned and written (arXiv: 1802.09610 published in [18]), the day before the
first lecture the group leader decided that I should lecture on compatibility con-
ditions (CC). I suddenly understood that General Relativity (GR) at AEI was no
longer a Science but became a Religion that does not admit any criticism by lec-
turing visitors, with a similar comment for Gauge Theory (GT) ([1] [13] [14]).
The following elementary example will explain the title of this paper and the
problems raised by its content in such a framework.

With n=2, D=Q(a)[d,,d,], y an indeterminate and a an arbitrary con-
stant parameter, let us consider the second order system R, cJ, (E) defined
by the PD equations Y,, =0, Y, +ay, =0. When a=0, we have the involu-
tive system Y, =0, Y, =0 defined over D=Q]d,,d,] and the minimum
resolution 0 — D 2 D’ e D - M — 0 already considered with one first order
CC.

However, if a =0, after a few crossed derivatives, we may obtain the succes-
sive strict inclusions R{” < R{Y = R, providing first the intermediate subsys-
tem Y,, =0, Yy, =0, y, =0 and then the final involutive subsystem Y,, =0,
Vi, =0, ¥, =0, Yy, =0. Not only the final subsystem is surprisingly no longer
depending on the parameter but the corresponding minimum resolution, name-
ly 0> D—2> D? > D > M — 0, is quite different as it now involves one second
order CC because (d,, +ad,)d,, —d,, (d,, +ad,)=0. One can also consider the
linear inhomogeneous second order system VY,,=U, Yy,=V—-aw, Yy, =W,
Y, =W with a’°w=U,—Vv,+av and discover that the 4 canonical CC deter-
mined by the corresponding Janet tabular are in fact generated by a single
second order CC (See [1] [3] and [5] for other more sophisticated explicit exam-
ples).

As a kind of training exercise, I solved the PP problem for the linearized Kill-

ing operator over the Minkowski and Schwarzschild (S) metrics with parameter
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(a) in ([22]) and over the Kerr (K) metric with parameters (a, m) in ([23]). As
I hope to have convinced the reader that the previous example is exact/y similar,
my claim in this paper is that the search for CC has nothing to do with GR and is
a purely mathematical problem of “Formal Integrability”.

After this long introduction, the content of the paper will become clear:

In Section 2 we provide the mathematical tools from homological algebra and
differential geometry needed for finding the generating CC of various orders.

Then, Section 3 will provide motivating examples in order to illustrate these
new concepts.

They are finally applied to the Killing systems for the S and K metrics in Sec-
tion 4 in such a way that the results obtained, though surprising they are, cannot
be avoided because they will only depend on diagram chasing and elementary
combinatorics. They largely disagree with ([6] [7] [8]) because the techniques
used in these papers are not intrinsic. As the final involutive systems do not de-
pend any longer on the S or K parameters like in the above example, the worst
conclusion concerns the physical usefulness of solving such a problem but... this

is surely another story!

2. Mathematical Tools

A) HOMOLOGICAL ALGEBRA

We now need a few definitions and results from homological algebra ([2] [10]
[15]). In all that follows, A,B,C,--- are modules over a ring or vector spaces
over a field and the linear maps are making the diagrams commutative. We in-
troduce the notations rk =rank , nb=number, dim =dimension, ker =kernel,
im=image, coker =cokernel. When ®:A— B is a linear map (homomor-

phism), we may consider the so-called ker/coker exact sequence where
coker (@) = B/im(®):

0— ker (@) > Aj)B — coker (@) — 0

In the case of vector spaces over a field &, we successively have:
rk (@) = dim(im(®)), dim(ker (®))) = dim(A)-rk(®),
dim(coker (@)) = dim(B)—rk (@)

with dim(coker (®)) = nb(compatibility conditions). We obtain thus by sub-

straction:
dim(ker (®))—dim(A)+dim(B)—dim(coker (®)) =0

In the case of modules, using localization, we may replace the dimension by
the rank and obtain the same relations because of the additive property of the
rank. The following result is essential:

SNAKE THEOREM 2.A.1: When one has the following commutative dia-
gram resulting from the two central vertical short exact sequences by exhibiting

the three corresponding horizontal ker/coker exact sequences:
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0 0 0
J J J
0 > K > A — A - Q > 0
2 lo Lo \2
0 - L — B - B’ - R > 0 (10)
2 ly Ly J
0O > M > C - C' - S > 0
J J J
0 0 0

then there exists a connecting map M — Q both with a long exact sequence:
0> K->L->M—->Q—>R—>S->0.

Proof We start constructing the connecting map by using the following suc-

cession of elements:

a -~ a - ¢
: \2 :
b - b - 0
s :

m —> ¢ - 0

Indeed, starting with m e M , we may identify it with ceC in the kernel of
the next horizontal map. As ¥ is an epimorphism, we may find be B such
that c= ‘I’(b) and apply the next horizontal map to get b’e B’ in the kernel
of ' by the commutativity of the lower square. Accordingly, there is a unique
a’e A" such that b'=®'(a’) and we may finally project a' to qeQ. The
map is well defined because, if we take another lift for cin B, it will differ from b
by the image under ® of a certain a< A having zero image in Q by compo-
sition. The remaining of the proof is similar and left to the reader as an exercise.
The above explicit procedure will not be repeated.

O

We may now introduce cohomology theory through the following definition:

DEFINITION 2.A.2: If one has any sequence AiBiC , then one may
introduce coboundary =im(®)c ker (¥)=cocyclec B and the cohomology
at Bis the quotient cocyclel coboundary.

THEOREM 2.A.3: The following commutative diagram where the two central
vertical sequences are long exact sequences and the horizontal lines are ker/

coker exact sequences:

0 0 0
2 \2 J
0 > K - A - A - Q > 0
{ lo Lo {
0 - L — B - B’ - R - 0
e 4 Iy Jv o ] cut  (11)
0O - M — C - (o} - S > 0
A2 10 \¥oX {
0 - N — D - D’ - T - 0
\2 J J
0 0 0
DOI: 10.4236/jmp.2022.134036 627 Journal of Modern Physics
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induces an isomorphism between the cohomology at M in the left vertical col-
umn and the kernel of the morphism Q — R in the right vertical column.

Proof Let us “cut” the preceding diagram into the following two commutative
and exact diagrams by taking into account the relations im(‘I’) = ker(Q) ,
im(¥') =ker (Q'):

0 0 0
\2 \ \2
0 - K - A - A - Q > 0
\2 lo la \2
0 - L - B - B’ - R > 0
\ iy Ly
0 —» cocycle » Im¥ — im¥’
\2 2
0 0
0 0 0
\’ \2 \2
0 — cocycle — kerQ — kerQ
\A \2 \
0 - M — C — c’
A 10 o
0 — N — D — D’
\2 \2
0 0

Using the snake theorem, we successively obtain:

v
= 3 0—-> K —> L—cocycle-Q —>R exact
= 3 0->coboundary — cocycle — ker(Q —-»R)—0 exact
= cohomology at M ~ ker (Q — R)

B) DIFFERENTIAL GEOMETRY

Comparing the sequences obtained in the previous examples, we may state:

DEFINITION 2.B.1: A differential sequence is said to be formally exact if it is
exact on the jet level composition of all the prolongations involved. A formally
exact sequence is said to be strictly exact if all the operators/systems involved are
FI (See [1] [5] [11] [14] [24] [25] for more details). A strictly exact sequence is
called canonical if all the operators/systems are involutive. Forty years ago, we
did provide the link existing between the only known canonical sequences,
namely the Janet and Spencer sequences ([5], See in particular the pages 185 and
391).

With canonical projection ®,=®:J, (E)= Jq (E)/Rq =F,, the various
prolongations are described by the following commutative and exact “introduc-

tory diagram” often used in the sequel:
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0 0 0
\ \ \
. a1 (®) .
0 - gq+r+l - Sq+r+1T ® E - Sr+1T ® FO - hr+1 - O
\ \ \ \
Pr+1(q)) 12
0_> Rq+r+1 d ‘]q+r+l(E) =l ‘Jr+1(F0) d Qr+1 _>O ( )
\ \ \ \
Pr((p)
0-> R, — J.(E) - J(FR) - Q -0
\ \ A
0 0 0

Chasing along the diagonal of this diagram while applying the standard “snake”
lemma, we obtain the useful “Jong exact connecting sequence’ also often used in
the sequel:

0— gq+r+1 - Rq+r+1 - Rq+r - hr+1 - Qr+1 - Qr - O| (13)

which is thus connecting in a tricky way FI (lower leff) with CC (upper right).

We finally recall the “fundamental diagram I’ that we have presented in many
books and papers, relating the (upper) canonical Spencer sequence to the (lower)
canonical Janet sequence, that only depends on the left commutative square
D=®o j, with ®=®@; when one has an involutive system R,  J, (E) over
Ewith dim(X)=n and Jg B>, (E) is the derivative operator up to or-
der g while the epimorphisms ®,,---,®, are successively induced by ©:

0 0 0
\ \: \:
Jq D D, Dn
0 »> © C, - C, - - C, -0
\ \ \
q Dy b, Dn
0 > E - G(E) » CJ(E) — - C,(E) -0
I Lo, Lo, lo,
D D D, Dy
0> 06 > E - F - F - > F, -0
\ { \
0 0 0
(14)

This result will be used in order to compare the M, S and K metrics when
n=4 but it is important to notice that this whole diagram does not depend any
longer on the parameter (m) of S or on the parameters (&,m) of K ([22] [23]).

PROPOSITION 2.B.2: If R, <, (E) and Ryn © Jqﬂ(E) are two sys-
tems of respective orders q and ¢+1, then R, c pl(Rq) if and only if
78 (Ryn) =R, and dR,, T ®R,.

Proof: First we notice that necessarily we must have ﬂg"l ( RM) c R, because,

as pl(Rq) may not project onfo R,, it is nevertheless defined by (maybe)
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more equations of strict order gthan R .Now,if &, €R ;< J ( E) issuch
that dé,, €T ®R,, then & eR,= (&), (R,). As J;(R,) is an affine
bundle over R, modelled on T ® R, (or simply T7® R,cd (Rq ) ) and
341 (E) = 3,(3,(E)), we have thus
Sor = b (éq )_d§q+1 € Jl(Rq )ﬁ ‘]q+1(E) = pl(Rq) .

The converse way is similar.

(]

The next key idea has been discovered in ([5]) as a way to define the so-called
Janet bundles and thus for a totally different reason.

DEFINITION 2.B.3: Let us “cut” the preceding introductory diagram by
means of a central vertical line and define R =im(p, (®)) < J, (F,) with
R) = F,. Chasing in this diagram, we notice that 7,:J,(E)—J, (E) in-
duces an epimorphism 7™ :R’, — R/, Vr>0. However, a chase in this dia-
gram proves that the kernel of this epimorphism is not im(o-r+1(CD)) unless
R, is FI (care). For this reason, we shall define it to be exactly g;,;.

THEOREM 2.B.4: R, cp(R/) and dim(p (R)))-dim(R/,) is the
number of new generating CC of order r+1.

Proof First of all, we have the following commutative and exact diagram ob-
tained by applying the Spencer operator to the top long exact sequence:

0— Ryera - ‘]q+r+1(E) - ‘]r+1(Fo) - Q. -0

Ld Ld Ld Ld
0> T ®R, — T®J, (E) - Te®J(FR) - T -0

“Cutting” the diagram in the mdiddle as before while using the last definition,

!

/. —>T ®R/ and the first inclusion follows from

we obtain the induced map R
the last proposition. Such a procedure cannot be applied to the top row of the
introductory diagram through the use of ¢ instead of d because of the com-
ment done on the symbol in the last definition.

Now, using only the definition of the prolongation for the system and its

symbol, we have the following commutative and exact diagram:

0 0 0 0
\ \ \ 1
. o1 (¥) .
0_) pl(glt) - Sr+lT ®F0 - T ®Qr - Ql’ _>0
\ s \ [
’ pl(\P) !
0-> p(R) - Ju(R) - 1(@Q) - Q -0
\ { \ \
v
0> R - J(FR) - Q —> 0
\ { \
0
and obtain the following commutative and exact diagram:
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0 0 0

\2 \2 \:
0—> g9,, — pl(g;) - A -0

\ \ [
0-> R, = a(R) > A -0

\2 2 \:
0-> R = RR - ©

\! \2

0 0

The computation of y=dim(A)= dim(pl(Rr’))—dim(R’

r+l1

) only depends on
x=dim(Q/) and is rather tricky as follows (See the motivating examples):

dim(Q, ) =dim(R,,, )+dim(J, (F,))-dim(J,,, (E))
dim (o, (R!)) =dim(J,, (F,))+x—dim(J,(Q,))
dim(R,;)=dim(J,,,., (E))-dim(R,.,,;)

As we shall see with the motivating examples and with the S or K metrics, the
computation is easier when the system is FI but can be much more difficult
when the system is not FI.

However, the number of linearly independent CC of order r+1 coming
from the CC of order ris dim(J,(Q,))—x while the total number of CC of or-
der r+1 is:

dim(Q,,;) = dim(R,... )+ dim(3,., (Fy)) —dim(J,,... (E))
=dim(J,,,(F,))-dim(R;,,)

The number of new CC of strictorder r+1 isequal to ybecause
dim (Jr+l (R )) disappears by difference. For a later use in GR, we point out the
fact that, if the given system R, < J,(E) depends on parameters that must be
contained in the ground differential field K (only (imm) for the S metric but
(a, m) for the K metric), all the dimensions considered may Aighly depend on
them even if the underlying procedure is of course the same.

As an alternative proof, we may say that the number of CC of strict order
r+1 obtained from the CC of order ris equal to
dim(SHlT* ® F0>— dim(p,(g;)) while the total number of CC of order r+1
is equal to dim(S T'® FO)— dim(g;,;). The number of new CC of strict order
r+1 isthusalso equal to y=dim(p,(g/))—dim(g;,,) because
dim(s
have in general g, # im(o-r ((D)) and it thus better to use the systems rather

r+l1

T ® FO) also disappears by difference. However, unless R, is FI, we

than their symbols.

(]
COROLLARY 2.B.5: The system R/ < J,(F,) becomes FI with a 2-acyclic

or involutive symbol and R',; = p,(R/) <= J,,,(F,) when ris large enough.
Proof. According to the last diagram, we have ¢, C pl(gr') and @/, is

DOI: 10.4236/jmp.2022.134036

631 Journal of Modern Physics


https://doi.org/10.4236/jmp.2022.134036

J.-F. Pommaret

thus defined by more linear equations than p; (g, ). We are facing a purely al-
gebraic problem over commutative polynomial rings and well known noetherian
arguments are showing that @/, = pl(gr’) or, equivalently, y=0 when ris
large enough. Chasing in the last diagram, we obtain therefore R/, =p, (Rr' )
for rlarge enough and R/ is a vector bundle because because R, is a vector
bundle. If we denote by M’ the differential module obtained from the system
R < J,(F,) exactly like we have denoted by M the differential module ob-
tained from the system R, < J, (E), we have the short exact sequence
0>M' D" >M —0. Accordingly, M'~1cD" is a torsion-free diffe-
rential module and there cannot exist any specialization as an epimorphism
M’'—>M"—0 with rky(M")=rk,(M") because the kernel should be a tor-
sion differential module and thus should vanish. This comment is strengthening
the fact that the knowledge of M and thus of 7 can only be done through Theo-
rem 1.1. Therefore, if (r,s) are the ones produced by this theorem, then the
order of the CC system must be r+s+1. We obtain 3+2+1=6 for the Janet
system with systems R, of successive dimensions 2, 8, 20, 39, 66, 102, 147 and
ask the reader to find dim(R; ) =202 (Hint: [1]).
O
We are now ready for working out the generating CC D, :F, - F, and start
afresh in a simpler way because this new operator is FI (Compare to [5], Propo-
sition 2.9, p 173). However, contrary to what the reader could imagine, it is pre-
cisely at this point that troubles may start and the best example is the conformal
Killing operator. Indeed, it is known that the order of the generating CC for a
system of order g which is FI is equal to s+1 if the symbol g, , becomes
2-acyclic before becoming involutive. This fact will be illustrated in a forth-
coming motivating example but we recall that the conformal Killing symbol
§, cT ®T issuchthat §, is2-acyclic when n>4 while §, =0, a fact ex-
plaining why the Weyl operator is of order 2 but the Bianchi-type operator is al-

so of order 2, a result still neither known nor even acknowledged today ([4] [9]).

3. Motivating Examples

We now provide three motivating examples in order to illustrate both the use-
fulness and the /Zimit of the previous procedure.

EXAMPLE 3.1: With m=1,n=3,K =Q, we revisit the nice example of Ma-
caulay ([26]) presented in ([3]), namely the homogeneous second order linear
system R, = J,(E) defined by &;=0, &;—& =0 which is far from being
formally integrable. We let the reader prove the strict inclusions
Rgz) c Rgl) cR, < J,(E) with successive dimensions 6<7<8<10. The re-

2 is involutive. It

spective symbols are involutive but only the final system Rg
follows that the generating CC of the operator defined by R, are at most of or-
der 3 but there is indeed only one single generating second order CC ([3]). Ele-
mentary combinatorics allows to prove the formulas dim ( gHZ) =r+4,

dim(R,,,)=4r+8, Vr>0. We have the short exact sequences:
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0->R,>J,(E)>F—>0, 058510520
0—>R, > J,(E)> J(FR)—>0, 0512520580

and the following commutative diagram:

0 0 0 0
J J 2 2
0> g, > ST ®E - S5 T'®F -0
\2 2 \ I
0> R, > J(E) - J(R) - J(R) -0
J J J J
0> R, » J(E) » J(R) -»> R -0
J J J
0 0 0
0 0 0 0
J J J J
0> 7 » 21 » 20 » 3 -0
J J J J
0> 20 > 56 —»> 40 —»> 4 >0
J J J J
0> 16 »> 3 —»> 20 »> 1 >0
J J J
0 0 0

First of all, we have Ry =F), R/=1J,(F,)), dim(R;)=35-16=19,
dim(R;)=56-20=36.

It follows that we have successively:

dim(,p, (Ry))—dim(R/)=8-8=0= 0 CC of order 1.

dim(p, (R/))—dim(R;)=20-19=1= 1 new CC of order 2.

dim(p, (R;))—dim(R;)=36-36=0= 0 new CC of order 3 and so on with:

dim(R;,;)=dim(J, 5 (E))—dim(Rs)=(r +6)(r+7)(r+8)/6—(4r+20)

r+3

dim(/’l(Rr’+2)): dim(‘]r+3(FO))_dim(‘]r+l(F1))
=2(r+4)(r+5)(r+6)/6—(r+2)(r+3)(r+4)/6

and check that dim(R/,;)=dim(p, (R/,,))=(r+4)(r*+17r+54)/6, wr>0.

Then, counting the dimensions, it is easy to check that the two prolongation
sequences are exact on the jet level but that the upper symbol sequence is not
exact at S,T" ® F, with coboundary space of imension 21-7 =14, cocycle
space of dimension 20-3=17 and thus cohomology space of dimension
17-14=3 that is dim(R,/R{") as we check that 7-20+16-3=0. The
reader may use the snake theorem to find this result directly through a chase not
evident at first sight.

We have then dim(RS?2 ) =dim(R,;)—-dim(g,,;)=3r+7 and similarly
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dim(gﬁ?z)=r+3 leading to dim(Rfi’z):dim(Rf?g)—dim(gQS):zrm with
dim(gfi)2 ) =2, Vr>0. This result is of course coherent with the fact that the

involutive system with the same solutions as R, is Rgz) which is defined by
$3=0, &3 =0, & =0, ;-5 =0.

EXAMPLE 3.2: With m=1n=3,0=2,K=Q and the commutative ring
D =K][d,,d,,d;] of PD operators with coefficients in K, we revisit another
example of Macaulay ([26]), namely the homogeneous second order formally
integrable linear system R, = J,(E) defined in operator form by
Pé=&,=0, Q6=¢,,-&,=0, RE=S, =0 and an epimorphism
R, > J,(E)—>0. As for the systems, we have dim(R,)=7, dim(R,;)=8,
Vr > 0. As for the symbols, we have dim(g,)=3, dim(g,)=1, g,., =0,
Vr>0. This finite type system has the very particular feature that ¢, is
2-acyclic but not 3-acyclic (thus involutive) with the short exact J-sequence:

5
3x1=3=1x3 = 0->AT ®g,>A°T ®g, >0
and we have the three linearly independent equations:

511,123 = 93111,23 + 5112,31 + 5113,12 = 5111,23
9612,123 = 5112,23 + 5122,31 + 5123,12 = ":111,12

13123 = S13.23 T G123 31 T S13312 = Sinnan

Collecting these results, we get the two following commutative and exact dia-

grams:
0 0 0
2 { 2
0 - ST'®E — ST ®F — F —0
2 2 \ [
0> R, - J(E) > J(R) - K -0
2 2 { 2
0> R, > J(E) > J(FR) - O
A 2 \:
0 0 0
0 0 0
\ A 2
0 - ST'®E — ST ®F — T ®F —0
\A \: \A A
0> R, > J(E) - J(R) - J(R) -0
2 { A {
0> R, » J(E) - J(FR) - R -0
2 A A \
0 0 0 0

We obtain from these diagrams R/ =J,(F,)=¢;=T ®F,,
2 (R)=1J,(F)=R; < p(R) with a strict inclusion because 27 <30 and
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we have at least 30—27 =3 generating second order CC. However, from the
second diagram, we obtain dim(p, (R;))=60-12=48=56-8=dim(R;) and
thus R; = pl(Ré) , a result showing that there are no new generating CC of or-
der 3.

As dim(E)=1, we have S,T " ®E~S,T" and the commutative diagram of
J-sequences:

0 0 0
\2 \2 \2

0> ST — T ST — AT ®ST - AT ®ST -0
I I [ \

0> g, — T®g - AT®g - ATy -0
\’ 2 d \’
0 0 0 0

Using the fact that the upper sequence is known to be exact and
dim(g;)=9<10= dim(S3T*), an easy chase proves that the lower sequence
cannotbe exact and thus @, cannotbe 2-acyclic.

The generating CC of D, is thus a second order operator D,:F — F,

where F, is defined by the long exact prolongation sequence:
0>R; > J(E)>J,(F)—>J,(R)>F >0

or by the long exact symbol sequence (by chance if one refers to the previous

example!):
0->ST ®E ST ®F >S,T ®F >F, >0

showing that
dim(F, ) = dim(S,T")~3dim(S,T")+3dim(S,T") =28-45+18=1 in a cohe-
rent way with ([9] [14]).

We have thus obtained the following formally exact differential sequence
which is nevertheless not a Janet sequence because R, is FI but not involutive
as ¢, is finite type with g, =0:

D,

D D 2
0—>®—>E—2>F0—2>F1—2>F2—>0

O—>®—>1—>3—2>3—>1—>O

p
0>D->D*>D*>D—>M >0

Surprisingly, the situation is even quite worst if we start with R; < J,(E)
which has nevertheless a 2-acyclic symbol ¢, which is not 3-acyclic (thus in-
volutive because n=3). Indeed, we know from the second section or by re-
peating the previous procedure for this new third order operator D that the
generating CC are described by a first order operator D,. However, the symbol
of this operator is only 1-acyclic but not 2-acyclic (exercise). Hence, one can
prove that the corresponding CC are described by a new second order operator

D, which is involutive... by chance, giving rise to a Janet sequence with first
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order operators as follows D,,D,,D; ([9], p 119-125):
D 2] D, Dy Dy Ds
0—->06 —>1—3>12—1>21—2>46—1>72—1>48—1>12 —0

One could also finally use the involutive system R, = J,(E) in order to
construct the canonical Janet sequence and consider the first order involutive
system R c Jl(RA) in order to obtain the canonical Spencer sequence with
C, =A"T ®R, and dimensions (8,24,24,8):

O—)G)AC(J %)C1$C2 ?)C3 -0

To recapitulate, this example clearly proves that the differential sequences ob-
tained largely depend on whether we use R,,R, or R, but also whether we
look for a sequence of Janet or Spencer type.

We invite the reader to treat similarly the example &,-¢&,=0, &,=0,
$n—6u=0.

EXAMPLE 3.3: In our opinion, the best striking use of acyclicity is the con-
struction of differential sequences for the Killing and conformal Killing opera-
tors which are both defined over the ground differential field K =Q for the
Minkowski metric in dimension 4 or the Euclidean metric in dimension 5. We
have indeed ([9] [20]):

D 2] Dy Dy
0—->06 —>4—1>10—2>20—l>20—1>6—>0

with E=T,F, =S,T" and, successively, the Killing, Riemann and Bianchi op-
erators acting on the left of column vectors. The differential module counterpart
over D=K [d] is the resolution of the differential Killing module A£

Dy D, D D p
05D >D*>5D*®5D¥Y5D*5>M -0
1 1 2 1

with the same operators as before but acting now on the right of row vectors by
composition.
The conformal situation for n=4 is quite unexpected with a second order

Bianchi-type operator:

D D,
0->0 —>4—1>9—2>10—22>9—1>4—>0

TN R I T,
0->D —1>D —2>D —2>D —1>D —-M -0
The conformal situation for n=5 is even quite different with the conformal
differential sequence:
D Dy D, Dy Dy
00> 5—l>14—2>35—1>35—2>14—1>5 -0
Though these results and “jumps” highly depend on acyclicity, in particular
the fact that the conformal symbol §, is 2-acyclic for n=4 but 3-acyclic for

n>5, and have been confirmed by computer algebra, they are still neither

known nor acknowledged ([4] [9]).

DOI: 10.4236/jmp.2022.134036

636 Journal of Modern Physics


https://doi.org/10.4236/jmp.2022.134036

J.-F. Pommaret

4. Applications

Considering the classical Killing operator D:¢é — L(E)o=QeS, T =F,
where E(cf) is the Lie derivative with respect to & and @eS,T" is a non-
degenerate metric with dEt(a)) #0. Accordingly, it is a lie operator with
DE=0,Dn=0= D[f,f}] =0 and we denote simply by ® T the set of so-
lutions with [©,0]c©. Now, as we have explained many times, the main
problem is to describe the CC of D& =QeF, in the form DQ =0 by intro-
ducing the so-called Riemann operator D, :F, - F . We advise the reader to
follow closely the next lines and to imagine why it will not be possible to repeat
them for studying the conformal Killing operator. Introducing the well known
Levi-Civita isomorphism J, (a)) = (w,@xa)) o~ (a), }/) by defining the Christoffel

symbols 7/5 = %a)kr (aiwﬂ. +0,w, —0,0; ) where (a)rs) is the inverse matrix of

(a)u- ) and the formal Lie derivative, we get the second order system R, < J,(T):
Q; ('—(51)‘0)”- =, ()& + o, (X)&] +£70,0;(x) =0
(L&) =& 475 (0 7 (08 + 72 (0] 70 (& +0,74 (x)=0

k
ry

with sections &, 1 X — (ék (x). & (x). & (x)) transforming like
B (&)ix—> (fk (x),0,E(x), 0, (X)) The system R < J;(T) has a symbol
0, AT cT ®T depending only on @ with dim(g,)=n(n-1)/2 and is
finite type because its first prolongation is ¢, =0. It cannot be thus involutive
and we need to use one additional prolongation. Indeed, using one of the main
results to be found in ([1] [5] [9] [10] [14]), we know that, when R, is FI, then
the CCof D areof order s+1 where sis the number of prolongations needed
in order to get a 2-acyclic symbol, thatis S=1 in the present situation, a result
that should lead to CC of order 2 if R, were FI. However, it is known that R,
is FI, thus involutive, if and only if @ has constant Riemannian curvature, a
result first found by L.P. Eisenhart in 1926 which is only a particular example of
the Vessiot structure equations discovered b E. Vessiot in 1903 ([27]), though in
a quite different setting (See [1] [5] [9] [14] for an explicit modern proof and
compare to the references ([22] [23]) of ([6]).

We may introduce the (formal) linearization I' € SZT* ®T of the Christoffel
symbols by linearizing the relations a)kryil; = %(aiwﬂ +0,0, —6ra)u-) in such a
way that Q=0=T=0 with:

a)krF:} :%(dier +deir _erij )_7ilj(ri

We may also introduce the Riemann tensor p,'fij and its (formal) lineariza-
tion:

k

le,ij = (L(é)p) = _pls‘ijé:sk + p:ijés +,0|k,sj§iS +plk,isé:js + frarplk,ij

Lij
in order to obtain the Ricci tensor p; = p; = p;; and its linearization:

Ri =Ry =py& +p:&i +&°0,p =R;;
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. . N 1
allowing to introduce the Einstein tensor ¢; = p; —Ea},ja) Pis = Py — = WP
with linearization:

E; = (L(fl)e)ij =R, —%a)ijwrers —%inj +%a)ija)r”a)s"prsQuv
and we must notice (care) that the linearization of p =" p,, is
R=0"R,-p,0"0"Q,, .
These formulas become particularly simple when @ is a solution of Einstein
equations in vacuum, thatis when &;=0< p; =0= p=0.
LEMMA 4.1: When n=4 and the fixed euclidean metric for simplicity, we

have the useful formula:

Eow = _(Riz,lz + R+ st,zs)

Proof We have 2Ey =2Ry, —(Ry + Ry, + R, + Ryy) = Ryy = (R, + R,, + Ryy)
and Ry = (Rlo‘lo + Ry020 + Rag.a0 ) However, we have also:
Riy = Ry o1 + Roy o1 + Ry 3
RZZ = ROZ,OZ + RlZ,lZ + R32,32

R33 = R03,03 + R13,13 + R23,23

Summing, we obtain
(Ru +Ry, + R33) = (R01,01 + Roz00 + Ros s ) + 2(R12,12 +Rigis + R23,23) - It follows that
Ey = —(Rlz,12 +Ryp+ st,za) and the three other E; are obtained by circular
permutations of (0,1,2,3). We let the reader treat the general situation as an
exercise.

(]

A) MINKOWSKI METRIC:

We have considered this situation in many books or papers and refer the
reader to our arXiv page or to the recent references ([22] [28]). All the operators
are first order between the vector bundles E=T, F =T ®T/g, ~S,T",
F,=H?(9,), F,=H*(9,), F,=H"(g,) that are only depending on g,
with dimensions 4, 10, 20, 20, 6 when n=4 and Euler-Poincaré characteristic
rkp (M ) =4-10+20-20+6=0. The case of an arbitrary n, provided in ([20]),
depends on various chases in commutative diagrams that will be exhibited later
on for comparing the respective dimensions. This is not a Janet sequence be-
cause R, isFIbut ¢, is notinvolutive.

B) SCHWARZSCHILD METRIC:

With the standard Boyer-Lindquist local coordinates
(XO =t, Xt = r, X% = o, X3 = ¢) and a constant parameter m, we may introduce
the field of constants k =Q(m) and all the systems or differential modules
considered in the sequel will be defined over the ground differential field
K =k(t,r,sin(6),cos(6)) with differential structure obtained by setting
d,sin(0)=cos(8), 0,cos(8)=-sin(f) together with sin®(#)+cos’(0)=1
instead of using the so-called “rational coordinates” ([23]). With speed of light
c=1 and A=1-" , we shall introduce the diagonal Schwarzschild metric
o= (A(r),—1,/A(I’)r,—l’2,—l‘2 sin’ (9)) with det(w)=-r*sin?(6) . Following
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closely the motivating examples already presented, our challenge is to prove that
the purely mathematical formal study of the corresponding Killing system
R, < J;(T) can be achieved as a simple exercise of formal integrability, with no
extra physical technical tool, contrary to ([6] [7] [8]). As the computations will
be explicitly done, the numbers of CC obtained will bring serious doubts about
the validity of the results obtained in the above references, later confirmed with
the K metric. First of all we obtain easily the following 10 first order Killing equ-
ations mod (Q):

1
Q, - +F§1+cot(6)§2:0
Q, - [¢]+sin?(0)& =0
Q, - [g]+artsin(0)g =0
re .
Qp — —K5|n2(¢9)§§=0
1
Q, - +F§1=o
Q, - [g]+arg=o0
rZ
Qp, - _Kfozzo
Q L
w7 E 2Ar2§

Qu - |a]-a¢ =0

m
Q, - [El+——¢&'=0
00 §0 2Ar2§

R < J,(T)

where we have framed the leading jets.

This is a finite type system because we get 1“:} = i;‘ +---=0 with only one
prolongation!

The only 9 non-zero Christoffel symbols on 40 are:

. MA 0 m 1 m
Yoo =?: Vo1 =W’ Yu = “oAr?
1 1
7122 :F’ 7133 :?’ 7;2 =-Ar,
vy =cot(8), ys, =—Arsin’(0), yi =-sin(0)cos(0)

We obtain for example:
3m
T3, =&, "(1_?}651 =0,
1 1 H 1 3m ih2 1
[y = &5 +sin(0)cos(6) & + 1—; sin®(9)&' =0

= Tl —sin® (6)T%, = £ +sin(6)cos(6)& —sin’ (6) £ =0

after only one prolongation (care).

Then, using r as a summation index, we shall see that we have in general for
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the linearization of the Riemann and Ricci tensors:
Raij = prl,ijgkr +,0kr,ij¢f|r +pkl,rj§ir +Pk|,ir§jr + éerarpkl,ij #0
R; = prjégir +pir§jr +§rarpij #0

The only 6 non-zero components of the Riemann tensor are:

m mA mAsin’(0)
Poro1 = +r—3: Po2,02 = o Pozos = T
2
m msin®(0) _
Py =+ oAr Pizis = +T! P23z = ~mrsin? (9)

but we must not forget hat we have indeed p; =0 for the 10 components of
the Ricci tensor, in particular p; =0 for the diagonal components with
i=0,1,2,3. We have in particular:

0 1 3
P22 = Lo T Lot Poz

—= —A -
A Po2,02 L1212 r2sin? (9) P2323
__m_m.m_,
2r 2r r

We also obtain mod () :

Rovor =2P001 (5{? + 511)+ &'o, (P01,01) = &0, P00

= R =€ =025 £ =0

and similarly:

. 3m
Rovoe = Pm,mf% *‘,002,02512 +$0,Pope = Fézl =0= Zle =0

r m
R02,12 = p12,12§é + /702,02510 +<& arpoz,lz = m(ég - Azé:lo ) =0

Ry = ,021,1253l + ,023,32%(:13 +¢ rar,023,12
m . .2 3
=———& +mrsin“ (6
g mrsin’ ()2
= —3—m 1 =
2rA ™
3m A
= R01 03 F‘:E; = r_2R23,12

Poros = 0= Rog o5 = P15 (5(? +&+E +"§§)+ &0 Poy2s =0

and so on, in order to avoid using computer algebra. However, the main conse-
quence of this remark is to explain the existence of the 15 second order CC. In-

deed, denoting by “~” a linear proportional dependence mod (Q) , we have the

successive three cases:

DOI: 10.4236/jmp.2022.134036 640 Journal of Modern Physics


https://doi.org/10.4236/jmp.2022.134036

J.-F. Pommaret

(Roo’ R Ry R33) R01,01 ~ R02,02 ~ R03,03 ~ R12,12 ~ R13,13 ~ R23,23 - ‘fl =0

(Ro
( RlS
(
(

Rovoe ~ Rizs = 5% =0
Rovos ™~ Rizos = 531 =0

Rove ~ Rog s = 520 =0
R

~— ~— — ~—

R
0
Ros o113 ~ Rogos = & =0

(Rov R23) Rotos = 0,Rpp03 = 0,Ryp1, > 0,Rpp13 > 0,Ry303 > 0,R;555, >0

as a way to obtain the 5 equalities to zero on the right and thus a total of
20—-5=15 second order CC obtained by elimination. However, the present
partition 15=5+4+6 is quite different from the partition 15=10+5 used by
the authors quoted in the Introduction which is obtained by taking into account
the vanishing assumption of the 10 components of the Ricci tensor. As such a
result questions once more the mathematical foundations of general relativity, in
particular the existence of gravitational waves, we provide a few additional tech-
nical comments.

The main point is a tricky formula which is not evident at all. Indeed, using
the well known properties of the Lie derivative, we have the following geometric

objects (not necessarily tensors) and their linearizations (generally tensors):
oy > Q; €S, T, yf >Tj eS,T ®T,
Paij = Ry eAN’T OT ®T, By = By e~’T T ®T
Then, using ras a summation index, we shall see that we have in general

Raij = Prl,ijfkr +Pkr,ij§|r +/0k|,rj§ir +pkl,ir§; +§rarpk|,ij #0

r

— r _ r rs _ rs _t
Puii = PPy = Rayy =0 Ry + 01 = @R, g =R + 0" p ;Qq

Py =P =Ry =Ri; #o"R

risj

We prove these results using local coordinates and the formal Lie derivative
obtained while replacing j; (f) by & (See[1] [5] [9] [14] for details). First of
all, from the tensorial property of the Riemann tensor and the Killing equations
Q= 0, E + 0 E +E70,m,,, we have:

Rij E(L(égl)P)

K
= _P|S,ij§sk + P:,ij§|s +plk,sj§is +P|k,is§js + §rarp|k,ij

1,ij
a) (_ps__§k+§ra ps)zpsa) §k+(§ra W )ps+a) gl’a pk_pSQ

ku V,ij 9s r/2v,ij v,ij ks Su r“us V,ij ku r/2v,ij V,ij= “su
= psv,ij§uS +§rarpuv,ij _p\f,istu

k
and thus @, R/i =Rui —p\f‘istu .

1

L _p _ 0 2 s 1 _ _
P =V= P =Prot Pt Pz = Poror r_2p12,12

A ) P31z = 0

r?sin? (6
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We have for example, in this particular case:

0 1 m
Pro1 = Kpoun = Ar?
0 2m m
= Rfm = (’C(‘f)p)l,m - 2p10'01§11 * glalpfm - ﬁé:ll & (ﬁj

The only use of Ry ,, is allowing to get & =0 in the previous list, but we

have also exactly:

1 1 m 1 2

" Ris = A Novo2 _Wz(ﬁ) 31,32 = _FQIZ =Ry, +@" pi,Q, > R, =0

The use of Ry, or Ry, is allowing to get & =0 in the previous list
with:
3m m 3m m
0 3
Rioe = _Fé,z +FQQ’ Riz = +F§1‘2 _FQQ
and thus also exactly:

m m
st 11 2 0 3
@ pl,rZQst =0 w plz,lzglz == o3 Q,=>R,= R1,02 + R1,32 + o3 Q, =0

It follows that the 4 central second order CC of the list successively amounts
to R,=0,R;=0,R,=0,R; =0, a result breaking the intrinsic/coordinate-
free interpretation of the 10 Einstein equations and the situation is even worst
for the other components of the Ricci tensor. Indeed, R;; and R, only de-
pend on the vanishing of Ry,;,,Ry;; and Ry, o, Rj,;; among the bottom CC
of the list, while the diagonal terms Ry,R;;,R,,,R;; only depend, as we just
saw;, on the 6 non zero components of the Riemann tensor. We have thus ob-
tained the totally unusual partition 10=4+4+2 along the successive blocks of

the former list with:
{Rij} = {ROO’ R111 Rzzl Rss} +{R12' Rlsv Rozx Ros} +{R01, Rza}

Finally, we notice that Ry ,; =0,Ry,; =0= Ry;, =0 from the identity in
AT T :
Ro1.23 + Roz.31 + Rosp =0

and there is no way to have two identical indices in the first jets appearing
through the (formal) Lie derivative just described. As for the third order CC,

setting & = %Zjl € j,(Q), we have at least the first prolongations of the pre-
vious second order CC to which we have to add the three new generating ones:
' -8 =00,8' -5 =0.d,e 5 =0)

provided by the Spencer operator, leading to the crossed terms di§} —d jfil =0

for 1, J=1,2,3 because the Spencer operator is not FL

Setting now & =U,& =V,,& =V,,& =W,,& =W, with (U,V,W)e j,(Q),
we have to look for the CC of the system Rl(l) =R, already presented, then the
system R with dim(R()=5 and finally R’ with dim(R{¥)=4 which
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is formally integrable but not involutive because it is of finite type. Beside the

only zero order equation &' =U , we have the following 15 first order ones:

A 1
§§=—ﬁu,§f=—zd0u,§z =W,, & =W,
A 1

5 _dU 51— AU 52 V2-§3=V3

2 A 2 1 A 3 1

:_W, = —— , ——_ W, == N V
0 r2? g Ar? Vardo rsin(0) 61 Ar?sin®(0) :
& =2U. & +sin ()£ =0, 83 +cot(6)£* =~V

Among the CC we musthave d,V;—-d,V, =0 which is among the differen-
tial consequences of the Spencer operator as we saw but we must also have
d,W; —d,W, =0 and both seem to be new third order CC, together with the CC
obtained by eliminating &° and &° from the three last equations affer two

prolongations as in ([23]):
d,V; +sin(0)cos(8)V, +sin*(8)d,V, + 2sin* (6)U =0

However, things are not so simple, even if we have in mind that (VW) e j,(9Q),
because the central sign in the previous formula is opposite to the sign found af-

ter one prolongation in the formula:
& +sin(@)cos(0)&; —sin?(0)&;, =0
and it is at this moment that we need introduce new differential geometric me-

thods!

First of all, we have:
plk,ij = ai7|l; _ajyll; +7I;7rki _}’lrinkj
and thus, because T'e S,T" ®T isa tensor:

I|] - d F dr:: +}/Ifrk }/Ill—‘k +7/r|1—‘r }/r]rlrl

it ri
=(d|r:; rrk +7ri )_(drh 7Irrk +7rjrlr|)

|rJ it ri

= (d T =745 = 7Tl + 75T )= (dTh = 7T =740 + 75T

II']

=V} -V T}

by introducing the covariant derivative V. We recall that V @, ; =0,vr,i, j or,
equivalently, that (id,—y):&eT —)(cf EE = ke )e R, is a R, -connection
with @y, +@.7; =0,0;, a result allowing to move down the index & in the
previous formulas (See [9] for more details).
We may thus take into account the Bianchi identities implied by the cyclic
sums on (ijr)
Baiir =ViPuii t Vit tVipun =0 < B= cgél(ap_%o) =0

and their respective linearizations B, ;, =0 as described below. We shall see
later on that B and B are sections of the vector bundle F, defined by the

short exact sequence:
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5
0>F >AT ®g AT ®T -0

dim(F,)=(n(n-1)(n-2)/6)(n(n-1)/2)-(n(n-1)(n—2)(n—3)/24)n
=n?(n*-1)(n-2) /24
because dim(g,)=n(n-1)/2 for anynondegenerate metric, that is
24-4=20 when n=4.
Such results cannot be even imagined by somebody not aware of the J-acy-
clicity ([1] [9] [13]).

We have the linearized cyclic sums of covariant derivatives both with their

with

respective symbolic descriptions, not to be confused with the non-linear corres-

ponding ones:

Buij = ViRai +ViRa s +V Ry =0 mod(T)

Kl rij

< X (dR-yR-pI')=0
cycl

©B=3(VR)= 3 (pr)

cycl cycl

In order to recapitulate these new concepts obtained after one, two or three
prolongations, we have successively @ — y = p — [ and the respective linea-
rizations Q—>I >R —>B.

The 24 Bianchi identities are related by the 4 linear relations like
Bo1 023 — Bozoss + Bogorr =0 when n=4 because By,,; =0. These relations are
existinging between the 24 components of the Lanczos tensor because
BeF, cker(5) in the previous short exact sequence ([20]).

With more details, we number the 20 linearly independent Bianchi identities

as follows:

Buz125:[4] Biy 0121 5] By 15, [6] By s,
BO3,123 ! BOS,OlZ ’@ BO3,013 ! BO3,023’
Byo103:[12] By, 01, [13] By, 15, [14]B,, 1,
By 123 (16| By [14] By 1 [18] By s,
B23,123 ’ B23,023

to which we add the 4 linearly dependent:

BOl,123 ' BOl,OZ3 ! BZ3,012 ! BZ3,013

We successively study a few situations without any, with one or with two va-

nishing linearized Riemann components, taking into account that the four Eins-

tein equations are described by:

, , for the index 0, El, @, for the index 1, , ,
for the index 2, , @, for the index 3.
3m

BIANCHI : B01,012 =V, R01,12 + V1R01,20 + v2R01,01 = _?(rgz + riz) :
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First of all, we have R, :—Fé‘f, Roz02 :2—3(5;, Rotor :—3—T(§1 and
’ r ’ r ’ r

obtain:
\2 R01,12 = goz 701 01,02
1
[§02 2A 2 § j
3m
= 2 3 rgz

3m 9m
ViRy20 = (_?5112 +?§;j _(27(())1 + 7+ Vi ) Ros.20

3m( m ) 6m
= _F[éz _W§2j+r_“§2

3m
V2R01,01 = r_4§ 27/12 Roz 01

23m
= 4 ‘fz 352

__ea
r_4 §2
: 0 L1 _ g0 gl _ 0, g1\ _ -
and we notice that T, +T', =&, +&, =d, (50 +& ) =0= By, =0. As a by-

product, we have dW, +%V2 =0, dV, _Tmrzvz =0=>dV,+dW, =0.

3mA
BIANCHI : B02,123 = VlRoz,za +V2R02,31 +V3R02,12 or rfs .
. 3mA
First of all, we have R, ,; = §3 » R =0, Ry =0, Ryg = o c§3

and obtain:
ViRy 23 = leoz 237 7’(;1er 23~ 7’1r2 Ror2s — 7/1rz Rooes — 7’1r3 Roz.2r
3mA 3m? 3mA 3
513 ( - ]963 _[ Vo1 _Fj R02,23

3mA 12m 27m?
§13 ( - J‘fa

3mA o  9mA
2r 13 2 2 53

r r r
VRoa =0- 7’02 ro31 — V2 Rors — Y23Roors = 712 Rozar

1
= AI'R01,31 —cot (9) R02,31 _F Roz,az

3mA 3mA
2 53 2 2 53
_ SmA £
r2 7
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r r r
V3R 0212 = =0- 7/03 r2.12 723R0r,12_713R02,r2_723R02,1r

= _723 R03,12 - 713 Roz,ez - 723 R02,13
3mA
- 2 53

and we may use the fact that

1 1 3m
rfs 513 (1—_}53—0 =>dW, - A [1_EJW3=O'

3m
BIANCHI : Boz.orz = VoRoz12 + ViRe 20 + Vo Rop 01 = Frlzz .

A
First of all we have R,,, =0, Ry, = 3m2 § Rozo1 = _2 -5
, , r

3m

R,., =———¢&' and obtain:
2,12 2 Ar2 &

_ _ r _ r _ r _ r
VoRo1 = d Roz12 = Yoo Rr212 = 702 Ror 12 = Yo1Roar2 = 702 Rozar

_ 1 0

=0-74 Ri212 = 701 Roz.02

mA 3m Y\, ((m 3mA)
_(_?](_ 2Arzj§ [2Ar2)( 2r2 )5

=0
3mA ‘ r
V1Ro2.20 =d, (_ 212 flj_2701Rr2,20 —271,Ryr 20
3mA 3mA
:__2511_61( jf +2701 0202"'27/12 02,02
2r 2r?
3mAY m ), 3mAY) , 3m* , 3mA
=| - — |0 + +
( 2r? J[ZArzj95 l(Zr2 )f 2rt d r d
3m? 3m 3m?> 3m 3m?)
I
6m , 27m’ o
r3 4r*
VR = 522 Y62R r2,01 7/2rzR0r,01_752R02,r1_7/1r2R02,0r
3m
= F 32 - 7’;2 Rovor — 7’122 Roz.02
~3m , 9mA
2 2 s
_3m r, 27m?
cor? r 5 ¢
This delicate checking proves that
3m 3m
Buzorz = = —T L, =0=d,V, +[1 EJU 0 is a differential consequence of

Ry212 = 0. We let the reader prove as an exercise that

3m

Bos.os = o — T3 =0=d,V, +sin(6)cos(0)V, +(1—3;—Tjsin2 (6)U =0 in order

to recover by eliminating U.

DOI: 10.4236/jmp.2022.134036 646 Journal of Modern Physics


https://doi.org/10.4236/jmp.2022.134036

J.-F. Pommaret

3mA
BIANCHI @ : BOZ,023 = vO R02.23 + VZ R02,30 + v3 ROZ,OZ or Fg3 ‘
First of all, we have R, ,; = 3mA 53 » Rz =0, Ry = 32mA &' and obtain:

_ _ r _ r _ r _ r

Vo R02,23 =d, Roz,zs Yoo Rr2,23 Vo2 ROr,zs Vo2 ROZ,rS Y03 R02,2r
_ 1
=d Roz 23 _700R1223

3mA
503 4r 3 §3
3mA
T

VRs.30 =0- 722 01,30

= ArRm 30
_3mA
= 2 2 53
3mA
2r?

Vs, Roz,oz = 531

m 3m
where ng‘ = é:f?s +_z§§ =d, (é:(? + lj =0 and R, = _mfal’

2Ar
3m
R01,03 = Ffs .
Again, only this final result proves that
Bys oz = _ 3mA —7T 33 =dW, +—— m =0 is a differential consequence of
’ 2r 2Ar
R02,03 =0.

3m
BIANCHI : BlZ,OlZ = VO R12,12 +V1R12,20 +V2R12,Ol 2 3 rgz *

éz R1220 0, I:‘)12,01=_

3m

r

. r
First of all, T, =&, +K§é, Ry = oA

and we obtain:
Vo R12,12 = do R1z,12 - 27/(;1Rr2,12 - 27’52 R1r,12
=d, R — 27’(?1 R0
3m

1
“Toa

ViRi22 =0 _(7’111 +274 + 781) Riz.20
= _27’122 Ri2.20
=0

3m
V, R12,01 = _F 5202 - 7122 R12,02

__ngz
3m _, 3m
R
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a result leading to d,W, + % d,U =0. Again, only the final sum has an intrinsic
3m
2 3
BIANCHI : BOl,023 = v0R01,23 + V2 R01,30 + v3 ROl,OZ = o

. . . 0
mathematical meaning with Booo =—7"75T2-

. 3m
First of all, we have Ry ,;=0, Ry :Fé}’ 01,02 :Fé » Rypos =0

and,as Q,; =0:
Do =S + Vs + Vol — Vs
=&, — Ar(& +sin® (0) &) )—cot(0)&
=&y —cot(0)&
Th = &4+ 758 +7mé — s
=G+ 7l +(rh-1) &
= &L —sin(0)cos(0) &’

3, =85 +70& + 7 —1ol!
= &5+ Vs +(7’13 _7/122)§23

=&, +cot(0)&
Vo R01,23 =d, R01,23 - 750 Rr1,23 - 7/(;1R0r,23 - 7’(;2 Rovra — 7/53 Rovar

=d, R01,23 - 7(1)0 R01,23 - 7(?1 Roo,13
=0

V2R01,3o =d R01 30 _7122 Roz 30 _7§3R01,30

3 523 COt( )531

3 3
V3R01,02 =d R01 02 _713R03 02 _723R01,03

:_523 __COt( )fé
_F(les —cot(e)gg)

We could also say that d,Ry, ,, = (d V, 523) o §23 and obtain there-
fore finally the formula By, ,, = 0 = d2V3 —dyV, =0 is a differential conse-
quence of Ry ,; =0.

We also check in particular:

r r r r
VoRo123 = Priasl o0 + Por 23801 + Porral 02 + Por2el 0
=0
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r r r r
V,Ro130 = Praaol oo + Poraol 12 + Povrol 23 + Porar Lo
3 1
= Poazol 12 + Porsol 2

= n;—'fsin2 (0)rs, —%Fég
mA . m
== sin 2(0)&, - cot( )gsl—r—sl“ﬁ3
mA 1
:—dz( 53) —sin(@)cos(& )51 cot( )&
m m
—Fcot(a)é:; ——3F123

m . 1
——3(523 ~cot(6 )‘fs) Fzs
3m _,
= - o — T
ViRoe = pr1,02rcr)3 + pOr,ozrlra + P01,r2r(r)3 + pOl,Orr£3
2 1
= Poroel 13 + Pororl 23

mA
N

A 2 - 1

:——nz]r (&5 —sin*(0)cot (o )51) Rk
m . 1y, M
_3 (523 —COt(9)§3)+r—3F23

3m

2 31—‘23

As a tricky exercise too, we advise the reader to treat similarly the case of
+ or in order to obtain By, ,, =0=d,W, —d,W, =0 because

Ry =0 and Ry, =0 (care).

REMARK 4.B.1: Though a few conditions like m m or
m - look like to be third order CC for Q, we have thus

proved that they come indeed from the first prolongations of the second order
CC. The same comment is also valid for a few other striking CC. Using previous

results, we have successively 6 other relations:

&+ =0, (& +8)=0=[dV, +dW, = 0] 1
G+ =0y (8 +&) =0=[dV; + dW; = 0]
&, +sin(@)cos(0)&; —sin? (6’)§§2 =0

:>|d3V3+sin(6’)cos( )V, —sin?(0)d,V, —0| [19]

&, +sin(0)cos(0) &, sin2(0)§202:
:|d3W3+sin(49)cos( )W, —sin?(8)d,W, _0| [20]

because |d,W, +%dOU =0 and

DOI: 10.4236/jmp.2022.134036

649 Journal of Modern Physics


https://doi.org/10.4236/jmp.2022.134036

J.-F. Pommaret

dW; +sin(8)cos(8)W, +%sin2 (6)d,u =0

féz - Azégloz =d, (‘fé - Azflo) =0= |doV2 ~ A2d1W2 = 0|

65(}3 - Azﬁfl% = d, (ézé - Az‘flo) =0= |d0V3 ~ A2d1W3 = 0|

From the 24 B, we have thus used 8 of them and are left with 24—-8=16 ex-
pressions involving the 4x4 =16 different first derivatives of the 4 functions
(V ,W) , hamely B to B E Now, we notice that, among these 24 B, only 4
of them do contain three components R, ; that are not vanishing for the
S-metric, namely , , and . They are providing the terms d E,,
for r=0,1,2,3 in the divergence type condition for the linearized Einstein eq-

uations implied by the linearized Bianchi identities over the Schwarzschild me-
tric. Accordingly, it does not seem possible to obtain any other third order CC
apart from these 4 divergence conditions.

It remains to apply these results to the successive prolongations of the Killing
equations, as we know from the intrinsic study achieved in ([22] [23]) that we

have the successive Lie algebroids:
RY =R R < RY =R < 1(T)

with respective dimensions 4=4<5<10=10<20 and Rl(S) does not depend
any longer on the S-parameter m.

The challenge will be to prove that... the only knowledge of these numbers is
sufficient!

In an equivalent wayas g, =0=¢,,, =0,Vr >0, we obtain successively:
dim(R,) = dim(J,(T))-dim(S,T")=20-10=10,
dim(R, ) = dim(J, (T)) - dim(J,(8,T")) = 60-50 =10,
dim(R,)=dim(R,)-5=5=dim(R,,)=dim(R,) =dim(R,)-1=4

and shall use these results from now on.
First of all, using the introductory diagram when (=11 =1, we may apply

the Spencer d-map to the symbol top row in order to obtain the diagram:

0 0
\? J
0 > ST ®T > ST ®F - -0
J J
0 - T'®S,T®T —» T ®T ®F — 0
2 J
0 S OATRT'®T - AT'®F, — 0
J J J
0> AT'®T = AT T - 0
J \?
0 0
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Using the Spencer &-cohomology H'(g,)=Z"(g, )/Br (9,) at
> —> -+, we obtain:

PROPOSITION 4.B.2: h, ~H’(g,)=n(n+1)/2 <dim(Q,) <n’(n* -1) /12
whenever n>3.

Proof As there cannot be any CC of order one and thus Q, =0, we have the
long exact connecting sequence 0 >R, >R, > h, > Q, >0 and counting

the dimensions with F; = SZT* , we have:
dim(Q, ) < dim(h,) = dim(S,T" ®S,T")—dim(S;T" ®T ) =n’ (n* -1) /12

This result is confirmed by a circular chase proving that the left bottom J-map
is an epimorphism and a snake chase in the last diagram providing the short ex-

act sequence:
5
0->h, 5>AT'®g>AT ®T -0, 0520536160

Indeed, as det(w)#0 we may use the metric for providing an isomorphism
T~T :(§r ) - ( = a)rifr) in such a way that g, ~ A*T" is defined by
& +&;: =0 forboth the M, S and K metrics.

However, introducing the conformal Killing system of infinitesimal Lie equa-
tions with symbol §, defined by the (n(n+1)/2)-1 linear equations
o0& + 0,8 ——w;& =0 that do not depend on any conformal factor, we have
the fundamental diagram II ([1] [12]):

0
l
0 s,T"
\’ \’
0 - Z%*(g9,) — H?*(g,) —0
J { {
0 - T'®4 - z:(3) — H(G) -0
N l {
5 5
0> ST - T T - AT - 0
N l
0 0

showing that we have the splitting sequence 0— S,T" — H?(g,) > H?(§,) >0
providing a totally unusual interpretation of the successive Ricci, Riemann and
Weyl tensors and the corresponding splitting. However, it must be noticed that
the Weyl-type operator is of order 3 when n=3 because
n? (n2 —l)/lZ—n(n +1)/2=n(n+1)(n+2)(n-3)/12 but of order 2 for n=>4
([4] [9]). Similar results could be obtained for the Bianchi-type operator as we
shall see.
t
Using now the same procedure for the introductory diagram with r =2, we

get the diagram:
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0 0 0
\A \: \
0 - ST ®T - ST ®F - h, -0
\A \: N
0 - T'®ST T —» T ®ST ®F — [T'®h| -0
A s
0 - AT'®S,T'®T — A T'®T ®F — 0
\A \2
0 S OATRT'®T —»  AT®F - 0
{ \2 \:
0> A'T'®T = AT T - 0
{ \t
0 0

Using a snake chase and Theorem 3.2.3, we obtain the short exact sequence:
0—>h, >T"®h, >H?*(g,)>0, 0—>60—>80—>20—>0
A chase around the upper south-east arrow on the right is leading to the fol-

lowing corollary where g; — S,T” ® F, is the symbol of the system R; c J, (R)
which is the image of J;(T) and Q' is the cokernel of the central bottom

map:
COROLLARY 4.B.3: There is a long exact connecting diagram:
0 0
\ 1
0 » ST ®T —» ST ®F —» T ®h — Hg) > 0
\ I \ \
0 > p(g) » STOF - T'®Q, > Q —> 0
1 1 \
0 0 0

allowing to use the Bianchi identitiesas B e F, ~H®°(g,) and we have
dim(Q/) <dim(H*(g,)).

Proof. Using the notations of the introductory diagram and the fact that
Q, =0, we have the following two commutative and exact diagrams obtained by
choosing F =Q, for the first, then F =Q; for the second and so on, in a

systematic manner as in the motivating examples:

0 0 0 0
J J J J

0> p(9;) > ST ®F - T ®Q —» Q —0
\ \: 2 Nl

0> p(R) » (R - Q) - Q -0
J J J J

0> R - J(FKR) »> Q - 0
J J J
0 0 0
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First, we have the short exact sequence 0— R, - J,(T)— J;(F,)—0 with
10-60+50=0 andget Ry =F,, R'=J,(F,) and
dim (o, (Ry))—dim(R/) =0, that is no CC of order 1.

Now, using the long exact sequence:

0->R,—»J(T)>J,(FR)—>Q,—»0

R, CP1(R1'):p1(*]1(':0)):‘]2(|:o)
= dim(p, (R/))—dim(R;) =150-135=dim(Q, ) =15

because dim(R;)=dim(J,(T))-dim(R,)=140-5=135 and there are 15
second order CC.
]

Then, with dim(Q/) = X, we obtain by counting the dimensions:
dim(p,(Ry))=dim(J;(F,))+x—dim(J;(Q,)) =350+ x—75 = x+ 275,
dim(R;) =dim(J,(T))-dim(R,)=dim(J;(F,))-dim(Q,) =276
= y=dim(p, (R}))-dim(R;) = x+275-276 = x -1
that is y>3 because x>4 and thus X=4=y=3 if we only take into ac-
count the 4 divergence condition of the Einstein equations. The situation will be

worst for the Kerr metric with y=6.

After one prolongation, we get:

0 0 0 0
J J J J

0> p(g;) » ST ®F —» T'®Q —> Q —0
J J J I

0> p(R) » (R - J(Q) - Q -0
\? J 2 2

0> R - J(R) - Q, - 0
J J J
0 0 0

From this second diagram we obtain the commutative and exact diagram:

0 0
\ 2

0> R - J(R) > Q - 0
{ I d

’

0> p(R) - I(FR) - () » Q -0

o «—/

Indeed, setting again dim(Q;) = X, we obtain now similarly:

dim(,p, (Rg)) = dim(J, (F,))+x—dim(J, (Q;)) =700+ x—370 = x + 330,

dim(R; ) =dim(J, (T))—dim(R;) =dim(J, (F,))—dim(Q, ) =500
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= y=dim(p, (R;))—dim(R;) = x+330-500 = x-170

thatis y=0«< x=170. We find exactly dim(F2 ) =170 like in ([22], p. 1996)
and the condition Yy =0 just means that the CC of order 4 are generated by the
CC of order 3, but we have only R; = p,(R;) in general.

With one more prolongation, applying again the J-map to the top symbol se-
quence, we get the following commutative diagram:

0 0 0
2 \A 2

0— ST ®T - S.,T"®F, - h, -0
) ) 2

0> T'®ST'®T —» T'®ST®F - T®h -0
%) ) \

0> AT'®ST ®T — AT ®ST ®F — AT ®h —0
%) ) \

0> AT'®S,T ®T — AT'®S,T'®F — AT'®h, —0
s ) 2

0> AT ®S,T'®T —» AT eT eF - 0
\A A
0 0

where the right exact vertical column is 0 — 224 — 504 —» 360 -»80 — 0. It
just remains to replace in the two upper right epimorphisms h, by T ®Q,
and h, by Q, along with the following commutative diagram where we have
chosen F =Q,:
0 0
N \:
h5
PN
0 > T'®h, — T ®Q,
in order to obtain the long exact sequence 0—S,T ®T - ST ®F, > T ®Q,.

Finally, chasing in the following commutative and exact introductory dia-

gram:
0 0 0 0
\2 \2 \2 \2
. o5(®) . .
0 - ST ®T > ST ®F > T®Q —»> Q -0
J J J J I
ps(®)
0> Ry > J(T) - J(R) - Q) - Q -0
\2 \2 \2 \2 \2
P4 (@)
0> R - J(T) - J(R) - Q - 0
\2 \2 \2 \2
0 0 0 0
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we deduce that R{ =p (R;) is involutive with dim(R;)=840-4=836 and
symbol g, ~S.T ®T.

Unhappily, the reader will check at once that a similar procedure cannot be
applied in order to prove that R, = p,(R;). Indeed, if we still have a mono-
morphism 0—h, > Q, we do not have a monomorphism h, - Q, because
now this map has a kernel of dimension equal to dim(R3 / Rgl)) =5-4=1 ac-
cording to the corresponding long exact connecting sequence.

IT IS THUS NOT POSSIBLE TO PROVE THAT THERE ARE ONLY
SECOND AND THIRD ORDER GENERATING CC IN A SIMPLE INTRINSIC
WAY.

However, like in the first motivating example in which we should be waiting
for third order CC but a direct computation was proving that only second order
ones couldbe used, we have:

THEOREM 4.B.4: The CC of the first order operator D:T — F, are gener-
ated by a third order operator D, :F; — F, =Q, and we have thus R, = p,(R;).

Proof With F;=S,T" and F,=Q, while applying the Spencer operator,
we obtain the following commutative diagram in which the two central vertical

columns are locally exact ([1] [5]):

0 0 0
2 I, 2
D
0—> C) - T E) - F
Vi N Vie o Nl
0— R, - J,(T) -  JL(R) - R -0
dd dd dd
0> S OTRL((T) o Tel,(R)
dd dd

0> AT'®R, - AT ®J,(T)

Chasing in this diagram by using the Snake lemma of the second section, we
discover that the local exactness at F, of the top row is equivalent to the local
exactnessat T ®R, of the left column.

Now, we have the commutative diagram:

0 0 0
{ 2 1
5 d . d .

0> ® > R — T ®R, - AT ®R,
[ \ \J \
ia d ” d .

0> ® > R, — T ®R, - AT ®R,
A 2 A

d
0 > TOR/RY) > AT O(R/RY)

\: \
0 0
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The top row is known to be locally exact as it is isomorphic to a part of the

Poincaré sequence according to the commutative diagram with R, ~ R, ~R;:

0 0 0
\A A A
Js d d
0> ® > R, —» T ®R — AT ®R,
I J J J
5 d d
0> ® > R - T ®R, —> AT ®R,
A \2
0 0

The bottom row is purely algebraic as it is induced by the exact sequence ob-
tained by applying the Spencer operator to the long exact connecting sequence

and chasing along the south west diagonal:
s s
0>h,->T ®h > AT ®h, > AT ®g, >0
05126 >240—-5120-6—>0

Changing the confusing notations used in ([24]), we prove that the bottom
Spencer operator is injective. Indeed, we have the following representative pa-

rametric jets for the various Lie equations:
dim(R,)=10={&°,&,£2,.£°,6.8.8.5.8.4}
dim(Ry)=5={&°,&%,&,4.&}, dim(R,)=4={£,&,8,&}
dim(R, /R )=1= (&}, dim(R,/R{")=5={£.4.4.8.£)

We also recall the definition of the Spencer operator
d:T"®J1 4 (T) > AT ®J,(T):

(kal ) - éﬁ,ij :(aigz,j _ajé::,i + E+lj,i _§E+1i,j)

Accordingly, we may choose local coordinates (fé,i ) for a representative and
a representative of the image by d is for example (;lOi =&, —/,‘Ilo) Now, as
dim(R3 / Rél) ) =4-3=1, we may introduce the four local coordinates &;; and
g“fi such that féyi —Achfi =0, Vi=0,1,2,3. We may also use the 6x5=230
local coordinates (ﬁ i aiir i ai ) in order to describe A°T™ ® ( RZ/R?)) :

In the kernel of d, we have in particular

En=&i—E0 =08, =5,=0,Vi=123 because & = £ in R, but

m
2Ar?
also &5, =&, -&,=0=>¢&,=0=& =0 because {50} is among the pa-
rametric jets of R; and thus éé,i =0,Vi=0,12,3. The bottom Spencer opera-
tor is thus injective and the bottom sequence is thus exact. A circular chase ends
the proof: If beT ®R, is killed by d, then its projection ceT” ®(R3/R§1)) is
also killed by d and is such that ¢=0. Accordingly, JaeT ®R, with image
b under the monomorphism T ®R, ->T ®R, and such that da=0. We
may thus find eeR, and f eR, because R, =R, with a=de=b=df .

g
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Like in the second motivating example, the sequence constructed in the pre-

«

vious theorem may have “jumps” in the order of the successive operators and we
have therefore (Compare to [1]):

COROLLARY 4.B.5: The symbol of D, is not2-acyclic and the CC operator
D, is thus of order 2. Accordingly, if one does want a formally exact canonical
Janet sequence, the only possibilityis to use the involutive operator D, of order
4 defined by R;=p;(R;).

Proof Recapitulating the results so far obtained, we have successively
R,cp(R) with:

Ry = Fy,dim(R/) =dim(J, (T))-dim(R,)=60-10 =50
=R = ‘]l(FO)lpl(Rl,): Jz(Fo)
dim(Ry) =dim(J,(T))-d =140-5=135,
dlm(pl( ))—dim( 2’):150 135=15

dim(Ry) =dim(J,(T))-dim(R,)=280-4 =276,
dlm(pl(R ))-dim(R;)>3,
dim(R;)=dim(Jg(T))—dim(R;) =504—-4=500, R;=p,(R;),
dim(RS')=dim(Je(T))—dim(R6)=840—4=836, R =p.(R;).

the long exact sequence: 0— p;(R;) > J;(F)) = J;(Q,) > Q/ >0 with
dim(Q)=x>4 because of the divergence CC condition for Einstein equations
implied by the Bianchi identities.
It also follows that:
0, ~T ®F, =dim(g;)=40
S,T"®T c g; < 80<dim(g;)=135-50 =85,

S,T"®T c g, <140<141=276-135, S, T ®T ~g,,, ,Vr>0

and we have the basic commutative and exact “defining diagrans” of the system

R,=J,(T):
0 0
{ {
0 - S,T7®T —» T ®F — 0
\ \ 2
0 > R - J(T) - J(R) - 0
{ { {
0 > R - J(T) -»> F -0
2 { {
0 0 0

allowing to obtain the central vertical short exact sequence
059, >R >F —>0.
Now, it is known that a symbol g, of finite type is involutive if an only if it is

vanishing ([1] [5] [10]). Using a similar proof, let us consider the commutative
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diagram of &-sequences:

0 0 0
\! \2 2

o TTRST®T - AT ®S5T®T - AT ®S,T ®T -0
\2 \ 2

g T ®g, — AT ®g;, - -0
\2 \2
0 0

Using the fact that the upper sequence is known to be exact as a J-sequence
and that we have dim(SAT* ®T) =140 <141=dim(g;), an easy chase proves
that the lower sequence cannotbe exact and thus §; cannotbe involutive after
counting the dimensions. The corollary follows from the fact that
9, =p.(05)~=S,T" ®T isindeed 3-acyclic one step ahead by chasing and even
involutive.

Finally, with vector bundles A B such that dim(A) =1, dim(B) =5, we
have the commutative diagram of &-sequences in which we recall that

gl'ZT*®F0:
0 0 0 0
\2 3 2 A
T'®ST ®T —» AT ®S,T T — AT ST ®T — AT ®S,T ®T —0
J J J J
T'®g, - S AT'®g, o AT'®g 50
J J J J
0 - AT ®A - AT ®B - 0
J J
0 0

Taking into account that the top row is exact and proceeding as in the last

theorem with similar local coordinates, we get:
Eln=En+Eu+E,=0+40+0=0
always.
Chr =G+ & +En=6,+0+0=0=>&,=0=&,=0,Vi,j=12,3
$loi = &roi T o TG0 = G0 +0+0=0= & =0= &5, =0,Vi=23.

We are thus only left with &, that may not vanish though
Eror+ ot + & =0 inany caseand the bottom map s not injective.

Let us prove that g; is not 2-acyclic because the central d-sequence cannot
be exact at A’T” ®g}. Indeed, if it were, let ce A’T ® A be killed by & Then,
we may lift ¢ to be AT ®gj such that sb=f eA’T ®S,T ®T and ob-
tain by commutativity 6 =0 because the last vertical downarrow on the right
is an isomorphism, thus a monomorphism. As the upper row is an exact se-
quence, we may thus find a€ A°T ®S,T ®T such that f =da. Chasing
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circularly, it follows from the exactness assumption at A°T" ® g} that we can
find eeT ®g, ~T ®S,T" ®T such that b=a+se=a'eA’T ®S,T ®T.
It should follow that ¢ =0 and a contradiction, thatis §; cannot be 2-acyclic.
As we know from ([1] [5] [10]) that the order of the generating CC for D, is
equal to s+1 if one needs s prolongations in such a way that p, (g;) =03,
becomes 2-acyclic. As we already know that g, =p (g;)~T ®S,T ®T is
involutive, we get s=1 and the generating CC D, of D, are of order 2. We
have just a “jump” in the order and, for the details, refer the reader to the quite
delicate Example 3.14 of ([9], p 119-125) in which it is already difficult to dis-
cover how many new second order CC should be introduced though the initial
system is trivially FI with coefficients in Q. Such a result could not even be
imagined while using the methods of ([6] [7] [8]).
O
There are “natural” reason for which we do not believe that these results could
be useful in physics. Indeed, considering like in the previous reference the long

exact sequence of jet bundles allowing to define F, when F =Q;, namely:
0> Ry — J; (T)—1>J5(F0)—3>J2 (Fl)—2> F,—>0
0—>4-840 —1>1260—3>1110—2>686 -0
and the large values of these dimensions need no comment for any application.
O
C) KERR METRIC:

We now write the Kerr metric in Boyer-Lindquist coordinates:

2 _ 2 2amrsin® (0
ds? = 2 - g2 —%drz — ptdg? ——'2()dtd¢
P
mra®sin? (0
—[rz +a’ +—IZ()Jsin2(9)d¢2
0

where we have set A=r’-mr+a’, p’=r’>+a’cos’(¢) as usual and we
check that we recover the Schwarschild metric when a=0. We notice that for
¢ do not appear in the coefficients of the metric. We shall change the coordi-
nate system in order to confirm theses results by using computer algebra and the
idea is to use the so-called “rational polynomial’ coefficients as follows:

(x° =t,x' =r,x* =c=cos(0),x’* = ¢) = dx* =-sin(0)do
:(dxz)2 =(1—cz)d¢92
We obtain over the differential field K =Q(a,m)(t,r,c,¢)=Q(a,m)(x):

1

2amx (1— X2 2)
ds’ :%(dxof ) _ﬁ(dxz R 0D ) o
male(l— X2 2)
—(1—(x2)2) (x1)2+a2+ e ) (dx3)2
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2
with now A=(x') —mx'+a’=r*-mr+a’ and

2
pl= (Xl) +a’ Xz) =r? +a’c?. For a later use, it is also possible to set

—(1—02)((r2+a2)2—az(l—cz)(az—mr+r2))/(r2+a202) and we have

2
det(w) = _(rz + azcz) . Framing the leading derivatives, we obtain:

0, = 2((033+ w03§§)+ Fow, =0
Q= o] &]+ @l +0,8t =0
Q, = 20,|&]+&0,=0
Q, = a)33+a)03§1 +a)u§3 =0
Q, = a)22+ o, &, =

R cJ; (T)
Q, = 20,[é]+ém, =0
Qu = o] &+ @ (£ + 8 )+ 0ol + By =0
Qu = 0|8+ o + 0 =0
Q, = 0)11+ Ol + &l =0
O = 28]+ @l )+ P =0

Now, we know that if R, <J, (T) is a system of infinitesimal Lie equations,
then we have the algebroid bracket and its link with the prolongation/projection
(PP) procedure ([1] [2] [5] [10]):

[R,.R, <R, :[R() R(S)]

q' ' g q+r g+ qur73>o

q+r’

As RY =72 (R,)=R,, it follows that R® =7z7(R,) is such that
[Rl(z), Ri(zq c Ri(z) with dim(Rl(z) ) =20-16=4 because we have obtained a
total of 6 new different first order equations. Using the first general diagram of
the Introduction, we discover that the operator defining R, has 10+4=14
CC of order 2, a result obtained totally independently of any specific GR tech-
nical object like the Teukolski scalars or the Killing-Yano tensors introduced in
([6] [71 [8D).

Like in the case of the S metric, two prolongations allow to obtain 6 additional
equations (instead of 5) that we set on the left side in the following list obtained
mod ( j, (Q)):

We have on sections (care) the 16 (linear) equations mod(j2 (Q)) of R?
as follows ([23]):

220820 = |08 topd|rend=08=0¢ =0
&=0 = &=0
e (EIEE)0 = [ n]ag
CEyCE Yy
§3+Im(§m§o)= = +a)22§02=0’
|08 + 05| + 0,85 =0
& =0 = & =04 =0&=0
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The coefficients of the linear equations lin involved depend on the Riemann
tensor as in ([23]). Accordingly, we may choose only the 2 parametric jets
(féfoz) among (53531502532) to which we must add (50,53) in any case as
they are not appearing in the Killing equations.

The system is not involutive because its symbol is finite type but non-zero.

Using one more prolongation, all the sections (care again) vanish but £° and
&, a result leading to dim(Rf)) =2 in a coherent way with the only nonzero
Killing vectors {Gt ,0 ¢} . We have indeed:

[G=0} [ =0=&=0&=0=¢£=0=0&=0=0

Taking therefore into account that the metric only depends on

(xl =r,x* = cos (9)) we obtain affer three prolongations the first order system:

£=010123
£=0101 23
&=0 01 23
&=0101 23
E=0 101 2 e
E=0101 2 o
&E=0 101 2 e
E=0 1012 e
3
Rl(B)CRi(Z)CRl(l)zR1CJ1(T) flz;g g i : :
E=0 101 o o
‘510:0 0 1 o o
é‘g’zo 0O o o o
E2=0 [0 o o o
é&:o 0O o o o
S:O 0O o o o
52:0 e o o o
=0 |0 o o o

Surprisingly and contrary to the situation found for the S metric, we have now
an involutive first order system with only solutions
(50 =cst,&'=0,62=0,&° :Cst) and notice that Rl(g) does not depend any
longer on the parameters (M,a)e K . The difficulty is to know what second
members must be used along the procedure met for all the motivating examples.
In particular, we have again identities to zero like d,&' —¢& =0, d,&”—&F =0
and thus at Jeast 6 third order CC coming from the 6 following components of

the Spencer operator, namely:

dlgl_érllzol dzfl_érgzov d3§1—§31=0,
d1§2_§12 =0, d2§2_§22 =0, dséz_fsz =0

a result that cannot be even imagined from ([6] [7] [8]). Of course, proceeding

like in the motivating examples, we must substitute in the right members the
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1

values obtained from J,(Q) and set for example & =- 0w, while

1
replacing &' and &° by the corresponding linear combinations of the Rie-
mann tensor already obtained for the right members of the two zero order equa-
tions.

We have the fundamental diagram I no longer depending on (m, a) with fi-

ber dimensions:

0 0 0 0 0
J J J J J
i Dy D, D3 Dy
0O - 0® - 2 > 8-> 12 - 8 —» 2 >0
J J J J J
I Dy D, D3 Dy
0 - 4 - 20 > 40 - 40 - 20 - 4 >0
I \2 J \2 \’ s
D 2] Dy D3 Dy
0 ® - 4 - 18 » 32 - 28 —» 12 —» 2 —>0
J J J J
0 0 0 0 0

providing the Euler-Poincaré characteristic 4-18+32-28+12-2=0. How-
ever, the only intrinsic concepts associated with a differential sequence are the
“extension modules’ that only depend on the Kerr differential module but not
on the differential sequence and it follows that ([23]):

THE ONLY IMPORTANT CONCEPT IS THE GROUP INVOLVED, NOT
THE SEQUENCE.

In an equivalent wayas ¢, =0=g,,, =0,Vr >0, we obtain successively:

dim(R, ) =dim(J, (T))-dim(S,T")=20-10=10,
dim(R,) = dim (3, (T))—dim(J,(S,T")) = 60-50=10,
dim(R,) =dim(R,)-6=4
=dim(R.,,)=dim(R,)=dim(R,)-2=4-2=2
and shall use these results from now on.

According to a cut of the preliminary diagram with now m=n=4, =1,

K =Q(m,a), we obtain the following commutative and exact diagrams:

0 0 0 0
\ \ \ \!

0> p(9;) > ST ®F —»> T ®Q — h —0
2 \ \ \:

0— pl(RZ') - Js(Fo) - ‘J1(Qz) - Q -0
\ 2 \’ \!

0> R - J(FR) » Q —> 0
2 2 2
0 0 0
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0 0 0 0
\2 2 \2 \2

0> 144+x —> 200 —» 56 —> x -0
\2 \! \2 [

0—> 280+x —» 30 —» 70 »> x —0
\’ 2 \2 \’

0> 136 - 150 »> 14 > 0
\2 \2 \2
0 0 0

Denoting as before by ythe number of additional CC of strict order 3 and by x
the number dim(h/)=dim(Q/), we discover from the above diagram that the
sum of the number of second order CC (that is 14) and the number of differen-
tially independent third order CC obtained by one prolongation of these second
order CC is equal to 70—x. As now dim(Q;)=72, we obtain therefore
72-y=70-X and thus y=Xx+2. However, as X>4 because of the 4 di-
vergence conditions implied on the Einstein tensor by the 20 Bianchi identities,
we musthave Y 26. As we have already found effectively only 6 CC of order 3,
we must have indeed x=4 effectively and, in any case, we cannot have y=4
as claimed in ([6] [7] [8]).

From the short exact sequence:

0->R,>J,(T)> J(FR)>Q >0

0>2-5280—->350—->72—>0
we obtain the commutative and exact diagrams:
0 0
\ \
0> R, > J,(T) > RZ -0 0> 2 —» 280 — 278 —0
\ \ \ \ \ \
0> R, » J(T) > R, -0 0> 4 —» 140 — 136 —0
\ 1 \ \
0 0 0 0
As a byproduct, we have the commutative and exact diagrams:
0 0 0 0 0
\ \ 1 \ \
0> 95 - p(9;) 0> 142 — 144+x — y —0
\2 2 J { I
0> Ry - p(R) 0> 278 — 280+x — y —0
\ \ \ \ \
0—-> R, = R, -0 0> 136 = 136 —> O
\ \ 1 \
0 0 0 0

leading thus to the strict inclusions g5 < p,(9;) < Ry < p(R;) and to the
formula y=X+2.
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We obtain therefore the following most useful diagram with symbolic nota-

tions:
0
J
0 0 y
J J J
0— R, - J(R) > Q@ —> 0
\: Il \:
0> p(R) - J(R) - 1(Q) » Q-0
J J J
R;)/Rs 0 X
J J
0 0

finally showing that x=dim(Q/),
y =dim(p, (R;)/R})=dim(p, (R;))—dim(R;), a result leading to the long exact
connecting sequence of vector bundles:

0->R = p(R) > Q>3 (Q)>Q —0.

in agreement with the main theorem of Section 2. We have the following dimen-

sions:
0
\!
0 0 6
\2 \2 \2
0> 2718 » 350 —»> 72 — 0
\2 \2 \2
0> 284 —» 350 —» 70 > 450
\’ 2 2
6 0 4
\ \
0 0

Prolonging once while taking into account that R, ~ R, with common di-
mension 2, namely the dimension of the Kerr algebra generated by {8t ,0 ¢} , we
obtain the following commutative and exact diagram in which Q, and Q, are
replacedby Q, and Q,:

0 0 0
\’ \2 \2

0> g, - ST ®F — h —0
\2 \! \!

0> R, > J,(FR) - Q -0
\’ \ \2

0> R, - J(F) - Q -0
\2 d \2
0 0 0.
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0—

0—

0—>

0—>

showing that g; ~S.T ®T with dim(R;)=504-2=502 and
dim(Q,)=700-502 =198.. It follows that R, = p,(R;) is an involutive fourth
order system allowing to construct a formally exact Janet sequence following the
Killing operator as in ([22]), namely (exercise!!):

0->0-> 4—1>10—4>198—l>568—1>652—1>348—l>72 —0

Of course, such a sequence is quite far from being minimum. However, as the
Killing operator for the Kerr metric is not formally integrable as we saw, the
corresponding free resolution of the Kerr differential module, namely:

p
0> D?>D*¥ D™ D% 5D DY 5D* M -0
1 1 1 1 4 1

is not strictly exact though we have indeed:

rky (M ) =4-10+198-568+652—-348+72=0

As the maximum size of the matrices involved is dim(.J . (198)) x dim (J3 (568)) ,
that is 13860x19880, we hope to have convinced the reader that there is no
hope for using computer algebra.

As R;c p (R;) with a strict inclusion, the only possibility to escape from
the above difficulty is to use only R; and third order CC. However, as we have
the strict inclusion S,T ®T c g} with a strict inclusion because 140 <142.
As for the S metric, we have the crucial theorejx;q:

THEOREM 4.C.1: The operator D, :F,—J, (Fy) > F, =Q; generates the
CCof D:T—J(T)>F,.

Proof First of all, as R; is strictly contained into pl(Rz'), we have at Jeast
one third order generating CC but we already know that we have the six
(d&'-&=0,d,&°-& =0) for i=1,23.

Collecting the previous results and applying the Spencer operator, we obtain
the following commutative diagram in which the two central columns are

known to be locally exact ([1] [5]):

0 0 0
{ \ \
D

0 - T - F

Vi, i, i, N D,

R, - J,(T) - 33 (R) - Q -0

Ld Ld Ld \
> TeL(T) - TeJ,[F) - ToQ -0

Ld Ld Ld \
NT®R, - AT ®I,(T) » AT ®L(FR) - 0

Chasing around the right upper commutative triangle, it follows from Theo-
rem 2.A.3 that a section Qe F, with DQ =0 issuch that there exists £eT
with D& =Q if and only if the left vertical Spencer sequence is locally exact at
T ®R,.
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However, one has isomorphisms R, >~ R, ~ R, because they have the same
dimension equal to 2 and the map R, > R; is a monomorphism because
dim(R,)=4 with parametric jets (50,53,53,502) and @, =0. Accordingly, as
the Spencer sequence for the Killing algebroid is locally exact as it is isomorphic
to the tensor product of the Poincaré sequence by a Lie algebra of dimension 2, it

is locally exact. We have therefore the commutative diagram with exact columns:

0 0 0 0
2 \J \: \A
j5 d * d *

0> ® > R — T ®R, - AT ®R,
I \ { \
in d — d .

0> ® - R, — T ®R, -  AT'®R,
A \J A A

d
0 0 > TOR/RY) > ATe(R/RY)

! \:
0 0

in which the upper row is locally exact. Chasing in this diagram, we discover that
the central row is locally exact at T~ ®R, if the lower Spencer operator dis in-
jective.

Indeed, we have the following representative parametric jets:
dim(R,)=10={¢".6".67.6°.6.60. 6. 6.6.6 )
dim(R,)=4= {¢°,&°.8.82), dim(R,)=2={£°, &}
dim(R,/RY ) =2={&, &2}, dim(R,/RY)=6={&"¢%,&0,8.4.¢2)

Accordingly, we may choose local coordinates (5& ,§§i) for a representative
and a representative of the image by dis for example
(5,10i =& =& En =8 - cffo) . In the kernel of d, we have
(éé’i =&y, 8 = i%(,),Vi =1,2,3 but the situation is more tricky than for the S
metric.

For i=1,wehave & =0,&=0,&=0,& =0=&, =0 and similarly
& =0,vi=12.

Then, as {§° , 53} are among the parametric jets of R;, we have
£ =806, =0=>¢&, =&, =0 and similarly &, =&, =0. Using the Lie

Equations of R!” we obtain successively:
0 3 1 1
@go13 + BeGs + Wy &o3 =0= &5, =0,
0 3 1 1
Dp3bi3 + W& s+ @83 =0= 853, =0

Exchanging 1 and 2, we obtain similarly with the two other framed Lie equa-

tions the two relations 553 =0, 53%3 =0. Hence, when i =3, it follows that

é:é,s = é‘io = Iin(é‘&o,g{io ) =0 and 4‘53 = 550 = Iin(§§vo,§02'0) =0, a result leading
to &,=0,&,=0 ononesideand &,=0,&,=0 on the other side because
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& and & arelinearly independent jet coordinates, that is finally
&,=0,&,=0,vi=012,3.
O

Like in the example of the S metric, the sequence constructed in the previous
theorem for the K metric have the same “jumps” in the order of the successive
operators. Indeed, using the same proof but now with
dim(g;) =dim(S,T"®T)+2=142, dim(A)=2, dim(B)=6, we have:

COROLLARY 4.C.2: The symbol of D, is not2-acyclic and the CC operator
D, isof order 2.

Following closely the procedure used for all the motivating examples, we have
thus transformed the search for the generating CC of the Killing operator into a
purely mathematical problem of formal integrability and diagram chasing, quite

far away from any physical background ([28]).

5. Conclusions

To end this paper with a rather personal story, let me come back 60 years ago
when I was preparing the competition for the French “Grandes Ecoles” at the
State College Louis le Grand in Paris which is famous for one of his former stu-
dent Evariste Galois. To give a few statistics, let us say that, for the one I had in
mind, 30,000 students were trying, 3000 were selected after the written exam and
300 were only elected after oral exam! This college was known to have the max-
imum number of success in France and the teachers were carefully selected for
that purpose, in particular in the best class room where I was. Once, this teacher
was writing on the board the text of the problem we had to solve for the next day
about what is now called “Desargues theorem”. Roughly, if you consider in a
plane two triangles (ABC),(A'B'C’) that are not flat and such that the 3
straight lines AA’,BB’,CC’ have a common origin O (Center of perspective),
then the intersection P of BC and B'C’, Q of AC and A'C', R of AB
and A'B’ are on a straight line (Axis of perspective). Though I knew nothing
about this result at that time, I suddenly “saw” the figure as a volume in space
and shouted “P,Q,R are on a straight line”, even before the teacher had been
asking the question in front of the astonished students. Surprisingly, and I will
never forget, the teacher said “Pommaret, this is true but how did you find it”.
When I said “Well, Sir, I have seen in space that the common line is the intersec-
tion of the two planes containing the triangles” (the reader may draw the picture
for fun), his only comment has been “Better don’t do that on the day of the
competition”. I replied “Sir, a result is important but the way you find it may
even be more important”. As a byproduct he never asked me any question dur-
ing the full academic year and became a “private enemy” in my scholar life dur-
ing 10 years till he retired.

In a similar way, I point out the fact that during a visit for lecturing at the Al-
bert Einstein Institute (AEI, Berlin/Postdam) in October 23-27, 2017 ([18], ar-
Xiv: 1802.02430), I discovered that the members of the inviting research team
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were not interested about the new tools I had developed in the many books or
papers already quoted, in particular the link existing between the Spencer oper-
ator and the bracket of Lie algebroids. I also claim that the few references they
quote for defining involutive systems are not the best ones as it happens that I
have been regularly lecturing in Aachen during more than fifteen years and I
know that the authors involved are only using Janet, Grobner or Pommaret
bases for computer algebra packages but are unable to deal with acyclicity in
general. The situation met in the case of the Lie pseudogroup of conformal
transformations is a good example (See [4] and [9]). As a byproduct, it became a
personal challenge to clarify the CC for the Killing operators over the Schwarz-
schild and Kerr metrics without using any of their tedious computations. The
surprise is that, if I found again the 15 second order CC for the S metric and the
14 second order CC for the K metric, I also found explicitly 3 third order CC for
the S metric and 6 third order CC for the K metric. All the formulas can be writ-
ten and framed within less than one line provided one uses these new methods
from differential homological algebra that have never been introduced in GR up
to now. The main reason is that they also prove that Einstein equations cannot
be parametrized by a potential like Maxwell equations ([4] [19]) as such a result
deeply questions the existence of gravitational waves... but this is surely another

story!
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