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Abstract

In 1909 the brothers E. and F. Cosserat discovered a new nonlinear group
theoretical approach to elasticity (EL), with the only experimental need to
measure the EL constants. In a modern language, their idea has been to use
the nonlinear Spencer sequence instead of the nonlinear Janet sequence for
the Lie groupoid defining the group of rigid motions of space. Following H.
Weyl, our purpose is to compute for the first time the nonlinear Spencer se-
quence for the Lie groupoid defining the conformal group of space-time in
order to provide the mathematical foundations of electromagnetism (EM),
with the only experimental need to measure the EM constant in vacuum.
With a manifold of dimension n, the difficulty is to deal with the n nonlinear
transformations that have been called “elations” by E. Cartan in 1922. Using
the fact that dimension n=4 has very specific properties for the computa-
tion of the Spencer cohomology, we prove that there is thus no conceptual
difference between the Cosserat EL field or induction equations and the
Maxwell EM field or induction equations. As a byproduct, the well known
field/matter couplings (piezzoelectricity, photoelasticity, streaming birefrin-
gence, ...) can be described abstractly, with the only experimental need to
measure the corresponding coupling constants. The main consequence of this
paper is the need to revisit the mathematical foundations of gauge theory
(GT) because we have proved that EM was depending on the conformal
group and not on U (1), with a shift by one step to the left in the physical

interpretation of the differential sequence involved.

Keywords

Nonlinear Differential Sequences, Linear Differential Sequences, Lie
Groupoids, Lie Algebroids, Conformal Group, Spencer Cohomology,
Maxwell Equations, Cosserat Equations

1. Introduction

Let us start this paper with a personal but meaningful story that has oriented my
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research during the last forty years or so, since the French “Grandes Ecoles”
created their own research laboratories. Being a fresh permanent researcher of
Ecole Nationale des Ponts et Chaussées in Paris, the author of this paper has
been asked to become the scientific adviser of a young student in order to intro-
duce him to research. As General Relativity was far too much difficult for some-
body without any specific mathematical knowledge while remembering his own
experience at the same age, he asked the student to collect about 50 books of
Special Relativity and classify them along the way each writer was avoiding the
use of the conformal group of space-time implied by the Michelson and Morley
experiment, only caring about the Poincaré or Lorentz subgroups. After six
months, the student (like any reader) arrived at the fact that most books were
almost copying each other and could be nevertheless classified into three catego-
ries:

* 30 books, including the original 1905 paper ([1]) by Einstein, were at once, as
a working assumption, deciding to restrict their study to a linear group re-
ducing to the Galilée group when the speed of light was going to infinity. It
must be noticed that people did believe that Einstein had not been influenced
in 1905 by the Michelson and Morley experiment of 1887 till the discovery of
hand written notes taken during lectures given by Einstein in Chicago (1921)
and Kyoto (1922).

* 15 books were trying to “prove’ that the conformal factor was indeed re-
duced to a constant equal to 1 when space-time was supposed to be homoge-
neous and isotropic.

* 5 books only were claiming that the conformal factor could eventually de-
pend on the property of space-time, adding however that, if there was no
surrounding electromagnetism or gravitation, the situation should be re-
duced to the preceding one but nothing was said otherwise.

The student was so disgusted by such a state of affair that he decided to give
up on research and to become a normal civil engineer. As a byproduct, if group
theory must be used, the underlying group of transformations of space-time
must be related to the propagation of light by itself rather than by considering
tricky signals between observers, thus must have to do with the biggest group of
invariance of Maxwell Equations ([2] [3]). However, at the time we got the solu-
tion of this problem with the publication of ([4]) in 1988 (See [5] for recent re-
sults), a deep confusion was going on which is still not acknowledged though it
can be explained in a few lines ([6]). Using standard notations of differential
geometry, if the 2-form F € A’T" describing the EM field is satisfying the first
set of Maxwell equations, it amounts to say that it is closed, that is killed by the
exterior derivative d:A*T" — A®T". The EM field can be thus (locally) para-
metrized by the EM potential 1-form AeT" with dA=F where d:T" — A’T"
is again the exterior derivative, because d°=dod =0. Now, if E is a vector
bundle over a manifold X of dimension n, then we may define its adjoint vector
bundle ad(E)=A"T"®E" where E  is obtained from E by inverting the
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transition rules, like T is obtained from T =T (X) and such a construction
can be extended to linear partial differential operators between (sections of)
vector bundles. When n =4, it follows that the second set of Maxwell equations
for the EM induction is just described by ad(d):A'T" ® A’T —» AT ®T , in-
dependently of any Minkowski constitutive relation between field and induction.
Using Hodge duality with respect to the volume form dx =dx' A---Adx*, this
operator is isomorphic to d: A*T" — A°T . It follows that both the first set and
second set of Maxwell equations are invariant by any diffeomorphism and that
the conformal group of space-time is the biggest group of transformations pre-
serving the Minkowski constitutive relations in vacuum where the speed of light
is truly c as a universal constant. It was thus natural to believe that the mathe-
matical structure of electromagnetism and gravitation had only to do with such a
group having:

4 translations + 6 rotations +1 dilatation + 4 elations = 15 parameters

the main difficulty being to deal with these later non-linear transformations. Of
course, such a challenge could not be solved without the help of the non-linear
theory of partial differential equations and Lie pseudogroups combined with
homological algebra, that is before 1995 at least ([7]).

From a purely physical point of view, these new nonlinear methods have been
introduced for the first time in 1909 by the brothers E. and F. Cosserat for stud-
ying the mathematical foundations of EL ([8]-[14]). We have presented their
link with the nonlinear Spencer differential sequences existing in the formal
theory of Lie pseudogroups at the end of our book “Differential Galois Theory”
published in 1983 ([15]). Similarly, the conformal methods have been intro-
duced by H. Weyl in 1918 for revisiting the mathematical foundations of EM
([3]). We have presented their link with the above approach through a unigue
differential sequence only depending on the structure of the conformal group in
our book “Lie Pseudogroups and Mechanics” published in 1988 ([4]). However,
the Cosserat brothers were only dealing with trans/ations and rotations while
Weyl was only dealing with dilatation and elations. Also, as an additional condi-
tion not fulfilled by the classical Einstein-Fokker-Nordstrom theory ([16]), if the
conformal factor has to do with gravitation, it mustbe defined everywhere but at
the central attractive mass as we already said.

From a purely mathematical point of view, the concept of a finite length dif-
ferential sequence, now called Janet sequence, has been first described as a foot-
note by M. Janet in 1920 ([17]). Then, the work of D. C. Spencer in 1970 has
been the first attempt to use the formal theory of systems of partial differential
equations that he developed himself in order to study the formal theory of Lie
pseudogroups ([18] [19] [20]). However, the nonlinear Spencer sequences for
Lie pseudogroups, though never used in physics, largely supersede the “Cartan
structure equations” introduced by E.Cartan in 1905 ([21] [22]) and are different
from the “ Vessiot structure equations” introduced by E. Vessiot in 1903 ([23]) or

1904 ([24]) for the same purpose but still not known today after more than a
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century because they have never been acknowledged by Cartan himself or even
by his successors.

The purpose of the present difficult paper is to apply these new methods for
studying the common nonlinear conformal origin of electromagnetism and gra-
vitation, in a purely mathematical way, by constructing explicitly the corres-
ponding nonlinear Spencer sequence. All the physical consequences will be pre-

sented in another paper.

2. Groupoids and Algebroids

Let us now turn to the clever way proposed by Vessiot in 1903 ([23]) and 1904
([24]). Our purpose is only to sketch the main results that we have obtained in
many books ([4] [7] [13] [15], we do not know other references) and to illustrate
them by a series of specific examples, asking the reader to imagine any link with
what has been said. We break the study into 8 successive steps.

1) If £=XxX, we shall denote by I, =11, (X,X) the open sub-fibered
manifold of J (X xX) defined independently of the coordinate system by
det(yik ) #0 with source projection a,:T1, — X :(x, yq)—> (x) and target
projection 3 :T1, — X :(x, Y ) — (y) . We shall sometimes introduce a copy ¥’
of X with local coordinates (y) in order to avoid any confusion between the
source and the target manifolds. In order to construct another nonlinear se-
quence, we need a few basic definitions on Lie groupoids and Lie algebroids that
will become substitutes for Lie groups and Lie algebras. The first idea is to use
the chain rule for derivatives j, (geo f)=j,(g)e j,(f) whenever
f,geaut(X) can be composed and to replace both j,(f) and j,(g) re-
spectively by f, and g, in order to obtain the new section g, o f,. This kind
of “composition” law can be written in a symbolic way by introducing another

copy Z of X with local coordinates (Z) as follows:

M, (Y,Z)x, I, (X,Y) > T, (X,2):

Ve (X,
e Yo o2
=i(°

We may also define j, (f ) and obtain similarly an “inversion”
law.

DEFINITION 2.1: A fibered submanifold R, cI1, is called a system of fi-
nite Lie equations or a Lie groupoid of order ¢ if we have an induced source
projection «a, R, — X , target projection f, R, — X , composition
7 :Rq Xy Rq — Rq , inversion 1, :Rq — Rq and identity

jo (id)=id, : X — R, . In the sequel we shall only consider transitive Lie grou-
poids such that the map (aq,ﬁq):Rq — X x X is an epimorphism and we
shall denote by R, = id’l(Rq) the isotropy Lie group bundle of R,. Also,
one can prove that the new system p, (Rq ) =R, obtained by differentiating r

times all the defining equations of R, is a Lie groupoid of order q+r .

Let us start with a Lie pseudogroup I' caut(X) defined by a system
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R, I, of order ¢. Roughly speaking, if f,gel = gof,f™* el butsucha
definition is totally meaningless in actual practice as it cannot be checked most
of the time. In all the sequel we shall suppose that the system is involutive ([4]
[7] [13] [15] [25]) and that T is transitive thatis Vx,y e X,3f eI,y = f(x)
or, equivalently, the map (aq i ) TRy > XxX :(x, Yq ) —(x,y) is surjective.
2) The Lie algebra ® =T of infinitesimal transformations is then obtained
by linearization, setting y =x+t&(x)+--- and passing to the limit t—0 in
order to obtain the linear involutive system R, =id.* (V (R )) cJ,(T) by re-

q

ciprocal image with @ = {5 eTlj,(¢)e Rq}. We define the isotropy Lie

q

7o
algebra bundle RS = J¢(T) by the short exact sequence 0— R — R, »T —0.

3) Passing from source to target, we may prolong the vertical infinitesimal

. 0 . . .
transformations 7 = 7" (y)y to the jet coordinates up to order g in order to

obtain:

77k (Y)i"'(anf y{}ik.,.[ azrﬂks Yiry? + anr yﬂjiﬁ'”

oy o \oyoy oy %
where we have replaced j, (f)(x) by Y, each component being the “formal”
derivative of the previous one .

4) As [0,0] < ©, we may use the Frobenius theorem in order to find a ge-
nerating fundamental set of differential invariants {CDT (yq )} up to order ¢
which are such that @®° (Vq ) =0’ (yq) by using the chain rule for derivatives
whenever ¥ =g(y)el acting now on Y. Specializing the ®° at id,(x) we
obtain the Lie form ®° (yq ) =" (x) of R,.

Of course, in actual practice one must use sections of R, instead of solutions
and we now prove why the use of the Spencer operator becomes crucial for such
a purpose. Indeed, using the algebraic bracket
{jqﬂ(é), Jgur (77)} = Jo([£:7]), V& eT, we may obtain by bilinearity a diffe-
rential bracketon J,(T) extending the bracket on T:

(&7 | = (&g | +1(€) Dgyy =i (1) DE, 1, VEy 1y € 34 (T)

which does not depend on the respective lifts &, and 7., of & and 7, in
Joa (T) This bracket on sections satisfies the Jacobi identity and we set ([4] [7]
[13] [25]):

DEFINITION 2.2: We say that a vector subbundle R, < J, (T) is a system
of infinitesimal Lie equations or a Lie algebroid if [Rq , Rq] c R, that is to say
Ellg €Ry = [éq,nq] € R, . Such a definition can be tested by means of com-

puter algebra. We shall also say that R, is transitive if we have the short exact
q

7o
sequence 0— Rg —>R,>T —>0. In that case, a splitting of this sequence,
namely a map g, :T — R, such that 770y, =id; or equivalently a section

2, €T ®R, over id; eT ®T, is called a R, -connection and its curvature
Kk, € A°T ®R] isdefined by «,(&,n7)= [;(q (£). 74 (n)]—;(q ([&.7m]).VEneT.
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PROPOSITION 2.3: If [R,,R, | R,,then [R, R, | R, Vr>0.
Proof When r =1, we have
Pu(Ry) =Ry ={&1 € 34 (T)1& €R,, D, eT"®R,} and we just need to
use the following formulas showing how D acts on the various brackets (See [7]

and [25] for more details):
{($)D{Eaiga) = {1($)DE g | +{&,1() D}y VT

1(£) D[ &yt | =[1(£) D&y |+[ £:1(£) Dy |
+i(L(m)¢) Dy, ~1(L(&)<) Dy

because the right member of the second formula is a section of R, whenever
&qi19Mq1 € Ryy1 - The first formula may be used when R is formally integrable.
g

EXAMPLE 2.4: With n=1,0=3,X =R and evident notations, the compo-
nents of [&,7,] at order zero, one, two and three are defined by the totally un-

usual successive formulas:
[&.17]=&0,m—n0,&
([&.m]), = &0, —n0,&,
([£72]),, = St =1 + 071 — 101 E

([683!773 ])xxx = ngnxxx - anéxxx + é:axnxxx - Uaxgxxx

For affine transformations, &, =0,7,, =0=>([&, nz])xx =0 and thus
[R,,R,]cR,.

For projective transformations, &, =0,7,, =0= ([fa,ns])xxx =0 and thus
[Ry,R,]<R,.

THEOREM 2.5: (prolongation/projection (PP) procedure) If an arbitrary
system R, < J, (E) is given, one can effectively find two integers r,s>0 such
that the system R is formally integrable or even involutive.

q+r

COROLLARY 2.6: The bracket is compatible with the PP procedure:
[R.R =R, = [RE.RE =R, vrs>0

q+r 1 Ng+r q+r?

EXAMPLE 2.7: With n=m=2 and (=1, let us consider the Lie pseudo-
dogroup I' caut(X) offinite transformations y = f (x) such that
yldy' = X°dx' = @ = (XZ,O) eT". Setting y=x+t&(x)+--- and linearizing, we
get the Lie operator D& =L(&)w where L is the Lie derivative because it is
well known that [£(£),L(n)]=L(&)oL(n)-L(n)oL(£)=L([£7]) in the

operator sense. The system R, < J,(T) of linear infinitesimal Lie equations is:
X0, 8 +E7 =0, 0,&'=0
Replacing j, (&) byasection & eJ,(T), we have:

1
511:—752, &=0

Let us choose the two sections:
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&={6=0,8 =& =1, =0 =0, =0l eR,
m={n' =X 7* =0, =0,;3 =—x* .t = 0,73 =1} R,

We let the reader check that [&,7,]e R,. However, we have the strict inclu-
sion RY © R, defined by the additional equation &'+&2=0 and thus
St & Ri(l) though we have indeed [Rl(l), Rl(l)] c Rl(l) , a result not evident at all
because the sections & and 7, have nothing to do with solutions. The reader
may proceed in the same way with x’dx’ — x'dx® and compare.

5) The main discovery of Vessiot, as early as in 1903 and thus fifty years in

advance, has been to notice that the prolongation at order g of any horizontal

vector field &=¢&' (x)% commutes with the prolongation at order g of any
X

vertical vector field 7 =n" (y)% , exchanging therefore the differential inva-

riants. Keeping in mind the well known property of the Jacobian determinant
while passing to the finite point of view, any (local) transformation y = f (x)
can be lifted to a (local) transformation of the differential invariants between
themselves of the form u— ﬂ(u, Jg (f )(x)) allowing to introduce a natural
bundle F over Xby patching changes of coordinates

X =¢(x),U0= Z(u, Jq ((p)(x)) A section @ of F is called a geometric object
or structure on X and transforms like 5(f (x)) = A(a)(x), Jq (f )(x)) or
simply @ = j, (f)(). This is a way to generalize vectors and tensors (4 =1) or
even connections (=2 ). As a byproduct we have

F:{f eaut(X)|<Dw(jq(f))= jq(f)fl(w)za)} as a new way to write out the
Lie form and we may say that I" preserves @ . We also obtain

R, = { foell, | f,* ()= (o} Coming back to the infinitesimal point of view
and setting f, =exp(t&) e aut(X),V& eT , we may define the ordinary Lie de-
rivative with value in F =™ (V (F)) by introducing the vertical bundle of
F asavector bundle over F and the formula:

L5 (1) (@) =e={teTIL(£)o=0]

D§=£(§)a)=a .

while we have X — X+t&(X)+--=u” > u” +10, &Ly (u)+--- where
p=(my, -, 1) is a multi-index as a way to write down the system R, < J,(T)

of infinitesimal Lie equations in the Medolaghi form:
O =(L(&)w) =-LF (o(x))0,E +£8,07 (x)=0

EXAMPLE 2.8: With n =1, let us consider the Lie group of projective trans-
formations y = (ax+b)/(cx+d) as a lie pseudogroup. Differentiating three
times in order to eliminate the parameters, we obtain the third order SchAwarzian

OD equation and its linearization over y=x:
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RS CJ3(T)1 gxxx :O

Accordingly, the prolongation #(n,) of any 7, eJ,(T(Y)) over Y such
that 7, =0 becomes:
0

n(y)—+n (y)(y i+y i+y i}
ay Y § ay)( * ay)()( - ayXXX

ay)()(

It follows that ¥ 1is a generating third order differential invariant and R, is

+ﬂw(y)[(yx)2i+3yxyxxayi]

in Lie form.

Now, we have:
— 2
X=p(X) =Y, = ¥20,0, Vo = Yz (0,2) + Y5000,
3
Yoo = Yoo (842) +3Y50, 00,40+ Y500

and the natural bundle F is thus defined by the transition rules:

X=p(x), u=0(0,0) +[axx_x¢_g(ax_x‘/’j2}

oM 0,9

The general Lie form of R, is:

y—ﬁ[y—j co()(n) ~o()

Yo 20,

We obtain R, = J,(T) in Medolaghi form as follows:
Q=L(E)w=0,,E+2w0(X)0,E+E0,0(Xx)=0

Using a section &, € J,(T ), we finally get the formal Lie derivative:
Q=L(&)w=E +20(X)E, +E0,0(Xx)=0

and let the reader ckeck directly that [L(&;),L(n;)]=L([&.7])-
V&, 115 € J5(T), a result absolutely not evident at first sight.

6) By analogy with “special” and “general” relativity, we shall call the given
section special and any other arbitrary section general The problem is now to
study the formal properties of the linear system just obtained with coefficients
only depending on j, (), exactly like L.P. Eisenhart did for F =S,T" when
finding the constant Riemann curvature condition for a metric @ with
det(w)=0 ([7], Example 10, p 246 to 256, [26]). Indeed, if any expression in-
volving @ and its derivatives is a scalar object, it must reduce to a constant be-
cause I' is assumed to be transitive and thus cannot be defined by any zero
order equation. Now one can prove that the CC for @, thus for @ too, only
depend on the @ and take the quasi-linear symbolic form
v=1(u)=A(u)u, +B(u)=0, allowing to define an affine subfibered manifold
B, = J,(F) over F. Now, if one has two sections @ and @ of F, the
equivalence problem is to look for f caut(X) such that j, (f )_1(a)):a_).

When the two sections satisfy the same CC, the problem is sometimes locally
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possible (Lie groups of transformations, Darboux problem in analytical mechan-
ics, ...) but sometimes not ([25], p. 333).

7) Instead of the CC for the equivalence problem, let us look for the integra-
bility conditions (IC) for the system of infinitesimal Lie equations and suppose
that, for the given section, all the equations of order g+ are obtained by dif-
ferentiating r times only the equations of order ¢, then it was claimed by Vessiot
([23] with no proof, see [7], pp. 207-211) that such a property is held if and only
if there is an equivariant section c:F — F 1(x,u) - (x, u,v= c(u)) where
F =J3,(F)/B, is a natural vector bundle over F with local coordinates
(x,u,v) . Moreover, any such equivariant section depends on a finite number of
constants ¢ called structure constants and the IC for the Vessiot structure equa-
tions 1(u;)=c(u) are of a polynomial form J(c)=0.

EXAMPLE 2.9: Comig back to Example 2.7 first considered by Vessiot as
early as in 1903 ([23]), the geometric object w=(a,B)eT ®, AT  must sa-
tisfy the Vessiot structure equation do =cf with a single Vessiot structure
constant ¢ =1 in the situation considered where a = x’dx" and g =dx' A dx?
(See ([27]) for other examples and applications). As a byproduct, there is no
conceptual difference between such a constant and the constant appearing in the
constant Riemannian curvature condition of Eisenhart ([26]).

8) Finally, when Yis no longer a copy of X, a system A, = J (X xY) is said
to be an automorphic system for a Lie pseudogroup I' aut(Y) if, whenever
y="f(x) and y= f_(x) are two solutions, then there exists one and only one
transformation y=g(y)eT such that f =gof . Explicit tests for checking
such a property formally have been given in ([15]) and can be implemented on

computer in the differential algebraic framework.

3. Nonlinear Sequences

Contrary to what happens in the study of Lie pseudogroups and in particular in
the study of the algebraic ones that can be found in mathematical physics, non-
linear operators do not in general admit CC, unless they are defined by differen-
tial polynomials, as can be seen by considering the two following examples with
m=1n=2,q=2. With standard notations from differential algebra, if we are
dealing with a ground differential field K, like Q in the next examples, we de-
note by K{y} the ring (which is even an integral domain) of differential poly-
nomials in ywith coefficients in Kand by K (y) =Q ( K {y}) the corresponding
quotient field of differential rational functions in y. Then, if u,veK(y), we
have the two towers K < K <u> cK (y) and KcK (v) cK (y) of extensions,
thus the tower K < K (u,v) = K(y). Accordingly, the differential extension

K (u,v)/K is a finitely generated differential extension. If we consider uzand v
as new indeterminates, then K(u) and K(v) are both differential transcen-
dental extensions of K and the kernel of the canonical differential morphism
K{u}®, K{v} > K(y) is a prime differential ideal in the differential integral
domain K <y>®K K <V> , a way to describe by residue the smallest differential
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field containing K(u) and K(v) in K(y). Of course, the true difficulty is to
find out such a prime differential ideal.

EXAMPLE 3.1: First of all, let us consider the following nonlinear system in y
with second member (u,v):
U —V,

Vl

1 1
=Y 73 113= =Y T4 112= 1=
P=y 3(y) u Q=y 2(y) V=

The differential ideal a generated by Pand Qin Q{y} is prime because
d,Q+d,P-y,,d,Q=0 and thus Q{y}/{P,Q} ~Q[Y, Y1, Y5 Yir, Yoz o+] i an
integral domain.

We may consider the following nonlinear involutive system with two equa-

tions:
1
yzz_g(yll)szO 12
1
Y12_E(Y11)2:0 1 o

We have also the linear inhomogeneous finite type second order system with

three equations:

3
1y,
y22_u+§[ v, J 1 2

2
1(u,—v.
Yip =VH—| ==
2 v
u -V,

= — 1 [ )
yl 1 Vl

[EY
o

Though we have a prioritwo CC, we let the reader prove, as a delicate exercise,

that there is only the single nonlinear second order CC obtained from the bot-

2
dz(ul‘VZJ—dl[v+i(—”1“’2J J:o
v, 2 v

EXAMPLE 3.2: On the contrary, if we consider the following new nonlinear

tom dot:

system:
1 2
P=vy, _E(yn) =U, Q=y, -y, =vV=> (yn _1) Yipp =Vp +V—Up =W
we obtain successively:
d,Q+d,Q-d,P= (y11 _1) Y11

Yin (dle + dllQ - dllp) —Yun (sz + de - dlp) = (y111 )3

The symbol at order 3 is thus not a vector bundle and no direct study as above
can be used because the differential ideal generated by (P,Q) is not perfect as

it contains (ym)3 without containing Y,;; (See [15] and [28] for more de-
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tails). The following nonlinear system is not involutive:

1
yZz_E(Yn)Z =0 1 2
ylz_yu:O 1 o

We have the following four generic nonlinear additional finite type third or-

der equations:

'
yzzz_y11[vl+yll_1J:uz 12
w
Yio = Yu——7=U 1 .
Y —
w
Yo ———— =V, 1 e
11_1
w
Yin———>=0 1 e
11_1

Though we have now a priori three CC and thus three additional equations
because the system is not involutive, setting Yy, -1l=72=V,,,=2,,¥,, =2,

there is only the single additional nonlinear second order equation:

V2t + (W —w, ) Z+vw=0

Differentiating once and using the relation 2z, =W, we get:

|vmz3 +( Wy =W, ) 22 + (VW + 3V, W) Z+ (W, — W, )W = O|

a result leading to a tricky resultant providing a third order differential poly-
nomial in (u,v).

However, the kernel of a linear operator D:E — F is always taken with re-
spect to the zero section of F, while it must be taken with respect to a prescribed
section by a double arrow for a nonlinear operator. Keeping in mind the linear
Janet sequence and the examples of Vessiot structure equations already pre-
sented, one obtains:

THEOREM 3.3: There exists a nonlinear Janet sequence associated with the

Lie form of an involutive system of finite Lie equations:

Do j, loj,
0->T—aut(X) = F = #
wox 0

where the kernel of the first operator f — ®o j, (f)= (D( jg (f )) =g (f )71 ()
is taken with respect to the section @ of F while the kernel of the second
operator @ —> | (j,(@))=A(w)d,w+B(w) is taken with respect to the zero
section of the vector bundle F over F.

COROLLARY 3.4: By linearization at the identity, one obtains the involutive
Lie operator D:T — Fy:& — L(&)w with kernel © = {5 eT|L(S)w= O} cT

satisfying [©,0] = © and the corresponding /inear Janet sequence:
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D D
0-0->T->F—-F
where Fy=F=0"(V(F)) and F=0"(7F).

Now we notice that 7 is a natural vector bundle of order 1 and J (T) is
thus a natural vector bundle of order (+1. Looking at the way a vector field and
its derivatives are transformed under any f eaut(X) while replacing j, (f)
by fe| , we obtain:

7 ()= 1 ()& ()= m (1)) £ (x) = £ ()& () + £ (x)¢" (%)
and so on, a result leading to:

LEMMA 3.5: J,(T) is associated with T1,,, =TI (X, X) that is we can
obtain a new section 7, = f,, (§q) from any section & eJ, (T) and any sec-

tion f , ell,, by the formula:

q+1

d, 7" =gt 4= £ et £ & V02| <q

where the left member belongs to V (Hq ) . Similarly R, = J,(T) is associated
with R, <T1 ;.

More generally, looking now for transformations “close” to the identity, that
is setting y=x+t&(X)+--- when t<1 is a small constant parameter and
passing to the limit t — O, we may linearize any (nonlinear) system of finite Lie
equations in order to obtain a (linear) system of infinitesimal Lie equations
R, =J,(T) for vector fields. Such a system has the property that, if &,7 are
two solutions, then [&£,7] is also a solution. Accordingly, the set ® =T of its
solutions satisfies [®,0]—©® and can therefore be considered as the Lie alge-
braof T'.

More generally, the next definition will extend the c/assical Lie derivative:

£()o=(i()d+di(5)) o= I, (016) ()

t=0

DEFINITION 3.6: We say that a vector bundle Fis associated with R, if
there exists a first order differential operator L(fq ): F —> F called formal Lie
derivative and such that:

) L(&+my)=L(&)+L(n) V&, R,

2) L(fg)=1L(&) V& R, VfeC”(X).

3)
[L(§Q)’ L(”Q)J =L(&)oL ()L ()L (&)= L([ﬁ”ﬁ]) VeqiTlg € Ry

4) L(&)(fn)=1L(&)n+(£f)n V& eR,,VfeC™(X),VneF.

LEMMA 3.7: If Eand Fare associated with R, we mayseton E®F:

'—(6%)(77®§)= '—(fq)ﬂ®é”+77® L(Q){ V& eR,VeE VYV eF

If ® T denotes the solutions of Rq , then we may set
L(&)= L(jq (5)),V§ €® but no explicit computation can be done when ©
is infinite dimensional. However, we have:

PROPOSITION 3.8: J (T) isassociated with J.,(T) if we define:

L(§q+l)’7q = {§q+1’77q+l} +i (é‘:) an+l = [fqaﬂq :| +i (77) D§q+l
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and thus R, isassociated with R, ;
Proof 1t is easy to check the properties 1, 2, 4 and it only remains to prove

property 3 as follows.

[L(§Q+l)' L(”Wlﬂgq
= L (&) ({4 Saua} F1 (1) D01 )= L () ({ G0 S} +1(£) DS )
=&t S}~ oG Gz} + €000 1(1) Do )
{1311 (€) DL a1 (&) Dm0 a } =1 (1) D{Er20 Sy
+i(£)D(i(7)D¢,,,)~i(n)D(i(£)DS,.,)
=&} o +{1(E) Dnyz S} {1 () DE o S} +i([€0m]) DS
{70 |- Sou} +i([€]) DS,

by using successively the Jacobi identity for the algebraic bracket and the last
proposition.
O

EXAMPLE 3.9: Tand T~ both with any tensor bundle are associated with
J,(T). For T'we may define L(&)n=[&n]+i(n)DE = {51, i (77)} We have
E0n -0+ (6s§k —fsk)z &+ £°0,n* and the four properties of
the formal Lie derivative can be checked directly. Of course, we find back
L(&E)n=[£ 1], V&, neT . Welet the reader treat similarly the case of T

PROPOSITION 3.10: There is a first nonlinear Spencer sequence:

jqﬁi

0—aut(X)—>TI, (X, x)—D>T*®Jq(T)3>A2T*®Jq_1(T)

q+1

Wlth_ qu+1 - fq+1 ° Jl( ) dq+1 Zq
= D'y, (&:n) =Dy, (&n)- { 24(€): 24 (77)} =0 . Moreover, setting
X0 =A-id eT"®T, this sequence is locally exact if det(A)=0.

Proof: There is a canonical inclusion T1 ,, = J, (Hq) defined by y = y,,+1
and the composition f_ o j1( fq) is a well defined section of Jl( q) over
the section f, "o f, =id, of I, like id,,. The difference
Xq = fq+l jl(f ) id,,, is thus a section of T ®V (Hq) over id, and we
have already noticed that id,* (V (Hq )) =J,(T).For g=1 we get with
g, =f":

)(il( =g|k6if' —é‘ik :Ak_é‘ikr )(;(| (a fl A fr])

We also obtain from Lemma 3.5 the useful formula
f 2+ fua 2 =01y — £, allowing to determine y, inductively.
We refer to ([7], p 215-216) for the inductive proof of the local exactness, pro-
viding the only formulas that will be used later on and can be checked directly by

the reader:
o =0yxs —als + i~ (xixss — i) =0 M

ai)(lk,j _ajﬂ(lk,i _le?,j +Z|lj<,i _(Z,riZIer +Z|r,ink,,- _er,jﬂ(r,i _Z,rjllkr,i>:0 (2)
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aiﬂ(lkr,j _ajlll:,i _le:i,j +le:j,i _(l,silll;s,j +er,i7(|:j + Zf,ilfs,,- 3)
+ ;(Ii,i;{:,j _;(,szlts,i _er,jﬂ(lks,i _Zﬁjﬂ(rs,i _7(|Sr,jlsk,i ) =0
There is no need for double-arrows in this framework as the kernels are taken
with respect to the zero section of the vector bundles involved. We finally notice
that the main difference with the gauge sequence is that al/ the indices range
from 1 to n and that the condition det(A)=0 amountsto A= det(@i fk ) #0
because det( fX ) #0 by assumption.
O
COROLLARY 3.11: There is a restricted first nonlinear Spencer sequence:
Jq+1

0>T'>R —>T ®R, —>/\ 27" ®J, L2(T)

q+1
DEFINITION 3.12: A splitting of the short exact sequence
&
0— Rg —R,»T >0 isamap y,:T - R, suchthat 7oy =id; or
equivalently a section of T"®R, over id; eT"®T and is called a R, -con-

nection. Its curvature x, € AT ® Rg is defined by

Ky (&)= [;{é (&), 7, (77)}—;([; ([5,77]). We notice that y; =—y, is a connec-
tion with D’ Xq =%, ifand only if A=0. In particular (é‘ik,—yi‘j‘) is the only
existing symmetric connection for the Killing system.

REMARK 3.13: Rewriting the previous local formulas with A instead of y,

we get:
aiAk 0 A A lr] Jlr,i =0 (1*)
ai)(lk,j Jln A Z|r it A erl er,i?(rk,j +Z|r,,%f,i =0 (2%)

ailll;,j _ajZIr,i - A ers,j + Ajsﬂﬁrs,i
(3%)

_(er,illl;,j + le,izll'(s,j + Zl?-,i?(sk,j _er,jﬂ(ll;,i —Zf,,—)(rks,i _Z|sr,jlsk,i ) =0

When =10, =0 and though surprising it may look like, we find back ex-
actly all the formulas presented by E. and F. Cosserat in ([10], p 123). Even more
strikingly, in the case of a Riemann structure, the last two terms disappear but
the quadratic terms are left while, in the case of screw and complex structures,
the quadratic terms disappear but the last two terms are left. We finally notice
that y; =-y, isa R -connection if and only if A=0, a result contradicting
the use of connections in physics. However, when A=0, we have y;(&)=¢&
and thus:

D' g = (D g )(6m) = ([ 2 (£), 24 () ]+1(£) D( 241 (7)) =i (1) D244 (£)))
e PAGEAGIE xq([én)
S EAGEAIREA( 1))
=k (&)

does not depend on the lift of y, .
COROLLARY 3.14: When det(A)=0 there is a second nonlinear Spencer
sequence stabilized at order ¢:
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Iq oY D,
0— aut(X)—I1, >C,(T)—>C,(T)

where D, and D, are involutive and a restricted second nonlinear Spencer
sequence:
oy BB
0->T—>R,—>C —C,
such that D, and D, are involutive whenever R, isinvolutive.

Proof With |u|=q we have zi =-g/A'f,,
Zni = ATy, weobtain 7 =-g/f,, +terms(order <q) and
D:M,, >T ®J,(T) restrictsto D, :TT, —»C,(T).

Finally, setting A™ = B =id —,, we obtain successively:

+terms(order < q). Setting

6iZ/k4,j _aj?{;k,,i +terms(Zq)—(ArZ;+lr'j _Ajrl;klﬂr,i)zo
Bri st (6#(;,' —6j;(:i )+terms(;(q )—(T;ﬂrys —T;ﬂsvr ) =0

We obtain therefore Dz, +terms (z'q) =0 and
DT ®J,(T)> A’ T ®J,,(T) restrictsto D, :C,(T)—>C,(T).

In the case of Lie groups of transformations, the symbol of the involutive sys-
tem R, must be g, =0 providing an isomorphism R,, ~R, =R ; ¥R,
and we have therefore C, = AT ® RG| for r=1,---,n like in the linear Spencer
sequence.

0

REMARK 3.15: In the case of the (local) action of a Lie group G on X, we may
consider the graph of this action, that is the morphism
XxG = XxX:(xa) —>(X, y=f (x,a)). If ¢ is large enough, then there is an
isomorphism X xG — R, I, :(x,a) = j,(f)(x,a) obtained by eliminating
the parameters and C, = A"T ®R,.If {6} with 1<z <dim(G) is a basis of
infinitesimal generators of this action, there is a morphism of Lie algebroids over

X, namely X xG— R, : A7 (x) > A7 (x) j;(6,) when gis large enough and the
o R Dy
linear Spencer sequence R, —>T ®R, SAZT'® R, =+ is locally exact because

it is logally isognoprphtijc to the tensor product by G of the Poincaré sequence
AT  SA' T  5A2T ... where dis the exterior derivative ([7]).

We may also consider similarly dy =dax=daa™y and
dx = dob*dx = —a'dax, depending on the choice of the independent variable
among the source x or the target y.

Surprisingly, in the case of Lie pseudogroups or Lie groupoids, the situation is
quite different. We recall the way to introduce a groupoid structure on
,,cJ; (Hq) from the groupoid structure on 1, when A= det(@i fX (x)) =0,
that is how to define j; (hq ) =] (gq o f, ) =j (gq )o I ( fy ) . We get successively
with y=f(x):

n(0)=(g (0= (1 () > T -0

= h' () =g (f(x)) £ (x)
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o’ _agp o of' L off
— = | fi —+ K ~
ox! oy ox’ ox!
= (x) =gy ( (%)) 1 (%) £} (x)+ 9 (£ (%)) T (%)
a_h';:ail:' f, f'af o 6fkf_+fikaf_jl +ail:8fu i_k+ l:afijk
ox* oy ' ox® ! ox* | oyt ox® ! ox°

:>hr glzlu fik fjI fsu +glil(f|s f] +f fJs)"—gku fs f +gk IJS

ijs

and so on with more and more involved formulas.

Now, if we want to obtain objects over the source x according to the non-
linear Spencer sequence, we have only two possibilities in actual practice, name-
ly:

Zo=Toae i (fy)-id €T ®J,(T)
— . -1 . «
O Ze=h(fy) o fpu-idy,, €T ®I (T)

As we have already considered the first, we have now only to study the second.
In J, (Hq ) , we have:

Zq +idq+1 = (Mali&r!liﬁ,r!”') and /?q +idq+1 =(A-k:)?i5r1/?i;(,ra”')
over (x,x,8,0,--)

LEMMA 3.16: %, is a quasi-linear rational function of y,, Vq20. With
more details, when =0, we have %, = A-id and 2, = A—id with
A=A"=B andwhen (>1,we have ZqoA=—y,,thatistosay 7, =—

Proof In the groupoid framework, we have:

(fq+idq+l) (;(q+|dq+1) dqﬂea( q)

Doing the substitutions:

a ' Ar agr —r g
a?/k - A, _8y|'< = Xk aykl _>Zk|u
o o
— A o
o A G A e

while using the fact that f* =5, fuk =0,--- and gy =8,,9y =0,---, we obtain
at once:
'Eﬁ:A é‘ir77?krl +7(ik,j=O:7?i;,uA;+Zi;,s=O"“
Proceeding by induction, we finally obtain:
;?;ljr'%r +l£,i = 0
that is to say Zy;+7x, =0 because A#0= det(A)=0, thus 7,oA=—y,
or, equivalently, 7, =-7,.
0

REMARK 3.17: The passage from y, to 7, is exactly the one done by E.
and F. Cosserat in ([10], p 190), even though it is based on a subtle misunders-
tanding that we shall correct later on.

REMARK 3.18: According to the previous results, the “fle/ld” must be a sec-
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tion of the natural bundle F of geometric objects if we use the nonlinear Janet
sequence or a section of the first Spencer bundle C, if we use the nonlinear
Spencer sequence. The aim of this paper is to prove that the second choice is by

far more convenient for mathematical physics.

4. Variational Calculus

It remains to graft a variational procedure adapted to the previous results. Con-
trary to what happens in analytical mechanics or elasticity for example, the main
idea is to vary sections but not points. Hence, we may introduce the variation
St(x)=n"(f(x)) and set 7*(f(x))=&'0,f(x)(x) along the “vertical
machinery’ but notations like 5x' =&' or 6y* =n* have no meaning at all.
As a major result first discovered in specific cases by the brothers Cosserat in
1909 and by Weyl in 1916, we shall prove and apply the following key result:
THE PROCEDURE ONLY DEPENDS ON THE LINEAR SPENCER OPER-
ATOR AND ITS FORMAL ADJOINT.
In order to prove this result, if f;,;,9,.,,,N,.; €I1,, can be composed in
such a way that gg,; =00 fi.0 = fiohy,, we get:
59('“1 = fq:-ll ° 9;1 ° jl(gq) ° Jl( fq)_ idq+1 = fq111 ° I:_)gq+l ° Jl( fq )+ I:_)fq+1
= hqjl ° fq7+11 ° 11( fq )O i (hq)_ idq+1 = hqfl ° 5fq+1 °J; (hq)+ I5hq+1
Using the local exactness of the first nonlinear Spencer sequence or ([25], p
219), we may state:
LEMMA 4.1: For any section f, , € R, , the finite gauge transformation:

2, €T ®R, > 7/ = qulo)(qOjl(fq)+|5fq+leT*®Rq

exchanges the solutions of the field equations D'y, =0.

Introducing the formal Lie derivativeon J,(T) by the formulas:

L(§q+l)77q = {§q+l’77q+l} +i (5) D7y = [fq’ﬂq :| +i (77) D&y
(L3 (&) 2 )(€) = (&) (2 ()~ 22 (1£.€])

LEMMA 4.2: Passing to the limit over the source with h,

for t— 0, we get an infinitesimal gauge transformation leading to the infinite-

q+1 = qu+1 +t§q+1 e

simal variation:
Sy =D& +L(11(&1)) 24 (3)
which does not depend on the parametrization of y, . Setting
Gon = S+ Zqa (£) we get
o =D&~ {Xen & (3%
LEMMA 4.3: Passing to the limit over the target with y =Df , and

Uq.1 =1dy, +177,,, +---, we get the other infinitesimal variation where Dn,, is

over the target.
8o = fli o Dngs i (1) “)

which depends on the parametrization of yx,, .
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EXAMPLE 4.4: We obtain for =1:
oy = (0" & )+ (&0 i+ rhog - 2iér)
= (aigk -&' )+(Zrk,i§_r ~ 258 )
Sts = (085 — & )+ (&0 + 20,087 + il - 2 - i)
= (aié?jk _é?ijk )+(;(rkj,ié?r + lrk,ié?jr _/Y;,ié_rk _Z:Eﬁ )

Introducing the inverse matrix B =A™, we obtain therefore equivalently:

SAC=E0, A+ NOE - A& < 6B, =£'0,B, —B[0,& +Bl&

both with:
oz = (0.8 — A& )+ (&0 + 25,08 + 205 — 27:8F)

For the Killing system R, < J,(T) with g, =0, these variations are exactly
the ones that can be found in ([10], (50) + (49), p 124 with a printing mistake
corrected on p 128) when replacing a 3 x 3 skew-symmetric matrix by the cor-
responding vector. The last unavoidable Proposition is thus essential in order to
bring back the nonlinear framework of finite elasticity to the linear framework of

infinitesimal elasticity that only depends on the linear Spencer operator.

For the conformal Killing system R, < J,(T) (see next section) we obtain:
1 =(081 = &0)+ (10 + 108" - 1)

but y/;(x)dx' is farfrom being a 1-form. However, (;(f, +75 7 ) eT T ®T
and thus (ai =2 +7rrs;(ysi) eT" is a pure 1-form if we replace (;(:,Z’,) by
(;,0). Hence, a(¢) isascalar forany ¢ €T and we have
L(&)(a(¢))-a([&.<)) =(ar8ie§r +&0, ¢ )cfi . As we shall see in section V.4,
we have (L(fz)y); = 5,5( for any section &, €J,(T) and we obtain therefore

successively:
ba; = (aié:rr -& )+(arai§r +&'0,¢ )
@y =0ia; =00 = Oy = (ajfrri -0 )+(¢’rj8i§r +0,0,&" +&0, 9 )
These are exactly the variations obtained by Weyl ([3], (76), p. 289) who was
assuming implicitly A=0 when setting £’ =0 & =-,&' by introducing

a connection. Accordingly, & is the variation of the EM potential itself, that is

the SA of engineers used in order to exhibit the Maxwell equations from a
variational principle ([3], p. 26) but the introduction of the Spencer operator is
new in this framework.

The explicit general formulas of the two lemma cannot be found somewhere
else (The reader may compare them to the ones obtained in [19] by means of the
so-called “diagonal” method that cannot be applied to the study of explicit ex-
amples). The following unusual difficult proposition generalizes well known
variational techniques used in continuum mechanics and will be crucially used
for applications:

PROPOSITION 4.5: The same variation is obtained whenever

My = fon <§q +7,(& )) with y, = Df,,, a transformation only depending on
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jl( f, ) and invertible if and only if det(A)=0.

Proof First of all, setting & =& + y, (&), we get &=A(&) for =0, a
transformation which is invertible if and only if det(A)=0. In the nonlinear
framework, we have to keep in mind that there is no need to vary the object @
which is given but only the need to vary the section f ., as we already saw, us-
ing n, €R,(Y) overthe targetor &, R, over the source. With 7, = fq+1(§q ) ,
we obtain for example:

Stk =p* = frer
S =77: R A
5fijk = 775\/ f’ fjv +77ll1( fiju = frkéi; + frli<§jr + fr;(gir + fri;jgr

and so on. Introducing the formal derivatives d; for i=1,---,n, we have:

St =Ch(fgmg)=dm =nifl 4= £1& 4o £ &

We shall denote by #(nq)zé’b (yq,nq)ﬁev (Rq) with ¢* =7* the cor-
u
responding vertical vector field, namely:

d 0 0
&Jﬂ]k (Y)WJF(??: (Y) Yi )ay_,k
0

+(77ukv(Y)yi“y¥+mk(Y)VE)W%'
ij

However, the standard prolongation of an infinitesimal change of source coor-

#<’7q)zo

dinates described by the horizontal vector field &, obtained by replacing all the

derivatives of & byasection & eR, over & €T, is the vector field:

o(&)=¢ (X)§+0%—(yfﬂ (X))éyi,k
(Y4 (X) Y& (X) Vg (X)) o

6in;

It can be proved that [b(fq ) , b(f{; )J = b([fq & ]) V&, & € R, over the source,
with a similar property for #(.) over the target ([25]). However, b(z:q) is not
a vertical vector field and cannot therefore be compared to #(nq ) The solu-
tion of this problem explains a strange comment made by Weyl in ([3], p 289 +
(78), p 290) and which became a founding stone of classical gauge theory. In-
deed, &' is nota scalar because &° is nota 2-tensor. However, when A=0,
then -z, isa R, -connectionand &' =&+ /&' isa true scalar that may be
set equal to zero in order to obtain & =-y; &', a fact explaining why the
EM-potential is considered as a connection in quantum mechanics instead of
using the second order jets & of the conformal system, with a shift by one step
in the physical interpretation of the Spencer sequence (See [4] for more histori-
cal details).

The main idea is to consider the vertical vector field T ( f, )((f )=b (fq ) eV (Rq )
whenever y, = f, (x). Passing to the limit t — 0 in the formula g, o f, = f, oh,,

we first get go f =foh= f(x)+ty(f(x))+ = f(x+t&(x)+). Using the
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chain rule for derivatives and substituting jets, we get successively:
st (x)=¢&o, t%, sff=¢o ff+ 1 &,
k ko £k k k
5fij zérar fij + frj é:ir + fri é:]r + fr éur

w1 by &0, fi in n,= fqﬂ(ﬁq) in order to obtain:

St =mi i ae =& (0,) = ry )+ T, &+t £rE

A+l

and so on, replacing &' f

where the right member only depends on  j, ( f, ) when |u|=q.
Finally, we may write the symbolic formula
fou (;(q ) = jl( f, )— foa=Df1 € T ®V (Rq ) in the explicit form:
frk;(;yi +oet 5 21 =0; f: —ff

ply H+l
Substituting in the previous formula provides 7, = f (§q + 74 (& )) and we
just need to replace gby (+1 in order to achieve the proof.
Checking directly the proposition is not evident even when (=0 as we

have:

on = = = =
( 6;7“ —nﬁ]ai =t (a8 -&)-(n& - 2.8 ]
but cannot be done by hand when ¢ 2>1.
g
For an arbitrary vector bundle £ and involutive system R, < J, (E), we may
define the r-prolongations p, (Rq ) =R, =J, (Rq)m Jor (E) 3, (Jq (E)) and
their respective symbols g,,, = p, (gq) defined from g, c SqT* ®E where
SqT* is the vector bundle of g-symmetric covariant tensors. Using the Spencer
J-map, we now recall the definition of the Spencer bundles:
C =AT @R, [6(A'T" ®g,,)
AT ®J,(E)/6(AT"®S,,)T"®E=C, (E)
and of the Janet bundles:
F=AT ®J (E)/(ANT ®R +5A T ®S

il ®E)
When D =®o j,, we may obtain by induction on rthe following fundamen-
tal diagram I relating the second linear Spencer sequence to the linear Janet se-

quence with epimorphisms ® =®,,---, 0 :

0 0 0 0
\: { \ \
jq Dy D, D3 Dy
0 - 0O C, - C, - C, > C, —0
2 { \ \:
jq Dy D, D3 D
0 > E > Ci(E) » CJ(E) » C,(E) -»+—> C,/(E) -0
I lo, Lo, lo, lo,
D D D, Dy Dy
0> ® > E - F - = - F, > : -0
2 s s
0 0 0 0
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Chasing in the above diagram, the Spencer sequence is locally exact at C, if
and only if the Janet sequence is locally exact at F, because the central se-
quence is locally exact (See [7] [13] [25] for more details). In the present situa-
tion, we shall always have E =T . The situation is much more complicate in the
nonlinear framework and we provide details for a later use.

Let @ beasectionof F satisfying the same CCas @, namely | ( I (a))) =0.
As F isaquotientof Tl , wemay findasection f, ell; such that:

(Dofquq'l(a)):a_)
= p(®)e iy (fy) = 1(17)(i(@) = i( £} (@) = i (@)

Similarly, as F is a natural bundle of order g, then Jl(]-' ) is a natural

bundle of order q+1 and we can find a section f,, €Il ,, such that:
P (q)) fo= fq+1 ( Jl( )) = (a_))

and we are facing two possible but quite different situations:

* Eliminating @, we obtain:
i (f7)(1 (@)= foia (i (@)
:>( g+l Jl( ))_ (jl(a)))—jl(a))zL(O'q)a)=0

and thus o, =Df ) eT"®R, =—f 0z, i (f)" over the target if we set
= Df =f

1 © Jl( ) id,,, over the source, evenif f,, may not be a sec-

t10n of Rq+1 As o, is killed by D', we have related cocycles at F in the
Janet sequence over the source with cocycles at T~ ® R, or C, over the target.

* Eliminating @, we obtain successively:
(feae k() (1(@)- (@)
()] a(0) (@) 1@)]
~~(fede h(f))L(x)a
where we have over the source:
L(xz)@= (9 =—17 (@(x)) 2k + 2i0,@" (x)) e T" ®F,

However, we know that F, is associated with Rq and is thus not affected by
f -1

q+1

° jl( fq) which projects onto fq’1 o f, =id,. Hence, only T" is affected by

f, "o j,(f)=A ina covariant way and we obtain therefore over the source.
(feo 5 (1))(5:(@) = 1(@) = =BL(x,) @ = ~L(z )@ =0

where B=A". It follows that X €T ®R, (@) with D'y, =0 in the first
non-linear Spencer sequence for R (@)cJ (T)
We invite the reader to follow all the formulas involved in these technical re-
sults on the next examples. Of course, whenever R, is formally integrable and
fo1 € Ry is a lift of f, R, then we have @®=w and ¢, eT*®Rq be-
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cause R (@)=R,.
EXAMPLE 4.6: In the case of Riemannian structures, we have F e S,T" be-

cause we deal with a non-degenerate metric w= (a)ij ) eS,T" with det(w)=0

and may introduce o = (a)ij ) € S,T . We have by definition

@, (F(x)) £ (x) f/ (x)=®; (x) that we shall simply write

oy (f)ff] =@, (x) and obtain therefore:

O,
u

ou (1) 10, £ +a, (f)f 0 ] +—L(f)f fj0,f'-0,m,(x)=0

Our purpose is now to compute the expression:

o () F 8+ () FF) +%( ) fEfl £ —0,@, (x)#0
In order to eliminate the derivatives of @ over te target we may multiply
the first equation by B and substract from the second while using the fact that
oy (1)=a;(x)9,9] with y,=A-id; =7, =By, =id; =B in order to get:

_(5sj7is,r + CT)ISTJ?,F + T,Srasa_)ij ) = _( L(Tl)a)ij,r

These results can be extended at once to any tensorial geometric object but the
conformal case needs more work and we let the reader treat it as an exercise. He
will discover that the standard elimination of a conformal factor is not the best
way to use in order to understand the conformal structure which has to do with
a tensor density and no longer with a tensor.

In the non-linear case, the non-linear CC of the system R, defined by
CD(yq)z @(x) only depend on the differential invariants and are exactly the
ones satisfied by @ in the sense that they have the same Vessiot structure con-
stants whenever R, is formally integrable, in particular involutive as shown in
Example 2.7. Accordingly, we can always find f ,, over f,.In the linear case,
the procedure is similar but slightly simpler. Indeed, if D:T — F, is an invo-

lutive Lie operator, we may consider only the initial part of the fundamental di-

agram I
0 0 0
\
g Dy D,
0 - 6 > C, - C, - C,
\: \ \
jq Dy D,
0 > T o GC(T) > C(T) - C,(T)
I Lo, Lo,
D n
0—» 06 - T - F - F
\
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0 0
\ \
-0
0 > Guu > 6(gu) — O
\2 2
jq+1 D .
0 »> 6 - R, — T ®R,
[ \ \
Jg Dy
0O - ® > R - C,
\ \
0 0

and study the linear inhomogeneous involutive system D& =Q with QeF,
and DQ=0.If we pick up any lift & €C,(T)=J,(T) of Q and chase, we
notice that X, =D& €C, < C/(T) issuchthat D,X; =0.

EXAMPLE 4.7: In the Example 2.7, using the involutive system
R =R"” cR cJ,(T), wehave M=n=2,q=1 and the fundamental diagram

I:
0 0 0
J { J
I Dy D,
0 - © 3 - 5 - 2 > 0
J J Il
I D D,
0 - 2 —> 6 — 6 - 2 > 0
I Lo, 1o, A2
D D
0—- 6 » 2 —> 3 - 1 — 0
J J
0 0
with fiber dimensions:
0 0
J J
-0
0O -1 ->1 —> 0
J J
J2 D
0 > ® > 4 > 6
I J J
i Dy
0 > ® > 3 > 5
0 0

It is important to point out the importance of formal integrability and involu-
tion in this case. For this, let us start with a 1-form o =(,,a, ), denote its var-

iation by A=(A,A,) and consider only the linear inhomogeneous system
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D¢ =L(E)a=A with no CC for A. If the ground differential field is
K= Q(xl, X2) with commuting derivations (d,,d,), let us choose
a = x2dxt :<X2,0), A:(Xz,xl). As a lift & e JI(T) of A, we let the reader

check that we may choose in K
Xl
E=0,E2=0,&=1¢ :F’élz =0, =0

Using one prolongation, we have:
dA =X'& +& =0,d,A =X*g, +& +& =1
d,A =X, =1,d,A, =x°8, +& =0
If p=-da=dx" Adx®, we may denote its variation by B and get at once
B=d,A —d,A =& +& =0. Such a result is contradicting our initial choice
1+0=1 and we cannot therefore find a lift &, of j (A). Hence, we have to
introduce the new geometric object w=(«a,f) with Q=(AB) and CC
da+ =0 leading to d;A, —d,A +B =0 while using the previous diagrams.
We can therefore lift Q=(A,B) to & €J,(T) by choosingin K:

Xl
glzoléz =0’§f=1,§§=7,§f =0’§22 =_1

However, we have now to add:
d,B= 5111 +§122 =0,d,B= 5112 +*’§222 =0
and lift j (Q) to & €J,(T) over & eJ,(T) by choosingin K:

1 1 1 4 X" 2 2 9 1
511 =0,§12 =7v§22 =__21§11 =0,§12 =0:‘§22 =_7

(x')
The image of the Spencer operatoris X, = D&, = j,(&)—¢&, thatis to say:

Xi=-1X,=-=,X;=0X} =1,
2573 ,

1 1

1 1
Xi;=0,X;, =0,X;, = — X;,=0,X} =0,X;,=0,X7,=0X7, =

and we check that X, e T" ® R, namely:
XX$ +X2=0,X5,=0,X;; + X7, =0,Vi=12

a result which is not evident at first sight and has no meaning in any classical
approach because we use sections and not solutions.

Now, if f,,, fj,, €Iy, aresuchthat f}(j,())= /(i (@)= j (@), it
follows that ( fyao fq'fl)( h(@)=1] (a_)) =39, € Ry, such that ~
fi1=0g° f., and the new o) =Df/ ] differs from the initial o, = Df;
by a gauge transformation.

Conversely, let f ., f/; eIl
lows that E_)< foio fq’ﬂ) =0 and onecanfind geaut(X) such that

q’+1 = fq+1 © jq+1 (g) prOViding

o' = fq'il(a)) = ( fq ° jq (g))il(a)) = jq (g)il“qil(a))) = jq (g)il(a_)) .

be such that o, = Df ;= Df; .} =0y . It fol-
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PROPOSITION 4.8: Natural transformations of F over the source in the
nonlinear Janet sequence correspond to gauge transformations of T™ ® R, or
C, over the target in the nonlinear Spencer sequence. Similarly, the Lie deriva-
tive DE=L(E)weF, in the linear Janet sequence corresponds to the Spencer
operator D&, € T ® R, or D, €C, in the linear Spencer sequence.

With a slight abuse of language 6f =n7of @ dfofl=po f1osf=¢&
when 7 =T(f)(&) and we get j, (f ) (o)== jo(f+of ) (@)= @+ 6@
thatis j,(fo(f+51)) (@)=d+6@= 65=L(£)@ and
By ((F+08)e 120 1) (@)= iy (1) Iy (£ +01) 1) ()
=o6m=j,(f )71(L(77)a)) .

Passing to the infinitesimal point of view, we obtain the following generaliza-
tion of Remark 3.12 which is important for applications.

COROLLARY 4.9:

Q=sa=L(£)a=1"(L(n)o)=0=L(5)a=],(f) (£(n)o).

Recapitulating the results so far obtained concerning the links existing be-

tween the source and the target points of view, we may set in a symbolic way:

(fa)  (fqua) _ (%)

of,on, © & o4,

In order to help the reader maturing the corresponding nontrivial formulas,
we compute explicitly the case N=1,0=12 and let the case n arbitrary left to
the reader as a difficult exercise that cannot be achieved by hand when (23:

EXAMPLE 4.10: Using the previous formulas, we have &f (x)= n(f (X)) ,

5fx(x):77y(f(x)) f.(x) and:
m="f (‘i):(n(f (X)): fX(X)g(X)’
7, (F(3)) £, (x) = £, ()& (x)+ £ () € (x))

The delicate point is that we have successively:

o,f 1 o,.f
=2 -1=A-1 =—|of -——2—f
X x f Xx.x f ( X 'x fx xxJ

X X

0

_ f _
§=¢+7,(8)= ; S=RAS, & =8+ 16

axfx
= n=0,f¢, 77y=§x+f—§

f, f, (f, )2

When z=g(y),y="f(x)=z=(gof)(x)=h(x), we obtain therefore the
simple groupoid composition formulas h, (x)=g, (f(x))f,(x) and thus:

¢=0,hg=0,0n=0,90,f¢,

fx’]}'}':gxx—i_&gx-{_[%_ fxx axfx]§

y y X

d d
S,=n,+ 29 n=¢, +[y—gyaxf +6}i}f =4, +8%<§
g »
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Using indices in arbitrary dimension, we get successively:
n = 1S i = G 1S
= le = é:rar f “ '77: iu = fsk (éis + gj (8r fiu - A: ftlu >§r )+ ftlkAEgr
=0, 1E +879,0, 1 = =& +£7g,0, 1
As a very useful application, we obtain successively:

A(x)=det(8,f*(x))=> o= A‘Zyi: =AD& +E0,A=0,(&'A)

k
Sdet(A) = det(A)@ik—nkk] =det(A)(0,&" - &)+ &0, det(A)
y
where sections of jet bundles are used in an essential way, and the important
lemma:
LEMMA 4.11: When the transformation y = f (x) is invertible with inverse

x =g(y), we have the fundamental identity over the source or over the target:

{3002 (100) 0. weex

OX oy*
0 1 o
SN W[mg(g(y)ﬂ =0, VyeY

EXAMPLE 4.12: We proceed the same way for studying the links existing
between y, = II_)fq+l over the source, x, t= o, = IZ_)qu1 over the target and the

nonlinear Spencer operator. First of all, we notice that:
Gq = fq+1 ° Jl( fq_l)_ idq+1 = fq+1 O(idq+1 - fq_+11 Jl( fq ))o jl ( fq )

:_fq+1°lq ° jl(fq)%l

-1

and the components of o, thus factor through linear combinations of the

components of y, . After tedious computations, we get successively when

m=n=1:
ZX=£—1=A—1=i(axf—fx)
' f)( fX
1 o, f 1 f
=—|o f —=2>—f |=—(o6,f —f )——> (0 f—f
XX,X fx( X "X fx XXJ fx( X "X XX) (fX)Z( X X)

)[xxx:i axfxx_ﬂfxxx -2 fXXZ axfx_ﬂfxx
R f, (f,) f

=0 ) -2 (0, - fxx){zM_ o J(ax f-1,)
X ( fx ) ( fX ) ( fx )
These formulas agree with the successive constructive/inductive identities:
Yoo =0,f—1,
){;(,x forx =01 Ty
lXX,X fX + 2ZX,X fXX + Z,X fXXX = 8)( fXX - fXXX
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showing that y, is linearly depending on Df ., and we finally get:

1 f 1

=—(0,f-f ) —="2--1=—f —_

O',y (x X)axf Bxf x/l’,x axf
1 1 f 1
= (0 f —f )= LI N
Oyy fx( x 'x XX)axf (lxx f, ijaxf

(1, e [ ()|
fx XX, X (fx)z X, X (fx)z (fx)3 JX 6Xf

while using successively the relations g, f, =1, 8ygax f=1,
g, (f, )2 +9,f, =0 andsoonwhen x=g(y) istheinverse of y=f(x),in

a coherent way with the action of f; on J,(T) which is described as follows:
n=te

i
ny =§x+%§

X

1 f f (fxx)zJ
nyy = éxx + = 2 fx + XXXZ - 3 5
fX (fx) [(fx) (fX)

Restricting these formulas to the affine case defined by y,, =0=¢, =0, we
have thus vy, =0,y,, =0=f, =0, f,, =0.It follows that
ifxx =0 on one side and y,,,=0<o0, =0 in a

f

coherent way. It is finally important to notice that these results are not evident,

n="~%&n, =&, =

X

even when m=n =1, as soon as second order jets are involved.

We shall use al/ the preceding formulas in the next example showing that,
contrary to what happens in elasticity theory where the source is usually iden-
tified with the Lagrange variables, in both the Vessiot/Janet and the Cartan/
Spencer approaches, the source must be identified with the Euler variables without
any possible doubt.

EXAMPLE 4.13: With n=1g=1.F =T  and the finite OD Lie equation
o(y)y, =w(x) with @eT " and corresponding Lie operator
D¢ =L(E)w=w(x)0,&+E0,w(X) over the source, we have:

o(f(X)f,(X)=a(x), o(f(x))f,(x)+0,0(f(x))f?(x)=0,m(x)

Differentiating once the first equation and substracting the second, we obtain

therefore:
wo, +o,0,0=-0(Yf)(0,f - )10 f)+((f/0,f)-1)0,0=0

whenever y = f (x). Finally, setting a)(f (x))ax f(x)=a(x), we get over the
target:

55 = o f (x))%ﬂax f(x)+0, f (x)%“’(f ()1 =0,1L(n)o
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Differentiating 7=¢0,f in order to obtain %7 =0,E+E(0,,f /0, F), we
get over the source.
S =m0, E+E0,m=L(E)D
We may summarize these results as follows:
(1(F))
So=L(E)o — so=0,fL(n)w

We invite the reader to extend this result to an arbitrary dimension n>2.

EXAMPLE 4.14: The case of an affine stucture needs more work with
N=m=10q=2. Indeed, let us consider the action of the affine Lie group of
transformations Y =ay+b with a,0=cSt acting on the target Y€Y consi-
dered as a copy of the real line X. We obtain the prolongations up to order 2 of

the 2 infinitesimal generators of the action:

0 0 0 0 0 0
a->y—+y,—+Yy,—, b>—+0—+0—
oy "oy, W N K Wy
There cannot be any differential invariant of order 1 and the only generating
one of order 2canbe ®=vy,/y,. When X=¢(x) we get successively
Y, =Y:0,0, Vo = Yu (axgo)z +Y,0,,¢ and @ transforms like
Ou®

X

Uu=0,pU+

a result providing the bundle of geometric objects F with

local coordinates (x,u) and corresponding transition rules. For any section 7,
we get the Vessiot general system R, cIl, of second order finite Lie equations

Yo 7(Y)Y, =7(x) which is already in Lie form and relates the jet coordi-

X

nates (X,Y,Y,,Y, ) of order 2. The special section is =0 and we may con-

sider the automorphic system @ =Y _ 7(x) obtained by introducing any

second order section f,(x)=(f(x),f,(x),f,(x)), for example f,=j,(f)
providing (f(x),0,(x),8,,f(x)). It is not at all evident, even on such an
elementary example, to compute the variation I' =87 induced by the previous

formulas and to prove that, like any fie/d quantity, it only depends on 7 on the

(x)

f
condition to use only source quantities. For this, setting % =7(x), varying
X

X

and substituting, we obtain:
— 5f><x _ f><><

L)

Now, linearizing the preceding Lie equation over the identity transformation

T=dy Of = f1y = Cu + 15+ 50,7

y = X, we get the Medolaghi equation:
L(&)r=Ea+7(X) &, +80,7(X) =0,V R, < 3, (T)

and the striking formula T =0y =L(&,)7 over the source for an arbitrary
&, €J,(T). We finally point out the fact that, as we have just shown above and
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contrary to what the brothers Cosserat had in mind, the first order operators

involved in the nonlinear Spencer sequence have strictly nothing to do with the
operators involved in the nonlinear Janet sequence whenever (> 2. For exam-

o, f f
ple, in the present situation, y, = ; —1 has nothing to do with @ E%.

X X

Similarly, using the comment before example 4.7 in the linear framework, we
have the first order Spencer operator D, :(&,&,) — (0,6 -¢,,0,&,) on one side
and the second order Lie operator D:& — 0,&  on the other side.

The next delicate example proves nevertheless that target quantities may also
be used.

EXAMPLE 4.15: In the last example, depending on the way we use 7 (x) on
the source or y(y) on the target, we may consider the two (very different)

Medolaghi equations:
S+ 7 (X)E+ 80,7 (X)=0 o ny+y(y)n, +n0,7(y)=0

foo —
Now, starting from the single OD equation —* =7 (x) in sectional nota-

X

tions, we may successively differentiate and prolongate once in order to get:

2
o, f f f f
225 f =0,7(x) © &—[ij =0,7(x)
fx ( fx ) fx fx

Substracting the second from the first as a way to eliminate », we obtain a
linear relation involving only the components of the nonlinear Spencer operator
in a coherent way with the theory of nonlinear systems, namely:
fi(ax fxx - fxxx)_ fxx (ax fx - fxx) =0

x (fX)z

At first sight it does not seem possible to know whether we have a linear com-

bination of the components of y, or of the components of &,. However, if we
come back to the original situation fq"l(a)):a_), we have eliminated j, (7)
over the source and we are thus only left with j () over the target. Hence it

can only depend on o, and we find indeed the striking relation:

1)1 f, 1

(0 f ) - o.f —f.)|——=0c, =0
f f(xxx xxx) (fx)z(xx xx) 6Xf O-yy,y

X X

provided by the simple second order Medolaghi equation y =0=7, =0 over
the target. It is essential to notice that no classical technique can provide these
results which are essentially depending on the nonlinear Spencer operator and
are thus not known today.

EXAMPLE 4.16: The above methods can be applied to any explicit example.
The reader may treat as an exercise the case of the pseudogroup of isometries of
a non degenerate metric which can be found in any textbook of continuum me-
chanics or elasticity theory, though in a very different framework with methods

only valid for tensors. With the previous notations, let e S,T" with det(w)=0
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and consider the following nonlinear system
oy (f(x)), T (x)0; ' (x)=a@; (x) with 1<i,j,k,I <n. One obtains there-

fore:

5, = B0 3,08 +£0,, = 6,140, f! [a) e S 2 ]
and thus the same recapitulating formulas linking the source and target varia-
tions:

(i(1)
so=L(5)d — sw=0,1"0,t'(L(n)w),

It is also difficult to compute or compare the variational formulas over the
source and target in the nonlinear Spencer sequence, even when m=n=1 and
q=01 ([29)).

EXAMPLE 4.17: Let us prove that the explicit computation of the gauge
transformation is at the limit of what can be done with the hand, even when
m=n=10=1. We have successively:

o, f 1 o, f
A N i I A
Z,X f ZX,X f ( X X f XXJ

X X X

f'(x)=g(f(x))= f,=g,f, f, =09, (f,) +9,f,

and thus:
2= a*fx'f - ay;yaf:f ~1=(z, +1) a;xf 1= a;xf Zy +[a]§xf —1}

b
:flfx( ,9, (0, 1) f, +gy6XfX)—ay;ﬁ:f (gw(fx)2 + gyfxx)

0,00, f 0,90, ff
:iaygya f+axfx_ yg xgyy_ yg X XX

o, T T g ey

o, ff, 1 o, f
2[6)( f/l/y,y — ( ; )2 /’Ky]-i-f—(ax fx _f_ fxxj

Setting f, =id, +t&, +:-- and passing to the limit when t— 0, we finally

obtain:
5, =06~ 6)H@uxu+ 2,06 2,6)
5Zx,x = (axgx _§XX)+(§aXZX,X + Zx,xaxf _Z,xgxx)

If we use the standard euclidean metric @ =1= y =0, we may thus intro-
duce the pure 1-form a = y, , +y7,. We should consider the defining formula
2=t oz 0. (f,)+Df, and have to introduce the additional term  f,*(y)
which is only leading to the additional infinitesimal term (L(&,)y) z, = &,7.
because y =0. We finally obtain:
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oo = é)tlx,x +§xxl,x +7/5Z,x = (axgx _éxx)+(§axa +aax§)

and this result can be easily extended to an arbitrary dimension with the formu-

la:
a =11 +raxs = (0a), = (0,8 &) +(£0,a + 2,087

Comparing this procedure with the one we have adopted in the previous ex-

ampes, we have:

f f f
P L Yy PN S _ax_2an =i{a—’7—nyjaxf
T, TS A
. . aX fX
However, taking into account the formulas 7=¢0,f and n, =& + ¢ g,
we also get:
1 0, f
5%,)( = f_(axgax f+ é:axx f )_(f_)z(éx fx + éax fx)

= A0, &)+ 80,1,
=(0,E=E) (D xu+ 2,06~ 2,5)

Working over the target is more difficult. Indeed, we have successively ( care
to the first step):

0
c,= f, -1=do0,+n O =5fx __& 500f=- f, z(a—n—ﬂy]

_ f, on oo,
h {axf[ay "V]” w}

[t non]

More generaly, we let the reader prove that the variation of o, over the tar-

get (respectively the source) is described by “minus” the same formula as the
variation of y, over the source (respectively the target). In any case, the reader
must not forget that the word “variation” just means that the section f ., is
changed, not that the source is moved. Accordingly, getting in mind this exam-
ple and for simplicity, we shall always prefer to work with vertical bundles over
the source, closely following the purely mathematical definitions, contrary to
Weyl ([3], §28, formulas (17) to (27), p 233-236). The reader must be now ready
for comparing the variations of y,, and o, .

In order to conclude this section, we provide without any proof two results
and refer the reader to ([7]) for details.

PROPOSITION 4.18: Changing slightly the notation while setting o, ; = D'y,

we have:
Zc; = fq:rllolq ° jl(f)+5fq+l :>O-(;—1 = fqiloo-q‘lc jl(f)

where f* actson J,_,(T) and j(f) acts on APT”. Tt follows that gauge

transformations exchange the solutions of D’ among themselves.
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COROLLARY 4.19: Denoting by C() the cyclic sum, we have the so-called
Bianchi identity.

Doy (§:77.8)+C(&1.E ) 00a (601) 242 ()} =0

5. Applications

Before studying in a specific way electromagnetism and gravitation, we shall
come back to Example 4.10 and provide a technical result which, though looking
like evident at first sight, is at the origin of a deep misunderstanding done by the
brothers Cosserat and Weyl on the variational procedure used in the study of
physical problems (Compare to [14]).

Setting dx =dx" A---AdX" for simplicity while using Lemma 4.11 and the
fact that the standard Lie derivative is commuting with any diffeomorphism, we

obtain at once:

y = f(x)= dy=det(d, f*(x))dx = A(x)dx

n=T(f)¢= L(n)dy=L(¢)(A(x)dx)
= 6A = Adiv, (17) = Adiv, (§)+£70,A

The interest of such a presentation is to provide the right correspondence be-
tween the source/target and the Euler/Lagrange choices. Indeed, if we use the
way followed by most authors up to now in continuum mechanics, we should
have source = Lagrange, target = Euler, a result leading to the conservation of
mass dm= pdy = p,dx =dx when p, is the original initial mass per unit vo-
lume. We may set p, =1 and obtain therefore p(f(x))=1/A(x), a choice
leading to:

k r o pn*
R

but the concept of “variation” is not mathematically well defined, though this

0
5p+77kay—pk

1
:—F5A:>§p:—p

result is coherent with the classical formulas that can be found for example in
([4] [9]) or ([3], (17) and (18) p 233, (20) to (21) p 234, (76) p 289, (78) p 290)
where “points are moved’.
On the contrary, if we adopt the unusual choice source = Euler, target = La-
grange, we should get p(x)=A(X),a choice leadingto dp=0A and thus:
on* o

Sp=p—t
PP o P o

which is the right choice agreeing, up to the sign, with classical formulas but

+&0,p=0,(pE")

with the important improvement that this result becomes a purely mathematical
one, obtained from a well defined variational procedure involving only the
so-called “vertical’ machinery. This result fully explains why we had doubts
about the sign involved in the variational formulas of ([4], p. 383) but without

being able to correct them at that time. We may finally revisit Lemma 4.11 in
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order to obtain the fundamental identity over the source:
ii(A(x)a—gkl(f (x))} =0, VxeX
oX oy

which becomes the conservation of mass when n=4 and k=4.

In addition, as many chases will be used through many diagrams in the sequel,
we invite the reader not familiar with these technical tools to consult the books
([30] [31]) that we consider as the best references for learning about homological
algebra. A more elementary approach can be found in ([32]) that has been used
during many intensive courses on the applications of homological algebra to
control theory. As for differential homological algebra, one of the most difficult
tools existing in mathematics today, and its link with applications, we refer the
reader to the various references provided in ([33]).

Finally, for the reader interested by a survey on more explicit applications, we
particularly refer to ([2] [34] [35] [36]) for analytical mechanics and hydrody-
namics, ([5] [37] [38]) for coupling phenomenas, ([36] [39] [40]) for the foun-
dations of Gauge Theory, ([36] [41]) for the foundations of General Relativity.

A) POINCARE, WEYL AND CONFORMAL GROUPS

When constructing inductively the Janet and Spencer sequences for an invo-
lutive system R, < J, (E), we have to use the following commutative and exact

diagrams where we have set F, = J,(E)/R, and used a diagonal chase:

0 0 0
\2 \ \

0— S(ATT ®4,,) - AT®R, - C -0
\! \ \’

0— S(ATT ®S,,T"®T) - AT'®J,(E) - C(E) -0
\ " N

0> AT ®R+5(AT'®S,T'®E) > AT ®F > F -0
\: 2 \
0 0 0

It follows that the short exact sequences 0 —>C, —C, (E)i F —0 areal-
lowing to define the Janet and Spencer bundles inductively. If we consider two
involutive systems 0c Rq c qu c Jq (E) , it follows that the kernels of the in-
duced canonical epimorphisms F, — F, —0 are isomorphic to the cokernels
of the canonical monomorphisms 0 —»C, — ér cC,(E) and we may say that
Janet and Spencer play at see-sawbecause we have the formula
dim(C,)+dim(F,)=dim(C, (E)).

When dealing with applications, we have set E =T and considered systems
of finite type Lie equations determined by Lie groups of transformations. Accor-
dingly, we have obtained in particular C, = A'T"®R, c A'T"®R, =C, = C, (T)
when comparing the classical and conformal Killing systems, but these bundles

have never been used in physics. However, instead of the classical Killing sys-
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tem R cJ,(T) defined by the infinitesimal first order PD Lie equations
Q=L(¢)w=0 andits first prolongations R, = J,(T) defined by the infini-
tesimal additional second order PD Lie equations I'=L£(&)y =0 or the con-
formal Killing system R, < J,(T) defined by Q=£(&)o=2A(X)ow and
r=L(&)y= (é‘ikAj (X)+ 3 A (X)- a0 (X)) €S, T"®T but we may also

consider the formal Lie derivatives for geometric objects:

Q; E(L(fl)a’)ij = wrjgir +w|r§jr +¢frarwij =0
Tl =(L(&)7), =& +758] + 1) - rigl +£0,75 =0

We may now introduce the intermediate differential system R,  J, (T) de-
fined by L£(&)w=2A(X)w and TI'=L(&)y =0, for the Weyl group obtained
by adding the only dilatation with infinitesimal generator Xiai to the Poincaré
group. We have the relations R, = R, =R, and the strict inclusions R, = R, < R,
when R,=p,(R), R, =pl(§1), R, =p1(FA€1) but we have to notice that we
must have 0;A—A =0 for the conformal system and thus A =0= A=cst
if we do want to deal again with an involutive second order system R, = J,(T).
However, we must not forget that the comparison between the Spencer and the
Janet sequences can only be done for involutive operators, that is we can indeed
use the involutive systems R, — R, but we have to use §3 even if it is iso-
morphAic |:t;10 R,. Finally, as §,~T" and @, =0,Vn>3, the first Spencer oper-
ator R, >T ®R, isinduced by the usual Spencer operator
R,>T ®R,: (O,O,<_§rrj & = 0) - (O,GiO—cf,ri 085 —0) and thus projects by co-
kernel onto the indl;ced operator T~ - T ®T . Composing with &, it projects
therefore onto T"—>A*T :A—>dA=F asin EM and so on by using the fact

that D, and d are both involutive or the composite epimorphisms

A~ A~ ~ * ~ ~ * ~ * * s *

C >C [C AT ®(R/R, )= AT ®G, AT ®T 5A™T". The main
result we have obtained is thus to be able to increase the order and dimension of

the underlying jet bundles and groups as we have ([29]):
POINCARE GROUP cWEYL GROUP c CONFORMAL GROUP

that is 10<11<15 when n=4 and our aim is now to prove that the mathe-
matical structures of electromagnetism and gravitation only depend on the
second order jets.

With more details, the Killing system R, = J,(T) is defined by the infinite-
simal Lie equations in Medolaghi form with the well known Levi-Civita iso-

morphism (w,y)~ j,(w) for geometric objects:
Q; = a)rjé‘ir + a),rfj' +§r6,a)ij =0
{Wzﬁ§+ﬁ§—ﬁﬁ+€&ﬁ=0
We notice that R, (@)=R,(®w)< @ =aw,a=cst,y =y and refer the reader

to ([27]) for more details about the link between this result and the deformation

theory of algebraic structures. We also notice that R, is formally integrable and
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thus R, is involutive if and only if @ has constant Riemannian curvature
along the results of L. P. Eisenhart ([26]). The only structure constant ¢ appear-
ing in the corresponding Vessiot structure equations is such that T=c/a and
the normalizer of R, is R, ifand onlyif c=0. Otherwise R, is of codimen-
sion 1 in its normalizer R, as we shall see below by adding the only dilatation.
In all what follows, @ is assumed to be flat with ¢=0 and vanishing Weyl
tensor.

The Weyl system R, < J, (T) is defined by the infinitesimal Lie equations:
0,8 + 0, & +&°0,0; = 2A(x)a;Ij
66':( +7/;§ir +7’rki§jr —?igfrk +§rar7§ =0

and is involutive if and only if 6;A=0= A =cst. Introducing for convenience
1

the metric density @; = o / (|det(a)) )H , we obtain the Medolaghi form for

(@,7) with |det(a3)| =1:

At aer 2a g ra ~
Q; Ea)rjgi +a)|r§j _Ha)qfr +50,m0; =0

ij ry
Frj Egi;(+}/|l'}§ir+7/rki§;_}/i;§rk+§rar}/il; =0

Finally, the conformal system IQZ < J,(T) is defined by the following infi-

nitesimal Lie equations:
{wr,é{ &) +¢10,0; = 2A(X) o
ESHTE il = E + ET0 s = SFA (X)+ 57 A (X) - 00 A (X)
and is involutive if and only if 6;A—A =0 or, equivalently, if ® has vanish-

ing Weyl tensor.
However, introducing again the metric density @& while substituting, we ob-

1
tain after prolongation and division by <|det(a)) )” the second order system

R, < J,(T) in Medolaghi form and the Levi-Civita isomorphim

(0,7)~ | (®) restrictsto an isomorphism (&,7)~ j, (@) if we set:

7;in( =7/il; _%(@k?’:j +5]!(7/rri _a’ijwks7rrs):> 7 =0(tl’(7?)=0)

e}
1l
>
+

R 2 . R L
a)iréjjr _Ha)ijgrr + grara)lj =0=0"Q"=0
A 1 . A R R R -
F:} = i;( _H(é‘.kirrj + 5;(§rri _wijwkré:rss)—" 7;5{ + 7:(.5; _7i;§rk +§rar7ilj< =0=TIy=0
Contracting the first equations by @' we notice that & is no longer va-
nishing while, contracting in & and ; the second equations, we now notice that
&L is no longer vanishing. It is also essential to notice that the symbols ¢, and
g, onlydependon @ and noton any conformal factor.
The following Proposition does not seem to be known:
PROPOSITION 5.A.1: (id,—y) is the only symmetric R, -connection with

vanishing trace.
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Proof Using a direct substitution, we have to study:
A ar a2 a Ay 0.6
O Vit ~ @it +Ha)ij7/n +0,w;

1

Multiplying by (|det (o) )H , we have to study:

1
o7y~ o7+ 20,7+ det (o)) 0,

or equivalently:
a7yt 20,7+ 0y~ o (det (o)) 2, et ()
that is to say:
—O 7y ~ Oy + 00 —%wi,-y;

Now, we have:

r ru, s

1 1 1 1
—0; (7,—2 —;(5, Va0 v — 030" vy, )j = O O s O Oy

Finally, taking into account that (id,—y) isa R,-connection, we have:

_a)uryjrt _a)rj}/i; +6ta)|j =0
. . 2 2
Hence, collecting all the remaining terms, we are left with — ;74 —— @74 =0.
n n

As for the unicity, it comes from a chase in the commutative and exact dia-

gram:
0 0 0
\: 2 \
~ 5 * ~ 6 *
0> g, - T'®§ - AT'®T -0
\! \ I
* 6 * * 5 *
0> ST'®T — T T ®T — AT T -0
\
0

obtained by counting the respective dimensions with
dim(g,)=(n(n-1)/2)+1= (n2 -n+ 2)/2 and dim(§,)=n while checking
that —n+n (n2 -n+ 2) -n*(n —1)/% =0. The é}ower sequence splits because the
short exact d-sequence 0—S,T" >T ®T A>T  —0 splits and the upper
sequence also splits because we have a composite monomorphism
AT T ~T'®g, >T ' ®g,.
O
COROLLARY 5.A.2: The R, -connection (id,—y) isalsoa R, -connection.
Proof This result first follows from the fact that (id,—y)eT ®R, is over
ideT"®T and R, = R,. However, we may also check such a property directly.

1
Indeed, mutiplying -,y — @, 7y +Ea3ij7/,rI +0,@; by <|det(a)) )" as in the
n
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last Proposition, we obtain:
r r +E "+ 0,0 = : L +0,w =0
07t — Wi Vi n GV T 00 =~y — Oy) i T 00 =

because (id,—y) isa R, -connection.
O

REMARK 5.A.3: If one is using (id,~y), then (L(§2)y): & when y=0
locally and we have (da), :(ai.f; —.frri)-k(ar@if' +§r6ra—i) as the simplest

variation. However, we have f,* (y)=7#7 and we cannot thus split the
Spencer operator over the target by means of a pull-back. Nevertheless, if one is
using (id,~7), then L(&,)7=0 when &, eR, and the variation (6a), con-
tains an additional term & y| but fz’l(?) =y and one can split the Spencer
operator over the source and over the target with the help of 7 but we have to
pointoutthat y=0=y =0 Jocally.
g
We let the reader exhibit similarly the finite Lie forms of the previous equa-
tions that will be presented when needed. We have to distinguish the strict in-
clusions Tl < aut(X) with:
* The Lie pseudogroup I' caut(X) of isometries which is preserving the me-
tric weS,T" with det(w)=0 and thusalso y
* The Lie pseudogroup I' which is preserving @ and y .
* The Lie pseudogroup ' of conformal isometries which is preserving @

and thus also y with:
k | [
0 () £ (0474 (F(00) 17 (%) 17 (1)
—k k ka k K
=75 (¥) =75 (x)+0'a; (x) +67; (x) ~a (x) @ (x) 2, (X)
where a (x)dx' eT" andthus 7-ye§, =S,T ®T ®T.
B) ELECTROMAGNETISM
The key idea, still never acknowledged, is that, even if we shall prove that
electromagnetism only depends on the elations of the conformal group which
are clearly non-linear transformations, we shall see that electromagnetism has
“by chance’ a purely linear behaviour.
Indeed, setting as we already did y, = A—id and defining ;= A7y, we
may rewrite the defining equation of the second non-linear Spencer operator

D' in the form:
aiAk 0; Ai Ai Zr g Jlr,i = AirAS (Ti( _Tk,r)
aiZLj _ajll,i _Zl,ilr,j +Z|,j7(r| A Z|r i~ Z|kr,i = NA? (Tlll(',s _les,r)

Hence, contracting in &k and / the quadratic terms in y disappear and we

get:
aiZ:,j _ajZ:,i = ArAf (Tli(r,s _Tll:s,r)

By analogy with EM it should be tempting to introduce «; = y;; and denote
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by ¢, the right member of the last formula but the relation 0,a; —0;¢; = ¢;
thus obtained has no intrinsic meaning because « is far from being a 1-form
while ¢ is far from being a 2-form.

REMARK 5.B.1: The target “y” could be called “hidden variable” as it is just
used in order to construct objects over the source “x”. As a byproduct, the
changes of local coordinates are of the form X =¢(x),y =y (y) but the second
one does not appear through the implicit summations over the target because
the first order transition rules are:

i I i I
5, 2000 = () = B0 00) 200 = (1 (00) (0

It follows therefore that AeT ®T indeed and is thus a well defined object
over the source. )

LEMMA 5.B.2: The short exact &-sequence 0 — S,T" ST eT 52T 550

admits a canonical splitting, that is a splitting coherent with the tensor nature of

the vector bundles involved.
Proof The splitting of the above sequence is obtained by setting

(7i,j ) eT ®T - (%(z’i‘j +7, )] €S,T" in such a way that

(T"j ST h ) €S, = %(Tij BT ) =T -

Similarly, (goij ==0; ) e T > (%(pij j eT'®T and

(%%‘ _%(pjij = (q)ij ) en’T.
O
We shall revisit the previous results by showing that, in fact, all the maps and
splittings existing for the Killing operator are coming from maps and splittings
existing for the conformal Killing operator, though surprising it may look like.
As these results are based on a systematic use of the Spencer J-map, they are
neither known nor acknowledged.
We now recall the commutative diagrams allowing to define the (analogue) of

the first Janet bundle and their dimensions when n=4:

0 0 0
A \: \A

0— ds - ST'®T - ST®F —> F —0
\ \: \

0> T'®g — TSI ®T - TT®F — 0
{ \s 1

0> A'T'®g, —» AT ®T'®T —» A T'®F, — 0
A \: \A

0> AT'®T = ATerT - 0
2 \:
0 0
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0 0
\’ \
0 - 80 —-> 100 - 20 —>O0
\A \2
0 »> 160 —» 160 —» O
\’ 2
0> 36 —»> 9% —> 60 —> O
\2 \: \2
0—»> 16 = 16 —> O
\2 \’
0 0

PROPOSITION 5.B.3: Recalling that we have F, =H?(g,)=2%(g,) in the
Killing case and F, = H?(§,)# Z2(§,) in the conformal Killing case, we have

the unusual commutative diagram:

0 0 0 0
\ \ \ \
0> Z°(g) - 2°(6) < Z°(T7®T) - T
\ \ \’ 6
0> AT'®g — AT'®§ c AT T T - T T
i s s s
0> AT'®T = AT"®T = AT ®T - AT
\ \ \’ 2
0 0 0 0

Proof First of all, we must point out that the surjectivity of the bottom J in
the central column is well known from the exactness of the &-sequence for S,T”
and thus also after tensoring by 7. However, the surjectivity of the bottom J in
the left column is not evident at all as it comes from a delicate circular chase in
the preceding diagram, using the fact that the Riemann and Weyl operators are

second order operators. Then, setting ¢, = p;; =—¢; and p; =p/; # p;, we

may define the right central horizontal map by pllfij - B —%go- and the right

i
bottom horizontal map by ©®¢& — —i(&)w by introducing the interior prod-

uct i( ). We obtain at once:
r r r l l
_(pr,ij +POie t Pji ) == + P — Pji =| P _E% = Pji _E¢ji

and the right bottom diagram is commutative, clearly inducing the upper map. If
we restrict to the Killing symbol, then ¢; =0 and we obtain

Py —P; =0= ( Py = Pji ) €S,T, that is the classical contraction allowing to
obtain the Ricci tensor from the Riemann tensor but there is no way to go back-

wards with a canonical lift. A similar comment may be done for the conformal
Killing symbol and the % coefficient.

O
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Using the previous diagram allowing to define both F, =H?(g,)=2%(g,) if
we use @ or F=H?(§,)=2 (@1)/5(T* ® @2) if we use @ while taking
into account that dim(§,/g,)=1 and §, ~T", we obtain the crucial theorem
which is in fact only depending on o :

THEOREM 5.B.4: We have the commutative and exact “findamental dia-

gram II:

0
J
0 S,T”
J J
0 - Z%(9,) > H(g,) —0
J J J
0 - T ®4, i Z?(§,) - H?*(g,) -0
J J J
) )
0> S,T" > TT" - AT - 0
J J
0 0

The following theorem will provide a// the classical formulas of both Rieman-
nian and conformal geometry in a totally unusual framework not depending on
any conformal factor.

THEOREM 5.B.5: All the short exact sequences of the preceding diagram
split in a canonical way, that is in a way compatible with the underlying tensorial

properties of the vector bundles involved. With more details:
T ®T =S, T @A T =2Z2°(4,)~2°(9,)+5(T ®§,) =2 (0,)® AT
= H?*(g,)~H?(§,)®S,T
>F~F®S,T

*

Proof First of all, we recall that:

gl = {gik GT* T |a)rj§ir +a)ir§jr = O}
< g, :{Sgik eT ®T |a)rj§ir +5"|r§jr _%a)ijérr :O}
= 0=g,c§,={& eS,T ®T n&f =51 +0,&) — 0,0 &L |

Now, if (rﬁ’j ) €T ®4§,, then we have:

k _ ck_r k_r ks __r
NZy ;=067 40 Ty — Qi@ Ty

and we may set 7, ; =7, #7;; with (Ti,j ) eT"®T and such a formula does

r,)
not depend on any conformal factor. Taking into account Proposition 4.B.5, we

have:
5(Tl‘i(,j ) = (Tlli(,j _Tl?,i ) = (plk,ij ) e B? (Ql) cz? (Ql)

with:

DOI: 10.4236/jmp.2022.134031 481 Journal of Modern Physics


https://doi.org/10.4236/jmp.2022.134031

J.-F. Pommaret

22 (@1) = {(plk,ij ) c /\ZT* ® @1 | 5(p|k.ij ) = 0} = ¢ij = prr,ij #0
5(P|k,ji ) = (C(Li,j)plk,ij = Plk,ij + pik,jl + p:'(,li ) e T T
* The splitting of the central vertical column is obtained from a lift of the epi-

morphism Z?(§,) > A’T" — 0 which is obtained by lifting (goij ) eA’T™ to

ri, j

(% @y ] eT ' ®T’, setting 7|, . = %(Dij and applying J'to obtain

2 2
* Now, let us define (Pi,j =Pl # P ) eT ®T". Hence, elements of Z*(g,)

11 ) 3
(Tri,j —Tii =5 Pi — 5 Pii :(Dijje Bz(gl)czz(gl).

are such that:
@y = prr,ij =0,9;-p;+p;; =0=> (pij =Pij = Pji = Pii ) € SzT*
while elements of Z?(§,) are such that:

(prr,ij :wu :pi,j _pj,i :Ti,j _Tj,i iO)EAZT*

Accordingly, (pi’j —%(pij =pii —%q)ii j € S,T". More generally, we may con-

sider pfy —(zf — 7, ) with 7, :%q)ij. Such an element is killed by § and

thus belongs to Z?(§,) because each member of the difference is killed by &.

r [—
ri, j

indeed to Z*(g, ), providing alift Z?(§,)—> Z*(g,) > 0.
* Of course, the most important result is to split the right column. As this will

However, we have pf; — (r T ) =@; —¢; =0 and the element does belong

be the hard step, we first need to describe the monomorphism
0—S,T" > H?(g,) which is in fact produced by a north-east diagonal
snake type chase. Let us choose (rij =7, =7, =Tj ) €S, T T ®T . Then,

we may find (z-,?j)eT*@Qz by deciding that z;,; =7, =7;, =1,

Z? (8,) and apply &in order to get p,’fij = rﬁ’j - T:,Ij,i such that p/; =¢,; =0
and thus (p,'fij ) €Z?(g,)=H?(g),. We obtain:

in

k _ ck_r k_r k_r k_r ks r r
NP =0 Tpij =0 Tpji TO; Ty j — 0Ty — @ (a)lirrs,j _a)ljz-rs,i)

z(é}krlj _5}(1" )_a’ks (a’lifsj _a)Isti)
Contracting in & and 7 while setting simply tr(7)= "z, tr(p)=0"p;, we
get:
Np; =Nz —7; — 7y + a)ijtr(z') =(n- 2)z'ij + a)ijtr(r) =np;
=ntr(p)=2(n-1)tr(z)

Substituting, we finally obtain 7; = wtr (p) and thus

n _ n
n-2"""2(n-1)(n-2)
the tricky formula:

1
plk,ij = E((é‘ikpu _5;(/3" )_a)ks (a’lipsj — @y Psi ))
1
_—(é‘ikwlj _5;(‘0" )tr(p)

(-1)(n-2)

DOI: 10.4236/jmp.2022.134031

482 Journal of Modern Physics


https://doi.org/10.4236/jmp.2022.134031

J.-F. Pommaret

Contracting in & and j we check that p; = p; indeed, obtaining therefore
the desired canonical lift H?(g,)—>S,T" —0: p, = p|,; = p; - Finally, using
again Proposition 3.4, the epimorphism H?(g,)—> H?(§,)—>0 is just de-
scribed by the formula:

O'|k,ij = plk,ij _é((é‘ikpu _5;(/0” )_wks (wlipsj — @y Psi ))

P S
(n-1)(n-2)

which is just the way to define the Weyl tensor. We notice that oy ; = p/; =0

(é‘ikwlj - 5;(0)" )tl’ (p)

r
and o;,

2%(G,)=2%(9,)+ 5(T* ® Qz) . This purely algebraic result only depends on the
metric @ and does not depend on any conformal factor. In actual practice, the

=0 by using indices or a circular chase showing that

lift H?(g,)—>S,T" is described by pjy = pl; = p; = p; but it is not evident
at all that the lift H?(§,)—>H?(g,) is described by the strict inclusion
allfij - p,'fij = O',lfij providing a short exact sequence as in Proposition 3.4 be-

p— r p—
cause p; =P, ; =0,

{; =0 by composition.

O
PROPOSITION 5.B.6: We have the following commutative and exact dia-
gram made by splitting sequences according to a circular chase in the right up-

per commutative square:

0 0
\: A
0 - § - T —> 0
v ¥ I
0 > R >R > T 50
2 S 2
0—>F§1:FA21—>0
X 2
0 0

This diagram is thus leading to the short exact sequence:
05T ®R, >T"®R, > T ®T -0
with a canonical splitting T"®T" ~S,T" @ A*T".
Proof According to the definition of the Christoffel symbols y for the me-

tric w, we have:

K k k
20,7; = 0,04+ 0,0, — 0,0y < @Y + @y 7 —0,0; =0

It follows that —p ( care) is the unique symmetric R, -connection, that is a
map T — R, considered as an element of T" ® R projecting onto id, €T ®T .
Accordingly, any z €T ®J,(T) provides (;(T, + ;/fr;(f) eT ' ®T ' ®T and
thus a true 1-form (ai =20tV ;(SI) eT’. However, such an approach cannot
be extended to higher orders and we prefer to consider half of the morphism de-

fining the Killing operator, namely the morphism J, (T)— S,T": & — % L(&)w,
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tensoritby T~ and contractitby @™ in order to get:
1 o 1 st
SO (O + 0 + 210,04 ) = 2l + S i B0 = 0

where we notice that:
2y = w"0, 0, = (]/det(a)))aidet(a)) =075 —-0;7,=0

Similarly, there is a well defined map J,(T)—>S,T ®T:¢&, —> L(&,)y that
can be tensored by T~ and restricted to T"®R, in order to obtain a well de-
fined map T"®R, >T ®S,T"®T that can be contracted to T ®T" ac-
cording to the following local formulas:

:BII;,S = z-II:,S + 7/Ll|(rz-lu,s + yIlEJT:J,s - yll;r:,s + T,Usauyll:
ﬁkkr,s = Tlljr,s +7l|<<u7'-ru,s + T,usau)/lljr

We can “twist” by A and apply 6:T ®S,T"®T - A°T ®T ®T that can
be contracted to A*T” according to the following local formulas:

¢|k,ij =A Aj? (ﬂlts _ﬂlz,r ) =0 = ¢7rr,ij =A AjS (ﬁlrr,s _ﬂkks,r)
O

As peA’T" though y, eT ®R,, we obtain the following crucial theorem
([4] [8]):

THEOREM 5.B.7: The non-linear Spencer sequence for the conformal group
of transformations projects onto a part of the Poincaré sequence for the exterior

derivative according to the following commutative and locally exact diagram:

PR ~ By .~ D gk A
0> I - - T ®R, - AT ®R,
Vol A
* d * d *
T > ATT > AT
a da=¢ dep=0

Accordingly, this purely mathematical result contradicts classical gauge

theory.
Proof Substituting the previous results in the last formula, we obtain succes-
sively:
= AirAJS (Tlfr,s _Tlfs,r)+7ll<(uA1rA$ (Tll'Js Ts r)+ Ai AS ( u 7kr T,urauylfs>
=(0x-0,20 )+ 7 (8A —0 A )+ (8 + 23 ) 0. (85 + 2 ) whours
=(0zl; —0520 )+ v (0 — 0,25 )+ (50 - 230,73 )
= ﬁiaj —ajai

because 0,7y —9;7,; =0.1It follows that da =@ e A’T" and thus de =0, that
is 0,y +0;p4 +0y@; =0, has an intrinsic meaning in A’T". It is important to
notice that the corresponding EM Lagrangian is defined on sections of C,
killed by D, but not on éz , contrary to gauge theory. Finally, the south west

arrow in the left square is the composition:
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. Db N ) .
f,eR,>x, €T ®R,> €T ®R —>aeT
Accordingly, though « is a potential for ¢, it can also be considered as a
part of the fieldbut the important fact is that the first set of (/inear) Maxwell eq-
uations dp =0 is induced by the (nonlinear) operator D,. The linearized
framework will explain this point.
One of the most important but difficult result of this paper will be the follow-
ing direct proof of the existence of the right square in the previous diagram.
Supposing for simplicity that @ is a (locally) constant metric (in fact the
Minkowski metric!) and thus y =0. When we are considering the conformal
group of space-time, it first follows that the jets of order three vanish and the
Formula (3*) can be now written:
ailll:,j _ajllkr,i _(er,iZIl;,j + zls,i/’{rks‘j + ler,ilsk,j _Zf,jlllé,i _7(|S,J'Zi(s,i _Z|Sr,jlsk,i ) =0
Contractingin k =1 =u and replacing rby ¢, we obtain the simple formula:
6i7(3t,j _ajllljt,i _;{ts,ill:ls,j + Zts,jllijs,i =0

Multiplyig by A the two last terms and replacing y by 7, we get for

these terms only:
Aﬁ ASA<(Tts llJJvr z-tv,rTLLJJv,s)

Now, denoting by C(i, j,k) the cyclic sum on the permutation
(i,j,k) > (i.k,i)—> (k,i, j) and proceeding in this way on the last formula, we

obtain easily:
(i LK) AAA (s =72 )i
or, equivalently:
AAAC(rs, )z, —zt )zh, = AAAC(rs,t) ()~ )zh,

Let us now similarly consider only the two first terms. After multiplication by

A and integration by part, we get for the first:
A (0 (A )) =0 (AT AT, ) - Az O A

Applying the same procedure to the second term and considering the sum
C(i, j,k) while rearranging the six terms of the summation two by two, we ob-

tain:
C(i, k) (0 (A AT — AT )+ Azt 0, A — Al O,A] )
Exchanging the dumb indices between themselves, we finally obtain:
C(i,ik) (0 (ATAS (et et )+ A (4 -0,4))
that is to say, taking into account the Equations (1*) and changing the signs:
C(i, i k) (0 ) —C (i 1K) (AT A A (2 =72 )7

or, equivalently:
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C(i, j,k)(@k(pij)— ArAfA‘iC(r,S,t)(z';’ys —T;",)Tffv‘l

Collecting all the results, we are only left with C(i, j,k)(6k¢ij)=0 as we
wished.

O

COROLLARY 5.B.8: The linear Spencer sequence for the conformal group of

transformations projects onto a part of the Poincaré sequence for the exterior

derivative according to the following commutative and locally exact diagram:

A Dy

~ * ~ D * ~
0> & > R, - T ®R, — AT ®R,
VNS J \2
* d * d *
T 5> AT > AT
A dA=F dF =0

Accordingly, this purely mathematical result also contradicts classical gauge
theorybecause it proves that EM only depends on the structure of the conformal
group of space-time but noton U (1).

Proof Considering @ and y as geometric objects, we obtain at once the
formulas:

Za(X)C‘)ij = Vi=r;t+oa

w; =€

Though looking like the key Formula (69) in ([3], p 286), this transformation

is quite different because the sign is not coherent and the second object has
nothing to do with a 1-form. Moreover, if we use n=2 and set £(&)w=2Aw
for the standard euclidean metric, we should have (&,,+d,,)A=0, contrary to
the assumption that A is arbitrary which is only agreeing with the following jet
formulas improving the ones already provided in ([29] [36] [40]) in order to

point out the systematic use of the Spencer operator:
L(&)o=2A0 = (&+7&')=nA (L(£)7),=PA, V&R,

Now, if we make a change of coordinates X = ga(x) on a function ae A’T",
we get:
- oa op' oa
We obtain therefore an isomorphism J, (/\OT*) ~ AT %, T", a result lead-

ing to the following commutative diagram:

0> R > R o J(AT) -0
D D D
0> T'®R, - T'®R - T -0
where the rows are exact by counting the dimensions. The operator
D:(A /A)—(6,A—A) on the right is induced by the central Spencer operator,
a result that could not have been even imagined by Weyl and followers. This re-

sult provides a good transition towards the conformal origin of electromagnet-

ism.
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As the nonlinear aspect has been already presented, we restrict our study to
the linear framework. A first problem to solve is to construct vector bundles
from the components of the image of D, . Using the corresponding capital letter

for denoting the linearization, let us introduce:
(B =X +7X;)eT " ®T ®T = (B, =B )T’
(BI:'(,i = xl?,i "‘?’:j XPi+ 7|§X JSI _7|?xsk,i + X,?(?m? ) eT ®S,T° T
—B"

:>(Br i

ri,

Py
= Fij ) e nN‘T
We obtain from the relations 0,,; =0;7y; and the previous results:

oy r
- Xri,j - er,i

F, =By, -B|

ri, j Tj,i

:0ixrr,j _8jxrr,i +7/rrs<xis,j _xjs,i)"'x,rjaﬂ’ssr _x,riaj}/ssr

+7rrsxis,j _yrrsX;i + X,rjar7ssi - X;@r}’:j

:ai (X:J +}/rrsxvsj)_aj (er' +7/:SXSS’i)
~0,B,-0,B,

Now, using the contracted formula &f + & +&°0,y; =nA from section A,

we obtain:
B, :(aiérr _égrri)+7rrs(ai9ts _égis>
= aiérr + yrrsaiéS +§Sasylri - nA1
=0, (& +7&°)-nA
=n(3,A-A)
and we finally get F; = n(a iA —6iAj) which is no longer depending on A, a
result fully solving the dream of Weyl. Of course, when n=4 and @ is the
Minkowski metric, then we have y =0 in actual practice and the previous
formulas become particularly simple.
It follows that dB=F < -ndA=F in A°T" and thus dF =0, that is
0;Fy +0;F; +0(F; =0, has an intrinsic meaning in A3T". 1t is finally impor-
tant to notice that the usual EM Lagrangian is defined on sections of é1 killed

by D, but not on éz. Finally, the south west arrow in the left square is the

composition:
. D i LA . . .
5 eR,->X,eT ®R, > X, eT ®Rl—>(Bi)eT @ggzeRz—)(nA)eT

Accordingly, though A and B are potentials for F, then B can also be consi-
dered as a part of the field but the important fact is that the first set of (/inear)
Maxwell equations dF =0 is induced by the ( /inear) operator D, because we
are only dealing with involutive and thus formally integrable operators, a fact
justifying the commutativity of the square on the left of the diagram.

O

REMARK 5.B.9: Taking the determinant of each term of the non-linear

second order PD equations defining I", we obtain successively:

det (o) et £ (x)))2 = "™ det () = det ( £ (x)) ="
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in such a way that we may define b(f (x)) =a(x)<=b(y)= a(g (y)) and set
o(y)= e >0 over the target when caring only about the connected com-
ponent 0 —>1-— o of the dilatation group. The problem is thus to change at
the same time the numerical value of the section and /or the nature of the geo-
metric object cosifered, passing therefore from a (metric) tensor to a (metric)
tensor density, exactly what also happens with the contact structure when it was
necessary to pass from a 1-form to a 1-form density ([4] [7]). In a more specific
way, the idea has been to consider successively the two non-linear systems of fi-

nite defining Lie equations:
2

@0 (V)YV} = @y (X) > B vy (det(v)))" = (x)
Now, with y =0 wehave y/, = (6 f— A frs) and:
9o, X —(]/det )6 det(f*)=no;a, g; f¥ =na, (x)
Finally, we have the jet compositions and contractions:
N fik =0 =0, fijk =-0y fik fjl
= Nng (X) =0, fisk = _fik frlglil =-n fik (X)bk ( f (X))
It follows that «; = n(@ia(x) -Aa, (x)) but we may also set
a,(x)=f(x)b, (f(x)) in order to obtain ¢, = n(sy—ti—bk)ai f¥ asa way to

pass from source to target. We have:

PROPOSITION 5.B.10: EM does not depend on the choice between source
and target.

Proof Replacing the groupoid by its inverse in each formula, we may intro-

duce:
a=a (X)X, o =n(0a-Aa, )= f=F(y)dy", f = n[;—b b ]
and compare:
x—a>(a,go)<:> y—b>(ﬂ,1//)

while setting y,, = —-———-. We have successively:

¢, =00, 0,0, =—n(0,(Aa,) -0, (A, )
=-n(a,(bo,f')-, (b, )

:—n[ab b jaf o, f!
oy'

k

[%._%Jaf o,f'
oy oy

=y,0;f ajf'

and we notice that ¢ does not depend any longer on a while y does not de-
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pend any longer on b. Accordingly, we have the equivalences:

b, db,

NO EM @¢=0@W:0@ﬁ—a—k=o@a(Afa )-0,(A'a,)=0
ayk ayl ! 17T J r

g

REMARK 5.B.11: If we use only the conformal group, we must use the metric

density @ instead of the metric @. However, if we can define @ from @

1
by setting @; = /<|det(a)))” , we cannot recover ® from @ . The way to
escape from such a situation is to notice that:

0 Mo= k4 50,a(x)+550,a(x) - w;00,a(x)
=7 = +naia(x)

a result showing that the conformal symbols §, and §, do notdepend on any
conformal factor.

REMARK 5.B.12: In fact, our purpose is quite different now though it is also
based on the combined use of group theory and the Spencer operator. The idea
is to notice that the brothers are a/ways dealing with the same group of rigid mo-
tions because the lines, surfaces or media they consider are all supposed to be in
the same 3-dimensional background/surrounding space which is acted on by the
group of rigid motions, namely a group with 6 parameters (3 translations + 3
rotations). In 1909 it should have been strictly impossible for the two brothers to
extend their approach to bigger groups, in particular to include the only addi-
tional dilatation of the Weyl group that will provide the virial theorem and, a
fortiori, the elations of the conformal group considered later on by H. Weyl
([29]). In order to explain the reason for using Lie equations, we provide the ex-
plicit form of the n finite elations and their infinitesimal counterpart with
1<r,s,t<n:

x—x°b 1, . .
y=——— =0, === X0, + 0, X'X'0, = 9,0 =nayX',[6,,6,]=0
1-2(bx)+b*x 2

where the underlying metric is used for the scalar products x*,bx,b” involved.
It is easy to check that & €S,T" ®T defined by & (x)=4°(x)0;6! (x) be-
longs to §, with A =w;A°. In view of these local formulas, we understand
how important it is to use “equations” rather than “solutions”.

REMARK 5.B.13: Setting o, , =D'y, e AT ®J, ,(T), we let the reader
prove, as an exercise, that the following so-called Bianchi identities hold ([7], p
221):

Doy, (£.1,8)+C(Em ) og s (£1) 204 (£)} =0, VERC T

In the nonlinear conformal framework, it follows that the first set of Maxwell
equations has only to do with D’ in the nonlinear Spencer sequence and thus
nothing to do with the Bianchi identities, contrary to what happens with U (1)
in classical gauge theory. Similarly, in the linear conformal framework, the first
set of Maxwell equations has only to do with D, and thus nothing to do with
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D, in the linear Spencer sequence. Indeed, the EM potential A is a section of
C, while the EM field Fis a section of C, killed by D, . This “shift by one step
to the leff’ is the most important result of this section and could not be even

imagined with any other approach.

6. Conclusions

This paper is part of the achievement of a lifetime research work on the common
conformal origin of electromagnetism and gravitation. Roughly speaking, the
Cosserat brothers have only been dealing with the 3 translations and 3 rotations
of the group of rigid motions of space with 6 parameters while Weyl has only
been dealing with the dilatation and the 4 elations of the conformal group of
space-time having now 4+6+1+4=15 parameters ([29]). Among the most
striking results obtained from this conformal extension, we successively notice:

* The generating nonlinear first order (care) compatibility conditions (CC) for
the Cosserat fields are exactly described by the first order nonlinear second
Spencer operator D,. Accordingly, there is no conceptual difference be-
tween these nonlinear CC and the first set d:A*T" > AT :F ->dF =0
of Maxwell equations where d is the exterior derivative, which is parame-
trized by d:T" — AT :A— dA=F . However, the classical CC of elastici-
ty are described by the nonlinear second order (care) Riemann operator ex-
isting in the nonlinear Janet sequence but this different canonical nonlinear
differential sequence could not explain the existence of field-matter couplings
like piezzoelectricity, photoelasticity or even streaming birefringence ([5]
[37]). On the contrary, in the conformal approach, it is essential to notice
that the elastic and electromagnetic fields are both specific sections of
C,=T"®R, killed by D, and parametrized by D,. They can thus be
coupled in a natural way but cannot be associated to the concept of curvature
described by éz. Meanwhile, we insist on the fact that the phenomenologi-
cal laws of these quoted couplings have been discovered by... Maxwell him-
self. This shift by one step to the left, even in the nonlinear framework, can
be considered as the main novelty of this paper.

* The linear Cosserat equations are exactly described by the formal adjoint
ad(D,) of the /inear first Spencer operator D, :C, — C, which is a first
order operator ([38]). Accordingly, there is no conceptual difference between
these equations and the second set ad(d) of Maxwell equations where
d:T" — A’T". This result explains why the Cosserat equations are quite dif-
ferent from the Cauchy equations which are described by the formal adjoint
of the Killing operator in the Janet sequence used in classical elasticity, that is
Cauchy = ad (Killing) in the language of operators. It follows that the elas-
tic and electromagnetic inductions are both specific sections of
AT ®C, ~ A’T" ®R;, independently of any constitutive relation. The spe-
cific use of the 1-dimensional dilatation subgroup allows to understand the
mathematical origin of thermoelectricity and the so-called virial theorem
through the trace of the Cauchy tensor ([36] [40]).
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Combining the two previous comments, respectively related to “geometry”
and to “physics” according to H. Poincaré ([34]), there is no conceptual dif-
ference between the elastic constitutive constants of elasticity and the mag-
netic constant g or rather 1/u of electromagnetism in the case of homo-
geneous isotropic materials on one side ( space) or between the mass per unit
volume and the dielectric constant & on the other side ( #/me), a result con-
firmed by the speeds of the various elastic or electromagnetic existing waves
([5] [37]). In general one has guc® =n® where n is the index of refraction
but in vacuum we have &,4,c*> =1 and we have thus only one electromag-
netic constant involved in the corresponding Minkowski constitutive law of
vacuum ([2]).

As for gravitation and the possibility to exhibit a conformal factor defined
everywhere but at the origin, we may simply say that we needed 25 years in
order to correct the result we already obtained in 1994 ([7] [41]). Such a pos-
sibility highly depends on the new mathematical tools involved in the con-
struction of the Janet or Spencer nonlinear differential sequences for the
conformal group of space-time because, in this case, the Spencer J-cohomology
has very specific properties for the dimension n=4 only. This will be the

subject of a forthcoming companion paper (arXiv: 2007.01710).

We end this paper with the French proverb “AUTRES TEMPS, AUTRES
MOEURS” adapted from the famous Latin sentence “AUT TEMPORA, AUT
MORES” as we do believe that a modern scientific translation could be “NEW
MATHEMATICS, NEW PHYSICS”.
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List of the Main Notations

=(p4,- 4,) multi-index,

=ty
u+y :(/ul'“"/ui—l’:ui +1ltui+l""!:un)‘
I, =TT, (X,X) <= J, (X xX) Lie groupoid of order g over X.
(x, Yy ) = (x, yi) local coordinates with 0<|u|<q and such that
det(y,)#0
a, I —> X :(x,yq)—> X source projection, A :II, > X =Y :(X, yq)—> y
target projection.
f:X o> XxX: ( )— (x f (x)) section of X x X (id:(x)—(x,x)).
fy X =11, ( ) section of IT, with
REOME RN ey
E — X vector bundle over X with section &, J,(E) g¢-jet bundle of E
with section £, over &.
g 34 (E) > 3, (E):&,,, =&, canonical projection.
D&ou = jl(éq) Squt - (65 () =& (), 651 (x)- (:l;( (X)"")ET*®‘]q(E)
linear Spencer operator.
d: AT > A™T > da exterior derivative with dod =0.
D(a ®.§Q+1) =da®¢, +(-1) a D&, eA™T ®J,(E),Vaea' T exten-
sion of D.
{fqﬂ,nqﬂ} = J, ([5,77]),‘75,77 eT algebraic bracket.
(&7 | ={& g | +1(£) Dy —i(7) DE, 1, V&, 1y €34 (T)  differential
bracket.
R, < J, (T) with [Rq, qJ R, system of infinitesimal Lie equations or Lie
algebroid. L
0— Rg - R, —0>T — 0 exact = transitive algebroid.
X eT'® R, over id; eT ' ®T iscalleda R, -connection.
ki (&)= [;(q (&) ;(q 77)] ;(q [£, 77]) eR] is called the curvature of y, .
( ) ( ) (7)) (Jq (T )) first prolongation of R, .
(Ry)={&1 €30 (T)I& €R,. D&, T ®R,} alternative definition.
R( =gt (wafS ) c R,,, prolongation/projection (PP) procedure.

q+r q+r

((fqﬂ) {§q+l’77q+l}+l(§) D7y = [ffq ryq]+| )D&,,, formal Lie deriva-

tive.
f =fopo jl( f, ) eT"®J,(T) first nonlinear Spencer operator.
;(q (§,7y) Dz, (§,n)—{;(q (f),;(qn} €J,4(T) second nonlinear Spencer
operator.
AT @S T ®E > AT @S T ®E:0—>(d0), =dX e}, Spencer
Jd-map.
F =T ®J, (E)/(/\rT* ®R, +5( TS, T ® E)) Janet bundles.
C,=AT ® Rq/5(/\"1T* ® gqﬂ) Spencer bundles.
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