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Abstract

By using the standard PMNS (Pontecorvo-Maki-Nakagawa-Sakata) mixing
matrix and applying the rule for the sum of the oscillation probabilities of
three neutrinos, the equations of motion were derived in which the Dirac CP
violating phase appeared as an unknown quantity. The equations of motion
were separately derived for each of the three possible transitions for fla-
vor-neutrino oscillations. Two roots of those equations were obtained in the
form of two formulas for the Dirac CP violating phase with opposite signs. In
the mathematical sense, the connection between those formulas was estab-
lished in order to maintain the continuous process of oscillation of three neu-
trinos. This made it possible to calculate the numerical value for the Dirac CP
violating phase, the Jarlskog invariant and to write the general form of the
PMNS mixing matrix in the final form in which all its elements are defined
with explicit numerical values.

Keywords
Ordinary Neutrino, PMNS Matrix, Dirac CPV Phase, Jarlskog Invariant

1. Introduction

In the process of theoretical investigation of possible physical properties and pa-
rameters for three neutrinos, our intention was to show that the obtained results
could be consistent with the results published in Refs. [1] [2] [3] [4] in which the
hypothesis of the possible existence of the fourth-sterile neutrino is challenged.
That is why we devoted ourselves to the research of three neutrinos and the re-
sults that we obtained at the end of this paper could be considered as a confir-
mation of agreement with the STEREO experiments [2] that rejected the possi-
bility of the existence of a sterile neutrino in nature.

In previous papers [5] [6] [7] an explicit formula for the Dirac CPV phase was
derived. It can be seen from the form of the formula that it does not depend on
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the mixing angles embedded in the PMNS mixing matrix, but that it directly
depends on the ratio between the corresponding differences of the squares of the
neutrino masses.

In this paper, special attention is devoted to researching the application of
rules for maintaining the sum of the probability of oscillation of three neutri-
nos, which is equal to one, for all three possible transitions: v, — Vs V, V.,
V, DV, V, DV, v, oV, v, v, and v, SV,v oV, Y, SV,

In this sense, the PMNS (Pontecorvo-Maki-Nakagawa-Sakata) mixing matrix
was applied, and the final results of the introduced procedure are in the form of
formulas for the Dirac CP violation phase.

However, as will be seen in the following chapters, the resulting formulas for
the transitions in question differ in sign and this is a kind of unexpected pheno-
menon that could be characterized as an anomalous phenomenon.

Thus, in the mathematical sense, two formulas for Dirac’s CP phase violation
appeared, which differ from each other only in sign, and how this problem was
solved can be seen in the following chapters.

2. Equation of Motion for Three Neutrinos and Final
Solutions for Dirac’s CP Violation Phase

The procedure for deriving the equation of motion for three neutrinos and its
final form is given in papers [5] [6] [7], which reads:
(2W cos S —V'sin)x0=0 1)

where Wand V are represented by the corresponding ratio between the differ-

ences of the squares of the eigenstates of the neutrino masses:
2 2 2 2

m Am Am

=2 -2 .

W =sin’ n—t =sin’ n—=2,V =sin2n—- = sin 2n—=*. 2)
Amj, Amj, Amj, Amj,

And Jiis the Dirac CP violation phase as an unknown quantity of this equation.
By inserting explicit values for parameters (2) into Equation (1), it is reduced
to the following two identical forms. The first form looks like this:

Am2 Am2
2sin* n—2Lcos & —sin2n——=Lsin S [x0=0 —>
Am21 Am21
Am;} Am; Am;
2sinm mz Sin B cos & — cos T—BLsin § |x0 =0 —> (3)
Amj, Am2l Am21

Am? Am?
2sinm m321 {sin(n m321 —5J}><0 =0;
Amj, Amj,

And the second is:

Am Am
[2sin2n m322 cos S —sin 2w m322 sin5]><0:0—>

My, YO

Am:. Am:. Am.
2sin T B2 [smn ™52 cosS —cosT m322 sind [x0=0— (4)
ms

2
Amy, 21 My,

Am’ Am?
2sinm m322 sin| 7 m322—5 x0=0
Amy, Amy;,
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Mathematically, we see that both Equation (3) and Equation (4) consist of a
general solution and a particular one. The general solution satisfies all the values
from the set Je [0,27:) , which are countless and such solutions have no physi-
cal meaning.

But from the particular equation

o Amp | [ Am] ([ Am}
2sinm m321 {sm(n m32] —5)}:0—>sm(nl32'—5 =0—>
Amy, Am;, Amy,

2
[n Ay, —5J=0,in—>

2

1y
Am? Am?
Ain—L-6=0>5=n1—3";
Amj, Amy,
2 2 2 2
m A m
B L-S=+n—>6=n—3"- Tc[ 322+1] T=n—03;
1) 1) Amy, 7y
Amz 2 A 2 2 2
Cin—=l-6=—n—>6=n—=+n=n| —+1 |[+1=n—=+2n=1—31;
Am;, ;) Amy, My, My,

My,
Am? m?
A: 322—5—0—>5=Tc 322,
My 7y
Am? m Am? 2 Am?
Bin—22-5=+n—>5=n—=-n=1 L-1|-n=n—7-2n=n—7=k;
My, My, Amy, My, ues
Am Am 2 2
. 3 _ _ 31 3 31
C: o O0=—T—>0=T7 -1 =—— -t T=n—
My, My, My, My,
(5)

we extract only two solutions that satisfy a particular equation from countless

possible ones and they make physical sense:

5 =1 AmSZI .
2 9
Amj, )
o= Tt—Am322 .
Am22]

Everything we said about Equation (3) also applies to Equation (4). Namely,

we can also explain it in the following way:

Am? Am?
I-tan™'| & m321 xtand |=0 > tan| 7 m321 —tand=0—
Am;, Am;,

2 2

i A A
- =0—>sin(nﬂJcosﬁ—cos[n&jsiné=0

2 2
Am;, Ams,

DOI: 10.4236/jhepgc.2024.101018 199 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2024.101018

Z. B. Todorovic

[ Am? Am?
—sin| w m321_5 =0>|l-tan!| m322 xtand |=0
Am;, Am;,

2
o sin(nAmzzj s
m
—tan| w m322 —tand=0— 221 _HO o (7)
Am;, Am;, | €0sd
cos| m—-
Amy,

Am, Am. Am
sin nlzz cos 9 —cos niéz sind =0 — sin TCL;Z -5 |=0.
Ams, Am;, Am;,

Which gives solutions that are identical to solutions (6).

3. Sum Rule for Three Neutrino Oscillation Probabilities

In general, we can write sum rules for oscillation probabilities for three neutri-

nos in the form of the following relations:

P(ve —>vﬂ)+P(ve —>v,)+P(v, >v,)=1 (8)
P(vﬂ—>ve)+P(v#—>vr)+P(vﬂ—>vy):1 9)
P(VT—>ve)+P(VT—>vﬂ)+P(vT—>vT):1 (10)

We are in Refs. [5] [6] [7] already used one of the sum rules for the oscillation
probabilities for three neutrinos, which is related to the transition

v, Vv, >Vv.,v, >V, and then we derived an equation of the form (1).

2

A
Appearance of Factor A+6 = ﬂ%+ J0 in Oscillation
My,

Probabilities for Three Neutrinos

In Ref. [8] are derived relations for the probability of oscillation for three neu-
trinos under the conditions when the neutrino beam moves through the me-
dium with a constant density of matter and corresponding mathematical devel-
opments and approximations (See details in the mentioned paper Ref. [8]) and

each of them written individually looks like this:

in’ in’(4-1)A
P, =a’sin? 20,0 S AL g2 g2 S (A1)A
4 (4-1)
. . sin AA sin(A4-1)A
+2as8,,sin 26, sin 26,, [cos(A+5)] v ((A_l)) ’
P, = sin” 26,, sin® A —aC;, sin® 20,,Asin 2A + &’ C}} sin” 26,,A” cos 2A
1 . . . in AA 1.
——a’sin® 26, sin” 26,, | sin A - cos(A—l)A——sm 2A
24 2
2 ) . sin(4-1)A 4 .
+———S, sin” 26,, | sin Acos AAg——Asm 2A
A-1 (4-1) 2

sin AA Sil‘l(A —1)A
A (A—l)

+20a8,, 5in 26, sin 26,, [sin Asin 5 |

sin AA

2 . . . .
_ﬂas13 sin 26, sin 26,; cos 26, cos 5 sin A {A sinA— cos(A-1) A} ,
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P,=1- sin’ 26,, sin”> A + aC}; sin” 26,,Asin 2A
: in’ AA :
—a’sin® 26,C5, smT —a’C}y sin” 20,,A% cos 2A

sin AA

+io¢2 sin® 26, sin” 26,, {sinA cos (A4 —I)A—%sinZA}

sin’ (4-1)A sin(4-1)A
— 4SS5, ( 2) _2 S sin” 26, sinAcosAAM—ﬁAsin2A
(4-1)  A-1 (4-1) 2
i sin(A-1)A
— 208, sin26,, sin 26, [cos Acos 5 | sin 44 sin(4-1)
4 (4-1)
+ %aS13 sin26,, sin 26,, cos 26,, cos 5sinA{AsinA _sin4A cos(4- 1)A}
(11)

We note that in Ref. [8] marked factor A defined with the following formula:
Amf1

(12)
Am22l

A=m

We will use these relations by applying the rule for the sum of the oscillation
probabilities for three neutrinos (9), on the basis of which we obtain the follow-
ing equation:
sin AA sin(4—1)A

4 (4-1)
sin AA sin(4—1)A

(4-1)

i in(A4-1)A

—2a8,;5in26,, 5in 26,5 [cos Acos 5] s1nAAA sin(4-1) =0—

(4-1)

sin AA sin(A — I)A

2a,, sin 26, sin 20,, | cos(A +5) |

+2a8,5in26,, sin 26, [sin Asin 5 |

[cos(A+5)|x2asS,,sin 26, sin 26,

4 (4-1)
—[cos Acos — sin Asin 5] x 2aS,, sin 26), sin 26, S‘“AAA sm((j _II))A —0->
(13)
. . sin AA sin( 4 —1)A
[cos(A+5)|x2asS,;sin 26, sin 26, Y ((A — 1))
i in(4-1)A
—[cos(A+5)]x2asS,, sin 26, sin 26, smAAA s1n((A — 1)) =0
We can write this equation in the form:
[COS(A + é')] 2a8,;sin26,, sin 26,, SmAAA Sm((j__ll)) -
i in(4-1)A
245, sin 26, sin 20,, 144 sin(A-DA | (14)

A (4-1)
[cos(A+é‘)]x0:0

This equation has a general solution that is satisfied for every arbitrarily taken
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value from the set (0,727) and such solutions have no physical meaning.
That’s why we write a particular equation and the solutions that make physical
sense are extracted from the set (0,721) and they read:

cos(A+5)=%1,—

(A+5)=0,in—>

A 2
A A+6=0>6=-A=—7 m;l;
Ams,
Am? Am>
B:A+5:n—>5=—A+n:_nL3zl+n:_n m322+l i
Amj, Am;,
Am? Am
=T 322_7-5—"_ =-T m3223
My Amy,

We obtained a formula for the Dirac CP phase with a negative sign compared
to the original Formula (1). Where such a formula comes from will be explained

in the next chapter.

4. Derivation of the Equation of Motion for Three Neutrinos
for Transitions v, > v, v, >v,v,—>v, and

Vv, > V.V, >V,,v, > V,: The Occurrence of an Anomaly
4.1. Transition VyDVV, VvV, DV,

Derivation of the equation without approximations for three neutrinos dur-
ing the motion of the neutrino beam through the vacuum

In order to eliminate any ambiguities and for the sake of comparison between
the case without approximations and the example with approximations, we will
show again the way in which the final Equation (1) and Equation (2) was de-
rived, which is shown in Refs. [6] [7].

In further research, we will see that we will get the same formula for the Dirac
CP violating phase (15) when the neutrino beam moves through the physical
vacuum.

We emphasize this especially because we have already derived the equation of
motion (14) and found its roots (15) in the analysis of the case when the neutri-
no beam moves through a medium with a constant density of matter.

Based on the derived final formulas for the Dirac CP violation phase, it can be
seen that they all coincide with each other, which shows that the Dirac CP viola-
tion phase does not depend on the medium through which the neutrino beam
propagates.

And what is very important to point out is that the Dirac CP violating phase
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depends exclusively on the ratio between the differences of the squares of the
neutrino masses and does not depend on the mixing angles.

In the processes known as neutrino flavor oscillations, the Dirac CP violation
phase Jis singled out as the cause of those oscillations in the propagation of the
neutrino beam through the physical vacuum. For that reason, there arises the
question of writing the equation in which dwould appear as an unknown quan-
tity. On the basis of that equation, it would be possible to determine that un-
known quantity. So far, there appears to be only one way to derive that equa-
tions for a neutrino beam, and it is related to the use of the equations of the neu-
trino oscillations probabilities. The procedure for deriving those equations is
given here.

To find the equation of motion for three neutrinos, we use the standard form
of the mixing matrix [9] [10] [11] [12] [13] which reads:

U, U, U,
Uppvs = Uul Uyz Uy}
U, U, U,
STISH S12€C13 Slaeim‘
=] 75128 _012S23Sl3ei6 C12Cn3 _312S23S13ei6 Ci3523 (16)
S128%3 _Clzczzslaeia €128 _Slzczzsneia C13Cn3
U, U, Je™
=|-4-Be® C-De” U,
E-Fe’ -G-He® U,

where the mixing angles from the (16) are taken into consideration:

¢, =cosb,

/K

S; =sin¢9l.j;i #j=12,3.

What is the reason for the introduction of this matrix and what is its role are
given in the following considerations. For now, let us note that the introduction
of this matrix is of essential importance due to the need to indicate by theoretical
considerations that the standard PMNS matrix of the form 3 x 3 is unique in de-
picting the physical characteristics of neutrinos. And therefore it can be consi-
dered that the entire description of the functionalization of this matrix essential-
ly represents a theoretical proof of the existence in nature of only three neutri-
nos, and that the idea related to the hypothesis of the existence of sterile neutri-
nos could not be found in the Standard Model.

In our considerations, we will use the general formula for neutrino oscillations

given in [11] [14]:

P(va - vﬂ)

Am*Lc?
* * in2 L
=8, ~ 42 R (UU,U,U,, Jsin {WJ v

i<j
2
Lc

P . Am/‘i ’ ..
+2ZIm(UaiUﬂanjUﬁj)sm e i, j=123a,f=e u,r.
i<j

DOI: 10.4236/jhepgc.2024.101018

203 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2024.101018

Z. B. Todorovic

We will derive the equations of motion of the three neutrinos in such a way
that we will use the property of the mixing matrix (16) which is expressed by the
following relation:

P(vﬂ—>ve)+P(vy—>vr)+P(vﬂ—>vﬂ)=l (18)

The main goal of this work is to derive the equations of three neutrinos and
then to determine their root from those equations, which represents the solution
for Dirac’s CP violating phase. In this sense, we will separately analyze the case
for the normal neutrino mass hierarchy. In further considerations, we use the
original PMNS matrix (16), where by applying the rule for maintaining the sum

of oscillation probabilities for three neutrinos (18), we find:
P(V” —>v8)+P(v” —>vr)+P(vﬂ —)v#)

* * . A > * * . A ;
=1-4R {UMU‘,IU#ZUe2 sin’ (n mzzl J} + 2Im{UﬂlU‘,lU#2Ue2 s1n(2n Am221 J}

Am;,

5 5 . A : * * . A :
—4R {U;AUdesUes sin’ [nlzl} + ZIm{UMUeIUMUe3 sm(Zn—i‘J

Am

21
* * . A 2 * * 3 A
—4R {UﬂszUy}Ud sin’ [n%j} +2 Im{UﬂtezU/BUd s1n[27c m322
21

; - . Am;
1 J} +2 Im{UﬂlUﬂUﬂzUﬂ sin (27: Amz
- . Am321
+2Im U U U U, sin| 2n——

* * . A 2 * * 3 A
_4R {UﬂzUﬂUﬂ}Uﬂ sin’ [n e j} +2Im {U”ZU,ZUMUT} s1n[2ﬂ: !
21
2

Amy;

—4R{U UUU_,sin’| nt
{ w1l u2™~ 2 ( Am2]

2
Amg,
2
21

* * 2
-4R {U”IUTIU/BUT3 sin (n Am

Am Amy,
2
ol [, sin [ e ] Cafu U sin [%} (19)
2
— 4|U;,2|2 |Uy3|2 sin? [n%z]

=1
And, from the Equation (19), the equation of neutrino motion is formed with

a condition that the travelled distance of the neutrino beam, moving through a

vacuum from the source, equals the neutrino wavelength L=1L,,. So, it can be

written as:
—4R{U,ULU; U W | +21m{U,ULU U,V |
—4R{U LULU LU W+ 21m{U, ULU LU, |
~4R{U,ULU UV} +21m{U,, UL UU .V} (20)
—4R{U LULU U W | +2Im{U ,ULU U 5V |
AU [ U 7 -4lUaf U] 7 =0
where
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. Am; . Am;
Vinoy =sin| 2m m321 =sin 2TEL322 )
Am;, Amj,

. Am: . Am?
W(No):sm2 T m321 =sin’| nt m322 )
Am;, Amj,

Detailed algebraic calculations in Equation (20) yield the explicit form of the

(21)

Equation (it is understood that it is written for the normal hierarchy of neutrino

masses):
(4WU U AT —4WU U ,,CJ = 4WU U, AF +4WU ,,U . BE
+4WU ,U CH = 4WU .U DG )cos 8 +(2VU U, AJ = 2VU U ,,CJ
~2VU ;U 4 AF = 2VU ,,U 4 BE + 2VU ;U ,CH +2VU ,,U,,DG )sin &

H3

+(4WU,U 4BJ +4WU U

U3

DJ +4WU .U, (AE - BF )
+4WU .U ,(CG—DH )-4WU’,

u3

(4° + B” +24Bcoss)
_4WU;3(C2 +D’ —2CDcos§) =0;

(4WU U B +4WU ,U ,;DJ +4WU ;U ., (AE — BF)

T

+4WU U, (CG — DH )~ 4WU ., (A + B* +24Bcos )

—4WU},(C* + D* —2CDcos ) (22)
= C123S223 (C223 + 5223S123 ) - C123S223 <S123 + C223C123) =0,
AB=CD,BE=DG,U,A=U,,C,AF =CH

The sum of all free members is equal to zero, so they are omitted in this equa-
tion.

The first thing that can be noticed in this equation is that the algebraic expres-
sions with cosd and sind are not identical.

The second thing we can calculate is that each of these expressions are equal

to zero, so in that case we can write:

0xcosd+0xsind =0 (23)

In the mathematical sense, this equation is satisfied for any arbitrarily taken
value from the set & €(0,27), so such solutions do not make physical sense.

However, if we separate the members with the coefficients BE and DG we see
that they repel each other because BE = DG, then we can write the Equation
(22) in the form:

(4mU U

u3

AJ WU U ,,CJ —4WU U, AF +4WU

u3

UT3CH)cos5

(24)
+(2VU U 5 4J = 2VU ,U ,iCJ = 2VU U, AF +2VU ,3U,,CH )sin =0

Now we see that the algebraic expressions with cosd and sin§ are mu-
tually identical, so we can extract them as a common factor:
(UaU,54] =4WU LU ,,CJ = 4WU U, AF +4WU .U, ,CH

(25)
x(4W cos S +2V sins) =0
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Without going into the numerical value for the common factor, we find the
solution of this equation:

2 2

. . Am . Ams;, .
4W cosS + 2V sind =0 — 2sin’ n——kcosd +sin2n—3tsind =0 —
Am, Amy,
. Am? o Am? Am?,
2sin’ 1t 3Lcos & + 2sint—-cost—-sin§ —
Am;, Am;, Ams,

. Aml (. Am A,
2sinn—2L| sint——=Lcos S + cosm——=Lsind |=0—>

2 2 2
Amy, Amy, Amy,
o AmE| . Am? . Am?
2sint—H sin| t—=L+ 6 | [=0 > sin| =—-+6 =0
M, My, Am;,
2
m
T—+6=0,2m;—>
Am;,
2 2
Am
A:n—3L+6=0>6=-n—="
m,, m,,

My, My, m;,
Am? Am?
=—— -+ = -—; (26)
M, Amy,
2 2 2
Am m A
Cin—l+6=-n>5=-n—3t-n=-n E+1|-n
Am;, Am;, Ams,
2 2 2
Am m Am
= n—-n-n=-n—-2n=—n—3
Am, Am, Amy,

We subsequently calculate the numerical value for the joint expression with
coso and sind and find

(UnU AT =4WU LU ,,CJ —4WU U AF +4WU .U, .CH )

(27)
x(4W cosS +2V sin5) =0
So the Equation (25) takes a definite form:
0x(4W cosS+2V sind)=0 (28)

With this form of the equation, the solution (26) represents a particular solu-
tion and only it has physical meaning, while the general solution is satisfied for
every arbitrarily taken value from the set § €(0,271) and they have no physical
meaning.

Therefore, the essence of solving the Equation (25) is to find a solution that
makes physical sense. In the first step of solving the Equation (22), we saw that
due to the inequality of the expressions with cosd and sind , there could not
be a solution that makes physical sense because it would be satisfied for any ar-
bitrarily taken value from the set & €(0,2n).

However, since we see that in these apparently unequal expressions there are
terms that cancel each other out, then we understand that in essence the alge-

braic expressions with cosd and sind are identical to each other.
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And for that reason, we can write the Equation (27) without entering the nu-

merical value of that common factor.
4.2. Transition v, ->v,,v, >v,v, >V,

And in further considerations, we use the original PMNS matrix (16), where we

apply the rules for maintaining the sum of oscillations for three neutrinos for the
next transition:

P(VT—>Ve)+P(vT—)vT)+P(vT—>vﬂ):l (29)

The main goal of this work is to derive the equations of three neutrinos and
then to determine their root from those equations, which represents the solution

for Dirac’s CP violating phase. Using relations (16) and (17) we can write:

|
)
)

|

P(v, >v,)+P(v, —>vﬂ)+P(vr —>v,)

2

R e A
—1-4R {UTIUdUﬂUd sin’ [n el ]} + 2Im{UT1U€,UﬂU¢2 sm[znl
A
3
2

My, My,

|

2
21
2
2
1
2
1
2
Y
2
2
KU
2

i w2 A R
—4R{U UL ULU ,sin?| n =51 L4 2 Im{ U U U LU s sin| 2m =
Am;, Am

. A

* * . A * * .
—4R {UTZUeZUﬁUe3 sin’ {n m322 ]} +2 Im{U,tezUﬂUe3 sm[2n

Ams,

Amj,

R o Am; R , A
_4R{UT1UMUTZUH2 sin {nmz +2Im U, U, UU , sin ZnAmZI

P(v, —>ve)+P(vT —>vﬂ)+P(vr —>v,)

* * . A * * . A :
=1-4R {U,erIUTZUeZ sin’ (n T j} + ZIm{UTIUeIU,2U62 s1n(27c R j
) Amy,
S .2 Am? I . Am?
—4RJU UL USU 5sin’ | i—=k [0+ 2Im U UL ULU sin| 2n—3
Amj, Amy,
Am;,
+2Im U,U,UU,ysin| 2n—=
Am;,
U U sin?| A U U sinl 2020
-4R\UU,UU ,,sin nAm; +2ImyU,U,U,U ,,sin 2TrAmz21

So, it can be written as

(30)

2
m
3
2

Am

2
—4R {UﬂU;U;Ue3 sin’ [n =
My,

> B>

—4WR{UULULU o} +2V Im{U UL ULU,}
- 4WR {UTQU;ZU;UeB } + 2V Im {UrZUZZU:3Ue3 }

—4WR{U U USU 5} +2V Im{U U USU s (31)

ul

—4WR{U U, USU 5+ 2V Im{U,U,U LU s

2 2

—4W

-4, lu..[=0

U‘r3

U‘rZ

Ur3

where
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. Am} . Am?

V= sm(2n m32, j = sm[2n m322 j,
Amj, Amy,
. Am; . Am?

W =sin’ [TC m32] ] =sin’ [n m322 ]
Amy, Amy,

Detailed algebraic calculations in Equation (31) yield:
(—4WU U ,EJ +4WU U ,GJ +4WU U EB—4WU U, ,FA
~4WU ,U,,GD +4WU .U, HC )cos 8 +(~2VU U ,EJ +2VU ,U,GJ
+2VU ,,UyEB+2VU ,,U,,FA=2VU ,U,,GD ~2VU ,U,, HC )sin &
+4WU U FJ +4WU LU HJ +4WU U, (EA— FB)
+4WU ;U (GC — HD)—4WU(E* + F* = 2EF cos 5 )
—4WU2 (G* + H? +2GH cos &) = 0;

(32)

4WU U S FJ +4WU U HT +4WU U (EA-FB)
+4WU, U, (GC— HD) = C,C3y x (S + S5,CY ),

u3
AWUZ(E* + F* =2EF cos 8 ) +4WUZ (G* + H* +2GH cos 5 (33)
= CjyCy; <S223 +C3S); )§_> (Slzs + S223C123) = (S223 + S} )a
EF =GH,FA=HC,U,E =U,,G,EB = GD.

As can be seen in the expressions shown in (33), the free terms are equal to
zero, but it seems that the algebraic expressions with cosd and sind are not
equal to each other, so we write the following equation in the form:

0Oxcosd+0xsind=0 (34)

Mathematically, this equation is satisfied for any arbitrarily taken value from
the set 6 €(0,27), so such solutions do not make physical sense.

The sum of all free members is equal to zero, so they are omitted in the Equa-

tion (33) and we write the final form of this equation:

(—4WU U LEJ +4WU U ,GJ +4WU U \EB — 4WU ;U ,GD )cos §

(35)
+(=2VU U L ET +2VU U 4GJ +2VU ,,U ,EB — 2VU ,,U,,GD)sin & =0

Now we see that the algebraic expressions with cosd and sind are mu-

tually identical, so we can extract them as a common factor:

(~UaUsEJ +U U ,GJ +U ;U sEB-U ;U ,GD)(4W cos5 +2V sin5) =0 (36)

Without going into the numerical value for the common factor, we find the
solution of this equation:

AW cosd +2Vsind =0 —

2 2 2

. Am . Am Amy, .
2sin? T—3hcos & +2sint—-cos T—-sind =0 —
Amj, Amy, Am;,
CAmE (. Am? Am?,
2sint—t| sint——=-cos § +cos t—-sin S | =0
Amj, Amj, Amj,
o Am | Am? . Am?
— 2sint—=t sin| 1——-+6 | |[=0 > sin| 1—-+6 =0 —>
Amj, Ams, Amj,
Am?
T—3+6=0,41—>
Amy,

DOI: 10.4236/jhepgc.2024.101018

208 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2024.101018

Z. B. Todorovic

AW cosd +2Vsind =0 —

2 2 2

. Am . Am Ams, .
251n2n—32'0035+2s1nn—32‘cos1r—32151n520—)
Ams, Am;, Am;,
o AmE (. Am? Am?, .
2sint—| sint——lcos & +cost—tsinS (=0 (37)
Am;, Am;, Amy,
o AmE . Am? . Am?
—2sinT zl(sm{n 32'+6JJ:O—>sm[n—32‘+5 =0—>
Ams, Am;, Am;,
Am?
T—+6 =01
M,

We subsequently calculate the numerical value for the joint expression with
cosd and sind and find:

~U,U,,EJ +U,U,,GJ +U U EB~U,U,,GD =0,

(38)

U,E=U,G,EB=GD.

so the equation takes a definite form:
0x (4 cosd +2Vsind)=0 (39)

With this form of the equation, the solution (37) represents a particular solu-
tion and only it has physical meaning, while the general solution is satisfied for
every arbitrarily taken value from the set § €(0,21) and they have no physical
meaning.

Note. The entire procedure that was done for the normal hierarchy of neutri-
no masses is also applied for the inverted hierarchy of neutrino masses, as long

as the corresponding labeling should be adjusted accordingly.

5. Unified Equation of Motion for Three Neutrinos

The derived equations of motion for three neutrinos for transitions v, —>v,,

v,>v,v, v, and v, 5>V, v, oV,

CP phase in the form of Formula (37), which in comparison with (5) has the

v, = Vv, it gave solutions for the Dirac

opposite sign to the solution which is related to the transition v, >v,,v, >v,,
v, >V,.

For transition v, »v, v, >v,,v, >V, the sign in front of the formula is a

plus:
6 =1 Am;l .
Am3,’
" (40)
5= Amy,
Am3,
which represent the roots of the equation:
2W cosd —Vsind =0 (41)

While for transition v, —>v,v,—>v.,v,—>v, and v, >v;iv, o>V, ,

v, = v, thesign in front of the formula is minus:
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é‘ —_ A’,’/1321 .

Am?’

Amz; (42)
§=-n—232=;

Amzz1

which represent the roots of the equation:
2W cosd +Vsind =0 (43)

The process of three-flavor neutrino oscillations is continuous in the neutrino
beam, and as we can see from the solution of the particular Equations (40) and
(42), two types of Dirac CP phases could participate in these processes: one
phase is with a plus sign (40) and the other with a minus sign (42).

It is obvious that the appearance of Dirac CP phases with different signs at
first glance could not indicate any continuity of the process.

However, in further considerations, we will see that this phenomenon is justi-
fied in a mathematical sense, and we will first show this by forming a union equ-
ation composed of two particular equations:

2W cosd —Vsind =0,
2W cosd +Vsino =0.

These two equations give a common solution for the Dirac CP violating phase

(44)

and it will be valid for the neutrino beam regardless of its distance from the
source.
By adding the left and right sides of the Equation (44), we get the general equation:
4W coso =0. (45)
In this equation, we can make a substitution for W given in (32). We can even
take both signs + I, and the equation will not lose its generality.

That’s why we can write:
2 2

A A
4sin? (in m321 Jcos& =0 —>sin® [in&]cosé‘ =0—>sin’Scosd=0 (46)

2
Amy, Am;,

So, we got the equation of union
sin’* cosd =0 (47)
which contains two equations: the Equation (41) with the root (40) and the Equ-
ation (43) with the root (42).
The unification Equation (47) should also include every particular solution
shown in (40) and (42). We will show what that procedure looks like in further
considerations.

Another way of deriving the unification equation
2 2

. . A . A .
2W cosS—Vsind =0— 2sin’ nt m32' cosd —sin 2w m;‘ sind=0—
Am;, Amy,
2 2 2
. . A A .
2sinm m321 sin m321 C0SJ —COST m32, sind |=0—>
Amy, Amy, Am,
Am? Am? (48)
sin[n 32'—5]:0—>5:n 3L
M, my,
Am; Am
2W cosS+V sind =0 - sin| n 2L+ [=0 - 5 = —n 3L,
Amy, Amy,
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By adding the equations
| Am | Am}
sin nl;l—d +sin nlzl+5 =0—
Am;, Amy,
2 2 2 (49)
. A . . A A .
sinm m32] COSO —COST m32, sind +sinn m32, COSO +COST m_,;] sind
Am;, Am;, Am;, Am;,
we get the unification equation:
A 2
2sinnl3210055:0 (50)
5,
Based on the roots of particular Equations (40) and (42) we have:
2sin(£5)cos5 =0 (51)

As we have already mentioned sin(+5) is not allowed to be equal to zero, so

the only root of this equation is determined with the following formula:

cos5=0—>5=—§:3g=270°. (52)

for two key reasons:
1) sind cannot be equal to zero because in that case the Jarlskog invariant
would be equal to zero and thus there would be no neutrino oscillations.
2) The measured values of the Dirac CP violating phase are mostly found in
III. Quadrant of the trigonometric circle [14] [15] [16].
After all, from this solution (52) we see that the sign has no effect.
Analysis of solutions for the unification equation
According to the structure of the Equation (44), the following solutions are
mathematically possible:
1) 6=0,sin0=0.
2) =m/2,sinm/2=1.
3) 0=mn,sint=0.
4) §=3m/2,sin3n/2=-1.
5) 6§=0,cos0=1. (53)
6) 6=m/2,cosm/2=0.
7) S=m,cosm=-1.

8) &=3m/2,co83n/2=0.

Selection of solutions:

The solutions under 1) and 5) fall away because the Jarlskog invariant would
be equal to zero, which physically denies the flavor of neutrino oscillations.

Solutions under 2) and 6) fall away because that value is out of range in the
data in Ref. [14] [15] and Ref. [16].

Solutions under 3) and 7) fall away because the Jarlskog invariant would be
equal to zero.

Solutions under 4) and 8) are acceptable.
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Therefore, we adopt the value for the Dirac CP violating phase for the solution
of the unification equation

This value for Dirac’s CP violating phase means that in the nature of three-flavor
neutrino oscillations, the highest possible value for the Jarlskog invariant is
present.

Therefore, we adopt the value for the Dirac CP violating phase for the solution

of the unification equation
& =3m/2=270 (54)

This value for Dirac’s CP violating phase means that in the nature of three-flavor
neutrino oscillations, the highest possible value for the Jarlskog invariant is

present.

6. Coupling between Dirac’s CP Violating Phases

In this chapter, we will show how the coupling between two formulas for Dirac’s
CP violating phases with different signs is realized. For this purpose, we will use
two sources of data from experimental measurements of neutrino parameters.

The calculations that we release will indicate that the published data from ex-
perimental measurements must be corrected in some cases.

The basic idea is to equate Dirac’s CP violating phases with different signs,
which is in agreement with the results that come from solving the unification
equation.

Reference [14] [15]

In the following tables, the explicit numerous values that we will use in our
procedure are given.

Based on the data from Table 1, numerous values are calculated that are

shown in the Formula (55).

A 2
Sprsns =180° % =[180° x(24490/739) /360" ~16 | x 360" =205.0879°
m

> =

Am . . . .
Sppys. =—180 m3; :[—180 x (24490/739)/360 +17]x360 =154.912
X 21 (55)
A
Sy, =180° xlglz[lgo" x(25229/739)/360° ~17 |x 360" = 25.0879°
My,

2

A
Oppy. =—180" x Am321 = [—180° ><(25229/739)/360° + 18] x360° =334.912°
1y,

Ensuring agreement with the unification equation is achieved by applying the
roots obtained from particular equations by establishing equality between the
corresponding formulas for Dirac’s CP violating phase that have different signs.

We show how it looks in the next section.

The first thing we notice is that different values are obtained for the Dirac CP
violating phase (55). This is due to the fact that there are some deviations during
measurements from the true natural values for the ratio between the difference

of the square of the neutrino masses.
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Table 1. Measured neutrino parameters.

2
Amy,

107 eV?

2
Amg,

107 eV?

Am;,
107 eV?

o,

cP

/

sin’ 6,
107

sin’ 6,
10™

sin’ 6,
107

Range of measured parameters

7.39+0,21

-0.20

2.449+O.O32

-0.030

22273

-28

3.10+0.12

=0.11.

5.58+0A20

0.23

224 1+0.065

—0.065

BF

7.39

2.4490

2.5229

222

3.10

5.580

2.2410

-lo

7.19

2.4190

2.4909

194

2.990

5.350

2.1760

+lo

7.60

2.4810

2.5570

260

3.220

5.780

2.3070

Therefore, we will apply the rule that provides us with the same numerical

value for Dirac’s CP violating phase regardless of the sign in front of the formu-

la.

In other words, it means that we need to equalize these formulas and mark
which unknown in that case we need to correct, and it looks like this:

5BF32+ =Opp31- 7

[180° (An3, /7.39x107 V) /360" ~16 | 360

=[-180° (Am},/7.39x10 ev?) /360" +18 |360° —

(Am3, [7.39x10° eVz)%—l6 =—(Am3, [739%107eV? + 1)%+ 18—

Am3, =7.39x107° x33.5=2.47565x10" eV?;

Oprzr- = Ogpsyy —>

[ 180" (Am},/7.39x10°eV? ~1) /360" +17 |360°

=[ 180" (Am3,/7.39x107 eV*) 360° =17 ]360° —

—%(Am§1/7.39x 10°eV? —1)+17 =%(Am§1/7.39>< 107°eV?) 17 -

Am?, =7.39x107° x34.5=2.54955x10" eV>.

(56)

Here we introduced the assumption that the measured value for Am;, is the

correct value during the measurement, and we marked with Am;, the un-

known value that we will calculate. In this way, we declare the calculated value to

be the correct value and it should appear in the measurements.

Based on the calculated values (56), we form the corrected Table 2 which

looks like this:
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Table 2. Corrected values from measured neutrino parameters.

Range of measured

BF -lo +lo
parameters
Am;
7.39 7.39

107 eV?

Am, +0.02665

J 2.4490 X +0.02665 =2. 5

07 oV ( ). 2.4490 2.4756

Amfl

2.54955

107 eV?
(6 )., 2227 222 194 260
(6 17), 270°% 270 242 308

In the next step, we use the values in the corrected Table 2. And we calculate
the Dirac CP violating phases:

A 2
Sppsss =180° x% =[180° x(24756.5/739) /360" ~16 |x360° =270°
My,
2

Sppsy. = —180° (B [ 180" x(24756.5/739) /360" +17 |x 360" = 90°

2

A
A ’21121 (57)
Sy, =180 xmz:[lso x(25495.5/739) /360" ~17|x 360" =90
2
Sypsy. = —180° % i’"zl =[-180" x(25495.5/739) /360" +18 360" =270’
Uy

From all these values (57), we choose those that are consistent with the root of
the unification Equation (52), so we write:
Oprans = Oppy- =
[180° x(24756.5/739)/360° —16 | x 360°
=[-180" x(25495.5/739) /360" +18 |x360" = 270° (58)
sin[ 180° x(24756.5/739) | = -1,
sin[ 180" x(25495.5/739) | = —1.

Therefore, on the basis of Formula (56), it can be seen that the achievement of
the Dirac CP violation phase, which represents the root of the unification Equa-
tion (51), is only possible with the condition that the formulas for the Dirac CP
violating phase with different signs produce mutually equal values.

Equating Dirac’s CP violating phases with different signs leads to a direct
transformation of numerous values shown in Formulas (55) into numerous val-

ues shown in Formulas (57) and this can be shown in this way:
Oy 1 205.0879° — 2707,
Oprp. 2154.912° - 90°,
Opraps - 25.0879° — 907,
Oprsr 1334.912° — 270",

(59)
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Note: Neutrino oscillation processes take place over the calculated value in the
best fit for Dirac’s CP violating phase, which is 270 degrees. Deviation from that
value is related to the precision of the measurements, which have nothing to do
with the oscillation process. That is why measurements are adopted in the range
+lo which is shown in Table 2.

Calculation task:

Establish a connection between the experimental and theoretical values shown
in Table 1 and Table 2. Taking into account (Amzz1 )BF =7.39%x107eV” as the

exact value when measuring, and then giving an estimate for [(Am322 )BF} in
exp

BF range that the experiments should measure for the Dirac CP violating phase
to be exactly 270 degrees.

Solution:

The difference in BFbetween the theoretical and experimental values is:

2 2 _ _ -3 x72
[(Am32 )., lh —[(Am32 )BFLP = (2.47565 — 2.4490)x 107 V™. (60)
This difference (60) is positive, therefore the new value in BF moves towards

the area defined in +lo range in the original measurement, so we could estab-

lish a connection between the new value in BFand the original one:

[(am),, ], ~[(am),, ]

=(2.47565-2.4490)x 107 eV* = 0.02665x 10~ eV* — (61)
A 2

|:( = )BF :|exp = 2.449()*0-02665
107 eV? ‘ ‘

Based on the appearance of two forms for Dirac’s CP violating phase with dif-
ferent signs and their unification, the corresponding transformations were
formed and gave a unique numerical value of 270 degrees for the Dirac CP vi-
olating phase.

And since ideal values cannot be obtained in the measurements, due to the
appearance of systematic errors and others, then it is recommended to pay at-
tention to more precise measurements of the differences in the squared masses
of neutrinos, bearing in mind that the theoretical value for the Dirac CP violat-
ing phase is equal to 270 degrees..

Because of the solution for the value of the Dirac CP violating phase obtained
in this way, the following questions could be asked: Why exactly was the value of
270 degrees obtained for the Dirac CP violating phase? Could it not be some
other value?

The answer is as follows: For an angle of 270 degrees, the highest possible val-

ue for the Jarlskog invariant is obtained, which is exactly:
Jep = 51,C1825C03815C1s SING = J 1 sin 8 = J 28 in270° = —J [ (62)

And it seems that this would be the possible behavior of three neutrinos in

nature.
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In a similar way as we obtained the results in the previous section, we will
process the results given in the next section in Ref. [16]. In the following tables,
the explicit numerous values that we will use in our procedure are given.

Ref. [16]

Based on the data from Table 3, numerous values are calculated that are
shown in the Formula (63):

Oyeyr, =180°x(25110/741) = (180" x(25110/741)/360° ~16) x 360" = 339.595"
Syeyr. =180 x(25110/741) = (~180" x (25110/741)/360" +17)x 360" = 20.404°
Oyrsn, =180 x(24369/741) = (180" x (24369/741)/360° ~16)x 360" =159.595°

Oy =—180"x(24369/741) = (=180 x (24369/741)/360° +17) x 360" = 200.404°
(63)

Ensuring agreement with the unification equation is achieved by applying the
roots obtained from particular equations by establishing equality between the
corresponding formulas for Dirac’s CP violating phase that have different signs.

We show how it looks in the next section.

The first thing we notice is that different values are obtained for the Dirac CP
violating phase (63). This is due to the fact that there are some deviations during
measurements from the true natural values for the ratio between the differences
of the square of the neutrino mass eigenstates.

Therefore, we will apply the rule that provides us with the same numerical
value for Dirac’s CP violating phase regardless of the sign in front of the formu-
la.

In other words, it means that we need to equalize these formulas and mark

which unknown in that case we need to correct, and it looks like this:

Table 3. Measured neutrino parameters.

Range of measured parameters BF -lo +lo

Am?

0 oV? 74102 7.41 721 7.62

(&

Amf2

107 oV 2.4369 24119  2.4628
Am?l +0.028

107 eV 2.51107% 4, 2.5110 24840  2.5390
Sep I° 1973 197 172 239
22

SITO,?” 3.03%72 3.03 2.920 3.150
g )

Slrof 5.7210% 5.720 5.520 6.00

sin’ 05 40,056
T 2203700 2.203 2.150 2.261

DOI: 10.4236/jhepgc.2024.101018

216 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2024.101018

Z. B. Todorovic

Sprsne = Oppyi- =

[180° (Am3, /741x107 eV?) /360" - 16 |360°

=[-180° (am3, /741107 V* +1) 360" +17 |360° —

(Am3, [741x10°7 evz)%—16:—(Am§2/741x10*5 eV? +1)%+17 -
Am3, =7.41x107° eV? x32.5=2.40825x107 eV?;

Opran- = Oppyyy =

[ 180" (Am}, /741107 eV* ~1) /360" +17 | 360
=[180° (a3, /741x107 6V*) 360" ~16 360" - (64)
—%(Am;/741x10’5 eV? —1)+17 :%(Am§,/741x10’5 eV?)-16 >

Am3; =741x107° eV? x33.5=2.48235x107 eV>.

Based on the calculated values (64), we form the corrected Table 4, which
looks like this:
In the next step, we use the values in the corrected Table 4 and we calculate

the Dirac CP violating phases:

2
=180° xAlgzz[lgof’ x(24082.5/741) /360" ~16 | x 360" = 90°

5 +
BF32 Am21
A 2
Sppsn. =—180° x =22 — [ 180" % (24082.5/741) /360" +17 | 360" = 270°
Amj,
o (65)
Sy, =180° Amgl =[ 180" x(24823.5/741) /360" =16 | x 360 = 270"
My,
A 2
Sppsy. =—180° x%:[—lw x(24823.5/741) /360" +17 |x 360" = 90°
7

And with this source of information, based on the results (63) and (65), we see
that mutual equating the formulas for Dirac’s CP violating phases with different
signs transforms one numerical value into another, and we can show it in the

following way:

Table 4. Corrected values from measured neutrino parameters.

Range of measured parameters BF -lo +lo
Aoy 7.41 7.41
107 eV?
A 2.40825
107 eV? '
Am,
S (25110, e 248235
(6 )., 1972 197 172 239
(8 )’h 270" 270 245 312
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Sypar, :339.595° = 2707,

a1 20.404° 590",
Sy, 1159.595° = 90",
Sy :200.404° > 270",

Note: Neutrino oscillation processes take place over the calculated value in the
best fit for Dirac’s CP violating phase, which is 270 degrees. Deviation from that
value is related to the precision of the measurements, which have nothing to do
with the oscillation process. That is why measurements are adopted in the range
+lo which is shown in Table 4.

From all these values (65), we choose those that are consistent with the root of
the unification Equation (51), so we write:

Oppsa- = Oppar, =

[ 180" x(24082.5/741) /360" +17 | x 360°

=[ 180" x(24823.5/741)/360° 16 | x 360" = 270°
sin[ 180" x (24823.5/741) | = -1,

sin| ~180" x(24082.5/741) | = -1.

Therefore, on the basis of Formula (66), it can be seen that the achievement of
the Dirac CP violation phase, which represents the root of the unification Equa-
tion (47), is only possible with the condition that the formulas for the Dirac CP
violating phase with different signs produce mutually equal values.

And this essentially represents the condition for spontaneous oscillation of
three-flavor neutrinos during the movement of the neutrino beam from the
source.

Because of the solution for the value of the Dirac CP violating phase obtained
in this way, the following questions could be asked: Why exactly was the value of
270 degrees obtained for the Dirac CP violating phase? Could it not be some
other value?

The answer is as follows: For an angle of 270 degrees, the highest possible val-

ue for the Jarlskog invariant is obtained, which is exactly:
Jop = 815C1yS23Cr3815C13 SING = J18° sin S = J/i §in 270° = —J [ (67)
Calculation task:
Establish a connection between the experimental and theoretical values shown
in Table 1 and Table 2. Taking into account (Amzzl )BF =7.41x107 eV’ as the

exact value when measuring, and then giving an estimate for [(Am321 )BF} in

exp
BF range that the experiments should measure for the Dirac CP violating phase
to be exactly 270 degrees.
Solution:

The difference in BFrange between the theoretical and experimental values is:

[(am3),, ] —[(am), ] =(2.5110-2.48235)x107 = 002865107 eV".

exp BF

(68)
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This difference (68), is positive, therefore the new value in BF range moves
towards the area defined in —lo range in the original measurement, so we
could establish a connection between the new value in BF range and the original

one:

(o), ] ©

=(2.48235)x107eV* — TR P~ 25110, 13565

By determining the numerical value for the Dirac CP violation phase in the
amount of 270 degrees, the PMNS (Pontecorvo-Maki-Nakagawa-Sakata) matrix,
which was written in the general form (16) so far, can now be written with all its

elements that have numerical values as shown in the next section.

7. The Final Form of the PMNS
(Pontecorvo-Maki-Nakagawa-Sakata) Mixing Matrix

With these theoretical investigations and the results we obtained indicate the
possibility that the PMNS matrix, which until now in neutrino physics has al-
ways been written in a general form due to an undetermined value for Dirac’s

CP violating phase, is now given a final form [8]-[16]:

Ue] UeZ Ue3
UPMNS = U/A U;lz Uy3
Url UT2 Ur3
—is
C2Ci3 S12613 5136

_ i is
= | TS12C3 T C1p83513€ C12Ca3 — 8125235136 Ci38y3

is is
S12523 — C12C3513€ TC1pS23 T 8123513 C3C3
_i270° (70)
SPISES S12C13 5136
_ i270° i270°
=| 7812C3 T €12523513€ C12Co3 = 8125235136 Ci3823
i270° i270°
S12823 ~ €1Cp3513€ TC1p8y3 T S12C3813€ C13Co3
2l S12€13 +i8)3

=| TS1pC3 HICS383 Gy T 18580383 €38y

812823 TICHCx3813 €8y TIS156538)3 €36y,

Using the data in the matrix (70), we find the values for the Jarlskog invariant
[17]:

u3 u2

Jop = Im(U;itezUysU:s) = Im(U* UsU U ) = _(U* UnUaUs ) ==Jep (71)

Leptonic unitariy triangle

Based on the parameters of the first and third columns of the mixing matrix
(70), we write the well-known relation for the triangle from geometry that the
vector sum of the sides written in complex form for the leptonic unitariy triangle

is equal to zero:
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UelU:3 + Ule;3 + UrlU:3
= _iC12C13S13 + (_S12C23 + iC12S23S13 ) X C13S23 + (S12S23 + iC12C23S13 ) X C13C23 (72)
=0.

Summary

In Ref. [18] we calculated the range in which values for the Dirac CP violating
phase could be expected.

This could be done because we paid attention only to the transition
v, >V,,V, >V,,V, >V, and it gave an equation whose root was the formula
for the Dirac CP phase with a positive sign. We connected that formula with the
rule for the sum of cosd [19] and that enabled us to form the procedure to de-
termine the range for the numerical value for the Dirac CP violating phase.

However, when we derived the equations for the transitions V, DV,
v,>v,v,—>v, and v, —>v,v, >V, v, >V, , we obtained the roots of
those equations for the formula for Dirac’s CP violating phase with a negative
sign.

This indicated the need to establish continuity in the appearance of Dirac’s CP
violating phase. This would mean that regardless of the sign in front of those
formulas, they would have to give the same value for Dirac’s CP violating phase
in the calculation.

And that practically means that we should equalize those two formulas, which
we did.

In the ideal case that the experimental measurements were made with the
highest possible precision, it should be expected that the application of either the
formula with a plus sign or the formula with a minus sign would yield an equal
or approximately equal numerical value.

However, due to insufficient measurement accuracy, this did not happen, as
can be seen from the calculation results (55) and (65)

This theoretical consideration clearly indicated that the published measure-
ment results given in Refs. [14] [15] [16] must be corrected as shown in Table 2
and Table 4.

Applying the formulas for Dirac’s CP violating phase with both signs to the
corrected results (T2 and T4), we came to a unique result for the numerical value
for Dirac’s CP violating phase for both sources of information. And it is exactly
270 degrees.

In the published results of NuFIT 5.2 (2022) [16], all neutrino parameters are
shown in diagrams using computer simulations in which numerical values of
those parameters are expected. Such diagrams also show areas for both the Dirac
CP violating phase and the Jarlskog invariant.

And since ideal values cannot be obtained in the measurements, due to the
appearance of systematic errors and others, then it is recommended to pay at-
tention to more precise measurements of the differences in the squared masses
of neutrinos, bearing in mind that the theoretical value for the Dirac CP violat-

ing phase is equal to 270 degrees.
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8. Project Assignment

Definition of the task: Combine the data from the measurement results from
the two mentioned sources of information [14] [15] [16] so that it will be
adopted Am;, =7.43x107° eV’ as an exact value. And then, by applying the
procedure applied in the previous chapters, determine: Am;,, Am;,, and the
Dirac CP violating phase which should be expected to be measured in laborato-

ries..

8.1. Task Solution
Ref. [14] [15]

sy, =180° x Amy, _ [180° x(24490/743) /360" —16 | x 360° =172.964',

> =

S ppys. =—180 imf =[ 180" x(24490/743) /360" +17 | x 360" =187.0255",
My, (73)
2
Syrsy, =180° x%: 180" x(25229/743)/360° - 16 | x 360" =352.005",
21
2
S ppsr. =—180° x % = [—180° x(25229/743) /360" + 17] x360° =7.994".
M,
Ref. [16]
Syeyr. =180" x(25110/743) = (180" x (25110/743) /360" ~16)x 360" =323.176"
Oyeyr =—180"x(25110/743) =(~180" x (25110/743)/360" +17)x 360" = 36.823" -

Sy, =180° x(24369/743) = (180° x (24369/743) /360" ~16)x 360" =143.660°
Sy =—180"  (24369/743) = (180" x(24369/743)/360° +17)x 360° =216.339°

We adopted Am; =7.43x107eV’ as the exact value and Am;,, Am]
represent unknown values that are related to the adopted exact value and we de-
termine them from the following equations:

A 2
Sprsa. = Oppyy. —> 1807 x =22 = 180" x

2 2
Am;, Amy,

2
Amy

[ am3, /(743107 eV2>]%—16 = [ An, /(743107 eV2)+1]%+ 17 -

Am}, =32.5x7.43x107 eV* =2.41475x10 eV?;

Am? A2
5BF31+ = 5BF32— — 180° X% =-180° X'AZ? —
21 o

[AM§1/(7-43 x107 evz)]%— 16= —[Am§]/(7.43 x107° eVz)—lJ%+ 17> e

Am}, =33.5x7.43x107 eV? =2.48905x10~ eV*;
Am32l N Am322

=66.
Amf1 Amé1

Now we use the values (75) and the calculated values for the Dirac CP violat-

ing phases are:
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Syt =180°x(24890.5/743) = (180° x (24890.5/743) /360" —16)x 360" = 270°

Oy = 180" x(24890.5/743) = (~180" x(24890.5/743) /360 +17) x 360" =90’
Syrpr, =180 x(24147.5/743) = (180" x (24147.5/743) /360" ~16) x 360" = 90° (76)
Sprsa. =—180" x(24147.5/743) = (~180" x(24147.5/743) /360" +17) x 360" = 270°
Syrsre — Opray. = 0.

Therefore, by looking for a common solution for both sources of information
Refs. [14] [15] [16] we can project the following parameters for three neutrinos,
which should be aimed for during measurements:

(Am})), =743x107eV?,

(Am3,),, =241475x107 eV?,
(77)
Am l) =2.48905x107 eV?;

Oprars = Opryp- =270

8.2. Projected Values to Aim for in Experimental Measurements
Ref. [14] [15]

[(Am;)BF lh —[(Amjl )., L =(743-739)x107 eV =0.04x107 V> >

exp — 7.39+0.04

Am? —| (Am? =(2.4490-2.41475)x10 eV >
[( 32 )BFJ U 32 )BF J y ( )
exp th

[(wm3),, |

102 oV2 =2.4490_; 4305

J [ Ant, ) ] —(2.5229-2.48905)x 107 eV> —
S 107eV?
Srsty =g =270° =8, =222 6, =270" = (222) ™|

=2.5229 4 yses (78)

exp

[(Am; )BFlh —|:(Am§1 )Bpl,xp = (7.43-7.41)x107 eV =0.02x10"° eV —

(o), ]

=7 41+0.02

—| (Am3, =(2.4369-2.41475)x10" eV> —
[( 3 >BF:|th ( )

=L =2.4490 015
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Am; —| (Am? =(2.5110-2.48905)x107 eV* —
[( 3‘)BF} [( 31)BFL ( )
exp 1l

[(Am; )BF lxp
W =2.5110_ 5595
5BF31+ = 5BF32— = 5:;1 =270°

8., = (19772 ) >3, = (1977 )Oexp'

(79)

Based on the calculations performed using the information sources [14] [15]
[16] and the project assignment, we could conclude that the most optimal nu-
merical value between the neutrino parameters could be represented by the fol-

lowing relationship:

=066. (80)

9. Neutrino Mass Eigenstates and the Effective Value for the
Majorana Neutrino Mass

By introducing into research two formulas for Dirac’s CP violating phases that
differ from each other in sign, it led to the formation of the unification equation
and then to the unique root of that equation.

From a mathematical point of view, both formulas must satisfy both the un-
ification equation and the particular equations.

Namely, by the simultaneous inclusion in the calculation of both formula, a
unique result for the Dirac CP violating phase of 270 degrees was reached.

First of all, by including that value, there was a change in the numerical values
that are displayed in Table 2 and Table 4, and we will use them to calculate the
numerical values for neutrino mass eigenstates. For calculations, we will use the
formulas derived in Ref. [6].

And secondly, we emphasize that this value could have a deep physical mean-
ing because the highest possible value for the Jarlskog invariant, which is
Jep =Jp sin270° =—J73' , is associated with Dirac’s CP violating phase of 270
degrees.

These formulas are derived by applying the rules for the sum of neutrino

masses for Group 4, Seesaw Type Weinberg Matrix M, [20].

9.1. Formulas for Calculating Numerical Values for Neutrino Mass
Eigentates [6]

2Am2, =3/2Am?
= 3, / 73,

4Am;, —2Am;,
- :_%%m =0.018393 eV (82)

m, =2m, +m, =0.0530467 eV (83)

=0.016260 eV (81)

D m, =m, +m, +my~0.0877 eV. (84)
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9.2. Effective Value for the Majorana Neutrino Mass

The formula for calculating the effective value for the Majorana neutrino mass

reads:

- |m1C122C123 +m, S5 Cly exp (i, )+ myShyexpl i (e, — 20, )J|

mee
=|m,C.C% +m,S Clexp(in) + myS exp| i(0—2x270° ‘
‘ 112013 2912%13 p( ) 3913 p|: ( ):| (85)
=|m CCY = m,SECY = mySE| % 0.0042 eV
oy =m0, =0,0., =270".
These formulas are derived by applying the rules for the sum of neutrino

masses for Group A4, Seesaw Type Weinberg Matrix M, .

9.3. Formulas for Calculating Numerical Values for Neutrino Mass
Eigentates

2AmZ, —3/2Am;
m = M3y 3/ U

JAAm?, —2Am?,
m, =—%+%./m3 +Am;, =0.0181657 eV (87)

m, =2m, +m, =0.052328 eV (88)

=0.015996 eV (86)

Zml. =m, +m, +m, ~0.0865eV. (89)

9.4. Effective Value for the Majorana Neutrino Mass

The formula for calculating the effective value for the Majorana neutrino mass

reads:

mee

= |m1C122C123 +m,S;5Ch exp(iay )+ m Sy, eXp[i(asl —28¢p ):”

_ ‘mICIZZCé +m,S,CE exp(im) + my S} exp| 1(0-2x270° )}‘

(90)
=|m CLCY = m,SECY - mySE| ~0.0041 eV
ML =MoL = M50y . cv.
0y =7,04, =0,5,, =270".
9.5. Accounting Values According to the Project Assignment
9.5.1. Formulas for Calculating Numerical Values for Neutrino Mass
Eigentates
2Am3, —3/2Am;
m, _ 28m5, —3/2Am 016018 v (91)

4Am3, —2Ams3,
m, = —%4—%1/%2 +Am;, =0.018190 eV (92)

my =2m, +m; =0.052398 eV (93)
D m, =m, +m,+my ~0.08660 cV. (94)

9.5.2. Effective Value for the Majorana Neutrino Mass

Approximate mean values for mixing angles that include both sources of infor-
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mation are also taken here.
The formula for calculating the effective value for the Majorana neutrino mass

reads:
m, =‘m1<C122C123>+m2 <S122C123> (iay, )+ m; <S13>exp[z (o3 — 25@,)]‘
:‘ml <C122C123>+m2 <Sl22C123> (im)+my <S >exp[ (0 2x270° )J‘

=|m (C2C) = m, (SECE ) —my (S )|~ 0.00424 eV

(95)

0,y =704, =0,0, =270".

10. Conclusions

To derive the equation of motion for three neutrinos, we use the rule for the sum
of the probabilities of neutrino oscillation (8, 9, 10) for all three possible transi-
tions: v, >v,.v, >V, v, >V, v, >V, v, >V,v, >V, and
V. VSV, DV, Y,

By applying the standard PMNS matrix, the motion equations were obtained
in which the Dirac CP violation phase appears as an unknown quantity.

One might expect that by solving those equations, completely identical for-
mulas for Dirac’s CP violation phase would be obtained.

However, this did not happen, formulas for Dirac’s CP violation phase were
obtained, which differ in sign, for the following transitions:

1) For the transition v, >v,,v, >Vv,,v, >V, the formula is obtained in the

form:

2) For transitions v, »>v,,v, >v,v, >V, and v, >Vv,v, DV,.V, >V,
the following mutually identical formulas were obtained, but which are opposite

in sign compared to transition v, >v,,v, >v,,v, >V,:

Am3, Am32
5:—TEA > ,5=—TEA
U m21

Due to the fact that the oscillations of three neutrinos are reflected with the
same value for the Dirac CP violating phase, it would mathematically mean that
such transformations should be established that would give the same end result.

Such a mathematical transformation can only be achieved by equating both
formulas with opposite signs.

For example, depending on the source of information [14] [15] [16] or the as-
signed design task, we had the following equations, respectively:

Oppar- ~Oprzne =05 Oppsr. = Oppay- =0, Oppyy —Oppsy- =0

Applying such a procedure in all the above examples, we obtained a unique
result for the Dirac CP violating phase in the amount of 270 degrees and the
maximum value for the Jatlskog invariant: J., = J¢,"* sin(3n/2) =-J 5" .

By equating formulas with opposite signs, it essentially describes continuity in

neutrino oscillations, regardless of the type of transition.
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By specifying a numerical value for the Dirac CP violating phase of 270 de-
grees, the PMNS (Pontecorvo-Maki-Nakagawa-Sakata) matrix, which until now
was written in the general form (16), can now be written with all its elements

having numerical values (70) and it looks like this:

Uel UeZ Ue3
UPMNS = U/A U,uZ U,u3
Url UT2 UTS
—i5
2G5 S12613 $13€

_ i6 i6
= | TS12Cp3 T 125535136 C12Co3 — 8125235136 Ci38y3
i i
S12823 — €12C3513€ TC1p8p3 T S12Cp3513€ Ci3Cn
CpCi3 S12€13 iS5

=] 7803 TICHSS)3 CpCo3 TS 893813 Ci3Sas

812823 FUCHCo3813  —CpSy3 TISHCo38)3 €30
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