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Abstract

The concept of soliton as regular localized stable solutions of nonlinear diffe-
rential equations is being widely utilized in pure science for various aims. In
present analysis, the soliton concept is used as a model in order to describe
the configurations of elementary particles in general relativity. To this end,
our study deals with the spherical symmetric solitons of interacting Spinor,
Scalar and Gravitational Fields in General Relativity. Thus, exact spherical
symmetric general solutions to the interaction of spinor, scalar and gravita-
tional field equations have been obtained. The Einstein equations have been
transformed into a Liouville equation type and solved. Let us emphasize that
these solutions are regular with localized energy density and finite total ener-
gy. In addition, the total charge and spin are limited. Moreover, the obtained
solutions are soliton-like solutions. These solutions can be used in order to
describe the configurations of elementary particles.

Keywords

Liouville Type Equation, Elementary Particles, Einstein’s Equations,
Metric Functions

1. Introduction

The theory of solitons in general relativity was first elaborated by G. N. Shikin in
1995. He formulated the requirements to be fulfilled by solitons [1]. His research
work allowed an intensive study on soliton in general relativity by many authors.

In a series of papers, exact plane-symmetric solutions to the spinor and gravita-
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tional field equations have been obtained. The role of gravitational field and the
nonlinear terms in the formation of the field configurations with limited total
energy, spin and charge have been thoroughly investigated. Let us emphasize
that the total charge and spin of the self-consistent system of spinor and gravita-
tional field equations are unlimited. The divergence of the total charge and spin
is related to the non-consideration of the torsion and the properties of the static
plane-symmetric utilized [2] [3] [4]. For an excellent review of the interacting
scalar and spinor fields in plane-symmetric metric refer to [5] [6] [7]. Note that
in [5] [6] [7] the obtained solutions are exact regular with localized energy den-
sity and finite total energy. Nevertheless, the total charge and spin are not
bounded. The unlimited problem of the charge and the spin is resolved in a se-
ries of interesting articles [8]-[13]. The gravitational field is given by a spherical-
ly symmetric metric.

The aim of the paper was to study the role of the interaction of nonlinear spi-
nor, scalar and gravitational fields in the formation of configurations with loca-
lized energy density and limited energy, spin and charge of the spinor field.

The paper is organized as follows. Section 2 deals with general relativistic eq-
uations. The lagrangian of the self-consistent interaction spinor, scalar and gra-
vitational fields has been defined. The gravitational field in our study is given by
a spherically symmetric metric. Section 3 addresses the main results. The fun-
damental field equations have been solved and their localisation properties have
been examined. Section 4 deals with the discussion of the main results. Thus, we
studied in detail the spinor, scalar and gravitational interaction equations by

choosing the concrete form of the arbitrary function F(S) under the form
n

F(S)= A5 . Finally, concluding remarks and future work are outlined in
1- 48"

Section 5.

2. General Relativistic Equations

The lagrangian of the self-consistent system of interaction between spinor, scalar
and gravitational fields may be written under the following form [5]:
L=1L,+ LSp +Ls, + Ly

R i 1 1 (1)
L _V o) — miz = Mo v
= 21+2<l//7 V=V ') 7Y +20,0" +20,0"F(S).
L, LSP; Ls, and L, correspond respectively to gravitational field la-

grangian, free spinor field lagrangian, free scalar field lagrangian and interaction

lagrangian. They are defined as follows:

L= 2)
2y
i _ _
Ls, =§(l//7*Vul//—V,,W”l//)—ml//l// (3)
1 .
Ls, :E(D,y(ﬂ’! (4)
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1
Lint :E(Dy(DHF(S) (5)

8nG
R denotes the scalar curvature; x =

. is Einstein’s gravitational constant;
C

G is Newton’s universal gravitational constant; ¢ is the velocity of light; F(S)
is an arbitrary function of the invariant S =y .

In the sequel, in ordor to simplify the expressions, we shall consider:

Lm=LSp+LSc+Lint (6)
_ () 9¢(S) _dF(S)
§(5)=1+F(s)= ¢(5) =) =T o

The grvitational field in our case is given by a spherical symmetric space-time

via the metric which is defined under the following form:
ds? =e¥dt” —e?*d&? —e?” [d«92+sin2(¢9)d¢72]. (8)

For simplicity reason, the speed of light has been taken to be unity (¢ = 1). The
metric functions o, f and p are time and angular coordinates 6 and ¢

independent. They are functions of spatial variable £ alone which is defined as
in [8] in the form &= 1 , where r stands for the radial component of the spher-
r

ical symmetric metric. These metric functions obey the harmonic coordinates
conditions:

a=2p+y. )

Variation of (1) with respect to the spinor field y and its conjugate v, we

establish the nonlinear spinor field equations as follows:

- 1 oy
|7”V,,l//—mlﬂ+§(0,”€0"¢ (S)y =0 (10)

o _ 1 o
iV, +my +E<0,,,<0”‘¢ (S)w=0 (11)

Similarly, varying of (1) with respect to the scalar field we obtain the following

scalar field equation:

%%[H 9"p,$(5)]=0 (12)

Then, the general form of Einstein’s field equation is:

G, =R/ -2 aR=7T;, (13)
In virtue of (8) and (9), expression (13) becomes:
Gy =€’ (28"-27' - B”) - ==4T5, (14)
Gl =e™ (287 +p%)-e? =—4T}, (15)
Gy =e™ (" +y"=2fy' = %) =T}, (16)
G; =G, T/=T;, (17)
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where prime (') denotes differentiation with respect to &, T, is the energy
momentum tensor of the spinor, scalar fields and its interaction, G, is Eins-
tein’s tensor, R is Ricci’s tensor and o, is Kronecker’s symbol which is 0 if
H#v and 1if pu=v.

The metric energy-momentum tensor of the interaction of the spinor and

scalar fields field can be written as follows:

v _TV v v
T,u _TSW, "rTsw +Tint,u’

(18)
otherwise
v i vo (. — — — v
T =59 oy Vv + Ty, v =V iy =V, 0w )+ 0,0,6(8)-0L, (19)

Taking into account (10) and (11), we rewrite L, under the form:

L. L
L, :—E 1/76 nt +hz// + Ly + Ly (20)
2 oy Ow
=-SL;, + L + L. (21)

Taking into account (19) and (21), let us try to rewrite explicitly the non null
components of the metric energy-momentum tensor T, . In this optic, we ob-

tain:

0 =12 =T = Lo [a(s) g (5)5] e @)

T = (7 Vi) 50 [8(5) - (8)s] e @)

In expressions (10), (11) and (19), V, is the derivative covariant of spinor. It

is connected to the spinor affine connection matrices r, (f ) [14] [15]:

(29)

In the above equations, y* are Dirac’s matrices in curved space-time. In or-

der to define y*, let us use the equalities:

O, (£) =85 ($)e) (€)M
7.(&)=¢(£)7a (25)

where 7, =diag(1,-1,-1,-1) is the metric of Minkowski and ej (§ ) are te-
tradic 4-vectors.
With the relation (25), we have:
e’y?

Y (E)=e77°, v (&)= 7 (&) =72 ¥ (&)= g P (&)=7° (26)

For the matrices 7® in flat space-time, we take [16]:

100 0 0 0
0 0 , [0 O

H =

1
0107 |lo
00 -1 1 0

o O +» O
o O O -
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0 0 0 -i 001 0
L, loo0i o] , |0 00 1
0 i 00 100 0
i 00 0 010 0

0 0 -1 0

0 0 0 -1

5_ 5 _
PSS 0 0 o0
0 -1 0 0

At present, let us define the affine connection matrices of the spinor. To this

end, the general form of T, (&) is:
1 5
L (€)=5 9, (0,808 =10, )7, (27)

In (27), T”

uo
components of the affine connection matrices of the spinor in the following way:

are Christoffel’s symbols. From expression (27), we have the

Fy=—2e 77y, T,=0, = "77p,
1 (28)
r,= E(e‘ﬁ‘7773;71/3’sin 0+7°%7° cos 6’).
Equation (12) has solution:
' / C
P (£)(S)=C=¢'(¢{)=——, C=cste. (29)
#(S)
According to Einstein’s convention of sommation, we get:
1
u __ (a7l 7248
7y, = 2( ay +y°e COtH). (30)

Then, using expressions (24), (29) and (30), we can rewrite Equations (10)
and (11) as follows:

. ) (s
ie"71(6§ +%a’jz//+|§72eﬂwcote—mw—%eza #(3)

w=0, (31)

L R U R _ C* L, ¢(S)_
ey 0, +=a' |7 +—=ye cotd+my +—e " =0. (32

7(; 20!}// Y v+ ¢2(s)'// (32)
Further setting y (&) =V, (&) with 6=12,3,4, from (31), we obtain the

following set of equations:

H 2

V4’+%a'\/4 —IEe"‘ﬂV4 cot @ +ime°V, —i(%Q'(S)e“”Vl =0, (33)
’ 1 I a— [ H a H CZ ’ —ar

V3+§0N3+Ee V, cot @ +ime V2—|7Q (S)e™V, =0, (34)
’ 1 i a—f H a H C2 ’ —ar

V2+Ea'\/2—5e V, cotd —ime V3+|7Q (S)e™V, =0, (35)
’ 1 I a-f H a 'CZ ’ —ar

V1+§a’\/1+5e V, cotd —ime V4+|7Q (S)e™Vv, =0, (36)

where function Q(S) is:
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QS)=—x (37)
The functions V,, V,, V, and V, are connected by the relation:
V? =V, =V +V/}? = cste. (38)

The following section deals with the main results.

3. Main Results

Summing the set of Equations (33)-(36), we infer that the invariant function:
S =y =V, *V, +V, %V, =V, %V, =V, *V,, (39)

satisfies a firt order differential equation as follows:

—+a'(&)S=0. (40)

Equation (40) has solution:
$(¢)=¢, eXp[—a(f)] C, = const. (41)

Expression (41), reflects the natural link between the nonlinear spinor field of
elementary particles and their own gravitational field.

By Considering the spinor field equation in the form (31) and the conjugate
one in the form (32), from (23), the momentum Tll may be rewritten in the

following form:
2

T =mS +2(o) 9(S)e ™ =mS +S-Q(s)e ™ )

In the following paragraph, we shall solve Einstein’s field equations in order to
determine the general expressions of the metric functions o, f and y and
then the link which exits between them.

In this perspective, in virtue of T =T/, substraction of Einstein’s Equations
(14) and (16) leads to the following equation:

ﬂﬂ_}/ﬂ — e2/3+2y. (43)

The previous equation can be transformed into a Liouville equation type to

produce the following solutions (refer to [1], page 30):

ﬂ(f):%(ﬁ%)ln{m:l :[l+§jy(§), (44)

Aand Dare integration constants. 7'is a function. It is defined under the form:
1.
Fsmh[h(§+§l)],h >0
T(h&+&)=1(5+&).h=0 (46)
1.
Fsm[h(§+§1)],h <0
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where hand ¢ are integration constants.
From (44), (45) and (9), one finds the explicit form of the metric function
a(&) asfollows:

A3 2 A
Then, the metric functions «(&), B(&) and y(&) are connected as fol-
lows:
2+B .. B
)= 4ae (&) 7(8)=grgge(d): (48)

Let us note that Einstein’s Equation (15) is a first integral of Equations (14)
and (16). It is also a first order differential equation. By substituting, (48) and
(42) into (15), we obtain:

2 4+28B 2
(a,)z _ﬂem I:e4+38a —;{ms +%Q(S)e‘2“]:|. (49)

" 3B24+8B+4

Substituting o' = —éj—z and S(&)= Cle_a(é) , into (49), we have:

2+B
ds 4+3B g2 \4+38 c?
R | — 7| ms+ S2Q(S 50
d¢  \3B?+8B+4 (CfJ Z[ 2C! Q )] 50

Equation (50) has the general analytical solutions under the form:

J & —+(e48) G
4+3B 52 |48 c?
J3B2+8B + 4 [Cf] _Z[ms ot SZQ(S)]

Setting a concrete form of the function F(S), from (7) we can find ¢(S).
Knowing ¢(S), we can determine Q(S) , from (37). Thus, from (51), the in-
variant function S =Wy can be found. Then, if S(&) is known, we can de-
termine (&) from (41). Finally, the metric functions B(&) and (&) can
be determined from expression (48).

Considering the concrete expression of the invariant function S(&)= ce ),
we can establish the regularity properties of the solutions obtained. Studying the

distribution of the energy per unit invariant volume T../-3, , we can establish

g b
the localization properties of the solutions.
In the sequel, we shall get a concrete form of the functions V(&) by solving

Equations (33)-(36) in a more compact form if we pass to the functions
Us (5) = eiEV(S (5) , with §=1,2,3,4. To this end, introducing the new func-
tions U (§ ) into (33)-(36), we obtain the following set of equations:

U;(gﬁ)——(&jmU4(§)cot9+i{m§1—CC::—SQ'(S)}Ul(é), (52)

20 S
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i@ 2] @m0 M-S se) us0). e

1

u;(g)—l(&jmUz(g)cota—i{mTq—C—zsq(s)}us(g), (54)

2\ S C
, i(C 38 |mC, C*__,
Ul(§)+|§(§ Ul(é)cote—l{ms —C—18Q (S)}U‘t(f), (55)
where:
UL (€)= Vi) 5 (I ) |ewo| (o) | (56

Let us re-express Equations (52)-(55) to the function of argument S (5 ) , Le
W, (S)=U, (&), S(&)=C exp[—a(f)] In these conditions, we have the fol-

lowing set of equations for the functions W, (S):

dd%_ia(s)m M (S)W, =0, (57)
%ns(s)ws_ws)wz ~0, (58)
dd%—iB(S)WZ+M(S)W3=O, (59)
%na(s)wﬁm(s)wﬁo (60)
with
2+2B
(QJMB cotd
1 S
B(s):E — , (61)
2 \az 2
S—Z HB—Z ms + CZSZQ(S)
Cl 1
and
mC, C?S
22 a(s
1 S 2le( )

(62)

M (S) =

2+B '
SZ 4+3B CZ )
— - x| mS+ S°Q(S
(&) Al o)

Let us pass from the set of first-order differential Equation (57)-(60) to a set of
second-order differential equations. By doing so, differentiating Equation (57) in
S and introducing into the result the expressions of the function W,(S) and
W,/(S), we obtain a second-order differential equation for the function W, (S)

as follows:
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, , (63)
" Bz(S)—MZ(S)+iB(S)M (S)_M(S)B (S) W4(S)

M (S) =0

Similarly differentiating Equation (60) and introducing into the result the
expression of W,(S) and the expression of its derivative, we obtain the

second-order differential equation for the function W, (S):
M'(S)
W/(S)- W/(S
1( ) M(S) l( )
iM(S)B’(S)—B(S)M'(S)
M (S)

(64)

+|B?(S)-M?(S)+ W, (S)=0

Summing (63)-(64) and setting X (S)=W,(S)+W,(S), we obtain the fol-
lowing second-order differential equations of the function X (S):

X"(S)—%(SS))X’(S)JFZ[BZ(S)—MZ(S)]X(S):O (65)

Under the condition B’ (S) = (1—6‘) M?2 (S) with 0<g<1 [8], the solu-
tion of Equation (65) is:

W, +W, =a,sinh N, (S), a, =const, (66)
where
N,(S)=v2z[M(S)ds+R, R, =const. (67)
Substracting Equations (57) and (60) and taking into account (66), we get:
. l-g-1
W, -W, =—ia,| ———|cosh N, (S (68)
=Y e, )
From expressions (66) and (68), we define the functions W, and W, as fol-
lows:
. JVl-g-1
W, (S)=¢,|sinh N, (S)—i cosh N, (S (69)
O O e e
. JAl-e-1
W, (S)=«,|sinh N, (S)+i cosh N, (S (70)
)= o 521 YL 2 )
The same operating on Equations (58) and (59) leads to the following expres-
sions:
JAVl-e+1) .
W, (S)=D,|coshN,(S)+i sinh N, (S) |, (71)
51 o () L2 )
fAVl-g+4+1) .
W,(S)=D,| coshN, (S)—i sinh N, (S) |, (72)
510, o ()1 2 anni, )
with
N,(S)=v2z[M(S)dS+R,, R, =const. (73)
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It follows that, the concrete form of the functions V(&) is:

Vi(S)=a l:sinh NI(S)—i(%]cosh NI(S)}

(74)
A(3 2 A
XeXp{_Z(EJFEJm{—BTZ(h,§+§1)}}
V,(S)=D, l:cosh N, (s)n[%},mh N, (s)}
(75)
X ex —A(eqg)ln;
P174(278) " | BT (here) ||
V3(S)=D{coshNZ(S)—i(%}inth(S)}
(76)
conf (2ol |
(hé+&)
v4(s):a{sinhNl(s)n(%jcoshNl(s)}
(77)

X eXp {_%(%éj In {m}}

The exact functions V(&) are regular and bounded.
In the sequel, we shall use the concrete form of the functions V(&) in order
to determine the total charge and total spin.

The general form of the spinor current vector is:
V¥ =wrty. (78)

From (78), we deduce the components of the spinor current vector as follows:

j°=2e7 {ag [sinh2 NJg){%J cosh® Nl(f)}

+D? [coshZ N, (5)4{%}2 sinh® N, (5)]}

jt=2e {aé {sinh2 N, (5)—(%}2 cosh® N, (é)]

D2 lcoshz N, (é){ﬁjzsmhz " (é)“

(79)

(80)

J2e
jz g p 0‘02 -1++1l-¢
V2e

-D? [%]cosh N, (§)sinh N, (5):|

Jcosh N, (&)sinh N, (&)
(81)
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i’=0 (82)

In this study, the configuration is assumed static. Thus, only the component
j° is non null. With this assumption, we obtain: @, =Dy; &=1;
N;(S)=N,(S)=N(S).Inaddition to this, we have R =R, =R.

The component j° determines the charge density of the spinor field and

scalar field in interaction:

1
a(&)=(oi°)? =3a* cosh[ 20:(x) Je ™. (83)
The charge density is continuous localized function.

The total charge of the interaction system of spinor and scalar fields is:
S
Q=] a(&)de. (84)

In the integral (84), &, denotes the center of the fields configurations.
The spin tensor of the spinor field reads:

gHvi :%1/7{;/0"”+d”v;/1}l//. (85)

The analytical expression S™°,i,k =1,2;3 defines the spatial density of the

spin vector. In virtue of (85), we have:

s*o :%(/7{ K +Uik}/0}l// :%!/7}/00'"(!//- (86)
It follows from (86) that:

S0 = [V, +V,V, +VV, +V,V, e 7 (87)
S =[V\V, =V, +V,V, =V, Je e (88)
$%0 =[V,V, -V,V, +V,V, +V,V, Je 7 (89)
5120 = g%0 =, (90)
g0 :gaze’“@) cosh[ 2N (¢)] (91)

The chronometricaly invariant spatial density of the spinor vector is:
Sa° =(S508™° )% = gaz cosh[ 20 (x) e = %p(X) (92)

The projection of the spin vector on the & axis is given by the following ex-

pression:
e
S, =[."S&°3 gdx (93)

According to expressions (84) and (93), the total charge Q and the total spin
S, are finite.
In the following section, we shall examine the Einstein’s, spinor and scalar

fields equations by choosing a concrete form of the arbitrary function F(S).

4. Discussion

In this section, we shall analyze the general results obtained in the previous sec-
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tion for concrete form of the function F(S). The function F(S) is chosen

under the form:

AS"
F(S)= 94
THus, the expression of the function Q(S) becomes:
1 n
=1-A4S". (95)

MR

By substituting (95) into (51), without losing the generality we can consider
massless spinor and scalar fields, according to the theory of Heisenberg [17], we

obtain:

C,\/1+ #C? (%)

$(¢)= 1+ 4C2 (§+§0)}

The function S =Wy isa continuous and limited function.
Introducing the relations (94) and (96) into (22), we define the energy density
of the interaction of spinor and scalar fields:

0/,  C?S? e(s)_sIF(S)
(e _2012[1+F(s)]{1 F(8)=5 75 } 7

2 2
e C\/1+ 4C oE), o

2C! 1+ 4C?
g7 gmeac )

C./x cosh [n(4+38)

where the function v(&) is defined by the following expression:

C,y/1+ #C?

C./x cosh [n(4+38)4 ,738121;;(!;14 (£+¢, )]

The distribution of the energy density per unit invariant volume is given by

v(£)=|1-(n+1) (99)

the expression:

f(e)-L< ClraC 0(&)sin® (100)

) 2C! 1+ 4C?
C hin(4+3B),|—%——

From (98) and (100), the energy density and the distribution of the energy
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density per unit invariant volume are continuous and localized functions.

Moreover, the total energy E = jjc T, (f),l&gdg‘ is limited. The solutions of

Equation (31) are soliton-like when the arbitrary function is chosen under the
AS"

1-48"

Let us emphasize that when the interaction lagangian is null i.e the invariant

form F(S) =

function is null in the relation (1), the obtained solutions are exact and regular.
Nevertheless, the energy density is not localized. The lagrangian interaction is
very important in order to obtain the regular solutions with localized energy
density.

In order to clarify the role of the nonlinear terms L, of the interaction of
spinor, scalar and gravitational fields in the nonlinear fields equations in the
formation of regular localized soliton-like solutions, we obtained the soslutions
to the fields equations in the case where L,, =0. Let us note that the obtained
solutions are exact regular but their energy density is not bounded. In the

present case soliton-like solutions are absent.

5. Concluding Remarks

Taking into account the proper gravitational field of elementary particles, we
have obtained and examined the exact general solutions of interaction scalar,
spinor and gravitational field equations. These solutions describe the configura-
tions of scalar and spinor fields with a localized energy density T, finite total

energy E. In addition, the total charge and spin are limited.
The solitons-like solutions with limited total spin and charge exist in the case

AS"
1-A8"°

where the arbitrary function F(S) isunder the general form F(S)=
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