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Abstract 
Waterside creatures or aquatic organisms use a fin or web to generate a thrust 
force. These fins or webs have a non-convex section, referred to as a non-convex 
shape. We investigate the drag force acting on a non-convex plate during un-
steady motion. We perform the experiment in a water tank during free fall. 
We fabricate the non-convex plate by cutting isosceles triangles from the side 
of a convex hexagonal plate. The base angle of the triangle is between 0˚ to 
45˚. The base angle is 0 indicates the convex hexagonal thin plate. We esti-
mate the drag coefficient with the force balance acting on the model based on 
the image analysis technique. The results indicate that increasing the base an-
gle by more than 30˚ increased the drag coefficient. The drag coefficient dur-
ing unsteady motion changed with the growth of the vortex behind the mod-
el. The vortex has small vortices in the shear layer, which is related to the 
Kelvin-Helmholtz instabilities. 
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1. Introduction 

The waterside creatures or aquatic organisms use the fin or web to generate a 
propulsive force. The mechanism for producing a thrust force differs between 
terrestrial and aquatic mammals [1]. The terrestrial mammals use drag-based 
propulsion via paddling appendages, whereas aquatic mammals use lift-based 
propulsion via an oscillating hydrofoil. Wolfgang et al. studied the relationship 
between the generation of propulsive force and the flow around the fish [2]. 
They investigated the unsteady two-dimensional velocity field experimentally 
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and the three-dimensional velocity field numerically. They visualized the flow 
around the non-convex portion of a tail fin during swimming. They discussed 
the relationship between dorsal, pectoral, and tail fins. Borazjani and Daghooghi 
reported the effect of the shape of the fish tail fin on the lift-based propulsive 
force generation [3]. They conducted the numerical simulation with a non-convex 
tail fin (e.g., shark tail), convex triangular fin, and rectangular tail fin. They 
formed the stable leading-edge vortex with a non-convex fin and a convex tri-
angular fin. The formation of the trailing edge vortex influenced the convexity. 
However, they did not discuss the details of the influence. They also mentioned 
the propulsion force generated with paddling in the drag-based propulsion. The 
duck and the frog use the paddle to move forward. Johansson and Norberg re-
ported the foot-propelled swimming by a bird’s propulsion [4]. They demon-
strated that the propulsive force is obtained by drag force when the foot web be-
comes perpendicular at the beginning of the power stroke. After the power 
stroke phase, the mechanism used to generate the propulsive force gradually 
shifts to lift-based propulsion. The relation between force generation and the 
flow around the paddle or fin is related to the propulsion. However, they did not 
discuss the influence of shape. Kikuchi et al. demonstrated the relationship be-
tween the fish fin shape and thrust generation [5]. They obtained the results us-
ing a convex polygonal thin plate. However, the paddle of aquatic organisms has 
a web, and the shape of the paddle is non-convex. Nedic et al. studied the effect 
of fractal edge geometry on drag and wake [6]. They used the fractal thin plate 
which had the non-convex part to measure the drag coefficient. The drag coeffi-
cient of fractal plate is 1.18 at the fractal dimension is 1.3. Also, they discovered 
that as the fractal dimension and plate perimeter increased, the drag coefficient 
increased by up to 7%. To understand the flow around a complex shape, we 
must first understand the influence of factors (such as convexity and the number 
of edges) on the fishtail. The influence of the number of edges was studied as 
shown above. However, the strength of convexity has not been discussed yet. 

The paddling motion is the complicated synchronous motion between body 
and fin dynamics [2]. This study provides the drag coefficient and visualization 
before understanding a more complicated model. Therefore, we considered 
free-falling for the measurement. Xiang et al. investigated the trajectory of freely 
falling plates by the momentum of inertia and Reynolds number [7]. They ob-
served four modes of trajectories. The trajectories corresponded to the wake. 
The phase diagram of the moment of inertia and Reynolds number showed wake 
instability. Lau et al. studied the complex formation and dissipation of large-scale 
vortical structures during the freely falling plate [8]. Karman vortex pairs or Kel-
vin-Helmholtz instabilities are found in a trailing flow structure. This freely fall-
ing plate affects the unsteadiness with the formation of the wake. He and Liu 
studied the shear layer of a round jet [9]. They conducted the unsteady large-scale 
flow structure using the planar-laser-induced fluorescence technique. Fu et al. 
studied the shear layer of a jet in an axisymmetric container [10]. They demon-
strated a high velocity fluctuation and vorticity in the shear layer. These results 
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show that the flow in the shear layer affects the unsteady flow structure. This 
unsteadiness causes the change of drag force acting on the object. Therefore, the 
unsteady phenomena need to be understood. However, the unsteady phenomena 
around the non-convex plate have not been studied yet. 

In this study, we estimate the drag force acting on a non-convex thin flat plate 
during free fall. We fabricate the non-convex plate by cutting isosceles triangles 
from the edge of a convex hexagonal plate. We consider the influence of 
non-convexity with the base angle of isosceles triangles. We visualize the flow 
structure around the model with the fluorescent dye solution to understand the 
vortex formation during unsteady motion. 

2. Experimental Setup 

Figure 1 shows the experimental setup. A water tank (450 × 450 × 600 mm) was 
filled with water up to a height of 400 mm from the bottom. A guide rod was at-
tached to the model and dropped freely from a height of 350 mm. Simulta-
neously, a pulley was used to prevent horizontal movement. Because the model 
was accelerated with the gravity from rest, it had an unsteady motion. The model 
motion was captured using a high-speed camera (Miro LAB 310, Vision Re-
search, Inc.) at 100 frames per second. An LED light bulb was used as the light 
source from the side of the water tank to shorten the exposure time and thus 
reduce the roughness of the image. The image was used for the image analysis, 
and the motion was analyzed from the position of the model at every 0.01 s. The 
experiment was performed ten times in total for each model. We applied the 
image analysis results to estimate the drag force acting on the model based on 
the force balance. 

We can express the force balance of the freely falling plate as (1). The notation 
D is the drag force, B is the buoyancy, W is the gravitational force, m is the mass 
of the model, V is the volume of the model, A is the projected area of the model, 
ρw is the density of water, u is the velocity of the model, g is the gravitational ac-
celeration, and Cd is the drag coefficient. 

 

 
Figure 1. Sketch of the experimental setup. 
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ma W D B= − −                          (1) 

Equation (1) can be rewritten as (2). 

2
w w

d 1
d 2d
um mg C u A gV
t

ρ ρ= − −                   (2) 

Further, we can obtain the drag coefficient from (2) as follows: 

w2

2 d
dd
uC mg m gV
tu A

ρ
ρ

 = − − 
 

.                 (3) 

This means that if we know the time series of the velocity of an object, we can 
estimate the drag coefficient. In this study, we derived the change at the time of 
the free-fall speed of an object and derived the drag coefficient through image 
analysis. We obtained the acceleration from the difference in speed using the 
fourth-order center difference method and derived the drag coefficient Cd. Fig-
ure 2 shows the flowchart of experimental procedures to understand the expe-
rimental process easily. The notation in flowchard L is the traveling distance of 
model, i is the number of trials and j is the frame number of images in each trial. 
Table 1 shows the performance metrics for the evaluation of measurement [11]. 
The notation n is the number of data. 

We performed the experiment using ten types of models. Table 2 shows the  
 

 
Figure 2. Procedures of measurement. 
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Table 1. Performance metrics of measurement. 

Metrics Expression Range Remarks 

Averaged Cd 
10

1

1
10j ijd d

i

C C
=

= ∑  
jdC−∞ ≤ ≤ ∞   

Standard 
Deviation 

( )2

1
ij jd dC C

SD
n

−
=

−
∑

 SD−∞ ≤ ≤ ∞   

Skewness 
( )( )

3

1 2
ij jd dC CnSKEW

n n SD

 −
 =
 − −  

∑  SKEW−∞ ≤ ≤ ∞   

Coefficient of 
variation jd

SDCV
C

=  CV−∞ ≤ ≤ ∞   

Confidence 
intervals 

1.96
jd

SDCI C
n

 = ±  
 

 CI−∞ ≤ ≤ ∞  
Confidence 
coefficient, 

α, is 5%. 

 
Table 2. Sketches of the models. 

Specification of model θ = 0˚ θ = 5˚ θ = 10˚ θ = 15˚ 

 

 
model0˚ 

 
model5˚ 

 
model10˚ 

 
model15˚ 

θ = 20˚ θ = 25˚ θ = 30˚ θ = 35˚ θ = 40˚ θ = 45˚ 

 
model20˚ 

 
model25˚ 

 
model30˚ 

 
model35˚ 

 
model40˚ 

 
model45˚ 

 
sketch of each model. We obtained the models from a convex hexagonal thin 
plate. All the obtained models were flat plates. We determined the convex in the 
model at the edge of the plate. We fabricated the non-convex model by cutting 
off isosceles triangles from the edge of the convex hexagonal plate; this means 
that the base angle of the triangle θ = 0˚. Thus, we call the convex model as 
model0˚ shown in Table 2. We determined nine types of base angles for the non- 
convex model between 5˚ ≤ θ ≤ 45˚ at every 5˚. The material of the model was 
an acrylic plate. The density of the acryl resin was 1.18 g/cm3. All models had the 
same projected area (2.3 × 103 mm2) and thickness (2 mm). The model sizes dif-
fered in appearance to maintain a constant projected area. Because the models 
had the same volume, their mass and buoyancy were the same. Table 3 contains 
additional information about the model geometries. The notation of length in ls, 
lR, and D corresponds to Table 2. ls is the length of the equal sides in an isosceles 
triangle. lR is the length of the edge in a convex hexagon. D is the diameter of the  
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Table 3. Geometries of the models. 

model θ (degree) Area (mm2) ls (mm) lR (mm) D (mm) 

model0˚ 0 2.3 × 103 15.0 30.0 60.0 

model5˚ 5 2.3 × 103 15.5 30.8 61.6 

model10˚ 10 2.3 × 103 16.1 31.7 63.3 

model15˚ 15 2.3 × 103 16.9 32.6 65.3 

model20˚ 20 2.3 × 103 18.0 33.8 67.5 

model25˚ 25 2.3 × 103 19.4 35.1 70.2 

model30˚ 30 2.3 × 103 21.2 36.7 73.5 

model35˚ 35 2.3 × 103 23.7 38.9 77.7 

model40˚ 40 2.3 × 103 27.3 41.8 83.6 

model45˚ 45 2.3 × 103 32.6 46.1 92.3 

 
circumscribed circle in the model. We obtained the drag coefficient using these 
estimation models and through image analysis. We performed the flow visuali-
zation to understand the relationship between the drag coefficient and the flow 
structure around the model. We visualized the flow structure with the uranin 
solution mixed with water-soluble glue. We painted the bottom face of the mod-
el with the solution. We illuminated the three-dimensional flow structure with 
the UV LED to understand the overall flow structure behind the model because 
the geometry of the model evokes the three-dimensional vortex structure with 
the non-convex shape. The wavelength of the light source was 365 nm. Further, 
we illuminated the flow structure for the cross-section with a laser light sheet 
(PIV Laser, Kato Koken Co., Ltd.). The thickness of the sheet was around 1 mm, 
and the wavelength was 532 nm. 

3. Results and Discussion 

We estimated the drag coefficient by measuring the time series of the falling ve-
locity of the model, as explained in the previous section. Figure 3 shows the re-
sults of the time series of the falling velocity. It shows the relationship between 
the vertical falling velocity of the model and time. The symbols show the average 
value of ten trials. The error bar shows the standard deviation of the trials. The 
figure shows the results of model0˚, model15˚, model30˚, and model45˚. The results 
from these models show the discriminative for understanding the influence on 
the strength of convexity. Therefore, we will use these results for the discussion. 
Time measurement starts at the release from the steady condition of the model. 
All results indicated that the models were initially accelerated, and further, the 
change in velocity became smaller. Finally, the velocity reached terminal veloci-
ty. The difference in the slope of velocity in time ≤ 0.4 s was not observed among 
the model motions. The difference in magnitude of velocity was observed when 
the time was greater than 0.4 s. The magnitude of the terminal velocity of model45˚ 
was the minimum compared with the other models. The difference in magnitude  
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Figure 3. Time series of the falling velocity of the model. The symbols show the experi-
mental results. 
 
of the terminal velocity can be explained by the force balance acting on the 
model. Figure 4 shows the free body diagram. The gravitational force W, the 
buoyancy force B, and the drag force D were acting on the model at the terminal 
velocity, as shown in the figure. All models had the same volume and material; 
this means that the gravitational force and buoyancy were not different because 
the mass and density of the model were the same. Thus, the difference in mag-
nitude of the terminal velocity arises from the difference in drag force. The drag 
coefficient of the model will be discussed later. Furthermore, the terminal veloc-
ity was constant in the theoretical method. However, the falling velocity in our 
case was fluctuating after the acceleration phase (e.g., time > 0.4 s in model45˚) 
due to the change in drag force during the free fall. This will be discussed later. 

Figure 5 shows the result of the estimated drag coefficient. The symbols in the 
figure correspond to the shape of the experimental models. We calculated the 
drag coefficient at the terminal velocity phase, as shown in Figure 3. The results 
were the average of the ten trials. The error bar shows the standard deviation of 
the measurements. We calculated the drag coefficient from (3) at the terminal 
velocity, as shown in Figure 3. The horizontal axis in the figure is the base angle 
of the isosceles triangle, which is cut off from the convex hexagon to investigate 
the non-convex models. The drag coefficient at θ ≤ 30˚ was almost constant de-
spite the change in base angle. Contrarily, the results in θ > 30˚ increased with 
the base angle. Further, the statistical properties of results are shown in Table 4. 
Thus, we determined the drag coefficient of the non-convex model during the 
terminal velocity. How does it perform the drag coefficient during unsteady mo-
tion? 

Figure 6 shows the relationship between the drag coefficient and Reynolds 
number, Re. Re is defined as uL/ν, where L is the equivalent diameter of the 
model and ν is the kinematic viscosity. We used the averaged velocity as the 
characteristic velocity u in the formula for the Reynolds number. We obtained  
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Figure 4. Free body diagram of the model under the terminal velocity. 

 

 
Figure 5. Relationship between the drag coefficient and the base angle of the non-convex 
part. 
 

 
Figure 6. Change in drag coefficient with free falling. 
 
the equivalent diameter from L = (projection area/π)0.5. The projection area was 
the same in all the models, as shown in Table 2, such that the characteristic 
length was also the same for obtaining the Reynolds number. We calculated the 
drag coefficient with the averaged velocity in each timing from the model re-
lease; further, we averaged the value with ten trials. The error bar in the figure 
represents the standard deviation. The solid line connection shows the progress  
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Table 4. Statistical properties of measurements. 

Model average Cd 
standard  

deviation of Cd 
Min. Cd Max. Cd 

median  
value of Cd 

skewness 
coefficient of 

variation 
confidence 

intervals 

model0˚ 1.25 0.277 0.442 2.02 1.22 0.420 0.224 0.172 

model5˚ 1.26 0.218 0.303 2.73 1.27 0.0122 0.172 0.135 

model10˚ 1.26 0.247 0.702 2.18 1.23 0.576 0.196 0.153 

model15˚ 1.36 0.192 0.835 2.25 1.35 0.162 0.137 0.116 

model20˚ 1.33 0.186 0.862 1.92 1.33 0.128 0.140 0.115 

model25˚ 1.34 0.195 0.856 2.01 1.34 0.248 0.144 0.120 

model30˚ 1.28 0.240 0.564 2.17 1.24 0.276 0.189 0.149 

model35˚ 1.40 0.205 0.771 2.07 1.39 0.211 0.147 0.127 

model40˚ 1.59 0.262 1.033 2.42 1.58 0.249 0.166 0.163 

model45˚ 1.73 0.265 1.116 2.48 1.74 0.200 0.153 0.164 

 
in time because the Reynolds number loses the information of time. The small 
window in the figure shows the enlarged view of the results with model15˚ at 18 × 
103 < Re < 20 × 103. In the acceleration phase, the drag coefficient of all models 
decreased with the Reynolds number. Breidenthal investigated the effect of acce-
leration on turbulent entrainment, which showed that acceleration reduces the 
entrainment rate of turbulent vortices [12]. How does the acceleration affect the 
drag coefficient in this setup? If the acceleration (= du/dt) is constant, the drag 
coefficient can be rewritten as kRe−2 because the drag coefficient is the function 
of u−2 from (3), where k is the constant value depending on model geometry and 
physical property of the experimental setup. We plot kRe−2 by a dotted line in 
Figure 5. The constant value k was varied to fit the model0˚. The slope of kRe−2 
and the experimental results appeared similar; however, they fluctuated around 
kRe−2. This relationship indicates the trend of drag coefficient depending on the 
velocity and magnitude of the drag coefficient depending on the acceleration. 
Therefore, this fluctuation of the drag coefficient is related to the effect of acce-
leration.  

Finally, the estimated drag coefficient became asymptotic to the value of ter-
minal velocity. From the enlarged view in the figure for the result by model15˚, 
we can observe the change in drag coefficient with the change in Reynolds number 
with the periodical motion. Kikuchi et al. described the periodical change in drag 
coefficient using a free-falling spherical body [13]. They investigated the rela-
tionship between the change in drag coefficient and the flow structure around 
the model. 

Figure 7 shows the results from the flow visualization with the uranin solu-
tion. We visualized the flow using model15˚. We observed the flow from two 
types of positions. One was parallel to the model and was called the 0˚ view, as 
shown in Figure 7(a), Figure 7(c). The other was 30˚ inclined to the parallel to 
the model and was called the 30˚ view, as shown in Figure 7(b). The broken line  
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Figure 7. Dye-flow visualization using model15˚ to understand the relationship between unsteady motion and the 
change in the drag coefficient. (a) Side view (0˚ view) of the flow structure at Re = Rea. (b) 30˚-inclined view (30˚ 
view) of the flow structure at Re = Rea. (c) 0˚ view of the flow structure at Re = Reb. 

 
in the 30˚ view indicates the geometry of the model. The plot shown in Figure 
7(d) corresponds to the result from Figure 6. These results focus on the timing 
around the fluctuation of the drag coefficient by the effect of acceleration during 
the free fall. This fluctuation appears like a small positive peak of the drag coeffi-
cient. Just before the increase in drag coefficient at Re = Rea = 12.3 × 103, we can 
observe the rolling up of the vortex from the non-convex part of the model with 
0˚ and 30˚ views. After the increasing phase of the drag coefficient at Re = Reb = 
13.2 × 103, the vortex collapses from the comparison with Re = Rea. A few small 
peaks can be observed at Re = 9.0 × 103, 11.3 × 103, 12.7 × 103, 15.0 × 103, and 
16.2 × 103. These relate to the vortex formation and collapse behind the model 
because of visualization. This implies that the vortex formation and detachment 
from behind the model occurred continuously during free fall. Figure 7 shows 
the visualization using model45˚ to help understand vortex detachment. 

The figure shows the visualization results and the plot from Figure 6. In Fig-
ure 8(d), we can observe three small positive peaks at Re = 9.6 × 103, 12.1 × 103, 
and 14.5 × 103. The visualization results shown in Figure 8(a), Figure 8(b) focus 
on after the peaks at Re = Rec = 12.6 × 103. The result of the peak at Rec shows 
the vortex growth from the convex portion of the plate as shown in the result 
using model15˚ in Figure 7. The vortex at this time starts to collapse. At the end 
of the decreasing phase of Re = Red = 14.3 × 103 as shown in Figure 8(c), the 
vortex was shredded from the model plate at Red. In addition, the vortex was 
forming near the plate for the next small peak at Re = 14.5 × 103. These results in 
Figure 7 and Figure 8 show that the periodical change in drag coefficient at 
terminal velocity shown in Figure 6 was caused by the continuous formation 
and detachment of vortices.  
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Figure 8. Flow visualization using model45˚ during the accelerating phase. (a) 0˚ view of the flow structure 
at Re = Rec. (b) 30˚ view of the flow structure at Re = Rec. (c) 0˚ view of the flow structure at Re = Red. 

 

 
Figure 9. Flow visualization around model15˚ at the terminal velocity. (a) Vortex formation and 
flow separation at the decreasing phase of Cd at terminal velocity. (b) Sketch of the flow struc-
ture around the plate at Re = 20 × 103. (c) Vortex formation and flow separation at terminal ve-
locity during the increasing phase of Cd at terminal velocity. 

 
Figure 9 shows the result of the flow visualization using model15˚ during ter-

minal velocity. Figure 9(a) shows the result at Re = 19 × 103. The change in the 
Reynolds number causes periodic changes in the terminal velocity, as shown in 
Figure 6, such that the model's motion quickly switched between acceleration 
and deceleration phases. Because the Reynolds number was increasing at this 
time (Figure 6), the result in Re = 19 × 103 corresponded to the acceleration 
phase on terminal velocity. From the visualization, we can observe the large-scale 
vortices behind the model. In the shear layer, smaller size vortices were formed. 
Figure 9(b) shows the illustration of these vortices. The large-scale vortices were 
formed with the free fall of the model. The small vortices were formed because 
of the instabilities in the shear layer. This is known as the Kelvin–Helmholtz in-
stability. We can confirm Kelvin-Helmholtz instability in the wake even in the 
sphere at Re = 5000 [14]. We can confirm this visualization as the vortex was 
formed from the edge of the plate. The vortices formed in the shear layer with an 
accelerating plate [15]. Figure 9(c) shows the result in the deceleration phase 
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with the terminal velocity at Re = 20 × 103. The wake region shows the break-
down of the vortex. This affects the deceleration of the motion of the model. We 
can confirm the formation and flow separation of vortices from the edge of the 
model. The drag coefficient converges from the series of model motions between 
the release of the model and the terminal velocity while vortices continuously 
form and detach. 

4. Conclusion 

We estimated the drag coefficient during the free fall of a non-convex hexagonal 
thin plate. We developed the non-convex model by cutting off isosceles triangles 
from a convex hexagonal thin plate. The base angle of the triangle was between θ 
= 0˚ to 45˚. The drag coefficient of terminal velocity increased with the increase 
in base angle except for when θ was less than 30˚. The drag coefficient during 
the acceleration phase until terminal velocity decreased with the increase in 
Reynolds number. We observed the small positive peaks of the drag coefficient 
owing to the formation and detachment of the vortex at the wake region. In the 
terminal velocity, the drag coefficient changed periodically due to the vortex 
formation behind the model. Two types of vortices formed. One was the wake of 
the model. The vortex grew from the convex part of a plate. The other was re-
lated to the instabilities of the shear layer. 
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