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Abstract 
The Radio Frequency Quadrupole (RFQ) accelerator invented by Kapchinskii 
and Tepliakov can focus, bunch, and accelerate charged-particle beams si-
multaneously. Typically, it operates at frequencies up to 500 MHz, for low 
particle velocities ( 0.12β < ). The first attempt to design cylindrical RFQ for 
electrons in the GHz region was done using 3 GHz at Frascati in 1990. In this 
paper, an analytical approximation of the electromagnetic field is given, and 
linearized in the beam region for a rectangular Electron Radio Frequency 
Quadrupole (ERFQ). The differences between the proton-RFQ and the elec-
tron-RFQ are discussed. Then, it will be shown that contrary to the quadru-
poles for protons or heavy-ions, the ERFQ is suited for electron velocities in 
the range 0.5 - 0.7 c, and possible applications are given. Finally, it is illu-
strated, with numerical field computations that this approach gives sufficient 
accuracy at 10 GHz. 
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1. Introduction 

First, we show how the ERFQ can focus and accelerate particles. Then, an ap-
proximation of the electromagnetic field is done for a rectangular standing wave 
structure, in the GHz region. The linearization of this analytical solution allows 
us to obtain the potential function from which we deduce the geometry of the 
electrodes. The focusing efficiency of the structure is determined and discussed. 
It will be shown that the Electron-RFQ is suited for input beam velocities in the 
range of 0.5 - 0.7 c. Lastly, the accuracy of this approach is determined using the 
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program GdfidL [1] at 10 GHz. 

2. Operating Principle of the ERFQ 
2.1. Focusing 

The RF Quadrupole is a waveguide composed of four electrodes. The two adja-
cent ones have opposite potentials. If we place electric walls on its diagonals, and 
magnetic walls on the other planes of symmetry, its electromagnetic propertie 
will not change. As a result, one needs to compute only an eighth of the whole 
unmodulated RFQ (see Figure 1). 

During one RF half cycle, it focuses particles in one transverse plane while it 
defocuses them in another one. The gradient of the electric field is 

( )0
2 sin ,o

V
G t

a
ω=                          (1) 

where a designates the aperture radius and V0 the inter-vane voltage. After each 
half cycle, the sign of the gradient changes. We get an Alternating Gradient Fo-
cusing (AGF) channel that allows particle transport over a long distance through 
a small bore. According to the theory of AGF, a net focusing effect will occur in 
both transverse planes, resulting in the confinement of particle beams [2] [3] [4] 
[5] [6]. 

2.2. Emergence of an Axial Field Ez 

The RFQ described above cannot accelerate particles if the electrode surfaces do 
not change along the z-axis. This is due to the fact that it does not have an axial  
 

 
Figure 1. RF Quadrupole. 
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electric field. Therefore, we have to modulate the vanes with a displacement of 
the one-half period between two adjacent electrodes (see Figure 2) [2]-[7]. 

Here, the cell length is defined as the half modulation period. The modulation 
factor m is the fraction of the maximum distance between the vane and the axis 
to the minimum distance. 

3. Field Approximation in GHz Region 

For frequencies greater than 1 GHz, 0 aλ   no longer holds and the wave eq-
uation has to be solved. The field is composed of two parts. The first one is the 
focusing part without acceleration, and the second one is the defocusing part 
with an axial electric field. The approach is the following:  
• First, we approximate the focusing field with a TE mode, considering an 

unmodulated structure.  
• Secondly, we consider a TM mode produced by the modulation [7].  
• Lastly, we linearize the ERFQ field in the beam region.  

The approximation is done for the main space harmonic, which interacts 
strongly with the particles.  

3.1. TE Wave as Focusing Field  

We are interested in one mode with quadrupole symmetry that focuses particles. 
Thus, for a transverse offset ∆ , one gets ( ) ( ),0, 0, ,x yE z E z∆ = − ∆ . With the  
 

 
Figure 2. Vane modulation. 
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Bernoulli approach, it holds  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )and .x yE X x Y y Z z T t E X x Y y Z z T t′ ′= = −        (2) 

The potential of the electrodes is ( )0 sin
2

V
tω±  and does not depend on z.  

That is why we can neglect the z-dependence in (2): Z(z) = 1. The solution of the 
wave equation is a modified TE11 mode. The modification comes from the ca-
pacitive loading of the empty waveguide with electric quadrupole vanes. We get 
the following electric field components  

( )

( )

0 0
00 0

0

0 0
00 0

0

2 sin cos sin
2 2

2 cos sin sin
2 2

0,

TE
x

TE
y

TE
z

k k
E A V x y t

k

k k
E A V x y t

k

E

ω

ω

   
= −    

   

   
= +    

   
=

             (3) 

where 0k  is the free space wave number. From Faraday’s law, we can derive the 
magnetic field which only has a z-component  

( )0 0
00 0

2 sin sin cos .
2 2

TE
z

k k
B A V x y tω

ω
   

= −    
   

             (4) 

3.2. Axial Electric Field with the Vane Modulation  

The modulation of the vanes will create an axial electric field. The quadrupolar 
symmetry must be conserved. The divergence of E  vanishes, since there are no 
charges in the free space inside the structure. Therefore, the field generated by 
the modification of the electrodes can be approximated with:  

( ) ( )

( ) ( )

( ) ( )

10 0

10 0

10 0

2 sin cos cos sin
2 2

2 cos sin cos sin
2 2

2 cos cos sin sin ,
2 2

Mod c c
x z

c

Mod c c
y z

c

Mod c c
z z

z

k k
E A V x y k z t

k

k k
E A V x y k z t

k
k k

E A V x y k z t
k

ω

ω

ω

   
= −    

   

   
= −    

   
   

= +    
   

       (5) 

where ck  is the cut-off wave number and zk  the axial spatial frequency. The 
ERFQ field is obtained after superposition: TE ModE E E= +   , TE ModB B B= +   , 
with the dispersion equation 2 2 2

0c zk k k+ = .  

3.3. Field Linearization in the Beam Region  

By assuming that the beam radius is very small, the following linear approxima-
tion can be done, in the beam region:  

0 0 0 0sin ,sin , , sin ,sin ,
2 2 2 2 2 2 2 2

c c c ck k k k k k k k
x x x x y y y y       

≈ ≈       
       

 

0 0cos ,cos 1, and cos ,cos 1.
2 2 2 2

c ck k k k
x x y y       

≈ ≈       
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In this case, the field in the RFQ can be written:  

( ) ( )
( ) ( )

( ) ( )

0 00 10

0 00 10

10 0

cos sin

cos sin

2 sin sin .

x z

y z

z z
z

E V x A A k z t

E V y A A k z t

E A V k z t
k

ω

ω

ω

= − + +  
= + + −  

= +

               (6) 

Taking the induction law 
BE
t

∂
∇× = −

∂



   with the synchronism condition 

z
wk
bc

= , we obtain the magnetic field components  

( ) ( )
( ) ( )

10 0

10 0

sin cos

sin cos

0

x z

y z

z

cB A V y k z t

cB A V x k z t

cB

β ω

β ω

β

= −

= +

=

                  (7) 

or in cylindric coordinate system ( ) ( )10 0 sin coszcB A V k z t eϕβ ρ ω=  . 

4. Potential Function and Vane Shaping 
4.1. Potential Function  

The following potential function can be derived from the components of the 
electric field:  

( ) ( ) ( ), , , , , sinrU x y z t U x y z tω=  with                 (8) 

( ) ( ) ( )
2

2 2 2 20
00 10

2, , cos
2r z

z

V
U x y z x y A x y A k z

k

     = − + + + ⋅      
     (9) 

One sees that  

( ) ( ) ( )2 2
10 0 sin sin .

2
z

z z
kU E A V x y k z t

z
ω∂

− = + +
∂

           (10) 

With the magnetic vector potential A , one has 
AE U
t

∂
= −∇ −

∂



  . It follows  

that  

( ) ( ) ( )2 2
10 0 sin sin ,

2
z

z z
kA A V x y k z t e

t
ω∂

= +
∂





             (11) 

( ) ( ) ( )2 2
10 0

1 sin cos .
2s z zcA A V x y k z t eβ ω= − +



             (12) 

These results can be shown to satisfy B A= ∇×   . 

4.2. Vane Shaping  

The electrodes build equipotential surfaces on which the potential function sa-
tisfies the following requirements  

( ) ( )0, , , sin .
2

V
U x y z t tω= ±                     (13) 

As shown before in Figure 2, it holds for a modulation factor m  
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( ) ( )0 0,0,0 and 0, ,0
2 2r r

V V
U a U ma= + = − ⋅              (14) 

A00 and A10 are given by:  

( )
2

2 0
22

2
00 102 22 2

2 20 0
2 2

21
10 and

1 12 2

m
maA a A

m mm m
a a

λ
β

λ λ
β β

 + +   − = = ⋅
+ +   + +   

 π 

π

π

   (15) 

If the three parameters 0

a
λ , β , and m are known, the vane surfaces can be  

designed by solving Equation (13). 

4.3. Interpretation of the RFQ Parameters A00 and A10  

We can observe that the two parameters A00 and A10 have great importance for 
the RFQ. A00 is related to the focusing and A10 is associated with the acceleration. 
Let us consider the quadrupole without vane modulation. From (1), the gradient  

of the electric field is ( )0
2 sino

V
G t

a
ω= . With the modulation, the gradient  

becomes  

( )00 0 sin .mG A V tω=                      (16) 

The focusing efficiency χ  of the RFQ can be defined to be the factor that 
determines how good the quadrupole with modulation focuses in comparison to 
the unmodulated cavity:  

2
00 .m

o

G
A a

G
χ = =                       (17) 

The inequality 0 1χ< ≤  can be deduced. With the vane modulation, the ac-
celeration increases and the focusing efficiency decreases. From (14), the fol-
lowing is derived  

2
2

10

:

2 1.

cc

z

A

a A
k

χ

=

   + + =    


                  (18) 

Defining ccA  as the acceleration efficiency, (18) yields the following equation 
1ccAχ + = . We see that: If χ  decreases, ccA  increases and vice versa. 

5. Electron-RFQ Is Suited for 0.5 0.7β≤ ≤  

The normalized velocity β  alone does not determine the efficiency of the RFQ. 
Equations (15) and (17) show that for a given modulation factor m, the focusing  

efficiency χ  of the RFQ depends on the very important term 0

a
λ

β . It is true  

that the proton and heavy-ion RFQs are suited for low beam velocities (typically  

0.12β < ). However, they operate at frequencies for which it holds 0 1
a
λ
 . For  
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example, an ion-RFQ works at 200 MHz with an average aperture radius a = 0.4 
cm, an output energy of 1750 keV ( 0.0610β = ), and a final modulation factor  

2m = . It holds, for this structure 0 375
a
λ

= , and one gets at its output 

0 22.9
a
λ

β ⋅ ≈  and 40.7%χ ≈  (see Figure 3). 

The electron-RFQ that we propose differs from the proton and heavy-ion 
RFQs in some important aspects. Firstly, it operates at frequencies higher than 1  

GHz with 0 7
a
λ

< . Secondly, in this frequency range, the inter-vane voltage is  

much lower than that of proton devices. Thirdly, we have the difference of mass 
between electron and proton. Another important aspect is that electrons are al-
ready emitted from a typical gun source with velocities approaching half the 
speed of light ( 0.5β ≈ ) [8]. 

From all these considerations, we deduce that the electron-RFQ will be de-
signed in four sections. But, it works differently with respect to the structures for 
heavy-ion or proton. The electron-RFQ can work for 0.5 0.7β≤ ≤ , contrary to 
the quadrupole for protons and heavy-ions. It can have the following applica-
tions:  
 

 

Figure 3. Focusing efficiency χ  as function of 0

a
λβ . 
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• Since the ERFQ has a Shaper and a Buncher, it can work as a prebuncher and 
buncher, after an rf gun. In this case, the input normalized beam velocity is 

0.5β ≈  [9].  
• The electron-RFQ can work as a standing wave buncher, in a bunching sec-

tion of a preinjector linac, after a subharmonic prebuncher (a TM010 pillbox 
cavity) and a triode electron gun. In this case, the ERFQ is partially embed-
ded in a focusing solenoid (input 0.7β ≈ ) [9] [10].  

For electron, the ERFQ acceleration efficiency is not high, even with a qua-
drupole acceleration section [11]. For electron acceleration, there are more effi-
cient devices. However, it is a very good buncher for continuous electron beam. 
It also has the following advantages: large bandwidth, symmetrical beam han-
dling in the transverse direction. It can be fabricated, even at very high frequen-
cies, in four parts, using the micro-machining technology LIGA that consists of 
Deep-etched X-ray Lithography (DXRL), electroplating, and micro-molding [12] 
[13] [14].  

6. Accuracy of the Approximation at 10 GHz 

It is important to know how good our analytical field approximation is. For this 
reason, we consider an ERFQ with modulated vanes (see Figure 4). The elec-
trode tips that build equipotential surfaces are plotted from Equation (13). The 
modulation factor is m = 1.7. The structure is quadratic with width w = 8.0169  

 

 
Figure 4. One fourth of an ERFQ cavity. 
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Figure 5. Field linearity. 
 

 
Figure 6. Numerical verification of ( )xE z , ( )yE z , and ( )zE z . 

 
mm and its aperture radius is a = 4.5696 mm. With the program GdfidL, the 2π 
mode is computed over one period 0L βλ= , at 10 GHz, for a normalized phase 
velocity 0.5β = . The planes x = 0, y = 0, z = 0, and the plane z = L represent 
magnetic walls: the fourth of the modulated ERFQ is sufficient for numerical 
computations. 

Figure 4 confirms that we have an AGF channel. We can see, an electrode fo-
cusing the particles in one transverse plane while the adjacent vane defocuses 
them in another plane.  

In Figure 5, we plot with the post-processor of GdfidL the x-component of  
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the electric field ( ) ( )
00 0

,0,0
: x

x

E x
E x

A V
=

∆
, for an offset 1.8278 mm∆ = . The field  

shows a linearity for 0.9273 , 0a x y− < < : our approximation is good enough 
for a beam radius 0.9273br a< . Therefore, the field linearization in the beam 
region is correct, although a linear function is not a solution of the wave equa-
tion. 

In Figure 6, we have the functions ( ) ( )
00 0

,0,
: x

x

E z
E z

A V
−∆

=
∆

,  

( ) ( )
00 0

0, ,
: y

y

E z
E z

A V
−∆

=
∆

, and ( ) ( )
00 0

0,0,
: z

z

E z
E z

A V
=

∆
: they have the form described  

by Equation (6). We deduce that our approach is good. It has the advantage to 
give us the electromagnetic field with sufficient accuracy. 

7. Conclusion  

This paper has provided an analytical study of the electromagnetic field of a rec-
tangular radio frequency quadrupole. The obtained solution has been linearized, 
with good accuracy, in beam-region, for frequencies higher than 1 GHz. We 
have seen that an RFQ is an efficient prebuncher or buncher for a continuous 
electron beam, and its acceleration efficiency is low. In a next article, we will 
present the results of beam simulations with the Particle-in-Cell Method. 
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