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Abstract 
The minimum cost of capacity expansion for time-limited transportation 
problem on-demand (MCCETLTPD) is to find such a practicable capacity 
expansion transportation scheme satisfying the time-limited T along with all 
origins’ supply and all destinations’ demands as well as the expanding cost is 
minimum. Actually, MCCETLTPD is a balance transportation problem and a 
variant problem of minimum cost maximum flow problem. In this paper, by 
creating a mathematical model and constructing a network with lower and 
upper arc capacities, MCCETLTPD is transformed into searching feasible flow 
in the constructed network, and consequently, an algorithm MCCETLTPD-A is 
developed as MCCETLTPD’s solution method basing minimum cost maximum 
flow algorithm. Computational study validates that the MCCETLTPD-A algo-
rithm is an efficient approach to solving the MCCETLTPD. 
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1. Introduction 

The minimum cost of capacity expansion for time-limited transportation prob-
lem on-demand (MCCETLTPD) is an important optimization problem and 
prevalent in practice. For example, during the Shopping Festival (such as the 
“double 11” Festival), many people will take advantage of discounts and promo-
tions to buy a large number of products online, and the products’ quantity is 
several times as much as usual. Logistics companies now promise to deliver ex-
press delivery to the destinations within 1 - 3 days to ensure customers’ online 
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shopping experience. Hence, it is necessary to transport the suddenly increased 
products within the time-limit. At this time, it is much needed to expand the 
transportation capacity and even the storage space of the origins and destina-
tions to meet the current demand. Furthermore, fresh milk and newly salvaged 
seafood, etc., need to be sent to the processing plant for processing within the 
time-limited to ensure the best quality so as to ensure its fresh taste. Therefore, 
within the time-limited, it is generally necessary to expand the transportation 
capacity to meet the transportation demand. Consequently, the MCCETLTPD 
we studied is very necessary, and the goal of MCCETLTPD is to find a plan that 
achieves the transportation scheme within a given time-limited and minimizes 
the expansion cost. Due to the practical application, many scholars have studied 
the capacity expansion problem as well as its various variants and obtained some 
valuable results. Following is a brief review of the researches on the capacity ex-
pansion problem. 

Many works on the capacity expansion problem have been done from differ-
ent perspectives by many scholars, and many significant results have been ob-
tained. For example, Price studied the network capacity expansion problem 
where the expansion cost and expansion capacity are nonlinear functions [1]. 
Wang Hongguo and Ma Shaohan [2] studied the problem of undirected network 
capacity expansion and proposed how to minimize the cost when the capacity 
reached a certain fixed demand value R. Later, They [3] also studied the directed 
networks. Then, Wang Li ping et al. [4] established a general model of network 
capacity expansion problem with both time and cost constraints, and Wang 
Shuzhen et al. also studied it [5]. In addition, Liu Geng proposed three expan-
sion modes [6]: point expansion, arc expansion, and the combination of point 
expansion and arc expansion. After, He [7] studied the capacity expansion prob-
lem of minimum cost and maximum flow. Liu Hui et al. [8] added the limit of the 
number of expansion edges on the basis of Wang Hongguo et al. [2] and then stu-
died a kind of network bottleneck capacity expansion problem with restrictions. 
Liu Geng [9] also studied the capacity expansion problem of the maximum capac-
ity path and three expansion methods were also adopted for modeling calcula-
tion respectively. The definition of capacity in the network has many forms; for 
instance, Kou fei et al. took the shortest path between two vertexes of the net-
work as the flow path between them and then defined the capacity of every arc in 
the network as at least the total demands of the entire flow paths which include 
this arc [10]. Therefore, the capacity of the unsatisfied arcs is needed to expand. 
Many other scholars have conducted research on capacity expansion based on 
real-life examples. Such as, Zhang Yuanliang studied capacity expansion with 
the urban road network as the background [11]. Shin-yi Wu studied the problem 
of broadband network design and capacity expansion [12]. Margarida et al. stu-
died the capacity expansion with the background of local telephone network 
[13]. Lynnette Dray [14] made a specific analysis of the flight information of specif-
ic airlines and obtained a theoretical analysis on whether the airport should expand 
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capacity. 
In addition to these above, there are many scholars have also studied capacity 

expansion in the transportation problem. Such as, in 2006, Pınar Yılmaz and 
Bṻlent Ḉatay [15] studied the problem of capacity planning for a three-stage 
production and transportation system, including single-product, multi-producer, 
shipper, distributor, etc., in which the capacity of each segment could be ex-
panded. Guessous Y et al. [16] proposed a problem of time allocation under dif-
ferent traffic conditions in 2014. There are also some other research directions 
about capacity expansion. In 2020, Barahimi et al. proposed a two-level mul-
ti-objective urban transportation network design model, which aimed to improve 
the reliability of travel time by expanding the capacity of existing network links at 
a minimal cost [17]. The same year, Taghavi Majid and Huang Kai [18] consi-
dered the capacity expansion of network models affected by uncertainty and 
budget constraints. 

Less attention has been paid to developing capacity expansion for time-limited 
transportation problem. In fact, much-existing research on capacity expansion 
can be summarized as follows: on the one hand, when the cost budget is limited, 
how to arrange the expansion to maximize the route capacity [2] [3] [4] [6]? On 
the other hand, how to minimize the expansion cost when route capacity must 
reach the given value R [2] [3] [5]? However, for both the above cases, the ca-
pacity of any route for transportation problem is expanded to a same fixed value. 
Hence, the capacity of some routes is expanded but does not play a role, which 
not only makes the expansion meaningless but also increases the cost burden. 
Moreover, they did not consider the time-limited. Therefore, this paper studies 
capacity expansion for specified routes of transportation problem under the 
time-limited. In other words, within the time-limited, we find a suitable product 
transportation scheme through the minimum cost maximum flow algorithm, 
and as per the transportation scheme and the actual route shipping capacity fi-
niteness, we know which routes need capacity expansion and the amount of ex-
pansion, if other routes’ capacity can meet the transportation scheme, we do not 
need to expand their capacity to meet the requirement. 

Obviously, when Shopping Festivals and other situations occur, we need to 
ship all goods to destinations within time-limited T, so we need to expand the 
transportation capacity and the storage capacity of the origins and destinations 
to meet the current demand. Since this situation is temporary, so we must se-
riously consider the economic pressure brought by the expansion cost. There-
fore, it is necessary to expand at the minimum cost. So we expand the capacity 
according to the actual demand, and it not only saves a large part of the expan-
sion cost but also minimizes the transportation cost. 

The main contribution of this paper is as follows. The MCCETLTPD is a bal-
ance of origin supply and destination demand transportation problem [19], and 
actually also is a minimum cost maximum flow problem. By creating a mathe-
matical model and constructing a network with lower and upper arc capacities, 
MCCETLTPD is transformed into a collection of seeking the feasible flow in the 

https://doi.org/10.4236/jcc.2022.107004


H. Ding, Z. M. Zou 
 

 

DOI: 10.4236/jcc.2022.107004 56 Journal of Computer and Communications 
 

constructed network. Based on the MCMF-A in [20] for searching minimum cost 
maximum flow in the constructed network, an algorithm called MCCETLTPD-A 
is proposed for solving MCCETLTPD. According to the MCCETLTPD-A, a 
practicable transportation scheme is found. As per the transportation scheme and 
the route actual shipping capacity finiteness, the final needed capacity expansion 
routes and capacity expansion quantity are obtained with minimum expanding cost. 
It is proven that our algorithm MCCETLTPD-A is able to seek out MCCETLTPD’s 
optimal solution. 

The rest parts of this paper are shown below. In Section 2, the mathematical 
formulation and solving method of the MCCETLTPD are presented. Section 3 
demonstrates the applications of MCCETLTPD-A with examples and validates 
our algorithm is efficient solving method for MCCETLTPD. The last section 
shows the conclusions. 

2. Mathematical Formulation and Solving Approach for 
MCCETLTPD 

2.1. Usable Notations 

To preferably comprehend the solving approach to MCCETLTPD, the following 
usable notations are introduced. 

Notation 

m Origins’ number 

n  Destinations’ number 

{ }1,2, ,I m= 

 
Origins’ set 

{ }1,2, ,J n= 


 
Destinations’ set 

i Origin index, i I∈  

j Destination index, j J∈  

k Origin index or destination index, k I∈  or k J∈  

o
is  

Normal supply at origin i I∈  

o
jd
 

Normal demand at destination j J∈  

is  Sudden increase supply at origin i I∈  

jd
 

Sudden increase demand at destination j J∈  

iju
 

Shipping capacity of route from origin i I∈  to destination j J∈  

iju′
 

Sudden increase shipping capacity of route from origin i I∈  to destination j J∈  

T Specified limited time 

ijt
 

Shipping time of route from origin i I∈  to destination j J∈  

( ){ }, | ,I J i j i I j J× = ∈ ∈
 

Route set, i.e. the set for all routes from origin i I∈  to destination j J∈  

o
ib  

Expansion cost per unit for the origin i I∈  
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Continued 

d
jb

 
Expansion cost per unit for the destination j J∈  

e
ijb

 
Expansion cost per unit for the route from origin i I∈  to destination j J∈  

s
iv  

Operating speed of origin i I∈  

d
jv

 
Operating speed of destination j J∈  

e
ijv

 
Empty vehicle running speed of the route from origin i I∈  to destination j J∈  

ijdt
 

Distance of the route from origin i I∈  to destination j J∈  

e
ijx

 
Maximum transportation quantity of the route from origin i I∈  to destination j J∈  within the 
time-limited T 

ijx
 

Optimum shipping quantity of route from origin i I∈  to destination j J∈  

s
ir  

Needed capacity expansion quantity for origin i I∈  

d
jr

 
Needed capacity expansion quantity for destination j J∈  

ijr
 

Needed capacity expansion quantity for the route from origin i I∈  to destination j J∈  

z; z' MCCETLTPD ’s optimum objective value, i.e. the minimum cost 

( )
1

o o
j n

D d
×

=


; ( )
1j n

D d
×

=


 Destination demand vector 

( )1o o
i m

S s
×

= ; ( )1i m
S s

×
=  Origin supply vector 

( )ij m n
U u

×
=

  
Shipping capacity matrix for route from origin i I∈  to destination j J∈  

( )1o
i m

Bs b
×

=
 

Expansion cost per unit vector for origin i I∈  

( )
1

d
j n

Bd b
×

=
  

Expansion cost per unit vector for destination j J∈  

( )e
ij m n

Be b
×

=
  

Expansion cost per unit matrix for route from origin i I∈  to destination j J∈  

( )1s
i m

Vs v
×

=
 

Operating speed vector of origin i I∈  

( )
1

d
j n

Vd v
×

=
  

Operating speed vector of destination j J∈  

( )e
ij m n

Ve v
×

=
  

Empty vehicle running speed matrix of route from origin i I∈  to destination j J∈  

( )ij m n
Dt dt

×
=

  
Shipping distance matrices of route from origin i I∈  to destination j J∈  

2.2. Mathematical Model and Solving Analysis 

MCCETLTPD is depicted below. Under the normal case, homogeneous products 
are to be supplied from m origins including origin { }1,2, ,i I m∈ =   to n  
destinations including destination { }1,2, ,j J n∈ = 

 . The shipping capacity for 
the route from origin i I∈  (with available supply as o

is ) to destination j J∈  
(with demand as o

jd ) is iju . In a specified limited time T, a large number of 
sudden increased goods are needed to be supplied from m origins to n  desti-
nations. Within the time-limited T, the shipping capacity and time for the route 
from origin i I∈  (with sudden increase supply as is ) to destination j J∈  
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(with sudden increase demand as jd ) are iju′  and ijt  respectively. Moreover, 
the expansion cost per unit of the route from origin i I∈  to destination j J∈  
is e

ijb  and for the origin i I∈  and the destination j J∈  are o
ib  and d

jb  
respectively. For each ( ),i j I J∈ × , 0ijt > , 0iju > , 0iju′ > , 0e

ijb > , 0o
ib >  

and 0d
jb > . for each i I∈ , 0o

is > , 0is > ; and for each j J∈ , 0o
jd > , 

0jd > . Under the aforementioned circumstances, when a large number of sud-
den increased goods are needed to be transported within time-limited T, the goal 
is to seek a practicable capacity expanding transportation scheme satisfying the 
time-limit T as well as all origins’ supply and all destinations’ demands, so that 
the expanding cost is minimized. 

Let ijx  be the products quantity transported from origin i I∈  to destina-
tion j J∈ . Denote the expanding cost by z.Then, MCCETLTPD ’s mathemati-
cal model is presented below. 

( )
( ),

min

  
MCCETLTPD :

s.t.   

0    and 

e o o d o
ij ij ij i ij i j ij j

i j I J j J i I

ij i
j J

ij j
i I

ij ij

z b x u b x s b x d

x s i I

x d j J

x u i I j J

∈ × ∈ ∈

∈

∈

     = − + − + −          


= ∀ ∈
 
  = ∀ ∈


 ′≤ ≤ ∀ ∈ ∀ ∈ 

∑ ∑ ∑

∑

∑

 

Due to the high time requirement of transportation in reality, then it is consi-
dered that minimize the expanding cost under a certain time-limited T. Because 
of the advanced science and technology, origins and destinations of the logistics 
industry usually adopt electronic equipment instead of manual operation [21], 
so both the origins and destinations are processed at the same time. Thus the 
actual transportation time is the maximum shipping time among all routes, that 
is { }max | ,ijt i I j J∀ ∈ ∈  where ijt  is the shipping time from origin i I∈  to 
destination j J∈ . In fact, for any route from origin i I∈  to destination 
j J∈ , the shipping time ijt  consists of two parts, i.e., a constant part 1

ijt , and 
another part 2

ijt  that is a linear function of the products quantity ijx  trans-
ported from origin i I∈  to destination j J∈ , denoted as ( )2

ij ijt g x= . There-
fore, the shipping time ijt  ( ),i j I J∈ ×  satisfies the inequality that ijt T≤  for  

any ( ),i j I J∈ × , where 
1 2 , 0

0, 0
ij ij ij

ij
ij

t t x
t

x

 + >= 
=

. 

For the second part 2
ijt , it is clear that the more a vehicle loads, the slower it 

moves. In addition, the exact value of time 1
ijt  for any route ( ),i j I J∈ ×  can 

be calculated, if let s
iv  and d

jv  denote as the operating speed of origin i I∈  
and destination j J∈ , respectively, e

ijv  denotes as the empty vehicle running 
speed, and ijdt  denotes as the distance of the route from origin i I∈  to desti-
nation j J∈ . Then there are the relationships as follows: 

1 ,  andj iji
ij s d e

i j ij

d dts
t i I j J

v v v
= + + ∀ ∈ ∈                 (1) 
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{ }2 1max 0, ,  andij ijt T t i I j J= − ∀ ∈ ∈                 (2) 

( ) 2 ,  ande
ij ijg x t i I j J≤ ∀ ∈ ∈                    (3) 

Thus, from inequality (3), we can get the maximum transportation quantity 
e
ijx  for the route from origin i I∈  to destination j J∈  within the 

time-limited T. 
To efficiently solve MCCETLTPD model, we give following definition. 
Definition 1. As shown in Figure 1, a network with lower and upper arc ca-

pacities ( ), , ; ; , ;G V s t A C C B=  is constructed for MCCETLTPD model. Node 
set { }1,2, , , 1, , 2, , 1, 2V m m m m n m n= + + + + + + 

   . Source 1s m n= + + . 
Sink 2t m n= + + . Arc set  

( ){ } ( ){ } ( ){ }, | , , | , |A i m k i I j J s k k I m k t k J= + ∈ ∈ ∈ + ∈  . The lower and 
upper capacity of arc ( ),s k  ( k I∈ ) in set A are ks . The lower and upper ca-
pacity of arc ( ),m k t+  ( k J∈ ) in set A are kd . The lower and upper capacity 
of arc ( ),i m k+  ( i I∈ , k J∈ ) in set A are zero and iku , respectively. The 
number of nodes in G is 2n m n= + + . As per Definition 1 in [22], lower and 
upper arc capacity matrices ( )ij n n

C C
×

=  and ( )ij n n
C C

×
=  are determined by 

following stipulations. If i s=  and j k=  ( k I∈ ), then both ijC  and ijC  
are set as ks . If i m k= +  ( k J∈ ) and j t= , then both ijC  and ijC  are set 
as kd . If i I∈  and j m k= +  ( k J∈ ), then ijC  and ijC  are set as zero and 

iku , respectively. For other situation, if i j= , then ijC  and ijC  are set as zero 
and positive infinity ( +∞ ) respectively, else both ijC  and ijC  are set as zero. 
And the expansion cost per unit matrix ( )ij n n

B B
×

=  is determined by following 
stipulations. If i s=  and j k=  ( k I∈ ), then ijB  is set as o

kb . If i m k= +  
( k J∈ ) and j t= , then ijB  is set as d

kb . If i I∈  and j m k= +  ( k J∈ ), 
then ijB  is set as e

ikb . For other situation, if i j= , then ijB  is set as zero. 
Obviously, in the constructed network G by Definition 1, if there is a feasible 

flow from source s to sink t, then for each ( ),i k I J∈ × , let ikx  be the flow on 
arc ( ),i m k+ , hence we derive MCCETLTPD model’s a feasible solution as 

( ){ }| ,ijx x i j I J= ∈ × . So we get following Proposition 1. 
 

 
Figure 1. Network with lower and upper arc capacities, G. 
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Proposition 1. The constructed network G by Definition 1 reflects the struc-
ture of the MCCETLTPD model’s feasible solutions. That is to say, there exists 
one-to-one correspondence between the feasible solution of the MCCETLTPD 
model and the feasible flow in the constructed network G by Definition 1, i.e., a 
feasible flow in the constructed network G by Definition 1 corresponds to a 
feasible solution of the MCCETLTPD model, and vice versa. Furthermore, 
whether there exists a feasible flow in the constructed network G by Definition 1 
equals whether there exists a feasible solution of the MCCETLTPD model. 

For the route ( ),i k  from origin i I∈  to destination k J∈  in network G, 
if feasible flow ijf  ( j m k= + ) on arc ( ),i m k+  ( i I∀ ∈ , k J∈ ) is no more 
than iju , it means that arc ( ),i m k+  of the network G is allowed to transport 
flow ijf  ( j m k= + ); otherwise arc ( ),i m k+  of G needs to be expended. 

2.3. Solving Method of MCCETLTPD 

The MCCETLTPD is actually equivalent to the minimum cost maximum flow 
problem of G constructed by Definition 1, so we can get Theorem 1 as fol-
lows. 

Theorem 1. The algorithm called MCCETLTPD-A judges the existence of the 
MCCETLTPD model’s feasible solution and finds the MCCETLTPD model’s 
optimum solution if existing. 

MCCETLTPD-A: 
Step 1: For any route ( ),i j I J∈ × , input all the known parameters under nor-

mal conditions, such as ( ), ,o o
i j ijs d u . Then construct network ( ), , ; ; ,G V s t A C C=  

by Definition 1. For each { }, 1, 2, ,i j n∈  , set ij ijC C=  to keep matrix C  in 

( )ijC C= . 
Step 2: For any route ( ),i j I J∈ × , input all the known parameters about 

capacity expansion, such as ( ), , , , , , , , ,o d e s d e
i j i j ij ij i j ijs d T b b b dt v v v , then find the time 

value of 1
ijt  and 2

ijt  by formulas (1) and (2) respectively, and then find the 
maximum transportation quantity e

ijx  by inequality (3) under the time-limited 
T, and let e

ij iju x′ = . For each ( ),i j I J∈ × , set ij iju u′=  to keep variable iju′  as 

iju , then construct new network ( ), , ; ; , ;G V s t A C C B=  by Definition 1. Set 
0Y = . 

Step 3: Call minimum cost maximum flow algorithm MCMF-A in [19] for 
currently gotten new network ( ), , ; ; , ;G V s t A C C B= . If MCMF-A in [19] finds 
a feasible flow’s flow matrix as ( )ij n n

F f
×

=  for currently gotten new network G,  
then consecutively operate as below: “If the flow amount 

( ) ( ), ,
si is

s i A i s A
f f

∈ ∈

−∑ ∑  is 

equal to the total expanding goods amounts i
i I

s
∈
∑  (or equal to j

j J
d

∈
∑ ) then the 

transportation scheme with time-limited T is satisfied, set 1Y =  and go Step 
4”; otherwise, it means that the transportation task cannot be completed within 
time-limited T, then stop; 

Step 4: By the flow matrix ( )ij n n
F f

×
= , the capacity expansion matrix 

( )ij n n
R r

×
=  is obtained as follows: For any { }, 1, 2, ,i j n∈  , if ij ijf C> , let 
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ij ij ijr f C= − ; else let 0ijr = . Here in, for any { }, 1, 2, ,i j n∈  , if 0ijr > , then 
the capacity for the route ( ),i j  needs to be expend. So, if ( )ij n n

R r
×

=  is not a 
zero matrix, according to capacity expansion matrix ( )ij n n

R r
×

=  and the expansion 
cost per unit matrix ( )ij n n

B B
×

= , the minimum expansion cost 
,

ij ij
i j V

z B r
∈

′ = ∑  is 
obtained. then go to Step 5; 

Step 5: If 1Y = , then set ij ijx f=  for each ( ),i j I J∈ × , set z z′= , output 
MCCETLTPD model’s optimum solution ( ){ }| ,ijx x i j I J= ∈ ×  and optimum 
objective value z, and output 1Y =  to indicate that MCCETLTPD model’s op-
timum solution and optimum objective value are found. Otherwise, output 

0Y =  to indicate that feasible solution is not existent for MCCETLTPD model. 
To preferably comprehend the solving algorithm MCCETLTPD-A, an algo-

rithm flow chart of MCCETLTPD-A is shown in Figure 2. The algorithm flow 
chart clearly shows the idea of algorithm MCCETLTPD-A. 

3. Illustrative Examples 

This section illustrates the applications and advantages of MCCETLTPD-A with  
 

 
Figure 2. The algorithm flow chart of MCCETLTPD-A algorithm. 
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examples. The MCCETLTPD-A is coded with MATLAB, and run on PC with 
Intel(R) Pentium(R) CPU 3825U @ 1.90 GHz and RAM 4.00 GB, on which we 
perform all presented computational experiments. 

3.1. A small Scale Instance 

Consider an MCCETLTPD instance of 3 origins and 4 destinations, i.e., 3 × 4 
problem [21], which was first discussed by LI Zhen-ping et al., but we make im-
provements to illustrate the effectiveness of our algorithm MCCETLTPD-A. In 
the paper of [21], within time-limited 15T h= , the transportation scheme was 
not completed under the normal case. However, we can not only complete the 
transportation scheme within time-limited 15T h=  by expanding the route 
capacity, but also the number of products increases suddenly. 

Firstly, we give the data ( o
is , o

jd , iju ) shown in Table 1 under the normal 
case. Then we give the goods sudden increase data ( is , jd , ijdt ), ( o

ib , d
jb , 

e
ijb ), and ( s

iv , d
jv , e

ijv ) shown in Table 2, Table 3 and Table 4, respectively, i.e., 
the goods sudden increase and need to capacity expand within time-limited T. 
By running MCCETLTPD-A based MATLAB computational programs, we ap-
ply MCCETLTPD-A to solve 3 × 4 problem, and validate the efficiency for 
MCCETLTPD-A to solve MCCETLTPD. 

Solution: As per Table 1, the known parameters are below. Origins’ number 
m = 3. Destinations’ number 4n = . Under the normal case, the origin supply 
vector ( )1 2 3, ,o o o oS s s s= , destination demand vector ( )1 2 3 4, , ,o o o o oD d d d d=  and 

the route shipping capacity matrices ( )ijU u=  are below. 
 

Table 1. The route shipping normal capacity ( iju ), normal supply ( o
is ), and normal de-

mand ( o
jd ) for 3 × 4 problem. 

iju
 

1 2 3 4 o
is  

1 9 5 8 8 7 

2 10 5 3 8 4 

3 2 5 11 5 9 

o
jd
 3 6 5 6  

 
Table 2. The route shipping distance ( ijdt ), expanding supply ( is ), and expanding de-

mand ( jd ) for 3 × 4 problem. 

ijdt
 

1 2 3 4 is  

1 10 2 8 3 17 

2 10 3 9 4 14 

3 6 12 10 4 19 

jd
 13 16 5 16  
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( )7,4,9oS = ; ( )3,6,5,6oD = ; 
9 5 8 8

10 5 3 8
2 5 11 5

U
 
 =  
  

 

As per Table 2, Table 3 and Table 4, the origin expanding supply vector 
( )1 2 3, ,S s s s= , destination expanding demand vector ( )1 2 3 4, , ,D d d d d= , the 

route shipping distance matrices ( )ijDt dt= , origin capacity expansion cost per 
unit vector ( )1 2 3, ,o o oBs b b b= , destination capacity expansion cost per unit vector 

( )1 2 3 4, , ,d d d dBd b b b b= , the route capacity expansion cost per unit matrices 

( )e
ijBe b= , the origin operating speed vector ( )1 2 3, ,s s sVs v v v= , the destination 

operating speed vector ( )1 2 3 4, , ,d d d dVd v v v v= , and the route empty vehicle run-
ning speed matrices ( )e

ijVe v=  are below. The time-limited 15 hT = . The 1
ijt  

and 2
ijt  (see Table 5) are obtained by Equations (1) and (2), respectively. Next,  

by inequality (3) of ( ) 21
2

e e
ij ij ijg x x t= ≤ , the route maximum shipping quantity 

e
ijx  under the time-limited T is obtained shown in Table 6. 

 
Table 3. The route capacity expansion cost ( e

ijb ), origin capacity expansion cost ( o
ib ), and 

destination capacity expansion cost ( d
jb ) for 3 × 4 problem. 

e
ijb

 
1 2 3 4 o

ib  

1 1 2 2 1 1 

2 1 3 2 1 2 

3 1 1 1 2 3 

d
jb

 2 1 3 1  

 
Table 4. The route empty vehicle running speed ( e

ijv ), origin operating speed ( s
iv ), and 

destination operating speed ( d
jv ) for 3 × 3 problem. 

e
ijv

 
1 2 3 4 s

iv  

1 1 1 1 1 10 

2 1 1 1 1 10 

3 1 1 1 1 10 

d
jv

 10 10 10 10  

 
Table 5. The shipping time ( 1

ijt ), and shipping time ( 2
ijt ) for 3 × 4 problem. 

1
ijt  1 2 3 4 2

ijt  1 2 3 4 

1 13 5.3 10.2 6.3 1 2 9.7 4.8 8.7 

2 12.7 6 10.9 7 2 2.3 9 4.1 8 

3 9.2 15.5 12.4 7.5 3 5.8 0 2.6 7.5 
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( )17,14,19S = ; ( )13,16,5,16D = ; ( )1,2,3Bs = ; 

( )2,1,3,1Bd = ; ( )10,10,10Vs = ; ( )10,10,10,10Vd =  

10 2 8 3
10 3 9 4
6 12 10 4

Dt
 
 =  
  

; 
1 2 2 1
1 3 2 1
1 1 1 2

Be
 
 =  
  

; 
1 1 1 1
1 1 1 1
1 1 1 1

Ve
 
 =  
  

 

By calling MCCETLTPD-A based MATLAB computational programs and using 
the above known parameters as input, the optimum transportation scheme (i.e., 
maximum flow ijf ) is obtained, see Table 7, and from Table 1 and Table 7, the 
route needed capacity expansion quantity ijr  is obtained shown in Table 8. 

So, the transportation scheme can be completed within time-limited 15 hT = . 
Then, from Table 3 and Table 8, the expanding cost is obtained, that is z = 
136.2. 

3.2. A Medium Scale Instance 

Similarly to the problem of 3 × 4 problem, we apply MCCETLTPD-A to 10 × 10  
 

Table 6. The route maximum shipping quantity e
ijx  under the time-limited T for 3 × 4 

problem. 

e
ijx

 
1 2 3 4 

1 4 19.4 9.6 17.4 

2 4.6 18 8.2 16 

3 11.6 0 5.2 15 

 
Table 7. The optimum transportation scheme for 3 × 4 problem. 

ijx
 

1 2 3 4 is  

1  16  1 17 

2 1.4   12.6 14 

3 11.6  5 2.4 19 

jd
 13 16 5 16  

 
Table 8. The route needed capacity expansion quantity ( ijr ), origin needed capacity ex-

pansion quantity ( s
ir ), and destination needed capacity expansion quantity ( d

jr ) for 3 × 4 

problem 

ijr
 

1 2 3 4 s
ir  

1  11   10 

2    4.6 10 

3 9.6    10 

d
jr

 10 10 0 10  
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problem given in Tables 9-14. For 10 × 10 problem, we consider the normal 
case (i.e., the products are not sudden increase), but the products need to be 
transported within the specified time-limited 36 hT = . By inequality (3) of  

( ) 21
2

e e
ij ij ijg x x t= ≤ , the route maximum shipping quantity e

ijx  under the 

time-limited 36 hT =  is obtained shown in Table 15. 
 

Table 9. The route shipping normal capacity ( iju ), normal supply ( o
is ), and normal de-

mand ( o
jd ) for 10 × 10 problem. 

iju
 1 2 3 4 5 6 7 8 9 10 o

is  

1 25 5 20 22 14 9 23 26 11 3 23 

2 28 30 2 1 12 21 8 8 25 2 15 

3 4 29 26 9 23 20 16 25 18 16 19 

4 28 15 29 2 24 5 21 8 17 24 17 

5 19 25 21 3 6 4 27 28 28 29 17 

6 3 5 23 25 15 15 29 11 9 4 18 

7 9 13 23 21 14 29 17 6 23 18 17 

8 17 28 12 10 20 11 5 8 23 15 14 

9 29 24 20 29 22 18 5 19 12 1 11 

10 29 29 6 2 23 7 8 15 18 11 14 

o
jd
 21 15 25 12 20 14 20 14 12 12  

 
Table 10. The route shipping distance ( ijdt ), expanding expanding supply ( is ), and de-

mand ( jd ) for 10 × 10 problem. 

ijdt
 1 2 3 4 5 6 7 8 9 10 is  

1 900 1100 1600 1100 600 1900 400 600 1300 1000 23 

2 200 1400 900 1900 500 100 1500 1600 1400 1400 15 

3 1200 900 200 1300 1400 1000 1000 400 1300 1600 19 

4 1000 1700 600 2000 1700 900 400 600 1900 800 17 

5 1400 1500 400 500 700 1000 700 200 500 1400 17 

6 1400 2000 600 1400 1600 1600 1300 1200 1500 900 18 

7 1300 1100 900 600 1400 700 400 1400 500 1700 17 

8 100 700 1100 1400 100 1600 1500 1100 300 1700 14 

9 200 300 1000 1400 1300 1000 500 900 1300 600 11 

10 700 1300 1800 200 800 100 1900 1300 1000 1300 14 

jd
 21 15 25 12 20 14 20 14 12 12  
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Table 11. The route capacity expansion cost ( e
ijb ), origin capacity expansion cost ( o

ib ), 

and destination capacity expansion cost ( d
jb ) for 10 × 10 problem 

e
ijb

 1 2 3 4 5 6 7 8 9 10 o
ib  

1 2 5 2 5 9 5 8 3 6 10 2 

2 8 1 10 10 7 1 4 4 3 8 3 

3 4 3 1 2 4 10 3 9 8 5 1 

4 6 10 8 3 6 10 5 1 2 5 5 

5 2 2 9 2 5 5 1 1 7 5 1 

6 7 9 9 2 1 5 2 2 2 4 9 

7 3 6 1 9 3 4 10 7 4 6 4 

8 7 10 4 6 2 10 10 8 7 6 6 

9 7 1 3 6 2 4 6 7 8 9 1 

10 8 5 9 2 3 2 1 5 1 8 7 

d
jb

 1 9 3 2 6 8 4 5 6 8  

 
Table 12. The route empty vehicle running speed ( e

ijv ), origin operating speed ( s
iv ), and 

destination operating speed ( d
jv ) for 10 × 10 problem. 

e
ijv

 1 2 3 4 5 6 7 8 9 10 s
iv  

1 100 100 100 100 100 100 100 100 100 100 4 

2 100 100 100 100 100 100 100 100 100 100 5 

3 100 100 100 100 100 100 100 100 100 100 5 

4 100 100 100 100 100 100 100 100 100 100 3 

5 100 100 100 100 100 100 100 100 100 100 5 

6 100 100 100 100 100 100 100 100 100 100 6 

7 100 100 100 100 100 100 100 100 100 100 5 

8 100 100 100 100 100 100 100 100 100 100 7 

9 100 100 100 100 100 100 100 100 100 100 5 

10 100 100 100 100 100 100 100 100 100 100 2 

d
jv

 2 5 7 5 6 5 3 5 4 5  

 
Table 13. The shipping time ( 1

ijt ) for 10 × 10 problem. 

1
ijt

 1 2 3 4 5 6 7 8 9 10 

1 25.3 19.8 25.3 19.2 15.1 27.6 16.4 14.6 21.8 18.2 

2 15.5 20.0 15.6 24.4 11.3 6.8 24.7 21.8 20.0 19.4 

3 26.3 15.8 9.4 19.2 21.1 16.6 20.5 10.6 19.8 22.2 
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Continued 

4 26.2 25.7 15.2 28.1 26.0 17.5 16.3 14.5 27.7 16.1 

5 27.9 21.4 11.0 10.8 13.7 16.2 17.1 8.2 11.4 19.8 

6 27.5 26.0 12.6 19.4 22.3 21.8 22.7 17.8 21.0 14.4 

7 26.9 17.4 16.0 11.8 20.7 13.2 14.1 20.2 11.4 22.8 

8 13.5 12.0 16.6 18.4 6.3 20.8 23.7 15.8 8.0 21.4 

9 14.7 8.2 15.8 18.6 18.5 15.0 13.9 14.0 18.2 10.6 

10 24.5 23.0 28.6 11.4 18.3 10.8 32.7 22.8 20.0 22.4 

 
Table 14. The shipping time ( 2

ijt ) for 10 × 10 problem. 

2
ijt  1 2 3 4 5 6 7 8 9 10 

1 10.7 16.2 10.7 16.8 20.9 8.4 19.6 21.4 14.2 17.8 

2 20.5 16.0 20.4 11.6 24.7 29.2 11.3 14.2 16.0 16.6 

3 9.7 20.2 26.6 16.8 14.9 19.4 15.5 25.4 16.2 13.8 

4 9.8 10.3 20.8 7.9 10.0 18.5 19.7 21.5 8.3 19.9 

5 8.1 14.6 25.0 25.2 22.3 19.8 18.9 27.8 24.6 16.2 

6 8.5 10.0 23.4 16.6 13.7 14.2 13.3 18.2 15.0 21.6 

7 9.1 18.6 20.0 24.2 15.3 22.8 21.9 15.8 24.6 13.2 

8 22.5 24.0 19.4 17.6 29.7 15.2 12.3 20.2 28.0 14.6 

9 21.3 27.8 20.2 17.4 17.5 21.0 22.1 22.0 17.8 25.4 

10 11.5 13.0 7.4 24.6 17.7 25.2 3.3 13.2 16.0 13.6 

 
Table 15. The route maximum shipping quantity e

ijx  under the time-limited T for 10 × 

10 problem. 

e
ijx

 1 2 3 4 5 6 7 8 9 10 

1 21.4 32.4 21.4 33.6 41.8 16.8 39.2 42.8 28.4 35.6 

2 41 32 40.8 23.2 49.4 58.4 22.6 28.4 32 33.2 

3 19.4 40.4 53.2 33.6 29.8 38.8 31 50.8 32.4 27.6 

4 19.6 20.6 41.6 15.8 20 37 39.4 43 16.6 39.8 

5 16.2 29.2 50 50.4 44.6 39.6 37.8 55.6 49.2 32.4 

6 17 20 46.8 33.2 27.4 28.4 26.6 36.4 30 43.2 

7 18.2 37.2 40 48.4 30.6 45.6 43.8 31.6 49.2 26.4 

8 45 48 38.8 35.2 59.4 30.4 24.6 40.4 56 29.2 

9 42.6 55.6 40.4 34.8 35 42 44.2 44 35.6 50.8 

10 23 26 14.8 49.2 35.4 50.4 6.6 26.4 32 27.2 
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Table 16. The optimum transportation scheme for 10 × 10 problem. 

ijx
 

1 2 3 4 5 6 7 8 9 10 is  

1 21  2        23 

2  3    12     15 

3  1 6 12       19 

4        14 3  17 

5       17    17 

6     6     12 18 

7   17        17 

8     14      14 

9  11         11 

10      2 3  9  14 

jd
 

21 15 25 12 20 14 20 14 12 12  

 
Table 17. The route needed capacity expansion quantity ( ijr ), origin needed capacity ex-

pansion quantity ( s
ir ), and destination needed capacity expansion quantity ( d

jr ) for 10 × 

10 problem. 

ijr
 1 2 3 4 5 6 7 8 9 10 s

ir  

1            

2            

3    3        

4        6    

5            

6          8  

7            

8            

9            

10            

d
jr

            

 
For 10 × 10 problem, by calling MCCETLTPD-A based MATLAB computa-

tional programs and using the above known parameters as input, the optimum 
shipping scheme (i.e., maximum flow ijf ) is obtained, see Table 16, and from 
Table 9 and Table 16, the needed capacity expansion quantity ijr  is obtained 
shown in Table 17. So, the transportation scheme can be completed within 
time-limited 36 hT = . From Table 11 and Table 17, the expanding cost is ob-
tained, that is 44z = . 
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Although there is no sudden increase in goods, the capacity expansion may be 
required to complete the transportation scheme within the specified time-limited 
T, so our method can also solve such problems. Furthermore, if we know the 
transportation cost per unit, we also can get the total cost of completing the 
transportation scheme, i.e., the sum of transportation cost and expanding 
cost. 

4. Conclusions 

Capacity expansion for time-limited transportation problem on demand is a vi-
tal optimization problem worthy of further research in practice due to the per-
vasiveness of transportation problem as well as the importance of time and the 
finiteness of resources or capacity. The minimum cost of capacity expansion for 
time-limited transportation problem on demand is to find a feasible transporta-
tion scheme with minimum expanding cost meeting the restrictions for origin 
supply and destination demand as well as route shipping capacity and time-li- 
mited. 

In this paper, MCCETLTPD was a balance of origin supply and destination 
demand transportation problem, and actually also was a minimum cost maxi-
mum flow problem. By making full use of the problem’s network flow structure 
characteristic and creating a mathematical model as well as constructing a net-
work with lower and upper arc capacities, MCCETLTPD was transformed into a 
collection of seeking the feasible flow in the constructed network. Based on the 
minimum cost maximum flow algorithm for searching minimum cost maxi-
mum flow in the constructed network, an algorithm called MCCETLTPD-A was 
proposed for solving MCCETLTPD. According to the MCCETLTPD-A, a prac-
ticable transportation scheme was found. As per the transportation scheme and 
the route’s actual shipping capacity finiteness, the final needed capacity expan-
sion routes and capacity expansion quantity were obtained with minimum ex-
panding cost, where route capacity was expanded according to actual needs, and 
any route that needn’t expand can stay unchanged. Accordingly, as a robust and 
efficient solving approach to MCCETLTPD, our algorithm is a powerful tool for 
solving other relative optimization problems. 

As a prospect, it is an interesting work in the future to consider that there is 
an unbalanced relationship between the origins supply and destinations demand, 
and the transportation time and the transportation volume are nonlinear func-
tions. Moreover, it is also an interesting and challenging work in the future to 
combine our approach with general network problems to solve other related 
complex optimization problems. 
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