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Abstract

This work proposes a new definition of the functional Fredholm integral eq-
uation in 2D of the second kind with discontinuous kernels (FT-DFIE). Fur-
thermore, the work is concerned to study this new equation numerically. The
existence of a unique solution of the equation is proved. In addition, the ap-
proximate solutions are obtained by two powerful methods Toeplitz Matrix
Method (TMM) and Product Nystréom Methods (PNM). The given numerical
examples showed the efficiency and accuracy of the introduced methods.
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1. Introduction

Over the view past years there has been a substantial increase in the use of
integral equations on the formulation of solution strategies for scientific and en-
gineering problems. In large measure, this has been due to the work in the engi-
neering and mathematics communities in using integral equation techniques to
solve partial differential equations as an alternative to domain-based methods. In
practice, approximate methods to solve the problems are needed. So many dif-
ferent methods that have been established can lead us the way to obtain the nu-
merical solution. Those who are interested can review the excellent expositions
by Popov [1], Tricomi [2], Hochastadt [3], Green [4] Athkinson [5], Linz [6],
Delves and Mohamed [7], Kumar [8] and [9]. In [10], the approximation of so-
lutions for nonlinear functional integral equations was examined by the authors.
In [11], the author studied the singular kernel for the functional Volterra

integral equation. Jafar and others, in [12], studied the functional integral equa-
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tions numerically. The authors in [13], studied the Volterra-Hammerstein integral
equation. In [14], the authors applied a numerical method for obtaining numer-
ical solutions of Fredholm two-dimensional functional linear integral equations
based on the radial basis function. In [15] [16], AL-Bugami studied the two-di-
mensional integral equations numerically. The authors, in [17] [18] [19], studied
the mixed integral equations. In [20], Al-Bugami studied 2D Volterra integral
equation with weakly kernels numerically.

In this work, we study the new equation for nonlinear functional integral equ-
ation in 2D with discontinuous kernels, which has not been studied before, and
we employ the PNM and TMM, which plays an important role in the study of

numerical solutions for FT-DFIE. Consider
bd
1w ﬁf(st“‘p S—u,t—v w(u v)dudv)—g(s t) (1)

The functions g(s,?), f (s, t,w(s, t)) are given analytical functions defined,
respectively, on [a,b] X [c,d] and p(s —u,t —v) is the kernel of (1),
p(s—u,t=v)>0,and w(x,y) isthe solution to be determined.

2. Existence and Uniquess of a Solution

The following conditions apply:
(i) p(s —u,t —v) € C([a,b] x [c,d]) , and satisfies:

1

ﬁf]”p(s _”J—V)|2 dudv}2 =A< (Aisaconstant)

(ii) g(s.) maintains continuity with its derivatives and belongs to
[a,b] X [c,d] and,
1

||g<s,z>||=maxiﬁgz<s,t)ds}2dt:M,

al c

(iii)

ettt =i

Equation (1) is written as follows:

Ww(s,t)zlg(s,t)+Ww(s,t) 2)
7
bd
Ww ( =—f(st.”p S—u,t— vw(u v)duva (3)

Theorem 1. The solution to Equation (1) is unique if conditions (i)-(iii) are
confirmed in [a,b]x[c,d] .

Lemma 1. Under the condition (i)-(iii), the operator w), maps the space
[a,b] X [c,d] into itself.
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Proof:

From formula (2) and (3), we get

Ty e

H (S’t’ﬁ'p(s'””‘V"Zd“dv};{f(s’nj@w(u,v)rdudv}i

= e (st [9:‘%‘ACJ %

So, the operator ¥ maps the space [a,b]x[c,d] into itself.

"WW S, t ||<—+

Lemma 2.

The operator W is contractive in [a,b]x[c,d].

Proof:
For w (s,7) and w,(s,t) in the space [a,b]x[c,d], the formulas (2), (3)
lead to
bd
"VI_/w, —I/I_/w2 <|— f[s,t,j_”p(s—u,t—v)”w1 (u,v)—w2 (u,v)|dudv]

Then, we have

"le —W_/Wz <|—

c

[m[mp(s wi—v)f dudv];(i.ﬁwl oy () dudvﬂ

Then, we obtain

“(I/I_/w1 —VI_/WZ)(s,t)“ < f(s,t,9||w1 (s,t)—w2 (S,l‘)") (5)

3. The Numerical Solutions
3.1. The (TMM)

Consider:
bd
Hw lf[stj ps u,t— v (u v)dudv}—g(st) (6)
We can be written (6) in the form:
ab N-1 -1
jjp(s—u,t—v)w(u,v)dudv- z p(s—u,t=v)w(u,v)dudy (7)
00 n=—N m=—M

h= % , we approximate the integral in the Equation (6), if m=n, by

nh+h mh+h
pls—u,t—v)w(u,v)dudv
=A,, (s,t)w(nh,mh)+ B, (s,t)w(nh+h,mh+h)+R

If w(u,v)=1.1, uv inEquation (8), then:
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€

nh+mh+h nh+mh+h

o))

nh+h)(mh+h)l g }

nh+mh+h nh+mh+h

B,, (s,t)z%{ ! —(nh)(mh)l} (10)

where
nh+h mh+h
I(s,t)= I j p(s—u,t—v)dudv
nh  mh
nh+h mh+h
J(s,t)= _[ uv-p(s—u,t—v)dudv
nh  mh

Equation (7) thus becomes
ab
jjp(s u,t— v (u v)dudv
00

= [An)m (s,t)w(nh,mh)+Bn . (s,t) (nh+h mh+h)]

o (11)
”;NM:ZMA,,” (s,2)w(nh,mh)+ Z Z Bl oy (5:6) w(nh, mh)
2z X

D, (s,t)w(nh,mh)

n=N m=—M
where
A N( ) n=m=-N
D, (s,t) A, (s ) (s,t) —-N<n=m<N
B, ( ) n=m=N

Thus, the Equation (6) becomes:

wn(s)=21 (50 3 3 D

n=—N m=

)w(nh,mh)} = g(s,t)

If we put s=kh,t=1h,then we get:

N M
,uwk,l—ﬂf(s,t,z > Dk,wwnmj:gk,, —-N<k<N,-M<I<M (12)

n=—N m=—M
where
Ay (kh,lh) n=m=-N
Dy =34, (kh,lh) +B, (kh,lh) -N<n=m<N (13)
B,,_, (kh,ih) n=m=N
The matrix Dy, , maybe writtenas D,, =G, —E,, ,,where
G = A, (kh,ih)+ B, (kh,Ih), —N<k,I,n,<N (14)
B__, (kh,Ih) n=m=-N
B =10 —-N<n=m<N (15)
Ay (kh,1h) n=m=N
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3.2. The (PNM)

Consider
bd
Hw lf(st”ps u,t— v (u v)dudvj—g(st) (16)

We can often factor out the singularity in p by writing
p(s—u,t—v):k(s—u,t—v)}_n(s—u,t—v) 17)

Equation (16) is expressed as:
st
Hw lf(s,t,”k s u,t— v s u,t— v)w(u,v)dudv}zg(s,t) (18)
00

The integral term in Equation (18) is estimated when s=s,,t=1¢ by

st
Ifk 1_7( .—v)w(u,v)dudv
00 (19)
N M
ZZO i L,p(s —u; t—v )w(ul,vj)
where «,k, are the weights. Then,
st
”k(s,. —u,t, =v) p(s; —u,t, =v) w(u,v)dudv
00 (20)

Uz 42 V242
J. k(s;—u,t,=v)p(x,—u,y,—v)dudv

wj V2

Q
.Mi

and Neven. Now if

b-a
where s, =u,=t,=v,=a+ih,i=0,1,---,N with h=
we approximate the nonsingular part of the integrand over each interval
[uz oty j+2],[v2,,v2,+2] by the second degree Lagrange interpolation polynomial
that interpolates it at the points u,;,u,,,,,U; ;5,555,415 V,,,, We find

N-2M-2

U2j+2 V2142

j;k(ul. —u,v, —v)ﬁ(ui —u,v, —v)w(u % dud = Z i j v)

=0 1=0

oct—

~

(“2j+1 _u)(V2/+£2_h:))((z;2};2)_u)(vzm _V) 1_7(”1' UV _VZI)W(UZj’Vzl)

+ (u —uzj)(v _v21)(”2./+2 _”)(V21+z -v)

(h2 )(hz) ﬁ( Uy T V21+1)W(”2j+1a"21+1)

n (u_ulj)(v_vﬂ)(”_”2j+1)(v_vzz+1)
(27)(207)
ii ,,p( Vz_V/)W(”ivvz)

where u; = jh, u/.+1:(]+1)h, u,—u;, =v,—v,, =-h, and «;,x, are giv-

p( Tl Vi T Vana ) W(”2j+2 »Vaiia )} dudvy

en by
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upy vo

K Ko :WI Ik(ui —u,V, —v)(u1 —u)(v1 —v)(u2 —u)(v2 —v)dudv

Up Vo

1 12j+2 Vaip0

Kin K2 =h_4 j J k(”i U,V _v)(” _”2j)(V_V21)(u2j+2 _”)(V21+z —v)dudv
uy; vy
1 1) vy
Kin Ko = W J. .f ke (u v, v)(u—uzj_z)(v—vzj_z)(u—uz‘/._])(V—vzj_,)dudv (21)
U2 V212
U2 j+2 Vo142
+m J k(u, —u,v, —v)(uzj+1 —u)(vzj+1 —v)(uzﬁz —u)(v2j+2 —v)dudv
;W
uy ij l
KKy = 4h4 _[ I k u Uy 2)(v—vM72)(u—uNfl)(v—val)dudv
UN-2 VM -2

If we define

uyj Vo

05’, l,l 4h2 I J.k (u Uy 2)(\/ vy 2)(u uzjl)(v vzjl)dudv

Upj2 V322

uy; Vo

/3, ,9, f _[ k (“2,1 u)(vzj,l—v)(qu—u)(vzj—v)dudv (22)

”2, 2 V2j-2

uz/ VZ/

7” SV _4h2 I jk (u uzl2)(v—v2j72)(u2j—u)(vZ/—v)dudv

Uy -2 V3j-2

It follows that

IOKIO ﬁ]l (uz’vt) K[,2/+1 0241 T 47/]+Iz+] ( V )

23
Ki2iKini = a/,i(ui’vi)+ﬂj+l,i+l(ui’vi)’ Ki,NKi,M:aEM(ui’vi) (23)
272

In general, assume u=u,, ,+&h, v=v, ,+6h, 0<£,6<2, thus (22) be-
come

a,,(u =—H§5 E-1)(5-1)p ( (uzj_2+§h),vi—(v2,_2+5h))d§d5
5-1)(6-2) p(u, ~(r, 5 +&h).v, ~(vyy, +5h))dEdS (24)
8) p(; ~ (1t > +&h),v, = vy, +5h))dédS
If we define y, ZJjgkﬁkp(ui ~(y; 5 +ER)v, = (v +6h))d§d5,k:0,1,2,
and let ul.—uzjfz:(io—o2j+2)h, V, = vy, = (i—20+2)h, we have
:ﬁg"akk((z—g)h,(g—5)h)d§d5, k=0,1,2,z=i-2h+2, g=i-2i+2 (25)
00

Then we get:

(s, ﬂf(s (3 k(s _uj,t,._v,)w(uj,v,)j

Jj=01=0

(26)
:g(sl.,tl.), i=0,1---,N
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4. Numerical Examples

We consider two kernels: logarithmic and Carleman. In logartimc kernel we con-
sider 4 = 0.001, 0.01, for values of yz= 1, and N = 10, 20 units. In Carleman kernel:
we consider A, =0.02269139783, v, =0.42, v, =0.38,and

A, =0.03933175622, v, =0.37, v, =0.35, where N = 10, 20 units. In Tables
1-4: Aprro. T — approximate solution by TMM, Error T — error value by
TMM, Aprro. N — approximate solution by PNM, Error N — error value by
PNM.

Example 1.

w(s,t) —lf(s,t, j _1[ ln|s —u|ln|t —v|w(u,v)dudv} = g(s,t)

-1-1

Exact solution is w(s,t) =s-t.

Table 1. The approximate and absolute error values as determined by TMM and PNM at

A=0.001.
A N x v Aprro. T Error T. Aprro. N Error N.
-1.00 -1.00 1.00124468 0.00124468 1.00097819  0.000978192
-0.6 -0.6  0.36093925 0.00093925  0.36056010 0.000560106
-0.2 -0.2  0.04009519 0.00009519  0.04003873 0.000038738
10 0.2 0.2 0.04003274  0.00003274  0.04005675 0.000056752
0.6 0.6 0.35963143  0.00036857  0.36061358 0.000613584
1.00 1.00 0.99924413  0.00755862 1.00095182  0.000951828
0.001

-1.00 -1.00 1.00112194 0.00112194 1.00099863  0.000998630
-0.6 -0.6  0.36079723  0.00079723  0.36059097 0.000590971
-0.2 -0.2  0.04006217 0.00006217  0.04006364 0.000063649
20 0.2 0.2 0.03999980 0.19305 x 10° 0.04007820 0.000078205
0.6 0.6 0.35489814  0.00051018  0.36063081 0.000630816
1.00 1.00 0.99912165  0.00087834 1.00099190 0.000991901

Table 2. The approximate and absolute error values as determined by TMM and PNM at

A1=0.01.
A N x y Aprro. T Error T. Aprro. N Error N.

-1.00 —-1.00 1.01248039 0.01248039 1.00978298 0.009782987

-0.6 —-0.6  0.36944950 0.00944950  0.365595279 0.005595279

-0.2 —-0.2  0.04096513 0.00096513 0.040382566 0.000382566

0.01 10

0.2 0.2 0.04032618 0.00032618  0.040565268 0.000565268

0.6 0.6 0.35629240 0.00370759  0.366135449 0.006135497

1.00 1.00 0.99242529 0.00757470 1.009514701 0.009514701
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Continued
-1.00 -1.00 1.01123458 0.01123458  1.010039328 0.010039328
-0.6 -0.6 0.36799784 0.00799784  0.365917381 0.005917382
-0.2 -0.2  0.04062651 0.00062651  0.040624598 0.000624598

20
0.2 0.2 0.03999630 0.36916 x 10™° 0.040779795 0.000779795
0.6 0.6 0.35488204  0.00511795  0.366311386 0.006311386
1.00 1.00  0.99120620 0.008793795 1.009918759 0.009918759

Example 2.

-1-1

11
w(s,t) - /lf[s,t, I “s —u|70' |t —v|7v2 w(u,v)dudvj = g(s,t)
Exact solution is w(s,t) =s-t

Table 3. The approximate and absolute error values as determined by TMM and PNM at
v, =0.42,0, =0.38,1=0.02269139783 .

N «x y Aprro. T Error T. Aprro. N Error N.
-1.00 -1.00 1.01794079 0.01794079 1.011727082 0.011727082
-0.6 -0.6 0.37902404 0.01902404 0.369203272 0.009203237
-0.2 -0.2 0.04575897 0.00575897 0.043457101 0.003457101
10 0.2 0.2 0.04507109 0.00507109 0.043412760 0.003412760
0.6 0.6 0.36456665 0.00456666 0.368775487 0.008775487
1.00 1.00 0.99967540 0.00032459 1.013352969 0.013352969
-1.00 -1.00 1.01368129 0.01368129 1.010268091 0.010268091
-0.6 -0.6 0.37297088 0.01297088 0.367643589 0.007643589
-02 -0.2 0.04304212 0.00304212 0.042054967 0.002054967
20 0.2 0.2 0.04238472 0.00238472 0.041930781 0.001930781
0.6 0.6 0.35865605 0.00134394 0.367359820 0.007359820
1.00 1.00 0.99549767 0.00450232 1.010809209 0.010809309

Table 4. The approximate and absolute error values as determined by TMM and PNM
at v, =0.37,0,=0.35,4=0.03933175622.

N «x y Aprro. T Error T. Aprro. N Error N.
-1.00 -1.00 1.02362810 0.02362810 1.01575969 0.01575969
-0.6 -0.6 0.38638462 0.02638462 0.37267699 0.01267699
o -0.2 -0.2 0.04932809 0.00932809 0.04561598 0.00561598

1
0.2 0.2 0.04844989 0.00844989 0.04556409 0.00556409
0.6 0.6 0.36857130 0.00857130 0.37220276 0.01220279
1.00 1.00 1.00086145 0.00086145 1.01815510 0.01815510
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Continued

-1.00 -1.00 1.07470912 0.01747091 1.01330710 0.01330710
-0.6 -0.6 0.37715646 0.01715646 0.37004052 0.01004052
-02 -0.2 0.04482769 0.00482769 0.04316247 0.00316247
0.2 0.2 0.04400329 0.00400329 0.04299879 0.00299879
0.6 0.6 0.35958227 0.00041772 0.03696866 0.00968386
1.00 1.00 0.99484307 0.00515692 1.01410259 0.01410259

20

5. Conclusions

In order to find the solution of the FT-DHIE of the second kind with noncon-
tinous kernels, this research provided two efficient numerical approaches. TMM
and PNM have been introduced for this reason. The correctness and efficacy of
the methods are demonstrated by error analysis and a few numerical examples.
From previous tables, we found in every instance, the error in evaluating the ap-
proximation solution using the PNM is lower than the error in evaluating the
approximation solution using the TMM. The FT-DHIE's logarithmic error num-
bers, Error T. and Error N., are less than error values, Error T. and Error N. of
FT-DFIE.

In the future, we will study this equation in nonlinear case and in the different
kinds.

Conflicts of Interest

The author declares no conflicts of interest regarding the publication of this pa-

per.

References

[1] Popov, G.Y. (1982) Contact Problems for a Linearly Deformable Foundation. Odes-
sa, Kiev.

[2] Tricomi, F.G. (1985) Integral Equations. Dover, New York.
[3] Hochastadt, H. (1973) Integral Equations. Publisher, New York.
[4] Green, C.D. (1969) Integral Equation Methods. Nelson, New York.

[5] Athkinson, K.E. (1976) A Survey of Numerical Methods for the Solution of Fred-
holm Integral Equations of the Second Kind. SIAM, Philadelphia.

[6] Linz, P. (1985) Analytic and Numerical Methods for Volterra Equations. SIAM,
Philadelphia. https://doi.org/10.1137/1.9781611970852

[7] Delves, L.M. and Mohamed, J.L. (1985) Computational Methods for Integral Equa-
tions. Cambridge University Press, Cambridge.
https://doi.org/10.1017/CB0O9780511569609

[8] Kumar, S. and Sloan, I.H. (1987) A New Collections Type Method for Hammerstein
Integral Equations. Mathematics of Computation, 48, 585-593.
https://doi.org/10.1090/S0025-5718-1987-0878692-4

[9] Kumar, S. (1988) A Discrete Collection-Type Method for Hammerstein Equations.
SIAM Journal on Numerical Analysis, 25, 328-341. https://doi.org/10.1137/0725023

DOI: 10.4236/jamp.2023.1111233

3710 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.1111233
https://doi.org/10.1137/1.9781611970852
https://doi.org/10.1017/CBO9780511569609
https://doi.org/10.1090/S0025-5718-1987-0878692-4
https://doi.org/10.1137/0725023

A. M. Al-Bugami

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

Mishra, L.N., Pathak, V.K. and Baleanu, D. (2022) Approximation of Solutions for
Nonlinear Functional Integral Equations. AIMS Mathematics, 7, 17486-17506.
https://doi.org/10.3934/math.2022964

Aldona, D. (2008) On the Functional-Integral Equation of Volterra Type with
Weakly Singular Keenel. Publications de I Institut Mathematique, 83, 57-63.
https://doi.org/10.2298/PIM0897057D

Biazar, J., Porshokouhi, M.G., Ghanbari, B. and Porshokouhi, M.G. (2011) Numer-
ical Solution of Functional Integral Equations by the Variational Iteration Method.
Journal of Computational and Applied Mathematics, 235, 2581-2585.
https://doi.org/10.1016/j.cam.2010.11.010

Marian, D., Ciplea, S.A. and Lungu, N. (2021) On a Functional Integral Equation.
Symmetry, 13, Article 1321. https://doi.org/10.3390/sym13081321

Khaksari, N., Paripour, M. and Karamikabir, N. (2021) Numerical Solution for the
2D Linear Fredholm Functional Integral Equations. Journal of Mathematics, 2021,
Article ID: 9560595. https://doi.org/10.1155/2021/9560595

Al-Bugami, A.M. (2021) Efficient Numerical Algorithm for the Solution of Nonli-
near Two-Dimensional Volterra Integral Equation Arising from Torsion Problem.
Advances in Mathematical Physics, 2021, Article ID: 6559694.
https://doi.org/10.1155/2021/6559694

AL-Bugami, A.M. (2012) Two Dimensional Fredholm Integral Equation with Time.
Journal of Modern Methods in Numerical Mathematics, 3, 66-78.
https://doi.org/10.20454/jmmnm.2012.339

Abdou, M.A. and AL-Bugami, A.M. (2013) Nonlinear Fredholm-Volterra Integral
Equation and Its Numerical Solutions with Quadrature Methods. Journal of Ad-
vances in Mathematics, 4, 415-422.

Khamis, A.K., Ismail, M.A.H., Abdou, M.A. and Al-Bugami, A.M. (2013) Mixed
Integral Equation with Cauchy Kernel and Contact Problem. Life Science Journal,
10, 1208-1215.

Al-Bugami, A.M. (2021) Singular Hammerstein-Volterra Integral Equation and Its
Numerical Processing. Journal of Applied Mathematics and Physics, 9, 379-390.
https://doi.org/10.4236/jamp.2021.92026

Al-Bugami, A.M. (2021) Two Dimensional Volterra Integral Equation with Singular
Kernels in Contact Problems and Its Numerical Computations. /nternational Jour-
nal of Mathematical Analysis, 15, 303-319.
https://doi.org/10.12988/ijma.2021.912364

DOI: 10.4236/jamp.2023.1111233

3711 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.1111233
https://doi.org/10.3934/math.2022964
https://doi.org/10.2298/PIM0897057D
https://doi.org/10.1016/j.cam.2010.11.010
https://doi.org/10.3390/sym13081321
https://doi.org/10.1155/2021/9560595
https://doi.org/10.1155/2021/6559694
https://doi.org/10.20454/jmmnm.2012.339
https://doi.org/10.4236/jamp.2021.92026
https://doi.org/10.12988/ijma.2021.912364

	Numerical Treatments of Functional Fredholm Integral Equation in 2D with Discontinuous Kernels
	Abstract
	Keywords
	1. Introduction
	2. Existence and Uniquess of a Solution
	3. The Numerical Solutions
	3.1. The (TMM)
	3.2. The (PNM)

	4. Numerical Examples
	5. Conclusions
	Conflicts of Interest
	References

