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Abstract

The relationship between mountain height and rank in height for a moun-
tainous region is examined. A stochastic differential equation model is de-
rived for the evolution of mountain elevations. The derivation is based on
simple assumptions about tectonic and erosion processes in mountain eleva-
tion dynamics. At any given time, the model yields a CIR-type probability
density for mountain heights. As data are often available for mountains of
greatest elevation in a region, the tail of the CIR density is studied and com-
pared with mountain height data for the highest mountains in the region. The
tail density is proportional to the product of a power of height and an expo-
nential function of height, ie, 4" exp(—ah) where 4 is mountain height
and a and b are constants. The inverse distribution function of the tail proba-
bility density leads to a formula that relates rank in height to the correspond-
ing mountain height. The formula provides, for example, a decreasing se-
quence of theoretical mountain heights for the region. The derived formula is
tested against mountain height data sets for several mountainous regions in
the British Isles, Continental Europe, Northern Africa, and North America.
The derived formula provides an excellent fit to the mountain height data
ranked by height.
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1. Introduction

It has been hypothesized that mountains experience several phases including an
initial growth phase caused by plate interactions and other tectonic events, a
second stage where denudation processes and uplift interact against each other

possibly at times balancing each other, and a final phase where mountain eleva-
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tions gradually decline through erosion processes [1]. For example, it is esti-
mated that, as the Alps erode at the top and regenerate from the earth’s mantle,
the Alps lose and gain about a millimeter per year of elevation [2]. Rates of tec-
tonic and denudation processes and the relative importance of tectonic versus
climatic processes, erosion, and other denudation processes are currently un-
dergoing much study and discussion [3]-[10]. In the present investigation, it is
assumed that mountains are growing and declining through tectonic and denu-
dation processes.

Mountain height distributions are of interest to geologists and naturalists as
well as to mountaineering enthusiasts [2] [11]-[16]. As erosion and uplifting
processes interact, some mountains disappear into the background as their
heights decline below a certain level. However, data for the mountains of great-
est elevation are thoroughly and accurately recorded with most of these moun-
tains having unique identifying names. Through examination of the data availa-
ble for the mountains of greatest elevation in a mountainous region, models of
dynamic mountain growth and decline can be studied and compared.

In the present investigation, an Itd stochastic differential equation (SDE)
model is derived for mountain elevation dynamics where it is assumed that the
mountains are growing and declining through tectonic and climatic processes.
The SDE model indicates that the mountain height distribution for long time af-
ter initial formation is approximately a type of Cox-Ingersoll-Ross (CIR) distri-
bution. It is shown that the tail of the CIR distribution for the greatest mountain
heights has the form /" exp(—ah) where a and b are constants and 4 is
mountain height. The inverse cumulative distribution function of the tail proba-
bility density leads to a specific function that relates rank in height to mountain
height. The formula is tested against mountain height data sets for several
mountain classifications in the British Isles, Continental Europe, Northern Afri-
ca, and North America, where thorough, well-documented data are available.
The derived formula provides an excellent fit to mountain height data ranked by
height.

Original contributions of the present investigation include the following.

e Based on a physical argument, a new formula is derived for mountain height
as a function of rank in height for a mountainous region.
e The derivation follows from simple assumptions on tectonic and deundation
processes in mountain elevation dynamics.
e The derived formula agrees very well with mountain height data of Europe,
Africa, and North America.
In addition, for convenience, many of the mathematical symbols used in present

investigation are tabulated and described in the Appendix.

2. Derivation of Formula for Height versus Rank
2.1. Height Probability Density and Tail Approximation

After the earliest phase of mountain growth dynamics, it is hypothesized that
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erosion events and uplift events determine rates of change of mountain eleva-
tions. These processes are considered here in modeling the growth dynamics of
mountain height A. For a small interval of time, erosion events are assumed to
occur randomly with probability proportional to the length of the time interval
and to the difference between the height of the mountain [1] and a background
base elevation A;. Height changes due to tectonic drift and uplift are assumed to
occur continually with a constant rate of rate of growth. The changes and proba-
bilities for a small time interval At are summarized in Table 1 which defines a
discrete stochastic model for mountain height dynamics.

Before analyzing the stochastic model of Table 1, it is pointed out that the
model assumes that uplift occurs in a deterministic manner while erosion events
occur randomly. This assumption is consistent, however, with several previous
investigations where erosion processes are considered random in nature while
tectonic uplifting processes are inferred or modeled as being steady with time
(see, e.g., [17]-[25]). Also, there appear to be other possible physically reasonable
model assumptions than those described in Table 1. For example, instead of a
constant rate of uplift r, the rate of uplift could be assumed to approach zero as
height A4 approaches an upper elevation /4, ie., the rate of uplift could be as-
sumed to equal r(l—h/ hy, ) The resulting discrete stochastic model, however,
leads to the same approximate tail distribution as the stochastic model of Table
1 as inferred through consideration of an approximate Kolmogorov backward
equation [26]. Models involving more complicated hypotheses about mountain
height changes due to denudation and tectonic processes, however, are left to
future investigations. In particular, randomly occurring uplifts are not consi-
dered in the present investigation.

In Table 1, an erosion change of height 7 occurs with probability 0 if height
A is less than mountain “base” or “background” elevation 4;. That is, if moun-
tain height 4 is less than A, an erosion change is not considered possible. An
erosion change of height 7 occurs with probability 7/(h -h, )At when height
his greater than A,. An uplift of magnitude rAt occurs for each time interval At
where ris the rate of rise. From the changes and probabilities in Table 1, the
mean height change and variance in height change for small Atand /> h, are

equal to
B(Ah) =ny (= h)At+ rAt and Var(Ah)=n’y (h=h,)Ar+0((Ar)").
Let the drift and diffusion coefficients of an It6 SDE be equal to

Table 1. A discrete stochastic model defined by hypothesized height changes and proba-
bilities for erosion and uplifting processes for small time interval Az

Change AA Probability of change in time interval At
-n )2 :max(O,}/(h—hL)Az)
}"A[ p2 = 1

DOI: 10.4236/jamp.2023.1111225 3567 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.1111225

E. J. Allen

ny(hL —H(t)) +r and (nzy(H(t)—hL ))1/2 , respectively, where H (1) is sto-
chastic mountain height at time £ With these coefficients, the SDE’s probability
distribution approximates that of the discrete stochastic model for small A¢and
n as inferred through similarities in the forward Kolmogorov equation of the
SDE model and the Chapman Kolmogorov equation of the discrete stochastic
model (see, for example, [27] [28] [29]). The It6 SDE corresponding to the dis-
crete stochastic model of Table 1 is given by

dH (1) = a(h,—H(0))dt+ BJH (1)~ h, dW (1), H(0)=hy2h, (1)
where a=ny, f= 77\/;, h,=h, +r/a, and W(t) is a standard Wiener
process. The value of £, isthe asymptotic mean mountain height for large time
t. Equation (1) is a form of Cox-Ingersoll-Ross (CIR) SDE [30] [31] [32]. Since
the solution of SDE (1) satisfies H (t)—hL 20 with probability one for any
¢>0, the mountain height H(7) does not decrease below background height
h, as is physically reasonable.

The mean and variance of the solution to stochastic differential Equation (1)
satisfy E(H (t))=h,+(h,—h,)exp(-at) and
2
Var(H (1)) :;L((he — i)+ (2, — 28, Yexp(—at)+ (h, — 2, + b, )exp(~2at))
a
for any time #[30]. The probability density of height, H (t) , at any fixed time ¢

is equal to
v q/2
p(h) = c(—] e, (ZM) for h>h,, (2)

where

2a 2a(h,—h,)
21wt — = L

B (l—e “ ) B

and Iq (Z) is the modified Bessel function of first kind of order ¢ [31] [33]. For
large z 1,(z) is asymptotically proportional to exp(z) / N2nz [34]. Thus, for

su=c(hy—h)e™, v=c(h—h,), g=

C =

height much greater than #, and fixed time ¢ the tail of the mountain height
probability density is approximately

p(h)=c,h® exp(—c;h) 3)

for constants ¢, ¢,,and c;. This follows from the fact that
I1,(z)e exp(z)/x/27cz for large z where z o /h—h, . The tail density (3) has

the same form as that of a gamma probability density function [35].

2.2. Probability Density for the Greatest Heights

In this subsection, time is fixed and mountain height data for the greatest heights
in a region are examined. For mountain heights in the data ranging from A, to
A, . it is assumed that the data values lie in the tail of the probability density (2)

indicating that #_, > &, . The tail approximation (3) is converted to a probabil-

min

ity density for the interval [hmin , hmax] to obtain the density
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_ h""'a" exp(—ah)
¢(a,b)

where a and b are two positive parameters, ¢(a,b) is defined here for conven-

p(h) for b, <h<h_,, (4)

ience as
$(a,b) =y (b, ahy, )= 7(b,ah,,) and y(b,z)=[ " exp(~t)dt

is the lower incomplete gamma function [36]. For probability density function

(4), the first two moments are calculated to be equal to
E(h)=¢(ab+1)/(ag(a,b)) and E(h*)=g(a,b+2)/(a’¢(a,b)).

The cumulative distribution function corresponding to density (4) is given by

0 y(b,ah)—y(b,ah,, )
P(h)= dz= 5

( ) Jhman p(z) ¢(a,b) ®)
where 0<P(h)<1 and P'(h)>0 for h, <h<h,, . Values of the parame-

ters aand b in probability density (4) are determined in the present investigation

for each set of mountain height data using maximum likelihood estimation
(MLE) [35] [37].

For a specific mountainous region, let 4, >4, for i=12,---,N be ordered
heights for the mountains of greatest elevation in the region where
B =h >hy>-->hy,  >hy, =h_ . (For this discussion, it is convenient to as-
sume distinct heights of the mountains in the data set.) The ranks of these N
mountain heights are defined as i=1,2,3,---, N where 7is the #th highest moun-
tain in the region. In addition, it is useful to define a decreasing sequence of values
X, on [0,1] that are related to rank 7 by x, =(N+l—i)/N for i=12,---,N
where 1=x, >x, >x; >-+>x, =1/N.To see how the ranked data points (i,hi)
are related to the cumulative distribution function (5), the empirical cumulative
distribution function [38] is considered. The empirical distribution function,
P, , is defined by the data points (h,.,x,.) for i=1,2,---,N . Specifically, P, (h) ,
is defined as the piecewise constant function that satisfies
P, (h,.): (N+1—i)/N =x, for i=1,2,---,N [35] [38]. The first two moments

of the empirical cumulative distribution are
- —
h=>h/N and h* =Y h’/N.
i=1 i=1

Importantly, the points (hi,xi) lie on the curve of the empirical cumulative
distribution function for i=1,2,---, N . To relate these points to the model cu-
mulative distribution curve x=P (h) , the Glivenko-Cantelli Theorem [38] [39]
states that the empirical cumulative distribution function converges with proba-
bility one to the exact cumulative distribution function as the number of points
N goes to infinity. This implies that the model cumulative distribution function,
P(h) of (5), will provide a good fit to the data points (h,.,xi) for large N if
P(h) is a good approximation to the exact distribution of mountain heights.

That is, if P(h) is a good approximation to the exact distribution, then
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P(hl.) ~x, for i=12,---,N.

Based on the above discussion, it is hypothesized that P(h) approximates
the exact probability distribution of mountain heights. In particular, P(%, )= x,
for i=1,2,---,N with P (xl.) = h,. The inverse of the cumulative distribution
function is considered in order to extend the model to ranked mountain heights
and to compare the model’s approximations with previous research [40] on ranked
mountain heights. Let N be the total number of ordered data points (x,,7% ),
i=1,2,---,N for mountain heights in a region where x; =(N+l—i)/N for
i=1,2,---,N. By Equation (5), the inverse cumulative distribution function,
P! (x), is given by

Pl (x)=yp" (b,x¢(a,b) +y(b,ah,;, ))/a (6)

where the inverse lower incomplete gamma function satisfies 7~ (b,z) =y if
z=y(b,y). Notice that for 0<x<1, h, <P"'(x)<h, ,and P'(x) in-
creasesto /. as xincreases to unity. In particular, P~'(x,)~h, for

i=12,,N,and h, =P "'(x)>P"(x,)>>P"(xy)2h

‘min *

mi

Define now the function, G, as

G(z)=P"'((N+1-z)/N) for ISz<N. (7)

Function G provides, for example, a sequence of N theoretical mountain heights
G(i)=P"'(x;)~h, for i=1,2,---,N, ranked by height, which can be compared
with the data values 4, for i=12,---,N . Specifically, for i=1,2,---,N,

G(i)=y" (b (a.b)x, +y (b.ah,,))/a, with x,=(N+1-i)/N,  (8)

gives a sequence of ranked mountain heights for the region based on the derived
cumulative distribution P(h) with h  =h =G(1)>G(2)>--->G(N). Fur-
thermore, the curve h=G(z) for 1<z<N provides a curve that approx-
imately fits the mountain height data points (i,4,) for i=12,---,N. It is
noted that the values, y(b,aG(i)), satisfy the arithmetic sequence

;/(b,aG(i)) = 7(b,aG(i—l))—¢(a,b)/N for i =2,3,---,N. (9)

In addition, by Equations (6) and (7), G(z) satisfies the initial-value prob-

lem

dG(Z)

=—exp(aG(2))(aG(2)) " ¢(a.b)/(aN) with G(1)=h,,,  (10)

for 1<z < N . By using, for example, an explicit Runge-Kutta numerical me-
thod, initial-value problem (10) provides an efficient way to calculate G(i) for
i=2,3,--,N.

Given a particular data set of ordered heights, #,,i=1,2,---, the value of A,
is set equal to the largest height in the data set, Ze. h,, =/ . However, there are
many possible ways to estimate A, and, corresponding, data set size V. One
approach is based on the assumption that the tail density is approximately equal
to probability density (4) when A, is sufficiently large and the tail density ap-

proximation eventually becomes less accurate as A, decreases. In the approach,
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A, is fixed and, as A, is allowed to decrease, the accuracy of the tail approxi-
mation is assessed by calculating the mean squared error ZZI(G(i)—h,, )2 / N.
(Assuming that the errors can be decomposed into independent random errors
and tail approximation errors, e, G(i)—h =¢,,+¢,, where the random er-
rors have a mean of zero, then Zi](G(i)—hi )2 = zl[\i] & +z:i] &, and the
mean squared error increases when the tail density approximation becomes less
accurate.) Specifically, in the approach, a starting value of A, is selected such as
the height corresponding to a data set size of N =250 . For this value of A,
the parameters a and b are estimated by MLE and the mean squared error is
is decreased by 50 ft, and the

parameters a and b and the mean squared error are calculated for the new A, .

calculated using model (8). Next, the value of A,
This procedure is continued until the mean squared errors are clearly increasing.
The value of A, is then selected, along with the data set size N, that gives the
least value of the mean squared error in the calculations. It is pointed out, how-
ever, that there are many other possible procedures to estimate A,,;,. In a second
is in the

possible procedure, A, is estimated to be sufficiently large so that A

tail of the mountain height distribution, yet 4, is chosen sufficiently small so
that the data set size N >250. By inspecting the mountain heights listed for a
region, the value of A, is selected, for example, so that at least 65% of the eleva-

tions listed for the region are less than 4_;,. (In lists of mountain elevations,
however, there is a cutoff elevation below which the mountains in a region are
not listed. As a result, the actual percentage of mountains in a region with eleva-
tions below A,,;, may far exceed 65%.) In addition, the value of A4,,, is assumed to
be sufficiently large so that the slope of the tail density p(4) of (4) is negative
for h>h,;, (or, equivalently, that G(z) is concave up for 1<z <N ). That
is, f,;, satisfies the inequality 4, >(b—1)/a. This last condition on the tail
approximation requires a trial-and-error approach as the values of 2 and b de-

and A

max*

pend on the values of A,

After A, and A, are selected, a maximum likelihood method (MLE) is used
to estimate the two positive parameters a and b in the probability distribution
function (5) for the data values #,,i=1,2,---,N . The MLE parameters are then
compared with values obtained using least squares estimation and the method of
moments. In the maximum likelihood estimation procedure [35] [37], 2 and b
are calculated that maximize the function £(a,b) where

E(a,b)=i((b—l)log(hi)—ahi)+Nlog<a”/¢(a,b)). (11)

i=1
Existence and uniqueness of a maximum of L(a,b) for 0<a,b<cw is not
known and is not proved in the present investigation. In the present investigation, a
computational approach is applied to estimate values of a and b that maximize
L(a,b) on the closed bounded region R =[0.0004,0.00160]x[0.4,40] for each
data set studied. For the mountain height data sets described in the third section,
a and b that maximize £(a,b) on R are computed using a basic grid search

optimization method with coarse-to-fine grid refinement [41] where the initial
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coarse grid points are (0.0004:,0.4;) for i=1,2,---,40 and j=1,2,---,100.
For each of the six data sets, distinct specific values for a and b are found com-
putationally in the interior of the region R using the grid-search approach. The
computed MLE values for a and b are then compared against estimates of a and

b calculated using least squares estimation and using the method of moments.

2.3. Mathematical Approach to Approximate the Tail Density

In the previous two subsections, the mountain height probability density is de-
rived from a physical argument which is based on several simple assumptions
about mountain height dynamics. The argument leads to a CIR-type distribution
for mountain heights, the tail of which is approximated by (3). In this subsec-
tion, for completeness and comparison, a second approach is employed to ap-
proximate the tail distribution that is based solely on a mathematical argument.
If the true distribution is unknown but belongs to a large class of distribu-
tions, the Pickands-Balkema-De Haan theorem [42] [43] [44] implies that the
tail of the distribution above a large threshold value is well-approximated by a
generalized Pareto distribution. For the present problem, as A, is the threshold

value and mountain heights are restricted to the interval [A

‘min >

B | » the gene-
ralized Pareto distribution P, has a finite right endpoint and has the form [42]
[44]:

PGP(h)zl—(l—mj , for h, <h<h (12)

]’l — ""max >
max ‘min

where o >0 is a parameter. As in the derivation described in the previous
subsection, the function G, is readily derived for distribution (12) and is given
by

G (1) = oy + (e = (1= (- =1)/ V) (13)

where G, (i)~h, for i=1,2,---,N.

Function G, that relates rank in height to mountain height is closely related
to a function proposed by Miskinis [40]. To see this, let (1—-z)~exp(-z) for z
small be substituted into (13) where z = ((z —1)/ N )l/a to give the approxima-

tion

G (1) P+ (I = i )50 =((1=1)/ V) “

1 (14)
~h . exp(—((i ~1)/N) /a) for i near unity.
Miskinis [40] in 2011 proposed the function
Gy (1) = P exp(—ﬂ(i—l)l/“) (15)

where @ and f are parameters. From (14) and (15), G, (i) is closely re-
lated to G,, (i) in the special case when g = 1/N"* . The two approximations
Ggpand G, are compared in the next section with the proposed model G of (8).

To compare the proposed model (8) for a given data set with the generalized Pa-
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reto model (13) and the Miskinis model (15), the threshold value A, selected
for model (8) is used for all three models.

In the next section, six data sets are studied for different mountain classifications
for regions in the British Isles, Continental Europe, Africa, and North America. It is
shown that P (/) approximates well the empirical distribution function P, (4).
In particular, the model points, (i,G(i)) with G(i)=P'(x,), provide an ex-
cellent fit to the data points (i,%),i=1,2,---,N. As a preliminary exercise,
though, chi-square goodness-of-fit tests are performed on the data sets. The tests
show that it cannot be concluded that the data are not samples from a popula-

tion having probability distribution 2.

3. Comparisons with Mountain Height Data

The derived probability density is studied for several mountain height data sets
for mountainous regions of Continental Europe, the British Isles, Africa, and
North America. Mountain height data are generally given for the highest hills or
mountains in a region. There is excellent data on mountain heights for many of
the world’s mountains such as those in the British Isles, Europe, Africa, and
North America. The mountain data are classified or categorized in lists under
several characteristics, the most important being elevation or height and topo-
graphical prominence. In Britain, to be classified as a mountain rather than a
hill, an elevation of at least 2000 feet is necessary [45]. In many classification lists
of mountains, a minimum topographical prominence is required. Topographical
prominence is a measure of the independence of a mountain’s summit and is the
vertical distance from the mountain’s summit to the lowest contour line that en-
circles the summit such that the contour line does not contain a higher summit
within it [11] [46].

For the British Isles, there are several different classifications of mountains.
Important classifications of mountains for the present investigation are Simms
and Humps. Simm is an acronym for Six-hundred Meter Mountain and Hump
is an acronym for Hundred-and-upwards Meter Prominence. A Simm is a
mountain in the British Isles over 600 meters high with a topographical promi-
nence of at least 30 m [45]. There are 2755 Simms, 834 are over 2750 feet high
and 476 are over 3000 feet high. Elevations of the 1000 highest Simms are tabu-
lated in the Appendix. A Hump is a mountain or hill in the British Isles that has
a topographical prominence of at least 100 m. There are 2984 Humps with 524
over 2650 feet high [47]. Information about Simms and Humps with their eleva-
tions is given, for example, in references [12] [13] [16] [45] [47] [48].

The Alps lie within continental Europe and stretch approximately 750 miles
through the alpine countries of Austria, France, Italy, Germany, Liechtenstein,
Slovenia, and Switzerland. The International Climbing and Mountaineering
Federation [11] defines a summit in the Alps as independent if it has a promi-
nence of 30 m. In Switzerland itself, though, there are over 3300 such summits

exceeding 2500 m [49] and there are over 6645 peaks with elevations exceeding
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1500 m with no prominence requirement [14]. Traditionally, however, in order
for a mountain to be classified as independent, a prominence of at least 300 m is
used. There are 1545 Alps over 6560 ft high with 300 m prominence and 493 are
over 10,000 ft high [49].

Arizona has 194 mountain ranges with 3463 peaks over 2500 ft in elevation
[14]. The highest mountain is Humphreys Peak with an elevation of 12,633 feet.
The Appalachian Mountains pass through Tennessee and North Carolina with
the highest peaks in Tennessee and North Carolina having elevations 6643 ft and
6684 ft, respectively. There are 3975 peaks in Tennessee and North Carolina with
elevations above 1000 ft [14]. Morocco has several mountain ranges, including
the Rif, High Atlas, and Middle Atlas Mountains, with 7609 peaks listed above
2500 ft. Jebel Toubkal is the highest peak in Morocco with an elevation of 13,671
feet [14].

Six data sets are studied. For each data set, as noted earlier, the value of 4,,,, is
selected as the highest elevation in the mountainous region and A, is selected
so that the data set has a small mean squared error ZZI(G(i)—h, )2 / N and
size N greater than 250. The first data set is based on British Isles mountain
heights under the Simms classification with 4, =2750 ft. For Simms moun-
tains, 70% are below 2750 ft in elevation. The second set is for Humps moun-
tains in the British Isles with %, =2650 ft. For Humps mountains, 82% are
less than 2650 ft. The next data set is for Alps with prominence 300 m and
h_;, =10000 ft. The percentage of Alps with prominence 300 m that are above
6560 ft but less than 10,000 ft is 68%. The fourth data set is for mountains in
Morocco with #, =7750 ft. For Morocco, 89% of the mountains above 2500
ft are less than 7750 ft. The fifth data set is for the 1027 mountains of North Car-
olina and Tennessee with elevation above 4, =3950 ft. For North Carolina
and Tennessee, 74% of the mountains that exceed 1000 ft are less than 3950 ft.
The 796 mountains of Arizona with 4, =7000 ft comprise the sixth data set.
For Arizona, 77% of the mountains that exceed 2500 ft are less than 7000 ft. In-
formation about these mountain height data sets is summarized in Table 2.

For each of the six sets of mountain height data, the values of a and b are cal-
culated by MLE [35] [37], ie, by maximizing L(a,b) in Equation (11). For

Table 2. Six data sets of mountain heights studied in the present investigation.

Topographical Data Set Height  Height - —

Data Set Prominence Size N A B h a
Simms 30 m 834 2750 ft 4411 ft 3115 9.792e6
Humps 100 m 524 2650 ft 4412 ft 3103 9.735e6
Alps 300 m 493 10,000 ft 15,770 ft 11,170 1.258e8
Morocco 0 853 7750 ft 13,671 ft 9366 8.925e7
NC+ TN 0 1027 3950 ft 6684 ft 4739 2.288e7
Arizona 0 796 7000 ft 12,633 ft 7924 6.362e7
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comparison, values of a and b calculated by least squares and the method of
moments are within 33% of the calculated MLE values. The calculated values of
aand b are listed in Table 3 for the six data sets. (Values of the model parame-
ters a2 and b are similar for most of the data sets except, in particular, the data set
involving mountains in Arizona.) The data sets are tested for goodness-of-fit to
probability distribution (5) using the chi-square test [35] [37]. The null hypothe-
sis is that (5) is the probability distribution of the population from which the
data values are samples. The calculated values of y* are listed in Table 3 for each
of the six data sets. In the tests, ten intervals in height are used with each interval
having an expected probability equal to 0.1. With seven degrees of freedom and
significance level 0.10, z; (7)=12.02 which implies that the null hypothesis
should not be rejected for any data set. The chi-square tests, however, do not re-
veal how accurately the inverse cumulative function (6) fits the data points. The
accuracy of the inverse cumulative function is illustrated in the remainder of this
section. It is shown that the model points (8) fit well the data points for the six
different mountain classifications.

To study how well the inverse cumulative distribution function (6) approx-
imates the data, a curve through the model points (i,G(i )) is compared to the
data points (i,4),i=1,2,---,N for each data set where 7 is the rank in height.
In the present investigation, if two values of height in a data set are identical,
their ranks are set one unit apart. The values of the parameters 2 and b used in
function G are listed in Table 3 for the six data sets. Graphs of the data points
(i,h;) for i=1,2,---,N are shown separately in the left-hand sides of Figures
1-6 for the six data sets. In the right-hand side of each of the Figures 1-6, a
curve through the points (i,G(i)) for i=1,2,---,N is presented along with
the data points. (The data points are first shown separately on the left-hand sides
of Figures 1-6 as the model curves closely fit the data points.) To further ex-
amine how closely a curve through the model points (i,G(i)) fits the data
points, least squares polynomial fits to the data points are calculated for poly-
nomials of degrees 2 through 15. Least squares fits to the data points are also
calculated for the Migkinis function G, (i)=h, exp(— Bi- I)W) with parameters

Table 3. Values of Model Parameters a and b for the Eight Data Sets, XZ Values, and Per-
centages of Model Points with Relative Errors Greater than 0.01 and 0.02.

Data o Ve Model Points With Model Points With
Set a(ft) b Value Rel. Error > 0.01 Rel. Error > 0.02

Simms 0.01227 32.8 1.71 0.0% 0.0%
Humps 0.01386 39.7 1.95 0.57% 0.0%
Alps 0.00242 19.9 7.22 0.81% 0.0%
Morocco 0.00246 20.0 4.17 6.68% 1.52%
NC+TN 0.00169 4.20 4.81 0.0% 0.0%
Arizona 0.00096 0.091 7.29 4.52% 0.88%
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Figure 1. Left: Simms height data for 834 mountain heights above 2750 ft, Right: Curve through model
points (8) shown along with the 834 data points.
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Figure 2. Left: Humps height data for 524 mountain heights above 2650 ft, Right: Curve through model
points (8) shown along with the 524 data points.
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Figure 3. Left: Alps height data for 493 mountain heights above 10,000 ft, Right: Curve through model
points (8) shown along with the 493 data points.

a and g, and with the generalized Pareto function

Gp (1) = M + (P = P )(l —((i —1)/N)I/a ) with parameter « . The root
mean square errors (RMSEs) of these least squares fits are listed in Table 4 along
with the RMSEs for the model curve points (i, G(i )) of Equation (8), e.g.,
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12
RMSE = (ZZI(G(i)—hi)Q/N) . For the Simms data set, model (8) with two
parameters has a lower RMSE than the RMSE value of 6.33 achieved by the
15"-degree least squares polynomial with sixteen parameters.

In summarizing Table 3 and Table 4, recall that the model function G, of

Morocco Data Morocco Data and Model Curve
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Figure 4. Left: Morocco height data for 853 mountain heights above 7750 ft, Right: Curve through model
points (8) shown along with the 853 data points.
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Figure 5. Left: North Carolina and Tennessee height data for 1027 mountain heights above 3950 ft, Right:
Curve through model points (8) shown along with the 1027 data points.
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Figure 6. Left: Arizona height data for 796 mountain heights above 7000 ft, Right: Curve through model
points (8) shown along with the 796 data points.
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Table 4. RMSEs for least-square polynomials of degrees 2, 6, 10, for least-square points
(i,GM (z)) , for least-square points (i, G,y (z)) , and for the model points (i,G(i)) of Eq-

uation (8).
Data LS Poly. LS Poly. LS Poly. LS Pts. LS Pts. Mod. Pts.
Set Deg. 2 Deg. 6 Deg. 10 G, (i) G (i) G(i)
Simms 65.41 20.14 11.20 14.12 16.48 6.16
Humps 66.12 22.58 10.67 22.74 25.40 8.56
Alps 251.8 77.3 42.03 80.46 103.0 40.31
Morocco 253.8 44.25 26.67 119.2 110.2 60.91
NC+ TN 87.34 14.49 11.72 51.01 74.66 14.38
Arizona 284.1 111.7 36.50 118.3 158.6 44.98

Equation (8), is determined by the values of only two parameters a and b where
the values are calculated by MLE. However, the model points (i,G(i)) have
smaller RMSEs than 10™-degree least squares polynomials for three of the data
sets. In comparison, the RMSEs of the G,,and G, approximations are all at least
80% larger than those of model (8). Furthermore, the relative errors for the
model curve points, Ze, |(G(i)—hl. )|/hl. for i=1,2,---,N, are less than 1% for
over 99% of the points for four data sets. The percentages of relative errors
greater than 0.01 and greater than 0.02 for the model points are listed in Table 3
for the six data sets. For four of the six data sets, fewer than 1% of the model
height values G (i) differ by more than 1% from the data values 4, for
i=1,2,---,N . Furthermore, for five data sets, less than 1% of the model height
values differ by more than 2% from the data values.

4. Summary and Conclusions

A brief summary of the investigation is given in this section. Equations (4) and
(8) are repeated as they help to unify and clarify the main results.

An SDE model is derived for the evolution of mountain height. The model
yields a CIR-type probability distribution for mountain heights in a mountain-
ous region. As data are often available for mountains of greatest heights in a re-
gion, the tail of the CIR distribution is compared with the mountain height data.
From the SDE model derivation, it follows that the tail is proportional to the
product of a power of height and an exponential function of height. For moun-

tain height data between the heights 4_; and 4_,,, the model probability density

min max>

has the form

b1 b _
p(h):h a” exp(—ah) cor

¢(Cl,b) ‘min

where a and b are positive parameters, ¢(a,b)=y(b,ah,, )—y(b,ah

min

< h < hmax s

), and
7(b,z)= I: t"" exp(—t)dt is the lower incomplete gamma function. Let (i,/,)
for i=1,2,---,N be Nordered mountain height data points where 7 is the rank
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in height. For the N data points, values of a and b are determined using maxi-
mum likelihood estimation. Specifically, a and b are found that maximize func-
tion L(a,b) in (11). The model leads to an inverse cumulative distribution

function that gives theoretical heights G (i) with rank 7of the form
G(i)=y" (b.¢(a.b)(N +1=i)/N +y(b,ah,,))/a for i=1,2,--,N.

The inverse cumulative distribution function is tested against mountain
height data sets for six mountain classifications in the British Isles, Continental
Europe, North Africa, and North America. An excellent fit is found between the
mountain height data and the theoretical heights of the inverse cumulative dis-
tribution function. For Simm mountain heights of the British Isles, the physical-
ly-derived model (8) with two parameters has a lower root mean square error
than that of the 15™-degree least squares polynomial with 16 parameters. For
four of the six data sets, fewer than 1% of the model height values G (i) differ
by more than 1% from the data values 4 for i=1,2,---,N.
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Appendix—Mathematical Symbols and A Data Set
A1. Mathematical Symbols

Summarized in Table 5 are descriptions of many of the mathematical symbols

used in the present investigation.

A2. Simm Mountain Height Data Set

Model (8) agrees very well, for example, with the height data of the Simm
mountains in the British Isles. For the data to be readily available for study and
comparison, the elevations of the highest 1000 Simms are duplicated in Table
6 from reference [45]. Each Simm is well-known with a unique identifying
name and with an elevation that is accurately measured and recorded. For
example, the 40™ highest Simm mountain is named An Riabhachan, is located
at 57.362438°N 5.104728°W in Scotland, and has an elevation of 3704 ft.

Table 5. Mathematical symbols and descriptions.

Symbol Description

h Mountain elevation

n Possible erosion height change in time interval A¢
r Rate of uplift

h, Mountain base elevation

14 (h —h, )At Erosion probability in time interval At

p(h) Probability density of mountain heights, 4""a”exp(—ah)/¢(a.b)
aand b Model parameters

7(b:2) Lower incomplete gamma function, [+ exp(~t)ds

#(a.b) y(b.ah,, )=y (b,ah,,)

7 (b,z) Inverse lower incomplete gamma function, y'(b,z)=y if z=y(b,y)
h, Value of ith height in data set of size Nwhere A 2h,>---2h,

B Maximum height in data set, 7,

B Minimum height in data set, h,

h S b /N

K > /N

£(a.b) Likelihood function, Y. ((b~1)log(h)~ah,)+ Nlog(a/$(a,b))
G(i) Theoretical model height for mountain of height rank j

7 (b ¢(a.b)x, + y(b.ah,,))/a with x,=(N+1-i)/N
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Table 6. Elevations (in feet) of the highest 1000 Simm mountains in the British Isles.

4411 4295 4252 4236 4150 4127 4084 4049 4006 4006 4003 3990 3983 3980 3927 3885 3881 3881 3869 3868
3862 3858 3852 3852 3842 3822 3796 3793 3789 3776 3776 3771 3766 3761 3750 3737 3714 3707 3707 3704
3701 3698 3685 3684 3681 3675 3668 3665 3661 3661 3660 3658 3652 3648 3645 3641 3638 3635 3635 3635
3629 3625 3619 3619 3619 3615 3608 3606 3605 3589 3586 3586 3576 3576 3566 3560 3556 3553 3553 3553
3553 3545 3543 3537 3535 3530 3527 3524 3517 3514 3510 3507 3507 3506 3504 3504 3495 3491 3491 3486
3483 3473 3461 3459 3458 3458 3455 3455 3451 3451 3448 3448 3442 3442 3442 3435 3435 3433 3432 3432
3431 3428 3427 3425 3425 3424 3422 3419 3415 3412 3411 3408 3407 3407 3406 3402 3399 3399 3396 3392
3386 3385 3379 3376 3376 3376 3373 3373 3369 3369 3368 3363 3361 3360 3359 3356 3351 3346 3346 3345
3343 3343 3343 3337 3337 3335 3331 3323 3320 3320 3318 3317 3315 3314 3314 3314 3314 3309 3308 3307
3302 3301 3301 3298 3296 3294 3294 3294 3294 3293 3291 3287 3287 3284 3284 3284 3284 3284 3281 3281
3280 3280 3278 3278 3278 3274 3274 3274 3274 3274 3271 3271 3268 3268 3267 3262 3261 3261 3258 3258
3258 3258 3255 3255 3251 3248 3248 3245 3245 3242 3241 3238 3238 3238 3238 3238 3235 3235 3235 3232
3225 3225 3225 3222 3221 3220 3220 3219 3219 3216 3215 3215 3215 3212 3212 3212 3209 3209 3209 3209
3206 3205 3205 3202 3202 3202 3202 3200 3199 3199 3196 3196 3196 3196 3196 3193 3192 3192 3189 3182
3182 3176 3176 3175 3173 3173 3171 3169 3169 3166 3163 3162 3161 3159 3159 3159 3159 3156 3156 3156
3153 3153 3152 3151 3150 3150 3150 3150 3150 3146 3146 3143 3143 3143 3143 3143 3143 3142 3140 3140
3138 3136 3136 3136 3136 3135 3133 3133 3130 3130 3130 3130 3128 3127 3127 3127 3127 3124 3123 3122
3121 3120 3117 3114 3112 3110 3107 3107 3107 3107 3107 3104 3104 3104 3103 3103 3101 3100 3100 3097
3097 3097 3094 3094 3091 3091 3091 3090 3089 3087 3087 3087 3084 3082 3082 3081 3081 3081 3081 3080
3077 3077 3077 3074 3074 3074 3074 3071 3071 3069 3068 3068 3064 3064 3064 3061 3061 3061 3058 3058
3058 3054 3054 3054 3054 3054 3051 3049 3048 3048 3048 3048 3047 3045 3045 3045 3045 3044 3041 3041
3041 3041 3039 3038 3038 3038 3038 3037 3035 3035 3035 3035 3031 3031 3031 3031 3028 3028 3028 3025
3025 3023 3022 3019 3019 3018 3018 3018 3018 3015 3015 3014 3012 3012 3012 3012 3012 3012 3012 3011
3010 3010 3009 3009 3008 3007 3006 3005 3004 3003 3003 3002 3002 3001 3001 3000 2999 2999 2998 2997
2997 2996 2996 2994 2992 2991 2991 2990 2989 2984 2984 2984 2982 2982 2982 2982 2981 2980 2976 2976
2974 2973 2973 2972 2972 2972 2972 2971 2969 2969 2969 2969 2968 2967 2966 2966 2966 2964 2963 2963
2963 2962 2959 2959 2959 2959 2959 2958 2956 2956 2956 2956 2955 2953 2953 2952 2949 2949 2949 2948
2946 2946 2946 2946 2943 2943 2940 2940 2940 2940 2940 2939 2939 2937 2936 2936 2934 2933 2933 2930
2930 2929 2928 2927 2927 2927 2927 2927 2927 2927 2927 2925 2923 2920 2920 2920 2920 2920 2920 2920
2919 2917 2913 2913 2913 2913 2913 2913 2910 2910 2910 2910 2910 2910 2910 2910 2907 2907 2906 2905
2904 2904 2904 2904 2904 2903 2900 2900 2900 2898 2897 2897 2897 2894 2894 2894 2894 2892 2890 2887
2887 2887 2884 2884 2884 2884 2884 2884 2884 2884 2884 2884 2881 2881 2881 2877 2877 2877 2874 2874
2874 2873 2873 2871 2871 2871 2870 2870 2868 2868 2867 2867 2867 2867 2864 2864 2864 2864 2862 2861
2861 2861 2861 2860 2858 2858 2858 2854 2854 2854 2854 2854 2854 2854 2853 2851 2851 2848 2848 2848
2848 2848 2848 2847 2846 2844 2844 2844 2843 2842 2841 2839 2838 2838 2838 2838 2837 2835 2835 2835
2835 2831 2831 2831 2831 2831 2831 2831 2831 2830 2828 2828 2828 2828 2828 2828 2826 2826 2825 2818
2818 2818 2818 2818 2818 2815 2815 2815 2815 2815 2815 2815 2815 2815 2812 2812 2812 2812 2812 2812
2811 2808 2808 2808 2805 2805 2805 2805 2803 2802 2802 2802 2802 2799 2799 2799 2799 2799 2797 2795
2795 2795 2795 2792 2792 2792 2789 2789 2786 2785 2785 2785 2785 2785 2785 2785 2785 2784 2782 2782
2782 2782 2782 2782 2781 2780 2779 2779 2779 2779 2776 2776 2774 2772 2772 2772 2772 2772 2770 2769
2769 2769 2769 2766 2766 2766 2762 2762 2762 2762 2762 2761 2759 2759 2759 2759 2759 2759 2759 2759
2759 2759 2756 2756 2756 2756 2756 2756 2756 2753 2753 2753 2753 2750 2749 2749 2749 2749 2749 2747
2746 2746 2746 2743 2741 2740 2740 2739 2739 2736 2736 2736 2736 2736 2736 2736 2735 2733 2733 2732
2730 2730 2728 2726 2726 2726 2725 2724 2723 2723 2723 2723 2723 2723 2722 2722 2721 2721 2720 2720
2720 2720 2717 2717 2717 2717 2717 2717 2715 2713 2713 2713 2712 2712 2710 2710 2710 2710 2710 2710
2708 2707 2707 2705 2703 2703 2703 2703 2700 2700 2697 2697 2697 2697 2697 2697 2697 2694 2694 2694
2694 2690 2687 2685 2684 2684 2684 2684 2684 2684 2682 2681 2680 2680 2680 2680 2680 2680 2680 2678
2674 2674 2674 2674 2674 2674 2674 2674 2672 2671 2671 2671 2671 2671 2669 2667 2667 2667 2667 2664
2664 2664 2661 2661 2661 2661 2657 2657 2657 2657 2657 2654 2654 2654 2654 2654 2654 2654 2653 2651
2651 2651 2651 2651 2649 2648 2648 2648 2648 2648 2648 2648 2644 2644 2644 2644 2644 2644 2641 2641
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