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Abstract 
Extrusion, melt spinning, glass fiber production, food processing, and me-
chanical molding rely on heat transmission. Isothermal techniques have been 
employed in highly structured equipment and living cell temperature regula-
tors. The flow and heat properties of CuO nanofluids flowing through a 
moving cylindrical isothermal conduit were examined, in the presence of na-
noparticles and viscous dissipation. Two-dimensional flows of an incompres-
sible Newtonian fluid via a cylindrical conduit with uniform surface velocity 
and temperature were utilized. The flow’s partial differential equations were 
transformed to a non-dimensional form and numerically solved using a finite 
difference scheme built in the C++ program. The effect of nanoparticle size 
(0.0 to 0.6) and viscous dissipation (0, 20, 40) on heat behavior and fluid 
movement are examined and profiles are used to present the numerical find-
ings. The findings revealed that decreasing the variable nanoparticle parame-
ter increased fluid velocity, stream function, and circulation while decreasing 
fluid temperature. The temperature of the fluid rises in direct proportion, as 
the viscous dissipation factor improves. This study improves understanding 
of the viscous flow and heat behavior of boundary layer problems when a 
nanofluid is used as the heat transfer working fluid in various engineering 
isothermal processes such as boiling and condensation. 
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1. Introduction 

Nanofluids are colloidal suspensions generated by dispersing particles on the 
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nanoscale scale in common base fluids. Thus, a stable, highly conducting sus-
pension with enhanced transient thermal interactions is produced. In light of the 
vast potential for nanotechnology applications, nanofluids have been explored 
for a long time to enhance heat transfer fluids. Mixtures of sub-micron and na-
nometer-sized solid particles compose nanofluids. Due to the immense diversity 
and complexity of nanofluid systems, no consensus has emerged about the list of 
benefits that nanofluids may offer in thermal management applications. Several 
scholars have investigated the thermophysical features of nanofluids, including 
heat conductivity and viscosity [1] [2]. Eastman et al. [3] originated the notion 
of nanofluids by proposing that it is feasible to circumvent these century-old 
technological limitations by using the unique properties of nanoparticles. 

Moreover, the original application area was automotive radiator systems, how-
ever, new sectors have emerged, including flame retardants [4] [5], thermal pow-
er energy [6] [7], aviation fuels [8], viscoelastic materials processing [9], tribol-
ogy [10], low thermal systems, advertising heat exchangers [11], solar energy, 
coating security systems, mild robotics, heat technology, and ecological processes 
(remediation) [12]. In addition, nanoparticles of metals or metallic oxides, 
such as copper oxide, alumina, and titania, can flow in fluids without sinking. 
Hence, these nanofluids address a range of difficulties related to conventional 
fluid flow, such as abrasion, blockage, and higher loss, and are envisaged as 
another fluid for use in heat transfer technologies of the 20th century [13].  

Sangotayo and Peter [14] studied the effect of the thermal characteristics of 
water-based nanofluids including Al2O3, TiO2 and CuO on the thermal compe-
tence of the Parabolic Trough Solar Collector. When TiO2, CuO, and Al2O3 are 
used, the heat transfer coefficient increases by 20%, 21%, and 14%, respectively, 
but thermal yields decrease by 9%, 56%, and 33%, while density increases by 28%, 
thermal conductivity increases by 23%, and specific heat capacity decreases by 
30%. This demonstrates that the nanoparticles alter the thermal properties of the 
suspension, hence changing its applicability. Bianco et al. [15] investigated the 
hydrodynamic and thermal parameters of water-Al2O3 nanofluids moving inside 
a uniformly heated channel. The findings demonstrated that the addition of na-
noparticles significantly increased the heat transfer capability of the base liquid. 

Sangotayo and Hunge investigated the effect of nanoparticle volume fraction 
on thermophysical characteristics and convective heat transmission in a CuO 
nanofluid-filled square cavity. It was revealed that nanoparticle size significantly 
impacts how heat is carried [16]. However there have been fewer studies on the 
impact of nanoparticle size on the viscous flow and thermal properties of nanof-
luids, despite numerous researchers have developed models for estimating the 
particle size of nanofluids. This study investigates the impact of nanoparticle size 
on the viscous flow and thermal attributes of CuO, a nanofluid based on water, 
in a cylindrical tube. 

2. Materials and Methods 

The current research uses computational methods to examine the heat transfer 
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characteristics and viscous flow trend of CuO water-based nanofluids employed 
as coolants in a cylindrical channel.  

2.1. The Mathematical and Physical Representation 

The two-dimensional steady laminar boundary layer flow of an incompressible 
Newtonian fluid with temperature-dependent viscosity on the surface of the cy-
linder is illustrated in Figure 1. Tw is the constant surface temperature, while T∞ 
is the free stream temperature (where Tw > T∞). The surface is fixed with velocity 
Uw in the same direction as the fluid with velocity U∞ in the free stream zone, 
where U∞ > Uw. Figure 1 depicts the z-axis parallel to the surface and the r-axis 
perpendicular to it. 

The flow regulating equations are made up of mass and momentum conserva-
tion equations at each point along the continuum, [17].  

These formulas define a two-dimensional cylindrical domain, Equations (1), 
[2].  

Continuity equation: 

0u v
z r
∂ ∂

+ =
∂ ∂

                         (1) 

Equations (2) and (3) are Navier-Stokes models in the r- and z-coordinates.  
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The formula for thermal energy exchange using Equation (4) 

2 2p
T T T Tc u v k
r z r z

ρ µϕ∂ ∂ ∂ ∂   + = + +   ∂ ∂ ∂ ∂   
              (4) 

where φ is the function of viscous heat transfer as expressed in Equation (5)  
2 2 2

2 u v v u
z r z r

ϕ
 ∂ ∂ ∂ ∂     = + + +       ∂ ∂ ∂ ∂      

                (5) 

where the nanofluid heat capacity is ( )p nf
C , density is nfρ , thermal expansion 

coefficient is nfβ , and thermal diffusivity is nfα  as expressed in Equations (6)-(11) 
[17] [18]  
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Figure 1. A schematic representation illustrat-
ing the physical state and boundary conditions 
of an isothermal cylinder wall. 

 
The dynamic viscosity of the nanofluid is calculated using the Brinkman 

theory in Equation (10), [17] [18] 

( )2.51
f
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µ
µ

ϕ
=

−
                         (10) 

The effective thermal conductivity (knf) of the nanofluid-containing nanospheres 
is computed using Equation (11) [17]. 
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2.2. Methods of Analysis and Strategies of Solution 

The Navier-Stokes models are a form of partial differential equation that can be 
hyperbolic elliptic, or parabolic, according to the application. These formulae 
can be resolved using either the vorticity-stream variable method or the primi-
tive-variable approach. Using the vorticity-stream feature approach, formulas (2) 
and (3) are simplified to vorticity transport formulas by expelling the pressure 
gradient concepts between the two, utilizing the continuity model (1) and the 
expression for the scalar worth of the vorticity, in the two-dimensional polar 
coordinate scheme described by the vorticity-stream feature, Equation (12)  

v u
r z

ω ∂ ∂
= −
∂ ∂

.                         (12) 

The resultant statement, equation, is the dimensional vorticity transfer (13)  
2 2

2 2
Tu v g

r z r r z
ω ω ω ωβ υ

 ∂ ∂ ∂ ∂ ∂
+ = − + + ∂ ∂ ∂ ∂ ∂ 

             (13) 

The derivatives of the stream function are used to describe the velocity field in 
two-dimensional cylindrical coordinate, Equation (14) 

,u v
z r
ψ ψ∂ ∂

= = −
∂ ∂

                       (14)
 

When substituted in Equation (12), it provides the Poisson formula, Equation 
(15)  
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2 2

2 2r z
ψ ψω

 ∂ ∂
= − + ∂ ∂ 

                      (15)
 

The resulting transport formula, energy model, and needed operating condi-
tions were all converted to a non-dimensional formulation for various physical 
situations utilizing such as WU , W Lψ , L, W Lω  and (Tw - T∞), respectively 
for velocity, stream function, length, vorticity, and temperature, [19]. 
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The following are the normalized formulas for the R- and Z-velocity elements, 
the stream component, vortex shedding, and energy transit as expressed in 
Equation (16)-(19): 
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where μ represents dynamic viscosity, k represents thermal conductivity, Re 
represents Reynolds number, Gr represents Grashof number and Cp represents 
specific heat capacity,  

The non-dimensional boundary situations are as follows: 
0; 0; 0; 1at 1;  0 1;V U Z RθΨ ≠ = Ω ≠ = = = ≤ ≤  

0; 0; at 0; 0 1;V U Z RθΨ = = = = Ω ≠ = ≤ ≤  

0; 0 at 0; 0 1;V U R Zθ = Ψ = = = Ω ≠ = ≤ ≤  

0; 0 at 1; 0 1.V U R Z
R R R

θ∂ ∂ ∂
Ψ = = = = Ω ≠ = ≤ ≤

∂ ∂ ∂
 

In nonlinear Equations (18) and (19) for vorticity and energy transport, the 
finite difference technique is one of the most successful methods for prob-
lem-solving (16)-(19). The relaxation approach was used to evaluate the concur-
rent system of equations. According to formula (20), the temperature gradient 
induced by heat transmission between a fluid and a wall is proportional to the 
neighbouring Nusselt number.  
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The typical Nusselt quantity is obtained by integrating the enclosed Nusselt 
number over the distance of the heated surface, as shown in Equation (21) 

1

0 or 10

dconv

Zcond

Q
Nu R

ZQ
θ

=

∂
= = −

∂∫




                  (21) 

The stable flow requirement was achieved by setting for agreement in the vor-
tex and temperature fields, as indicated in Equation (22) 
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The variable φ  denotes Ω , Ψ  or θ and n is the number of iterations re-
quired for the outputs to converge. The value used varies between 10−3 and 10−8 
in diverse literature [20]. 

3. Results and Discussions 

The local Nusselt number was determined at different convergence factor values 
ranging from 10−1 to 10−8 to analyze the influence of the convergent standard on 
numerical results and Figure 2 depicts the outcomes. It illustrates that a quantity 
of 10−4 for the convergence factor was appropriate. According to Waheed [21], 
grid independence tests indicated that a 41 by 41 grid design is sufficient for ex-
ceptional numerical solution, field precision, and high accuracy. 

The non-dimensional temperature trend for different Eckert numbers (0, 20, 
and 40). is shown in Figure 3. As the Eckert number increases, the temperature 
distribution along z increases significantly from 0.0 to 0.1, mid-plane, r = 0.5, 
enhancing the temperature gradient. It implies that viscous action enhances 
thermal characteristics.  

 

 

Figure 2. A graph of the mean Nusselt number, Nu, versus con-
vergence variable, δ. 

https://doi.org/10.4236/jamp.2023.118151


E. O. Sangotayo et al. 
 

 

DOI: 10.4236/jamp.2023.118151 2367 Journal of Applied Mathematics and Physics 
 

The effect of altering the Eckert number between 0 and 50 on the Nusselt 
number is visualized in Figure 4. The Nusselt values grow in lockstep with the 
viscous values, confirming the observations of Sangotayo and Hunge [16]. It 
means that convective heat transfer is rapidly increasing while conduction heat 
transfer is decreasing.  

Figure 5 displays the influence of nanoparticle size on CuO nanofluid tem- 
perature at the mid-plane, r = 0.5, along the Z-axis. The temperature distribution 
along z increases from 0.0 to 0.1 as particle size increases from 0 to 0.6. That is, 
the particle size effect increases the temperature gradient. The findings cor- 
responded with those of Umavathi and Bég [13]. 

 

 

Figure 3. The normalized temperature curve at different Eckert numbers along 
the Z direction. 

 

 

Figure 4. The influence of altering the Eckert number on the Nus-
selt number. 
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The influence of nanoparticle sizes on the longitudinal velocity of CuO 
nanofluid on a plane with r = 0.5 along the z axis is shown in Figure 6. The 
longitudinal velocity distribution decreases as the particle size increases from 0 
to 0.6. It implies that nanofluids with smaller particle sizes improve flow 
patterns. 

The influence of nanoparticle size on the vorticity of a nanofluid is depicted in 
Figure 7. The particle size grows as the vorticity of the nanofluid drops. The 
vorticity distribution decreases as the particle size increases from 0 to 0.6. This  

 

 

Figure 5. Temperature curve of several nanoparticles along the Z-axis at the 
plane’s midpoint, r = 0.5. 

 

 

Figure 6. Longitudinal Velocity trajectories of several nanoparticles 
along the Z-axis at the centerline. 
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suggests that nanofluids with smaller particle sizes improve flow circulation and 
rotation patterns. Both circulation and vorticity are indicators of fluid rotation. 
A circulation is a macroscopic unit of rotation for a finite-area fluid. Vorticity is 
a microscopic characteristic that describes how any point in a fluid rotates. Fig-
ure 8 shows the Stream function for nanofluid plotted against the concentration 
of nanoparticles. It implies that as particle size enlarges, the stream function of 
the nanofluid diminishes, resulting in a drop in the volume flow rate across the 
tube of the nanofluids. The results were consistent with those of Uddin et al. 
[22]. 

 

 

Figure 7. Vorticity patterns for various nanoparticles along the Z-axis at the 
plane’s midpoint, r = 0.5. 

 

 

Figure 8. Stream function curves of various nanoparticles along the Z-axis 
at the centerline, r = 0.5. 
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4. Conclusion 

The heat transfer fluids influence the size and cost of heat exchangers. Numerical 
modeling was used to investigate the impact of nanoparticles on viscous flow and 
heat transfer in a moving isothermal cylindrical duct. The findings show that the 
nanofluids’ temperature rises with the nanoparticles’ size. The stream function, 
longitudinal velocity, rotation, and circulation all decline when the concentration 
of nanoparticles increase. This research shows that incorporated nanoparticles 
change a suspension’s thermal characteristics, affecting its application. Addition 
of nanoparticles and using a nanofluid as a heat transfer working fluid in engineering 
isothermal phenomena as boiling and condensation improves knowledge of viscous 
flow and heat response of boundary layer issues. 
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Nomenclature 

Nu Nusselt number 
Re Reynolds number 
Gr Grasshof number 
Pr Prandtl number 
Cp Specific heat 
h Heat transfer coefficient 
K Thermal conductivity 
m Mass flow rate 
Greek symbols 
μ viscosity 
ρ Density 
φ Volume fraction 
Subscripts 
Bf Base Fluid 
nf Nanofluid 
p Particle 
f Fluid 
Symbols   Definition      Unit  
Cp    Heat capacity      J/kg·K  
Cpf    Heat capacity of fluid     J/kg·K  
Cpnf    Heat capacity of nanofluid    J/kg·K  
Cpp    Heat capacity of nanoparticle   J/kg·K 
Kf    Thermal conductivity of fluid   W/m·K  
Knf    Thermal conductivity of nanofluid  W/m·K 
Kp    Thermal conductivity of nanoparticle W/m·K  
m    Mass flow rate      kg/hr  
Qu    Useful energy      W  
Greek Symbols 
Symbols  Definition     Unit  
φ    nanoparticle size 
ρnf    Density of nanofluid  kg/m3  
ρf    Density of fluid   kg/m3  
ρp    Density of nanoparticle  kg/m3  
μnf    Viscosity of nanofluid  m2/s  
μf    Viscosity of fluid   m2/s 
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